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Review: HMC

Target Distribution
o Z=[DUe W oc [ DUDPe P25 = [DUDPeH
o H=P2%/2+S(U)

HMC

@ Momentum Refreshment: A momentum field P is generated
. . 2
randomly with probability density proportional to e™" /2

@ MD: The Hamilton equations are integrated from time t =0 to some
later time 7 with the initial fields of P and U to obtain a new field U’

U=PU
__OH _ 95
ou  oau

o Apply the Acceptance-Reject step to decide whether to update U to
U or keep U, ie., U = U;
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Field-Transformation HMC

With U = Fe(V),

Z:fDUe_S(U):/DVDet[}"*(V)]e_S(F(V)):/D\/e—SFr(V)
Ser = S(Fe(V)) - In DetF. (V).

originally proposed by Luscher for continuous flow [Luscher, 2010]

perfect trivialization: Sgr =0

Ansatz:

Ut = Zt[Ut] Ut

Zt(X7 N) € 511(3)
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Field-Transformation HMC

@ Luscher: approximate the trivializing map by the Wilson flow

Z[U)(x, 1) = 0%, P (X, 1)

P,/(X,,U,)—P,,(X,/J)T 1
=L 5 £ —gtr [Puu(xal‘)_PuV(X’N)T]

where P, (x, 1) is a sum of plaquettes

Puv (1) = 3 Puw UGG ) UCx+ 0, i) U(x+ ) U Cx, )

vEEU

@ In our work: discretize the transformation with finite step size p = p,,,

eZ W U(x, 1) if (y,v) = (x, 1)

U s - gx ) =
(x, 1) w(y,v) {U(%V) otherwise.

@ The number of integration steps for the discretized trivializing map is
setto 1
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Numerical Integration

@ Elementary updates for P and U

Ip(e) :(P,U) - (P-¢F,U)
ly(e) :(P,U) - (P,ePU)

o Leap-frog integrator:

T (e, N) = {Ip(e/2)lu(e) Ip(e/2)}"

@ Multiple Time-Step Integration:

e In many cases, Fop > F;
o We use different integration step sizes for different forces

0 — P T
€ 31
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Run Parameters

Lattice Parameters:

@ on a lattice of size 32*

o 3=237

@ with 2+ 1 Domain-Wall fermions of mass m; = 0.0047, ms = 0.0186
HMC Parameters:

o different p values: 0.1, 0.112, 0.124

o different gauge step sizes d7¢ = 1/48,1/96

o different fermion step sizes d7F =1/24,1/16,1/12,1/8

In the following, we focus on the runs with different flow parameters and
07 but 7F is fixed to 1/24

S. Yamamoto Effect of FTHMC with 2+1 Domain Wall Fer June 6, 2025 9/35



Statistics

P) 00]0.1]0112]0.124
0t =1/48 | 233230 | 188 | 230
57 =1/96 | 401 | 232 | 229 | 229
57c =1/144 | - | 230 | - -

Table: The number of configurations for each ensemble after thermalization with
TF=1/24

Machine

@ Simulation is carried out on Frontier and Andes at Oak Ridge
National Laboratory
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Plaquettes

0.6390 1
0.6385 1
0.6380 1
0.6375
0.6370 1 —— FTHMC
HMC
0 200 400 600 800

@ The red line is an expected value of plaquette for this lattice from
Ref. [Blum et al., 2016]

o Its value is 0.6388238(37).
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Wilson flowed energies

o616 =1/48 676 =196
0.260
0255
— EarHmc — EaHmC
0250 E4:p=0.100 E4:p=0.100
— eap=0112 — eap=oa12
— eap=0124 — eap=0124
0285
0.240
— EBHMC — EBHMC
E8:p=0.100 £8:p-0.100
— esp=0112 — esp=0112
— esip=0124 — Esip=0124
— El6: M — El6:HMC
E16:p=0100 E16:p=0.100
— £16:0=0112 — £16:0=0112
— El6:0=0120 — E16:0=0120

@ Comparison of Wilson flowed energy with different p values for
different flow time (raw) and d7¢ = 1/48,1/96 (column)
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Autocorrelation

