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probability of 80%. No statistically significant correlations
with magnet current, magnetic field, field gradients, or time
of day were observed.
We report R0

μ at Tr ¼ 25 °C. This change from the
reference temperature used in previous publications aligns
with both the Committee on Data of the International
Science Council (CODATA) standard and our actual meas-
urement conditions. Our previous R0

μ values were adjusted
by −101 ppb to reflect this change in reference temperature
and external constants. The aμ values do not change as a
result of the Tr shift, though the external CODATA
constants have been updated.
The superior statistical power of this larger dataset, along

with additional dedicated measurements, enabled further
cross-checks of the Run-2/3 results. Three corrections with
corresponding uncertainty adjustments were identified and
applied when combined with the latest dataset: the sensi-
tivity of ωa to small, slow gain shifts noted earlier;
improved understanding of spatial dependencies in the
transient magnetic fields from kicker system eddy currents;
and a sign error correction in one component of the Cdd
correction. These corrections, determined independently,
happened to have the same sign and combine to shift the
Run-1/2/3 results by 50–98 ppb, respectively, and result in
a total systematic uncertainty of 78 ppb for the adjusted
Run-2/3 result. The corrections were finalized before
unblinding the Run-4/5/6 results. The latest result agrees
well with the previous measurements.
The combined FNAL average, Run-1 to Run-6, with a

total uncertainty of 127 ppb, assumes fully correlated
systematic uncertainties between the results.
Following Eq. (2), we determine the muon anomaly

aμðRun-4=5=6Þ¼1165920710ð162Þ×10−12 ð139ppbÞ;
aμðRun-1-6Þ¼1165920705ð148Þ×10−12ð127ppbÞ;

for the full dataset, with the statistical, systematic, and
external parameter uncertainties combined in quadrature.
The combined experimental (exp) average, from BNL
E821 [43] and Run-1 to Run-6, becomes

aμðexpÞ ¼ 1 165 920 715ð145Þ × 10−12 ð124 ppbÞ:

Figure 3 shows the corresponding values.
The Muon g − 2 Theory Initiative has released an

updated SM value of aμ in their 2025 White Paper
(WP2025) [44], based on results from [6,45–103], which
agrees with the measured average. The value shifts con-
siderably compared to their 2020 White Paper (WP2020)
[104], which is almost entirely due to the exclusive use of
new, published leading-order hadronic vacuum polariza-
tion estimates based on lattice-QCD calculations. The
previous value in their WP2020 used experimental
eþe− → hadron cross section measurements from multiple
experiments to evaluate this contribution based on a
dispersion integral and showed a discrepancy with the
experimental value. However, a recent cross section
measurement [105,106] has increased the tension among
the experimental inputs; thus a prediction based on the
dispersion integral was not included in their WP2025.
Efforts are continuing toward an evaluation of this leading-
order hadronic contribution using both lattice QCD and
dispersion integral calculations.
In summary, we report the measurement of the muon

magnetic anomaly to a precision of 127 ppb using our full
six years of data. With over a fourfold improvement in
precision over the BNL E821 measurement [13], this result
represents the most precise determination of the muon
magnetic anomaly and provides a powerful benchmark for
extensions of the SM.

Acknowledgments—We thank the Fermilab management
and staff for their strong support of this experiment, as well

TABLE II. Measurements of ωa, ω̃0
p, and their ratios R0

μ, with
ωa=2π and ω̃0

p=2π values shown as offsets from þ229 077 Hz
and þ61 790 900 Hz, respectively, and R0

μ × 1011 values as
offsets from 370 730 000. The Run-1/2/3 values have been
updated from [15] as described in the text. The uncertainties
are shown in the form ð Þstatð Þsyst.

½ωa=2π−
229 077& ðHzÞ

½ω̃0
p=2π−

61 790 900& ðHzÞ
½R0

μ × 1011−
370 730 000&

Run-1 ' ' ' ' ' ' 25(161)(59)
Run-2/3 ' ' ' ' ' ' 87(75)(29)
noRF 0.504(42)(12) 20.0(0.5)(3.5) 43(68)(29)
xRF 0.626(55)(11) 38.9(0.7)(3.4) 126(90)(28)
xyRF5 0.500(56)(12) 10.9(0.7)(3.4) 90(91)(28)
xyRF6 0.509(64)(11) 03.6(0.9)(3.5) 148(103)(28)

Run-4/5/6 ' ' ' ' ' ' 90(42)(28)

Run-1-6 ' ' ' ' ' ' 88(36)(29)

FIG. 3. Experimental values of aμ from BNL E821 [13] (blue
triangle), our Run-1 [14], Run-2/3 [15], and Run-4/5/6 (red
squares), those three results combined (red circle), and the new
experimental world average (purple diamond). The inner tick
marks indicate the statistical contribution to the total uncertain-
ties. Corrections to earlier results have been applied.
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Standard Model Theory: QED+EW+QCD

hµ(~p0)|J⌫(0)|µ(~p)i = �eū(~p0)

✓
F1(q

2)�⌫ + i
F2(q2)

4m
[�⌫ , �⇢]q⇢

◆
u(~p)

aµ ⌘ (g � 2)/2 = F2(0) (q = p
0 � p)

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through �5, EW
�2, and QCD �3. The two QED values correspond to different values of � , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and � ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (�) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of �(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order �3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.
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SUMMARY TABLE

Summary of the contributions to . After the experimental number from E821, the first block gives the main results for the hadronic contributions from Secs.
2-5, as well as the combined result for HLbL scattering from phenomenology and lattice QCD constructed in Sec. 8. The second block summarizes the
quantities entering our recommended SM value, in particular, the total HVP contribution, evaluated from  data, and the total HLbL number. The
construction of the total HVP and HLbL contributions takes into account correlations among the terms at different orders, and the final rounding includes
subleading digits at intermediate stages. In the Citation Refs. column the references upon which the corresponding results are based are listed as
downloadable bib files together with the citation commands.
The HVP evaluation is mainly based on the experimental references: bib, cite.
In addition, the HLbL evaluation uses input from the experimental references: bib, cite.
The lattice QCD calculation of the HLbL contribution builds on crucial methodological advances from the referneces: bib, cite.
Finally, the QED value uses the fine-structure constant obtained from atom-interferometry measurements of the Cs atom: bib, cite

Contribution Section Equation Value x 1011 Citation Refs
Experimental average (E821+E989)   [updated] 116 592 061(41) bib, cite
HVP LO ( ) Sec. 2.3.7 Eq. (2.33) 6931(40) bib, cite
HVP NLO ( ) Sec. 2.3.8 Eq. (2.34) -98.3(7) bib, cite
HVP NNLO ( ) Sec. 2.3.8 Eq. (2.35) 12.4(1) bib, cite
HVP LO (lattice, udsc) Sec. 3.5.1 Eq. (3.49) 7116(184) bib, cite
HLbL (phenomenology) Sec. 4.9.4 Eq. (4.92) 92(19) bib, cite
HLbL NLO (phenomenology) Sec. 4.8 Eq. (4.91) 2(1) bib, cite
HLbL (lattice, uds) Sec. 5.7 Eq. (5.49) 79(35) bib, cite
HLbL (phenomenology + lattice) Sec. 8 Eq. (8.10) 90(17) bib, cite
QED Sec. 6.5 Eq. (6.30) 116 584 718.931(104) bib, cite
Electroweak Sec. 7.4 Eq. (7.16) 153.6(1.0) bib, cite
HVP ( , LO + NLO + NNLO) Sec. 8 Eq. (8.5) 6845(40) bib, cite
HLbL (phenomenology + lattice + NLO) Sec. 8 Eq. (8.11) 92(18) bib, cite
Total SM Value Sec. 8 Eq. (8.12) 116 591 810(43) bib, cite
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Hadronic vacuum polarization (HVP): 
data driven based on e+e- → hadrons (R-ratio)

FIG. 5. The upper diagrams from left to right show the leading-order (LO) quark-connected, LO
quark-disconnected, LO QED corrections, and an example of next-to-leading order (in ↵) HVP
diagrams. The lower diagrams show the leading quark-connected (left) and quark-disconnected
(right) contributions to the HLbL contribution. Subleading diagrams with up to four quark loops
in light-by-light scattering are not shown.

QED contribution calculated in Ref. [147]. Although the experimental uncertainty on ae

is presently much larger than the theory error, a reduction of uncertainties on a
EXP

e and ↵

by an order of magnitude may be feasible in the next few years [146]. Therefore, strategies
must be devised and methods developed to reduce the theoretical error on a

SM

e on this time
scale. We outline how the lattice-QCD community can contribute to this goal in Sec. III B 3.

1. Hadronic vacuum polarization

The HVP contribution arises from the magnetic parts of the upper diagrams shown in
Fig. 5. The HVP can be computed directly in lattice QCD or using a dispersion relation from
the total cross section of e

+
e
�

! hadrons (R ratio) or ⌧ decays into hadrons and a neutrino.
Lattice gauge theory here requires the inclusion of QED to achieve high precision but, as
usual, is systematically improvable. The dispersive method requires control of perturbative
QCD and an e↵ective description of radiative corrections, which is typically performed in
scalar QED. In the case of ⌧ decays, additional isospin-breaking corrections are needed. In
principle both methods can be improved beyond their current precision. At the moment, the
R-ratio method has the smallest uncertainty; however, in the presence of conflicting BaBar
and KLOE data sets [8, 9] the common choice of inflating local uncertainties in R(s) using
the PDG �

2 prescription is not unique. In order to reduce the dependence on this choice,
a combined lattice and R-ratio analysis which removes parts of the conflicting data sets, as
suggested in Ref. [10], is valuable. Such a combined analysis can now be performed with an
uncertainty of 2.7 ⇥ 10�10, which yields a result consistent with the currently most precise
pure R-ratio result of Ref. [9].