Notation

@ Observable: A(x)

@ Measurement: a;(x)

@ Volume Average: (A) = (1/V) X A(x)

e Ensemble Average: a = (a;(x)) = ((A))

o Autocovariance: TV (t) = (((a;) - a)({aj+¢) — a))

o Autocorrelation Coefficients (ACC): pY(t) =TV (t)/I'V(0)
Estimators:

o (a(x)) = a(x) = + =1, ai(x)

o TV(t) = 75 T ((ai) - (a)) ((aive) - (D)

@ T: length of Markov chain approximating the ensemble
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Volume Autocorrelation

Figure: Autocorrelation coefficient (ACC) as a function of t for Wilson-flowed
energy E16.

@ Error via Madras-Sokal Approximation [Luscher, 2005]:

02 = 3 52 [ 05k 0 -2 (10 0

@ A\ >100 gives a reasonable estimate of the error [Luscher, 2005]
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Master-Field Technique

Instead of ACC of the volume average (A) = (1/V) ¥, A(x), consider
ACC of local observable A(x)

@ Subtract the volume average: A’(x) = A(x) — (A))

@ Due to translational invariance, = (A'(x))=a-a=0
@ Denote autocovariance of A’(x) at x as I'’.(t)

@ Then,

M (1) = {(ai(x) = ) (af¢ (x) = )
= (aj(x)af,.+(x))
= ((a(x) = @) (aie(x) = (@ire))) = (O4(x))
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Master-Field Technique

ldea: (A(x)) = (A(x)) + O(V1/?)
Approximate ' (t) by (I’ (t)) [Lischer, 2018]
Also, O}(x) - O¢(x) = 7= 211 OL(x)
Finally, p(t) = (I'(t))/(I"(0))
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Error via Master-Field Approach

o Need: Cov[(Os), (Or)] = ([(Os) — (Os)][{O¢) — (O:)]) =
v Zy ([0s(y) = (O0)][0:(0) = (Oe)]) = v £y Cat(¥)
[Bruno et al., 2023]

@ Approximate Cst(y) by

(Cst(y)) = 250 (x +y)30:(x), 60¢(x) = Or(x) - (O¢)

o Define Cst(ly| < R) = X}y 1<r Cot(¥)
@ Determine the value of R s.t. Ci(|y| < R) saturates

o Truncate the sum in Cov[{Os)), (O:)] beyond Rsa:

ar[(F(1))] | Varl(F(0))]
(Fo)r (o)
_QCov[g<F<t>>>,_<<F<o>>>J)
(F()(T )

Var[p(t))] = (p(1)) (
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Error via Master-Field Approach

Master-Field Error for 2¢-Blocked ACC (E Density) at t=5
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Figure: R: Summation Radius, b: block size
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Error via Binning

Divide the MC into several bins
Compute (T'(t)) on each bin
The estimator of the error of (I'(t)) is standard deviation of the mean

Lattice-correlation is irrelevant
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Autocorrelation for Local Quantities
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Figure: Autocorrelation based
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Master-Field ACC for 24-Blocked E Density
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Autocorrelation for Local Quantities

Master Field ACC for E Density with nein = 4
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Figure: Autocorrelation based on binning method
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Autocorrelation Times

Estimates of exponential autocorrelation times 7c, computed by fitting
e /70 to the ACC for different Wilson flow time Tw, p, and d7¢g values:

1% TTW = 4 TW = 16

0.0 1428 | 27.822
0.100 | 11.2 21.68
0.112 | 10.87 19.2
0.124 | 10.14 17.68

Table: Fixed d7¢ = 1/48, varied Wilson flow time 7w
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Autocorrelation Times

The ratios of Texp(p = 0.0,07¢ = 1/48) for HMC to 7oy, with other HMC
parameters:

P TW = 4 TW = 16
0.100 | 1.275 1.2832
0.112 | 1.313 1.4487
0.124 | 1.408 1.5736

Table: Fixed d7¢ = 1/48, varied Wilson flow time 7y
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Code Optimization

@ Overhead of field transformation mainly comes from a subroutine
logDetJacobianForceLevel

@ The computer time for this subroutine is reduced by a factor of
around 4.