So far the lattice community has computed connected [10, 154–160], disconnected [10, 157,
161], and isospin breaking [10, 162, 163] contributions to the leading-order HVP. In addition,
a dedicated calculation of the next-to-leading order HVP has recently been published in
Ref. [164]. Figure 5 shows a diagrammatic classification of these contributions. In Fig. 6,
we list these recent results which currently approach a total uncertainty of approximately
15 ⇥ 10�10. USQCD members have played a pioneering role in many of these contributions,
such as the first calculation of strong isospin-breaking e↵ects at physical pion mass [162],
the first calculation of QED corrections at physical pion mass [10], as well as the first
calculation of a combined lattice and R-ratio calculation at physical pion mass in lattice

22

• Need the magnetic part, F2(0), of the diagram
• “Blob” is hard to calculate! (QED part easy)
• Blob represents the hadrons
• Get it from experimental cross section for 

e+e-→ hadrons (two pions,+…) 
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Hadronic Vacuum Polarisation, essentials:

Use of data compilation for HVP: How to get the most precise σ0
had? e+e- data:

• Low energies: sum ~35 exclusive channels,
2π, 3π, 4π, 5π, 6π, KK, KKπ, KKππ, ηπ, …,   
[use iso-spin relations for missing channels]

• Above ~1.8 GeV: can start to use pQCD
(away from flavour thresholds), 
supplemented by narrow resonances (J/Ψ, Υ)

• Challenge of data combination (locally in √s):
many experiments, different energy bins,
stat+sys errors from different sources,     
correlations; must avoid inconsistencies/bias

• traditional `direct scan’ (tunable e+e- beams) 
vs. `Radiative Return’ [+ τ spectral functions]

• σ0had means `bare’ σ, but WITH FSR: RadCorrs
[ KNT 18: δaμhad, RadCor VP+FSR ~ 0.8�10-10 ]

[Credit: T. Teubner]

Dispersion relation

Optical theorem
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The remainder of this review is organized as follows: With the focus of this paper on the hadronic corrections, we
first discuss the evaluations of HVP, the dominant hadronic contribution, where we summarize the status and prospects
of dispersive evaluations in Section 2 and lattice calculations in Section 3. The source of the currently second-largest
uncertainty, HLbL scattering, is addressed with data-driven and dispersive techniques in Section 4 and with lattice QCD
in Section 5. The current status of the QED and electroweak contributions is presented in Sections 6 and 7, respectively.
In Section 8 we summarize the main conclusions and construct our recommendation for the current SM prediction.

2. Data-driven calculations of HVP

M. Benayoun, C.M. Carloni Calame, H. Czy!, M. Davier, S.I. Eidelman, M. Hoferichter, F. Jegerlehner, A. Keshavarzi,
B. Malaescu, D. Nomura, M. Passera, T. Teubner, G. Venanzoni, Z. Zhang

2.1. Introduction

Based on analyticity and unitarity, loop integrals containing insertions of HVP in photon propagators can be expressed
in the form of dispersion integrals over the cross section of a virtual photon decaying into hadrons. This cross section
can be determined in e+e→ annihilation, either in direct scan mode, where the beam energy is adjusted to provide
measurements at different center-of-mass (CM) energies, or by relying on the method of radiative return, where a collider
is operating at a fixed CM energy. In the latter, the high statistics allow for an effective scan over different masses of
the hadronic system through the emission of initial-state photons, whose spectrum can be calculated and, in some cases,
measured directly. With the availability of high-luminosity colliders, especially meson factories, this method of radiative
return has become a powerful alternative to the direct scan experiments. In addition, it is possible to use hadronic ω decays
to determine hadronic spectral functions, which can be related to the required hadronic cross section. As a consequence
of the wealth of data from many sources, the hadronic cross section is now known experimentally with a high precision
over a wide range of energies. This allows one to obtain data-driven determinations of the HVP contributions.

At leading order (LO), i.e., O(ε2), the dispersion integral reads [129,130]

aHVP, LOµ =
ε2

3ϑ2

)
↑

M2
ϑ

K (s)
s

R(s) ds , (2.1)

with the kernel function

K (s) =
x2

2
(2 → x2) +

(1 + x2)(1 + x)2

x2

[
log(1 + x) → x +

x2

2

]
+

1 + x
1 → x

x2 log x , (2.2)

where x =
1→ϖµ

1+ϖµ
, ϖµ =

⌊
1 → 4m2

µ/s. When expressed in the form K̂ (s) =
3s
m2

µ
K (s), the kernel function K̂ is a slowly varying

monotonic function, rising from K̂ (4M2
ϑ ) ↓ 0.63 at the two pion threshold to its asymptotic value of 1 in the limit of large

s. R(s) is the so-called (hadronic) R-ratio defined by2

R(s) =
ϱ 0(e+e→ ↔ hadrons(+ς ))

ϱpt
, ϱpt =

4ϑε2

3s
. (2.3)

Due to the factor K (s)/s, contributions from the lowest energies are weighted most strongly in Eq. (2.1). Note that the
superscript in ϱ 0 indicates that the total hadronic cross section in the dispersion integral must be the bare cross section,
excluding effects from vacuum polarization (VP) (which lead to the running QED coupling). If these effects are included
as part of the measured hadronic cross section, this data must be ‘‘undressed’’, i.e., VP effects must be subtracted, see
the more detailed discussion below. Otherwise, there would be a double counting and, as such, iterated VP insertions are
taken into account as part of the higher-order HVP contributions.

Conversely, the hadronic cross section used in the dispersion integral is normally taken to be inclusive with respect
to final-state radiation (FSR) of additional photons. While this is in contradiction to the formal power counting in ε,
it would basically be impossible to subtract the real and virtual photonic FSR effects in hadron production, especially
for higher-multiplicity states for which these QED effects are difficult to model. As these FSR effects are not included
explicitly in the higher-order VP contributions, this procedure is fully consistent. Note that, in line with these arguments,

2 Note that this standard definition of ϱpt does not take into account effects due to the finite electron mass, which, for CM energies above the
hadronic threshold, are completely negligible.
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HVP: Data Driven

• WP20 prediction for 𝑎!"#$,&' = 693.1(4)×10()* (reminder: 
current error on experiment is 1.45 in these units)

• 6 standard deviation discrepancy with experiment      

• Situation is very different for WP25 (for essentially two 
reasons)…
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(CMD-3 Phys. Rev. Lett. 132, 231903 (2024), arXiv:2309.12910 [hep-ex])

HVP: Data Driven
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Figure 1: Left: Published measurements of e+e→ ↑ hadrons cross sections by the CMD-3 experiment [38–51]. Right: Status of the e+e→ ↑ ω+ω→
cross-section measurement with different experiments contributing over the years [38, 39, 52–83].
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2.1. Status and perspectives of e+e→ experiments346

2.1.1. CMD-3347

The CMD-3 [32, 33] and SND [34] experiments have been in operation at the electron–positron collider VEPP-348

2000 [35, 36] since 2010. The collider provides an instantaneous luminosity of up to 1032cm→2s→1 at the maximum349

center-of-mass (CM) energy
↓

s = 2 GeV, a world record for single-bunch luminosity. Overall, more than 1 fb→1
350

of data has already been collected by each experiment across the entire available CM energy range from 0.32 to351

2.007 GeV. Today, VEPP-2000 is the only collider operating at these energies.352

The new generation CMD-3 detector was designed and constructed with a major upgrade of all subsystems com-353

pared to its predecessor CMD-2 experiment. In particular, a new drift chamber provided higher efficiency and more354

than twice better momentum resolution, and a new liquid-xenon (LXe) calorimeter added multi-layer tracking capa-355

bilities and shower profile measurement. The detector also has completely new up-to-date electronics and an elaborate356

trigger system. The main goals of experiments at VEPP-2000 include the high-precision measurement of cross sec-357

tions of various modes of e+e→ ↑ hadrons at low energies. All major channels are under analysis with final states of358

up to 7 pions, or two kaons and three pions [37]. Many results have already been published by CMD-3 as shown in359

Fig. 1(left), where e+e→ ↑ KS KS ω+ω→ [49], KS K±ω↔ω+ω→ [48], and ω+ω→ [38, 39] have appeared since WP20, and360

many more channels are still being analyzed.361

The most crucial channel for evaluation of aHVP, LO
µ is the simplest e+e→ ↑ ω+ω→ production. The study of this362

process has a long history since the first e+e→ colliders, with numerous experiments that have contributed over the363

years, as shown in Fig. 1(right). This enormous effort is still not sufficient; to match the expected precision of the g→2364

experiments, this channel should be known with a precision better than 0.2%. The latest, and one of the most precise365

measurements, was provided by the CMD-3 experiment [38, 39]. This new measurement was intensely scrutinized366

and reviewed by the community within a specially organized series of seminars [84, 85], where a comprehensive list367

of questions covering all aspects of the analysis was asked by a panel of experts nominated by the g → 2 TI Steering368

Committee. No pitfalls were found.369

The e+e→ ↑ ω+ω→ CMD-3 analysis is based on the largest ever dataset of 34 ↗ 106 selected ω+ω→ events at370 ↓
s < 1 GeV, which is an order of magnitude larger statistics compared to most of previous measurements. The large371
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In order to evaluate the impact of our result it is
calculated the contribution to the ahad;LOμ from the eþe− →
πþπ− process using data from the various experiments in
the common energy range 0.6 <

ffiffiffi
s

p
< 0.88 GeV. This

particular energy range was chosen for two reasons: it is
covered by many high-precision experiments and it gives
more than 50% of the full ahad;LOμ integral. The dispersive
integral calculation is performed by using linear interpo-
lation between the experimental points with the proper
account of the statistical and systematic errors. The results
of the ahad;LOμ calculations are shown in Fig. 36 and given in
Table IV. The yellow band corresponds to the average of all
experiments before CMD-3, where the gray band includes

additional uncertainty inflation due to the KLOE/BABAR
inconsistency. The first line in Table IV corresponds to
the combined result of all measurements before CMD-2
experiment.
The pion form factor measurements from the RHO2013

and RHO2018 seasons of the CMD-3 experiment give the
statistically consistent results for the ahad;LOμ integral as:

aππ;LOμ ðRHO2013Þ ¼ ð380.06% 0.61% 3.64Þ × 10−10

aππ;LOμ ðRHO2018Þ ¼ ð379.30% 0.33% 2.62Þ × 10−10

aππ;LOμ ðaverageÞ ¼ ð379.35% 0.30% 2.95Þ × 10−10

ð18Þ

Two CMD-3 values are in very good agreement in spite of a
very different data taking conditions (as was discussed
earlier). The combined CMD-3 result is obtained in a very

FIG. 36. The πþπ−ðγÞ contribution to the ahad;LOμ from the
energy range 0.6 <

ffiffiffi
s

p
< 0.88 GeV obtained from the CMD-3

data and the results of the other experiments.

TABLE IV. The πþπ−ðγÞ contribution to the ahad;LOμ from the
energy range 0.6 <

ffiffiffi
s

p
< 0.88 GeV obtained from the CMD-3

data and the results of the other experiments.

Experiment aπ
þπ−;LO

μ ; 10−10

Before CMD2 368.8% 10.3
CMD2 366.5% 3.4
SND 364.7% 4.9
KLOE 360.6% 2.1
BABAR 370.1% 2.7
BESIII 361.8% 3.6
CLEO 370.0% 6.2
SND2k 366.7% 3.2
CMD3 379.3% 3.0

TABLE V. CMD-3 pion form factor jFπj2. The first error is statistical, and the second error is systematic. The sources of the jFπj2
systematic uncertainty see in Table II.
ffiffiffi
s

p
;MeV jFπ j2

ffiffiffi
s

p
;MeV jFπ j2

ffiffiffi
s

p
;MeV jFπj2

ffiffiffi
s

p
;MeV jFπ j2

RHO 2013 season 819.674 24.091% 0.146% 0.239 723.766 34.985% 0.092% 0.235 889.769 9.469% 0.075% 0.075
326.980 1.677% 0.114% 0.018 821.643 23.779% 0.141% 0.237 724.208 35.281% 0.208% 0.237 899.809 8.250% 0.063% 0.067
346.820 1.844% 0.091% 0.019 843.428 17.527% 0.143% 0.180 727.684 36.723% 0.210% 0.247 909.413 7.475% 0.031% 0.061
366.660 2.024% 0.078% 0.021 862.676 13.327% 0.127% 0.142 728.170 36.908% 0.227% 0.249 910.113 7.310% 0.082% 0.060
386.520 2.024% 0.077% 0.018 879.938 10.710% 0.054% 0.117 731.973 38.303% 0.226% 0.258 920.556 6.579% 0.032% 0.055
406.360 2.152% 0.082% 0.019 883.188 10.309% 0.137% 0.114 732.038 37.993% 0.183% 0.256 920.648 6.535% 0.066% 0.055
426.200 2.550% 0.073% 0.023 902.620 8.037% 0.114% 0.093 735.576 39.634% 0.156% 0.268 929.645 6.006% 0.030% 0.051
446.060 2.827% 0.061% 0.025 922.517 6.420% 0.047% 0.078 736.114 39.662% 0.220% 0.268 930.447 5.855% 0.058% 0.050
465.900 2.985% 0.086% 0.027 941.793 5.231% 0.079% 0.067 739.946 41.031% 0.219% 0.278 940.281 5.375% 0.063% 0.047
485.760 3.232% 0.076% 0.029 957.787 4.555% 0.017% 0.060 744.065 42.147% 0.213% 0.285 949.992 4.805% 0.051% 0.043
505.202 3.816% 0.038% 0.034 961.925 4.352% 0.073% 0.059 748.035 43.218% 0.209% 0.292 960.354 4.506% 0.056% 0.041
525.162 4.409% 0.086% 0.040 981.691 3.723% 0.077% 0.053 751.984 43.850% 0.218% 0.296 970.587 4.041% 0.047% 0.038
545.093 4.829% 0.088% 0.042 984.654 3.638% 0.037% 0.052 750.003 43.655% 0.037% 0.295 980.546 3.585% 0.068% 0.035
565.149 5.824% 0.087% 0.051 1004.253 3.082% 0.054% 0.051 756.081 44.870% 0.230% 0.303 984.251 3.641% 0.037% 0.036
585.012 7.096% 0.120% 0.064 1010.669 2.848% 0.024% 0.048 760.023 45.277% 0.208% 0.306 990.000 3.469% 0.063% 0.034
604.872 8.027% 0.117% 0.084 1013.113 2.740% 0.033% 0.047 760.477 45.390% 0.096% 0.306 999.985 3.221% 0.063% 0.033

(Table continued)

F. V. IGNATOV et al. PHYS. REV. D 109, 112002 (2024)

112002-30

(before 2004)

(2024)

CMD-3 largest statistics 
ever for rho region:
34×10+ 𝜋,𝜋( events

Many standard deviations 
higher than average of 
previous results

No resolution



HVP: Data Driven
• New CMD-3 result is significantly higher than WP20 average

• Experiments differ substantially outside quoted uncertainties, can not be 
resolved by inflating errors/combining various experiments as before

• Until resolved, no new DD average in WP25 (but extensive discussion!)

• Possible paths to a resolution:

• Improved (higher order) radiative corrections and MC generator(s)

• New data from BaBar, Belle II, BESIII, CMD-3, KLOE, SND

• Also renewed attention on tau decay (and isospin corrections)

18



HVP: Lattice
• WP20 lattice average: 𝑎!

"#$,&' = 711.6 18.4 ×10()* (2.6% err), 
not used in WP20 average 

• WP25

• Many independent groups contributing new, improved results

• Many blinded analyses (key to avoid confirmation bias), 
especially those for total and or long distance (LD) contribution

• Window analysis (aids/strengthens combining/cross-
checking/comparing results, including with DD ones)

• Sub-percent precision on the total
19



• The EM current j𝛍 on the lattice can be conserved or local
• They have different O(a2) corrections
• Local: finite renormalization, ZV

20

HVP contribution from Lattice QCD

in Euclidean space of the leading and next-to-leading finite-
volume corrections to the HVP contribution to the muon
g − 2. Section III presents our results and comparison to
other calculations. In Sec. IV we give a summary of this
work and discuss implications for future work and the
important upcoming comparison with experiment. The
appendix reports details of the next-to-next-to-leading
order (NNLO) chiral perturbation theory calculation.

II. THEORETICAL FRAMEWORK

Using lattice QCD and continuum, infinite-volume
(perturbative) QED, one can calculate the HVP contribu-
tion to the muon anomalous magnetic moment [8–10],

aHVPμ ¼ 4α2
Z

∞

0
dq2fðq2ÞΠ̂ðq2Þ; ð1Þ

fðq2Þ ¼
m2

μq2Z3ð1 − q2ZÞ
1þm2

μq2Z2
; ð2Þ

Z ¼ −
q2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q4 þ 4m2

μq2
q

2m2
μq2

: ð3Þ

mμ is the muon mass, and Π̂ðq2Þ is the subtracted HVP,
Π̂ðq2Þ ¼ Πðq2Þ − Πð0Þ, computed directly on a Euclidean
space-time lattice from the Fourier transform of the vector
current two-point function,

ΠμνðqÞ ¼
Z

d4xeiqxhjμðxÞjνð0Þi ð4Þ

¼ Πðq2Þð−qμqν þ q2δμνÞ; ð5Þ

jμðxÞ ¼
X

i

Qiψ̄ iðxÞγμψ iðxÞ: ð6Þ

jμðxÞ is the electromagnetic (EM) current, and Qi is the
quark electric charge in units of the electron charge e (the
sum is over active flavors). The form in the second equation
is dictated by Lorentz and gauge symmetries.
In the following it is convenient to use the time-

momentum representation [11], which results from

interchanging the order of the Fourier transform and
momentum integrals in Eqs. (4) and (1), respectively.

Πðq2Þ − Πð0Þ ¼
X

t

"
cos qt − 1

q2
þ 1

2
t2
#
CðtÞ; ð7Þ

CðtÞ ¼ 1

3

X

x⃗;i

hjiðx⃗; tÞjið0Þi; ð8Þ

wðtÞ ¼ 4α2
Z

∞

0
dω2fðω2Þ

$
cosωt − 1

ω2
þ t2

2

%
; ð9Þ

where CðtÞ is the Euclidean time correlation function,
averaged over spatial directions, and Eq. (1) becomes

aHVPμ ðTÞ ¼
XT=2

t¼−T=2
wðtÞCðtÞ ¼ 2

XT=2

t¼0

wðtÞCðtÞ: ð10Þ

T is the temporal size of the lattice, and aHVPμ is obtained in
the limit T → ∞. We have anticipated the use of the lattice
with a discrete version of Eq. (10). The weight wðtÞ is
sometimes modified by replacing the continuum Euclidean
momentum squared with its lattice version [3],

ŵðtÞ ¼ 4α2
Z

∞

0
dω2fðω2Þ

$
cosωt − 1

ð2 sin ðω=2ÞÞ2
þ t2

2

%
: ð11Þ

Note the double subtraction [11–13] in the cosine term in
Eq. (7): t2=2 cancels Πð0Þ “configuration-by-configura-
tion” while the leading finite size correction is killed by the
“−1”. The latter arises since Πμνðq2Þ does not vanish as
q2 → 0 when the time extent of the lattice is finite [11], but
instead leads to a thermal electric susceptibility. In fact such
terms are not constrained by the Ward-Takahashi identity,
which in infinite volume leads to Eq. (5) and are allowed by
the lattice symmetries [11,13].

A. Finite-volume chiral perturbation theory

In this section, we consider the calculation of finite-
volume effects in aHVPμ to two loops, or NNLO in ChPT,

FIG. 1. The quark-connected (left) and disconnected (right) diagrams contributing to the hadronic vacuum polarization contribution to
the muon anomaly.
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in Euclidean space of the leading and next-to-leading finite-
volume corrections to the HVP contribution to the muon
g − 2. Section III presents our results and comparison to
other calculations. In Sec. IV we give a summary of this
work and discuss implications for future work and the
important upcoming comparison with experiment. The
appendix reports details of the next-to-next-to-leading
order (NNLO) chiral perturbation theory calculation.