TogbetJacobianForce
logbetJacobianForceLevel

Multiple kernel calls

| "\m‘l \W’ [ 1]} IMM\H[ ml}rrm*llm‘lw The gap i cue to MP) corsmanicbion

Figure: Snippet of tracing output from Figure: Snippet of tracing output from

Perfetto for Perfetto for
logDetJacobianForceLevel before =~ logDetJacobianForceLevel after
optimization optimization
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Code Optimization

@ As a result, the additional cost due to field transformation is reduced
by a factor of 4 and now occupies only 2.2% of the total computer
time

Jacobian

Fermions

Figure: Breakdown of computer time from various components of FTHMC on a
thermalized configuration
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Summary and Outlook

FTHMC reduces autocorrelation times around 1.5x compared to HMC

Longer trajectory length + field transformation reduced
autocorrelation time around 3.5x

Enabled simulation at finer lattice spacings, huge volume (3.5 Gev,
1283 x 288 for lwasaki gauge action and 2+1 DWF)

@ = continue with gauge + fermion action: big impact on physics
program of RBC-UKQCD

@ Basis of INCITE computing proposal for next 3 years
tau=1 tau=4, FT tho=0.05 4 820 T T T T T —
tau=2 (stream 1) tau=4, FT ho=0.12, FHB mp=2 mPWs ——
tau=2 (stream 2) tau=8 ~ mg=1.5 mPhys
tau=2, FT rho=0.12 tau=8, FT rho=0.12 810 mo=mPhys s
tau=2, FT rho=0.05 tau=8, FT rho=0.05 L
tau=4 1le
4 (au=4.F‘Trho=04|2 i . % 800 - F I 4
§ = - 1
a | 5 = ]
= = 3
5 * ¢ < 780 l ! R
2 .
01 L] 770 R
: ! i . 760 oy
0 5 10 15 20 2 0 0.0020.004 0.006 0.008 0.01 0.0120.0140.016
configuration MD time (appx. same cost)

a2 /fm2
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Summary and Outlook

@ Master-Field technique allows us to measure autocorrelation
coefficients based on a small number of configurations

@ Generate ensemble with different parameters (beta, the number of
trivializing steps, etc...) for tuning

@ FTHMC showed potential to reduce autocorelation time for topologial
charge

@ However, there are a number of parameters for FTHMC to tune for
optimal performance

@ Better understanding of why and how FTHMC is effective is needed
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Wilson Flow

@ Ansatz: B
[Z:(U)]°(x, 1) = =05 ,5:(V)
@ Insert this to the previous equation:
'Stgt = SG + Ct
L= Z{aj,yaiu + t(a)‘?“uSG)ai,u}
X1

o Expand: §; = Yoo tk5~t(k)

@ Matching t leads to recursive relations

205 =55+ cO©
50 =392 Scoz S + ¢
X,
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Wilson Flow

@ The solution of the recursion

SO - g5ts,
S =gt > o2 ,Seaz, S
X,

@ Approximation:
o 55O
° SG = SW = _g Zx,p,¢u tr[PIM/(X)]
o Plaquette: P,,(x) = U, (x)U,(x + ﬂ)UL (x + D) Ul (%)
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Wilson Flow

@ Then,

Zo(U)(x, ) = P(Cx, 1)) = 5(Clm) = €)1

_ é” [C(x, 1) - C(x, )]

P(M) = %(M— MT - étr (M- MM

C(x,p) = Z p,u,VU(XaV)U(X"'ﬁvM)U(X_’_ﬁvV)TU(XvH)T'

vELU

@ Numerical integration
o discretize the transformation with step of size p = p,,,
e p includes a expansion parameter ¢
e The number of integration steps for the discretized trivializing map is
set to 1
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Acceptance Rates

HMC | p=01 | p=0112] p=0.124
57c = 1/48 | 0.929(6) | 0.944(5) | 0.935(6) | 0.924(6)
576 = 1/96 - 0.956(4) | 0.944(5) | 0.94(5)

Table: (Pacc) for runs with and without FT.
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