II. THEORETICAL FRAMEWORK

Using lattice QCD and continuum, infinite-volume
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mμ is the muon mass, and Π̂ðq2Þ is the subtracted HVP,
Π̂ðq2Þ ¼ Πðq2Þ − Πð0Þ, computed directly on a Euclidean
space-time lattice from the Fourier transform of the vector
current two-point function,

ΠμνðqÞ ¼
Z
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X
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Qiψ̄ iðxÞγμψ iðxÞ: ð6Þ

jμðxÞ is the electromagnetic (EM) current, and Qi is the
quark electric charge in units of the electron charge e (the
sum is over active flavors). The form in the second equation
is dictated by Lorentz and gauge symmetries.
In the following it is convenient to use the time-

momentum representation [11], which results from

interchanging the order of the Fourier transform and
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T is the temporal size of the lattice, and aHVPμ is obtained in
the limit T → ∞. We have anticipated the use of the lattice
with a discrete version of Eq. (10). The weight wðtÞ is
sometimes modified by replacing the continuum Euclidean
momentum squared with its lattice version [3],
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Note the double subtraction [11–13] in the cosine term in
Eq. (7): t2=2 cancels Πð0Þ “configuration-by-configura-
tion” while the leading finite size correction is killed by the
“−1”. The latter arises since Πμνðq2Þ does not vanish as
q2 → 0 when the time extent of the lattice is finite [11], but
instead leads to a thermal electric susceptibility. In fact such
terms are not constrained by the Ward-Takahashi identity,
which in infinite volume leads to Eq. (5) and are allowed by
the lattice symmetries [11,13].

A. Finite-volume chiral perturbation theory

In this section, we consider the calculation of finite-
volume effects in aHVPμ to two loops, or NNLO in ChPT,

FIG. 1. The quark-connected (left) and disconnected (right) diagrams contributing to the hadronic vacuum polarization contribution to
the muon anomaly.
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Quark-connected disconnected Isospin breaking corrections

FIG. 5. The upper diagrams from left to right show the leading-order (LO) quark-connected, LO
quark-disconnected, LO QED corrections, and an example of next-to-leading order (in ↵) HVP
diagrams. The lower diagrams show the leading quark-connected (left) and quark-disconnected
(right) contributions to the HLbL contribution. Subleading diagrams with up to four quark loops
in light-by-light scattering are not shown.

QED contribution calculated in Ref. [147]. Although the experimental uncertainty on ae

is presently much larger than the theory error, a reduction of uncertainties on a
EXP

e and ↵

by an order of magnitude may be feasible in the next few years [146]. Therefore, strategies
must be devised and methods developed to reduce the theoretical error on a

SM

e on this time
scale. We outline how the lattice-QCD community can contribute to this goal in Sec. III B 3.

1. Hadronic vacuum polarization

The HVP contribution arises from the magnetic parts of the upper diagrams shown in
Fig. 5. The HVP can be computed directly in lattice QCD or using a dispersion relation from
the total cross section of e

+
e
�

! hadrons (R ratio) or ⌧ decays into hadrons and a neutrino.
Lattice gauge theory here requires the inclusion of QED to achieve high precision but, as
usual, is systematically improvable. The dispersive method requires control of perturbative
QCD and an e↵ective description of radiative corrections, which is typically performed in
scalar QED. In the case of ⌧ decays, additional isospin-breaking corrections are needed. In
principle both methods can be improved beyond their current precision. At the moment, the
R-ratio method has the smallest uncertainty; however, in the presence of conflicting BaBar
and KLOE data sets [8, 9] the common choice of inflating local uncertainties in R(s) using
the PDG �

2 prescription is not unique. In order to reduce the dependence on this choice,
a combined lattice and R-ratio analysis which removes parts of the conflicting data sets, as
suggested in Ref. [10], is valuable. Such a combined analysis can now be performed with an
uncertainty of 2.7 ⇥ 10�10, which yields a result consistent with the currently most precise
pure R-ratio result of Ref. [9].

So far the lattice community has computed connected [10, 154–160], disconnected [10, 157,
161], and isospin breaking [10, 162, 163] contributions to the leading-order HVP. In addition,
a dedicated calculation of the next-to-leading order HVP has recently been published in
Ref. [164]. Figure 5 shows a diagrammatic classification of these contributions. In Fig. 6,
we list these recent results which currently approach a total uncertainty of approximately
15 ⇥ 10�10. USQCD members have played a pioneering role in many of these contributions,
such as the first calculation of strong isospin-breaking e↵ects at physical pion mass [162],
the first calculation of QED corrections at physical pion mass [10], as well as the first
calculation of a combined lattice and R-ratio calculation at physical pion mass in lattice
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Hadronic vacuum polarization contribution from Lattice QCD

in Euclidean space of the leading and next-to-leading finite-
volume corrections to the HVP contribution to the muon
g − 2. Section III presents our results and comparison to
other calculations. In Sec. IV we give a summary of this
work and discuss implications for future work and the
important upcoming comparison with experiment. The
appendix reports details of the next-to-next-to-leading
order (NNLO) chiral perturbation theory calculation.
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where CðtÞ is the Euclidean time correlation function,
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T is the temporal size of the lattice, and aHVPμ is obtained in
the limit T → ∞. We have anticipated the use of the lattice
with a discrete version of Eq. (10). The weight wðtÞ is
sometimes modified by replacing the continuum Euclidean
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ŵðtÞ ¼ 4α2
Z

∞

0
dω2fðω2Þ

$
cosωt − 1

ð2 sin ðω=2ÞÞ2
þ t2

2

%
: ð11Þ

Note the double subtraction [11–13] in the cosine term in
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tion” while the leading finite size correction is killed by the
“−1”. The latter arises since Πμνðq2Þ does not vanish as
q2 → 0 when the time extent of the lattice is finite [11], but
instead leads to a thermal electric susceptibility. In fact such
terms are not constrained by the Ward-Takahashi identity,
which in infinite volume leads to Eq. (5) and are allowed by
the lattice symmetries [11,13].

A. Finite-volume chiral perturbation theory

In this section, we consider the calculation of finite-
volume effects in aHVPμ to two loops, or NNLO in ChPT,

FIG. 1. The quark-connected (left) and disconnected (right) diagrams contributing to the hadronic vacuum polarization contribution to
the muon anomaly.
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in Euclidean space of the leading and next-to-leading finite-
volume corrections to the HVP contribution to the muon
g − 2. Section III presents our results and comparison to
other calculations. In Sec. IV we give a summary of this
work and discuss implications for future work and the
important upcoming comparison with experiment. The
appendix reports details of the next-to-next-to-leading
order (NNLO) chiral perturbation theory calculation.

II. THEORETICAL FRAMEWORK

Using lattice QCD and continuum, infinite-volume
(perturbative) QED, one can calculate the HVP contribu-
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aHVPμ ¼ 4α2
Z

∞

0
dq2fðq2ÞΠ̂ðq2Þ; ð1Þ

fðq2Þ ¼
m2

μq2Z3ð1 − q2ZÞ
1þm2

μq2Z2
; ð2Þ

Z ¼ −
q2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q4 þ 4m2

μq2
q

2m2
μq2

: ð3Þ

mμ is the muon mass, and Π̂ðq2Þ is the subtracted HVP,
Π̂ðq2Þ ¼ Πðq2Þ − Πð0Þ, computed directly on a Euclidean
space-time lattice from the Fourier transform of the vector
current two-point function,

ΠμνðqÞ ¼
Z

d4xeiqxhjμðxÞjνð0Þi ð4Þ

¼ Πðq2Þð−qμqν þ q2δμνÞ; ð5Þ

jμðxÞ ¼
X

i

Qiψ̄ iðxÞγμψ iðxÞ: ð6Þ

jμðxÞ is the electromagnetic (EM) current, and Qi is the
quark electric charge in units of the electron charge e (the
sum is over active flavors). The form in the second equation
is dictated by Lorentz and gauge symmetries.
In the following it is convenient to use the time-

momentum representation [11], which results from

interchanging the order of the Fourier transform and
momentum integrals in Eqs. (4) and (1), respectively.
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X

t
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t2
#
CðtÞ; ð7Þ
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hjiðx⃗; tÞjið0Þi; ð8Þ

wðtÞ ¼ 4α2
Z
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0
dω2fðω2Þ

$
cosωt − 1

ω2
þ t2

2

%
; ð9Þ
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wðtÞCðtÞ: ð10Þ
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ŵðtÞ ¼ 4α2
Z

∞

0
dω2fðω2Þ

$
cosωt − 1

ð2 sin ðω=2ÞÞ2
þ t2

2

%
: ð11Þ

Note the double subtraction [11–13] in the cosine term in
Eq. (7): t2=2 cancels Πð0Þ “configuration-by-configura-
tion” while the leading finite size correction is killed by the
“−1”. The latter arises since Πμνðq2Þ does not vanish as
q2 → 0 when the time extent of the lattice is finite [11], but
instead leads to a thermal electric susceptibility. In fact such
terms are not constrained by the Ward-Takahashi identity,
which in infinite volume leads to Eq. (5) and are allowed by
the lattice symmetries [11,13].

A. Finite-volume chiral perturbation theory

In this section, we consider the calculation of finite-
volume effects in aHVPμ to two loops, or NNLO in ChPT,

FIG. 1. The quark-connected (left) and disconnected (right) diagrams contributing to the hadronic vacuum polarization contribution to
the muon anomaly.

AUBIN, BLUM, TU, GOLTERMAN, JUNG, and PERIS PHYS. REV. D 101, 014503 (2020)

014503-2

Time momentum representation
[Bernecker, Meyer 2011]

• Interchange order of FT and loop
integral over q2 𝜔-

• “double subtraction”: t2/2 removes
Π 0 and -1 the leading FV correction

Quark-connected disconnected Isospin breaking corrections

FIG. 5. The upper diagrams from left to right show the leading-order (LO) quark-connected, LO
quark-disconnected, LO QED corrections, and an example of next-to-leading order (in ↵) HVP
diagrams. The lower diagrams show the leading quark-connected (left) and quark-disconnected
(right) contributions to the HLbL contribution. Subleading diagrams with up to four quark loops
in light-by-light scattering are not shown.

QED contribution calculated in Ref. [147]. Although the experimental uncertainty on ae

is presently much larger than the theory error, a reduction of uncertainties on a
EXP

e and ↵

by an order of magnitude may be feasible in the next few years [146]. Therefore, strategies
must be devised and methods developed to reduce the theoretical error on a

SM

e on this time
scale. We outline how the lattice-QCD community can contribute to this goal in Sec. III B 3.

1. Hadronic vacuum polarization

The HVP contribution arises from the magnetic parts of the upper diagrams shown in
Fig. 5. The HVP can be computed directly in lattice QCD or using a dispersion relation from
the total cross section of e

+
e
�

! hadrons (R ratio) or ⌧ decays into hadrons and a neutrino.
Lattice gauge theory here requires the inclusion of QED to achieve high precision but, as
usual, is systematically improvable. The dispersive method requires control of perturbative
QCD and an e↵ective description of radiative corrections, which is typically performed in
scalar QED. In the case of ⌧ decays, additional isospin-breaking corrections are needed. In
principle both methods can be improved beyond their current precision. At the moment, the
R-ratio method has the smallest uncertainty; however, in the presence of conflicting BaBar
and KLOE data sets [8, 9] the common choice of inflating local uncertainties in R(s) using
the PDG �

2 prescription is not unique. In order to reduce the dependence on this choice,
a combined lattice and R-ratio analysis which removes parts of the conflicting data sets, as
suggested in Ref. [10], is valuable. Such a combined analysis can now be performed with an
uncertainty of 2.7 ⇥ 10�10, which yields a result consistent with the currently most precise
pure R-ratio result of Ref. [9].

So far the lattice community has computed connected [10, 154–160], disconnected [10, 157,
161], and isospin breaking [10, 162, 163] contributions to the leading-order HVP. In addition,
a dedicated calculation of the next-to-leading order HVP has recently been published in
Ref. [164]. Figure 5 shows a diagrammatic classification of these contributions. In Fig. 6,
we list these recent results which currently approach a total uncertainty of approximately
15 ⇥ 10�10. USQCD members have played a pioneering role in many of these contributions,
such as the first calculation of strong isospin-breaking e↵ects at physical pion mass [162],
the first calculation of QED corrections at physical pion mass [10], as well as the first
calculation of a combined lattice and R-ratio calculation at physical pion mass in lattice
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𝑶(𝜶𝟐) 𝑶(𝜶𝟑)

Blob (directly from quarks and gluons):



HVP: Lattice Windows
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Window method (introduced in RBC/UKQCD 2018)

We also consider a window method. Following Meyer-Bernecker 2011
and smearing over t to define the continuum limit we write

aµ = a
SD
µ + a

W
µ + a

LD
µ

with

a
SD
µ =

X

t

C (t)wt [1 � ⇥(t, t0, �)] ,

a
W
µ =

X

t

C (t)wt [⇥(t, t0, �) � ⇥(t, t1, �)] ,

a
LD
µ =

X

t

C (t)wt⇥(t, t1, �) ,

⇥(t, t 0, �) = [1 + tanh [(t � t
0)/�]] /2 .

All contributions are well-defined individually and can be computed from
lattice or R-ratio via C (t) = 1

12⇡2

R1
0

d(
p
s)R(s)se�

p
st with

R(s) = 3s
4⇡↵2 �(s, e+

e
�
! had).

a
W
µ has small statistical and systematic errors on lattice!
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Rtookdldms‘qx Hmenql‘shnm z R0

RTOOKDLDMS9PW L9SDPH9K

Hm sghr rdbshnm vd dwo‘mc nm ‘ rdkdbshnm ne sdbgmhb‘k cd,
s‘hkr ‘mc ‘cc qdrtksr sn e‘bhkhs‘sd bqnrr,bgdbjr ne chΩdqdms
b‘kbtk‘shnmr ne ZESO HMα ­

Bnmshmttl khlhs- Sgd bnmshmttl khlhs ne ‘ rdkdb,
shnm ne khfgs,pt‘qj vhmcnv bnmsqhatshnmr ZVα hr rgnvm hm
Ehf­ 7­ Vd mnsd sg‘s sgd qdrtksr nm sgd bn‘qrd k‘sshbd chΩdq
eqnl sgd bnmshmttl khlhs nmkx ‘s sgd kdudk ne ‘ edv odq,
bdms­ Vd ‘ssqhatsd sghr lhkc bnmshmttl khlhs sn sgd e‘,
unq‘akd oqnodqshdr ne sgd cnl‘hm,v‘kk chrbqdshy‘shnm trdc
hm sghr vnqj­ Sghr hr hm bnmsq‘rs sn ‘ q‘sgdq rsddo bnmshm,
ttl dwsq‘onk‘shnm sg‘s nbbtqr trhmf rs‘ffdqdc pt‘qjr ‘r
rddm+ d­f­+ hm Qde­ Z31“­

Sgd lhkc bnmshmttl khlhs enq khfgs pt‘qj bnmsqhat,
shnmr hr bnmrhrsdms vhsg ‘ m‘hud onvdq,bntmshmf drshl‘sd
ne ’ZΘ(1 ¡ /σ/4 vhsg Θ ¡ 3// LdU ‘mc rtffdrsr sg‘s
qdl‘hmhmf chrbqdshy‘shnm dqqnqr l‘x ad rl‘kk­ Rhmbd vd
ffmc rtbg ‘ lhkc adg‘uhnq mns itrs enq ‘ rhmfkd pt‘mshsx
ats enq ‘kk rstchdc u‘ktdr ne ZVα vhsg s, q‘mfhmf eqnl /σ2
el sn /σ4 el ‘mc s0 q‘mfhmf eqnl /σ2 el sn 1σ5 el+ vd
rtffdrs sg‘s hs hr q‘sgdq tmkhjdkx sg‘s sgd lhkc adg‘u,
hnq hr qdrtks ne ‘m ‘bbhcdms‘k b‘mbdkk‘shnm ne ghfgdq,nqcdq
sdqlr hm ‘m dwo‘mrhnm hm Z1­ Sghr kdmcr rtoonqs sn ntq
ptnsdc chrbqdshy‘shnm dqqnq a‘rdc nm ‘m !’Z3( drshl‘sd­
Hm etstqd vnqj+ sghr vhkk ad rtaidbs sn etqsgdq rbqtshmx ax
‘cchmf ‘ c‘s‘,onhms ‘s ‘m ‘cchshnm‘k k‘sshbd ro‘bhmf­

Dmdqfw qdfivdhfgshmf- Sgd sno o‘mdk ne Ehf­ 8 rgnvr
sgd vdhfgsdc bnqqdk‘snq ts/’s( enq sgd etkk Zα ‘r vdkk ‘r
rgnqs,chrs‘mbd ‘mc knmf,chrs‘mbd oqnidbshnmr ZQCα ‘mc ZHCα
enq s, ¡ /σ3 el ‘mc s0 ¡ 0σ4 el­ Sgd anssnl o‘mdk ne
Ehf­ 8 rgnvr sgd bnqqdronmchmf bnmsqhatshnmr sn Zα rdo,
‘q‘sdc ax dmdqfx rb‘kd

〉
q­ Vd mnshbd sg‘s+ ‘r dwodbsdc+

ZQCα g‘r qdctbdc bnmsqhatshnmr eqnl knv,dmdqfx rb‘kdr ‘mc
ZHCα g‘r qdctbdc bnmsqhatshnmr eqnl ghfg,dmdqfx rb‘kdr­
Hm sgd khlhs ne oqnidbshnm sn rtflbhdmskx knmf chrs‘mbdr+ vd
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EHF­ 8­ Vhmcnv ne Q,q‘shn c‘s‘ hm Dtbkhcd‘m onrhshnm ro‘bd
’sno( ‘mc sgd dΩdbs ne sgd vhmcnv hm sdqlr ne qd,vdhfgshmf
dmdqfx qdfhnmr ’anssnl(­

l‘x ‘ssdlos sn bnmsq‘rs sgd Q,q‘shn c‘s‘ chqdbskx vhsg
‘m dwbktrhud rstcx ne sgd knv,kxhmf µµ rs‘sdr hm sgd k‘sshbd
b‘kbtk‘shnm­ Sghr hr kdes sn etstqd vnqj­

RsSshrshbr ne khfgsfiptSqi bnmsqhatshnm- Vd trd ‘m
hloqnudc rs‘shrshb‘k drshl‘snq hmbktchmf ‘ etkk knv,lncd
‘udq‘fd enq sgd khfgs,pt‘qj bnmmdbsdc bnmsqhatshnm hm sgd
hrnrohm rxlldsqhb khlhs ‘r chrbtrrdc hm sgd l‘hm sdws­
Enq sghr drshl‘snq+ vd ffmc sg‘s vd ‘qd ‘akd sn r‘stq‘sd
sgd rs‘shrshb‘k fitbst‘shnmr sn sgd f‘tfd mnhrd enq 4/ onhms
rntqbdr odq bnmffftq‘shnm­ Enq sgd 37H dmrdlakd vd ld‘,
rtqd nm 016 f‘tfd bnmffftq‘shnmr ‘mc enq sgd 53H dmrdl,
akd vd ld‘rtqd nm 05/ f‘tfd bnmffftq‘shnmr­ Ntq qdrtks
hr sgdqdenqd nas‘hmdc eqnl ‘ sns‘k ne ‘ooqnwhl‘sdkx 03j
cnl‘hm,v‘kk edqlhnm oqno‘f‘snq b‘kbtk‘shnmr­

Qdrtksr enq nsgdq uSktdr ne �� Smc �0- Hm S‘ar­ R H,
RUHH vd oqnuhcd qdrtksr enq chΩdqdms bgnhbdr ne vhmcnv
o‘q‘ldsdqr s, ‘mc s0­ Vd adkhdud sg‘s sghr ‘cchshnm‘k
c‘s‘ l‘x e‘bhkhs‘sd bqnrr,bgdbjr adsvddm chΩdqdms k‘sshbd
bnkk‘anq‘shnmr hm o‘qshbtk‘q ‘krn vhsg qdf‘qc sn sgd to
‘mc cnvm pt‘qj bnmmdbsdc bnmsqhatshnm hm sgd hrnrohm
khlhs­
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FIG. 4. Comparison of wtC(t) obtained using R-ratio data
[1] and lattice data on our 64I ensemble.

lation presented here, we only include diagram M. For
the meson masses this corresponds to neglecting the sea
quark mass correction, which we have previously [17] de-
termined to be an O(2%) and O(14%) e↵ect for the pi-
ons and kaons, respectively. This estimate is based on
the analytic fits of (H7) and (H9) of Ref. [17] with ratios
C

m⇡, K

2 /C
m⇡, K

1 given in Tab. XVII of the same reference.
For the hadronic vacuum polarization the contribution of
diagram R is negligible since �mup ⇡ ��mdown and di-
agram O is SU(3) and 1/Nc suppressed. We therefore
assign a corresponding 10% uncertainty to the SIB cor-
rection.

We also compute the O(↵) correction to the vector
current renormalization factor ZV used in C(0) [17, 18]
and find a small correction of approximately 0.05% for
the light quarks.

We perform the calculation of C(0) on the 48I and 64I
ensembles described in Ref. [17] for the up, down, and
strange quark-connected contributions. For the charm
contribution we also perform a global fit using additional
ensembles described in Ref. [22]. The quark-disconnected
contribution as well as QED and SIB corrections are com-
puted only on ensemble 48I.

For the noisy light quark connected contribution, we
employ a multi-step approximation scheme with low-
mode averaging [23] over the entire volume and two levels
of approximations in a truncated deflated solver (AMA)
[24–27] of randomly positioned point sources. The low-
mode space is generated using a new Lanczos method
working on multiple grids [28]. Our improved statisti-
cal estimator for the quark disconnected diagrams is de-
scribed in Ref. [29] and our strategy for the strange quark
is published in Ref. [30]. For diagram F, we re-use point-
source propagators generated in Ref. [31].

The correlator C(t) is related to the R-ratio data
[11] by C(t) = 1

12⇡2

R1
0 d(

p
s)R(s)se�

p
st with R(s) =

3s
4⇡↵2�(s, e+e� ! had). In Fig. 4 we compare a lattice
and R-ratio evaluation of wtC(t) and note that the R-
ratio data is most precise at very short and long dis-
tances, while the lattice data is most precise at interme-
diate distances. We are therefore led to also investigate
a position-space “window method” [11, 32] and write

aµ = aSDµ + aWµ + aLDµ (6)

with aSDµ =
P

t C(t)wt[1 � ⇥(t, t0,�)], aWµ =P
t C(t)wt[⇥(t, t0,�) � ⇥(t, t1,�)], and aLDµ =P
t C(t)wt⇥(t, t1,�), where each contribution is

accessible from both lattice and R-ratio data. We define
⇥(t, t0,�) = [1 + tanh [(t� t0)/�]] /2 which we find to
be helpful to control the e↵ect of discretization errors
by the smearing parameter �. We then take aSDµ and
aLDµ from the R-ratio data and aWµ from the lattice.
In this work we use � = 0.15 fm, which we find to
provide a su�ciently sharp transition without increasing
discretization errors noticeably. This method takes the
most precise regions of both datasets and therefore may
be a promising alternative to the proposal of Ref. [33].

ANALYSIS AND RESULTS

In Tab. I we show our results for the individual as well
as summed contributions to aµ for the window method
as well as a pure lattice determination. We quote sta-
tistical uncertainties for the lattice data (S) and the R-
ratio data (RST) separately. For the quark-connected
up, down, and strange contributions, the computation is
performed on two ensembles with inverse lattice spacing
a�1 = 1.730(4) GeV (48I) as well as a�1 = 2.359(7) GeV
(64I) and a continuum limit is taken. The discretization
error (C) is estimated by taking the maximum of the
squared measured O(a2) correction as well as a simple
(a⇤)4 estimate, where we take ⇤ = 400 MeV. We find
the results on the 48I ensemble to di↵er only a few per-
cent from the continuum limit. This holds for the full
lattice contribution as well as the window contributions
considered in this work. For the quark-connected charm
contribution additional ensembles described in Ref. [22]
are used and the maximum of the above and a (amc)4

estimate is taken as discretization error. The remain-
ing contributions are small and only computed on the
48I ensemble for which we take (a⇤)2 as estimate of dis-
cretization errors.

For the up and down quark-connected and discon-
nected contributions, we correct finite-volume e↵ects to
leading order in finite-volume position-space chiral per-
turbation theory [34]. Note that in our previous pub-
lication of the quark-disconnected contribution [29], we
added this finite-volume correction as an uncertainty but
did not shift the central value. We take the largest ratio
of p6 to p4 corrections of Tab. 1 of Ref. [35] as systematic
error estimate of neglected finite-volume errors (V). For
the SIB correction we also include the sizeable di↵erence
of the corresponding finite and infinite-volume chiral per-
turbation theory calculation as finite-volume uncertainty.
For the QED correction, we repeat the computation us-
ing an infinite-volume photon (QED1 [36]) and include
the di↵erence to the QEDL result as a finite-volume er-
ror. Further details of the QED1 procedure are provided
as supplementary material.

RBC/UKQCD 2018

Introduction HVP to (g � 2)µ HLbL to (g � 2)µ Conclusions

The BMW result Borsanyi et al. Nature 2021
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Data Driven (w/o CMD-3) consistently and significantly below lattice averages
Many standard deviations discrepant with old data driven dispersive results
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Figure 38: Data-driven KNT19-based [8] results for the light-quark connected (ud) components of the RBC/UKQCD windows compared with
isospin-symmetric lattice-QCD determinations of the same quantities. The label “BBGKMP-24(23)” refers to Refs. [297–300]. The bands show
averages for these quantities taken from Sec. 3 First panel: Data-driven aSD

µ (ud) compared with results from Refs. [310, 364–366, 369, 370]. Second
panel: Data-driven aW

µ (ud) compared with results from Refs. [209, 314, 316, 364–367, 383, 384]. Third panel: Data-driven aLD
µ (ud) compared with

the recent results of Refs. [311–313]. Fourth panel: Data-driven aHVP, LO
µ (ud) compared with results from Refs. [209, 311, 313, 314, 383, 393, 395,

398, 405, 441]. The lower entry in each figure shows the exploration of the impact of the replacement of KNT 2ω data for energies between 0.33
and 1.2 GeV with CMD-3 data, see text.

Figures 38 and 39 show that for the long-distance and intermediate light-quark connected RBC/UKQCD window2970

quantities, there are significant discrepancies between the KNT-compilation-based data-driven and the lattice-based2971

estimates, which lead to a significant discrepancy in the total aHVP, LO
µ (ud) when comparing with the most precise2972

lattice determinations. Instead, for aSD
µ (ud) and for all the s+disc window quantities, there are no discrepancies2973

(though the data-driven errors for the latter are relatively large). Moreover, the exploratory exercise of replacing2974

the ω+ω→ KNT-compilation data in the interval between 0.33 and 1.2 GeV with the CMD-3 ω+ω→ data suggests that2975

these discrepancies could be due to discrepancies in the experimental data for the ω+ω→ component of R(s) in the2976

region around the ε peak. With this replacement, the discrepancies in the light-quark connected results are eliminated2977

without disturbing the good agreement for the s+disc and the light-quark connected SD parts. The ω+ω→ channel is2978

responsible for 72% of the data-driven aW
µ (ud) result and for 88% of the data-driven aLD

µ (ud), but only 32% of aSD
µ (ud)2979

value and only very small fractions of the s+disc results. These conclusions for the quark-flavor-specific contributions2980

agree with the findings from Ref. [440], where it was shown that the difference between data-driven evaluations of2981

total HVP, intermediate window, and ∆ϑhad(→10 GeV2)→∆ϑhad(→1 GeV2) with respect to the BMW20 result could be2982

explained by an EM-current two-point function (from lattice QCD) that is enhanced in the [0.4, 1.5] fm range, or by2983

enhancing measured hadronic spectra around (or in any larger interval including) the ε peak. However, the required2984

rescalings would be significantly larger than the quoted uncertainties.2985

In either case, the closer agreement between lattice and CMD-3-based results does not imply that the CMD-32986

results are to be preferred; the discrepancy between CMD-3 and other experimental results is an independent puzzle,2987

and, like the well-known KLOE–BaBar discrepancy, will have to be resolved among the different experiments. We2988

conclude the discussion of the interplay of lattice-QCD and data-driven evaluations of HVP by an illustration of the2989

current situation, including the key results from Secs. 2 and 3, see Fig. 40.2990
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Figure 39: Data-driven results for the s+disc components of the RBC/UKQCD windows compared with isospin-symmetric lattice determinations
of the same quantities. The label “BBGKMP 24(23)” refers to Refs. [296, 298–300]. The bands show averages for these quantities obtained from
Sec. 3 by adding strange-connected and disconnected contributions, see text. First panel: Data-driven results for aSD

µ (s+disc) compared with results
from Refs. [310, 364, 370]. Details on how the lattice results for the s+disc component were reconstructed from the results of Refs. [310, 364, 370]
can be found in Ref. [300]. Second panel: Data-driven results for aW

µ (s + disc) compared with results from Refs. [209, 303, 364, 366, 384]. Third
panel: Data-driven results for aLD

µ (s + disc) compared with the result from Ref. [312] (see also Ref. [300]). Fourth panel: Data-driven results for
aHVP, LO
µ (s + disc) compared with results from Refs. [209, 302, 303, 395, 399]. The lower entry in each figure shows the exploration of the impact

of the replacement of KNT 2ω data for energies between 0.33 and 1.2 GeV with CMD-3 data, see text.
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Lattice HVP: Isospin corrections 

V. Gülpers @ Lattice HVP workshop
Introduction

Overview of published results - contributions to aµ ◊ 1010

BMW ≠1.27(40)(33)
RBC/UKQCD 5.9(5.7)(1.7)
ETM 1.1(1.0)

BMW≠0.0095(86)(99) 0.42(20)(19)

BMW≠0.55(15)(11)
RBC/UKQCD≠6.9(2.1)(2.0)

BMW≠0.047(33)(23)0.011(24)(14)

BMW6.59(63)(53)
RBC/UKQCD10.6(4.3)(6.8)

ETM6.0(2.3)
FHM7.7(3.7) 9.0(2.3)

LM9.0(0.8)(1.2)

BMW≠4.63(54)(69)

BMW [arXiv:2002.12347]

RBC/UKQCD [Phys.Rev.Lett. 121 (2018) 2, 022003]

ETM [Phys. Rev. D 99, 114502 (2019)]

FHM [Phys.Rev.Lett. 120 (2018) 15, 152001]

LM [Phys.Rev.D 101 (2020) 074515]

Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 18 Nov 2020 5 / 6

• Some tensions between lattice results for 
individual contributions. 
  

• Large cancellations between individual 
contributions: 

 

• Ongoing efforts presented by Mainz and 
Fermilab-HPQCD-MILC. 

δaIB
μ ≲ 1 %

HVP: Lattice 
isospin-breaking corrections

26

(2020)

(some numbers 
out of date)

Many contributions
that largely cancel

Now five collaborations
but only BMW has 
calculated all diagrams
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• BMW20 complete calculation (corrected 
in BMW-DMZ 24, WP25)  (not shown)

• Mainz 24 estimates missing 
contributions: increased error

• RBC/UKQCD and ETM 19 corrected for 
missing QED sea, disconnected 
diagrams using BMW20

• Correct to same scheme

• Total is very small

HVP: Lattice 
isospin-breaking corrections
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Five different averaging procedures used in WP25

• Sum of window averages  + IB correction avg.

• Sum of flavor averages (a) + IB correction avg.

• Sum of flavor averages (b) + IB correction avg.

• Sum of individual, published isospin symmetric 
totals + IB correction avg.

• Average of individual, published totals

HVP: Lattice Total 

All are quite consistent. WP25 quotes  the window average, 
has largest number of independent results and smallest error 
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Isospin symmetric total 
(IB corrections to be added) 

Published totals

Large shift from WP 20 average, 693.1(4), based solely on data driven result
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Large shift from WP 20 average, 693.1(4), based solely on data driven result

R. Aliberti, T. Aoyama, E. Balzani et al. Physics Reports 1143 (2025) 1–158

Fig. 35. Total IB (left) and isospin-symmetric (right) contributions to aHVP, LOµ . On the left both corrected (blue, filled symbols) and uncorrected 
(purple, unfilled symbols) results, as described in the text, are shown. The blue band corresponds to the average of the corrected values in the WP25 
scheme. On the right results are shown in original (purple, unfilled symbols) and WP25 schemes (blue, filled symbols). The light blue band is the 
average in the WP25 scheme. Plotting symbols have the same meaning as in Fig.  28.

of quark-connected and quark-disconnected SIB contributions calculated on the lattice [16,458], stresses the importance 
of quark-disconnected SIB for future computations of aHVP, LOµ . In Ref. [14], an error of 1.1 → 10↑10 is ascribed for the 
neglect of the SIB correction and of 0.3 → 10↑10 for the QED ones. While the combination of these errors may appear 
quite generous, it does not cover the corresponding large shift in central value. Thus, we add to RBC/UKQCD’s result the 
shift ↑5.1(1.2) → 10↑10 as well as the difference between the central values of the ud contribution in the WP25 and 
RBC/UKQCD-18 schemes, i.e., 2.5 → 10↑10 [26]. Finally, we arrive at ωaHVP, LOµ (RBC/UKQCD-18) = 6.9(10.4) → 10↑10.

We include in the average the ETM-19 calculation of IB corrections [15], where quark connected SIB and QED 
contributions are computed for light, strange, and charm quarks in a quenched QED setup. ETM-19 includes an extra 
uncertainty of 1.2→ 10↑10 for the missing disconnected SIB and QED contributions, as well as the sea QED contributions. 
According to the BMW-20-based determination discussed above, these neglected corrections amount to ↑5.6(1.2)→10↑10

and are not covered by ETM-19’s extra uncertainty. Thus, after removing that uncertainty, we add to ETM-19’s result, 
7.1(2.6) → 10↑10, the determination of the neglected contribution and combine uncertainties in quadrature. While 
Refs. [24,459] provide sufficient evidence that the differences between the Gasser–Rusetsky–Scimemi (GRS) [460] and 
WP25 schemes are negligible as far as the hadronic inputs to extract quark masses are concerned, ETM-19’s GRS scheme 
is implemented employing the pion decay constant to set the scale. To account for the scheme mismatch, we use 
the Fermilab/HPQCD/MILC-24 [30] computation of the correlated difference of the isospin-symmetric total HVP [29,30] 
between a scheme based on fε , close to the ETM one, and the one used for our averages. This difference amounts to 
↑5.2(3.3) → 10↑10, which we also add to the ETM-19 estimate, combining uncertainties in quadrature. All the above 
corrections yield ωaHVP, LOµ (ETM-19) = ↑3.7(4.4) → 10↑10.

For Mainz/CLS-24, we get the total QED plus SIB correction in their scheme directly from Ref. [27]. It is ↑4.1(4.4) →

10↑10. Most QED and SIB corrections were computed, except for a number of quark-disconnected and sea QED ones, 
which were either taken into account using scalar QED [27,458] or included via an additional systematic error estimate. It 
is worth noting that Mainz does not account for the renormalization of the lattice spacing due to QED effects. This effect 
is believed to be negligible compared to their quoted total error. We must now convert this result to the WP25 scheme. 
We do the latter by adding the difference between the central values of the LD window in the WP25 and Mainz/CLS-24 
schemes, i.e., 9.3 → 10↑10 [27]. Thus, in the WP25 scheme we obtain ωaHVP, LOµ (Mainz/CLS-24) = 5.2(4.4) → 10↑10.

Before averaging we have to account for correlations between BMW-20, ETM-19, and RBC/UKQCD-18 which arise 
through the corrections applied to the latter two for missing QED and SIB contributions. The uncertainty associated with 
the SIB contribution is 0.9 → 10↑10 for BMW-20 and 1.1 → 10↑10 for RBC/UKQCD-18. For the sea QED corrections, the 
value is 0.8 → 10↑10 for the two results. For ETM-19 the uncertainty is 1.2 → 10↑10 for both. We can now average the 
total QED plus SIB correction from Mainz/CLS-24, BMW-20, ETM-19, and RBC 18. These are summarized in Table  14 and 
shown in the left panel of Fig.  35. We find 0.1(1.4) → 10↑10 with a ϑ2/dof = 2.6/3. As discussed above, to account for 
the uncertainties associated with assumptions made concerning the LD behavior of lattice IB-correction correlators, we 
add a 2.0 → 10↑10 uncertainty linearly to that average. Thus, we obtain 

ωaHVP, LOµ

)))
lat

Avg.
= 0.1(3.4) → 10↑10 . (3.30)

Adding these IB corrections to the isospin-symmetric results of Eq. (3.29), we obtain: 

aHVP, LOµ

)))
lat

Avg. 1
= 713.2(6.1) → 10↑10 . (3.31)

69

(3.31)
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R. Aliberti, T. Aoyama, E. Balzani et al. Physics Reports 1143 (2025) 1–158

Fig. 40. Final summary of various determinations of aHVP, LOµ  discussed in Sections 2 and 3, propagated to aSMµ . The first two panels refer to data-driven 
determinations, where the three points for each e+e→ experiment reflect the ‘‘CHKLS’’, ‘‘DHMZ’’, and ‘‘KNTW’’ methods, see Figs.  26 and 27 for more 
details. The gray band indicates the WP20 result, based on the e+e→ experiments above the first dashed line. The ω point corresponds to Eq.  (2.23). 
The last panel summarizes lattice-QCD determinations, including the hybrid evaluation [24], the three individual lattice-QCD calculations shown in 
Fig.  36, and the five lattice HVP averages from Fig.  37. The blue band refers to the final WP25 result, which coincides with ‘‘Avg. 1’’. In all cases, 
except for the gray WP20 band, the remaining contributions to aSMµ  beyond aHVP, LOµ  are taken from WP25, as given in Table  1. The red band denotes 
the experimental world average, which has been updated including the final results from the Fermilab experiment.

the full contributions, including all flavors and all IB corrections. Confirming the original findings of Ref. [16], the authors 
observe a significant discrepancy between the pre-CMD-3 data-driven and lattice results for the full intermediate-window 
contribution and a large, but less statistically significant one, for the total HVP contribution to aµ. In addition they show 
that there is relatively good agreement for εϑhad(→10GeV2)→εϑhad(→1GeV2). Using a new approach that allows one to 
investigate how the experimentally measured spectral functions would have to be modified to reconcile the data-driven 
results with the lattice ones, they show that an enhancement of that function in any interval of CM energy that includes 
the ϖ peak could explain the observed disagreement pattern. In particular, this pattern can be explained by a rescaling 
by 5% of the contribution to each of those observables from the ϖ-peak region, defined via the interval ↑s ↓ [0.63, 0.92]. 
Of course, such a rescaling is significantly larger than the uncertainties quoted in pre-CMD-3 combinations of the e+e→

spectra. This study included statistical-and-systematic-uncertainty correlations among the observables computed on the 
lattice and found the conclusions to be stable with respect to them. It was also performed with an initial blinding on the 
data-driven results.

A priori, it is not evident that significant modifications to the 2ϱ spectral function can be introduced without violating 
QCD constraints from analyticity and unitarity, but it was shown in Ref. [320] that this is possible. One option is a 
modification of the ϱϱ phase shift, which would, however, induce rather large changes in the cross section concentrated 
around the ϖ resonance. The second possibility concerns changes in the inelastic contributions, which lead to largely 
uniform relative shifts of the cross section in the whole low-energy region; the CMD-3 measurement amounts to a 
realization of this latter scenario. Indeed, the CMD-3 data pass the tests of unitarity and analyticity [146,270], see 
Section 2.7.1. However, inverting the Laplace transform to translate from Euclidean windows back to CM energies is 
inherently ill-posed, where one possible avenue concerns optimizing linear combinations of a number of Euclidean 
windows [17,363,497], e.g., Ref. [363] explicitly constructs such linear combinations for localization in CM energy, 
leading to strong oscillations in Euclidean time, and also proposes to isolate a given hadronic channel via suitable linear 
combinations of Euclidean windows. It is emphasized that such optimizations require a precise knowledge of the full 
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• Data Driven dispersive analysis

• pQCD

• Models (hQCD, DSE, BSE,…)

R. Aliberti, T. Aoyama, E. Balzani et al. Physics Reports 1143 (2025) 1–158

Fig. 41. The HLbL contribution depicted graphically. The bottom line is the muon. The blob indicates all possible hadronic interactions. The q4 leg 
indicates the external magnetic field.
Source: Figure taken from Ref. [43].

covariance matrix in lattice-QCD calculations. Finally, in Ref. [500] it is proposed to calculate a version of the R-ratio 
convolved with Gaussian smearing kernels in lattice QCD using the method from Ref. [240] to extract smeared spectral 
densities from Euclidean correlators, including a proof-of-concept calculation with resolutions between 0.44 and 0.63GeV.

With the new and upcoming lattice results available for the SD, intermediate, and LD windows and for other HVP 
related quantities those studies will have to be significantly updated. This is all the more important given the tensions now 
observed among the different e+e→ ↑ hadrons measurements, as well as with those of hadronic ω  decays. Such studies 
should offer interesting perspectives in the comparison of lattice and data-driven results for aHVP, LOµ . It is important that 
those studies account for all correlations in lattice and R-ratio observables, as well as for uncertainties on these [498]. 
Double-blinding, for observables not yet computed, is also important.

Finally, Fig.  40 presents a detailed overview of the current situation for HVP, comparing the data-driven, lattice, and 
hybrid results discussed in Sections 2 and 3, as well as Section 4.2. We note that the good agreement between the lattice 
and CMD-3-based results does not imply that the CMD-3 result is to be preferred. The discrepancy between the CMD-3 and 
other experimental measurements remains an independent puzzle. This issue, along with the well-known BaBar–KLOE 
discrepancy, will require further experimental investigations and detailed studies of the MC generators and other tools 
used by the different experiments in their data analyses.

In contrast, the complete lattice HVP results from Refs. [14,16,22,26,27] show good agreement, including with the 
hybrid result from Ref. [24] and the consolidated lattice averages. These averages are based on different combina-
tions of a large number of results from well-defined sub-contributions, obtained independently by various lattice-QCD 
collaborations, as described in Section 3.

5. Data-driven and analytic approaches to HLbL

J. Bijnens, L. Cappiello, G. Eichmann, C. S. Fischer, S. Gonzàlez-Solís, N. Hermansson-Truedsson, M. Hoferichter, B.-L. Hoid, 
S. Holz, B. Kubis, A. Kup!", P. Masjuan, M. Procura, A. Rebhan, C. F. Redmer, A. Rodríguez-Sánchez, P. Roig, P. Sánchez-Puertas, 
P. Stoffer, M. Zillinger

5.1. Introduction

The HLbL contribution to the muon anomalous magnetic moment is depicted in Fig.  41.23 For a very long time it was 
considered impossible to estimate it with any reliability. This changed during the 90s when a number of theoretically 
reasonably well argued models were used, final numbers can be found in Refs. [501,502]. However, it was realized much 
more recently that a proper well-defined separation of different hadronic contributions was possible [34]. This provided 
together with a proper definition of short-distance contributions (SDCs) from QCD [39,503] the basis for a full evaluation 
of the HLbL contribution in the previous white paper of the muon g → 2 theory initiative [1]. A proper description of the 
large amount of work done earlier can also be found there. The Fermilab experiment expects to release a new result for 
their total data set in the near future. We therefore need to update the HLbL result from Ref. [1]. The main improvements 
are that the dispersive framework has been improved to deal with spin-1 hadrons in a singularity-free fashion and first 
steps towards dealing with higher spin resonances have been done. The short-distance results have also been significantly 
improved. The model and phenomenological work has also been updated. This is described in the following sections.

The overall framework is discussed in Section 5.2. Improvements in the experimental inputs that are needed in the 
various approaches are discussed in Section 5.3. The short-distance part is improved in various ways, by including higher 
orders in the operator product expansion (OPE) as well as gluonic corrections, both for the general case and for the case 
with only two internal photons far off-shell. This is described in Section 5.4. The improved dispersive framework is used 
for determining the ε, ε↓ and axial-vector contributions as well as an update on scalars and a first estimate for tensors. 

23 We have kept the q4 sign different in different sections to keep with the notation in the original references.
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HLbL: Data Driven
• WP20 𝑎!"#$#= 92(19) × 10())

• WP25 𝑎!"#$#= 103.3(8.8) × 10())

• Many improvements (theory and experimental inputs)

• WP25 prediction consistent with WP20 with significantly smaller 
uncertainty

• Future improvements:

• Theory: better handling of singularity cancellations

• Schwinger sum rule in analogy to the HVP contribution

• More, improved experimental data
34
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35
combine the method used in Refs. [42,43] to calculate the
hadronic four point function with lattice QCD with the
subtracted infinite volume QED weighting function devel-
oped in Ref. [46]. We have tested the QED weighting
function by calculating the leptonic light-by-light contribu-
tion to muon g − 2 and have reproduced the results obtained
by analytical calculation [50,51]. We outline the method
below and focus on the improvements wemade in this work.
All of the diagrams contributing at Oðα3Þ to HLbL

scattering are shown in Fig. 2. We use the term (quark-)
“connected diagram” to refer to the one on the left on the
top row and “disconnected diagram” to refer to the one on
the right. The remaining diagrams, which are all suppressed
in the flavor SU(3) limit, are referred to as the “subleading
disconnected diagrams.” We only explicitly draw quark
loops that are connected to photons. Gluons and sea quark
loops that are not connected to photons are not shown in the
figure but are included automatically in dynamical lattice
QCD calculations. To make nonzero contributions to the
muon g − 2, the quark loops in the disconnected diagrams
must be connected by gluons.
The contribution to the muon g − 2 can be calculated

with the combination of the hadronic four-point functionH
and the QED weighting function G [46]
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where ūs0ð0⃗Þ, usð0⃗Þ are Dirac spinors for the outgoing
and incoming muon in the diagram, respectively. V stand

for the spatial volume of the lattice and T stand for the size
of the temporal extent of the lattice. Σk ¼ ϵi;j;kγiγj=ð2iÞ is
the 4 × 4 version of the Pauli matrix, σk. From the spin
structure of the muon particle, we can obtain the expression
for aHLbLμ
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The QED weighting function G is shown diagrammatically
in Fig. 3 and is expressed in terms of the free muon and
Feynman gauge photon propagators, Sμ and G

Gσ;κ;ρðy; z; xÞ ¼ lim
tsrc→−∞;tsnk→∞

emμðtsnk−tsrcÞ

×
Z

α;β;η;x⃗snk;x⃗src
Gðx; αÞGðy; βÞGðz; ηÞ
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As is well known, the above expression contains an infrared
divergence that vanishes after projection to its magnetic
part. We can also remove this infrared divergent piece by
the following procedure:
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1
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1

2
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In addition we can perform somewhat arbitrary subtractions
to this infinite volume QED weighting function without
changing the final result due to vector current conservation
satisfied by the hadronic four point function,

Gð2Þ
σ;κ;ρðy; z; xÞ ¼ Gð1Þ

σ;κ;ρðy; z; xÞ −Gð1Þ
σ;κ;ρðz; z; xÞ

−Gð1Þ
σ;κ;ρðy; z; zÞ: ð12Þ

FIG. 2. Diagrams contributing to the muon anomaly. The
diagrams in the top row are the leading ones, and do not vanish
in the SUð3Þ flavor limit. Strong interactions to all orders,
including gluons connecting the quark loops and sea quark loops
which are not connected by photons, are not shown.

FIG. 3. Diagrammatic representation of the QED weighting
function defined in Eq. (9), following Ref. [46].
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• WP20: 𝑎!"#$#= 82(35) ×10()) from RBC/UKQCD only (QEDL)

• WP25: three results in average: Mainz, RBC/UKQCD, BMW 
(QED∞)

• WP25: 𝑎!"&.&= 122.5(9.0) ×10())

• Error reduced dramatically and central value shifted up (within 
about 1 standard deviation)

HLbL Lattice
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HLbL: Combined Average of 
Data Driven and Lattice

• WP20 prediction: 𝑎!"&.& = 90 (17)×10())

• WP25 prediction: 𝑎!"&.& = 112.6 9.6 ×10())

(1.4× error inflation factor)

• Central value increased (within WP20 error)

• Error is significantly smaller
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Fig. 78. The best three values of the fine-structure constant ω (left) and a comparison of the measurement and SM prediction of ae (right). The 
values of ω are determined from the measurement and theory of ae and the atom-mass measurements of Cs and Rb with atom interferometers. 
The two SM predictions for ae are based on two different values of ω. These two figures present the three experimental results and one theoretical 
prediction from different perspectives.

A value of the fine-structure constant ω from ae can be obtained by treating ω as an unknown variable in the theoretical 
formula for ae and equating it to the measured value in Eq. (7.9). The derived value is 

ω→1(ae) = 137.035 999 163(15) [0.11 ppb] , (7.10)

which is smaller than the value reported in Ref. [70] by 3↑10→9. This shift, within the assigned uncertainties, is attributed 
to two factors. The first is a 13% reduction of the tenth-order QED term of ae, as discussed in Section 7.3. The second is 
an updated evaluation of the HVP contribution, detailed in Section 7.4, which affects the result in the opposite direction. 
As a result, ω→1(ae) remains nearly unchanged. The total uncertainty is entirely driven by the measurement in Eq. (7.9), 
while the uncertainties from the QED tenth-order term and the hadronic contributions are 0.44↑ 10→9 and 0.36↑ 10→8, 
respectively.

The differences between the values of ω determined by the atom-interferometer experiments and that obtained from 
ae are

ω→1(Cs) → ω→1(ae) = →0.118(31) ↑ 10→6 ,

ω→1(Rb) → ω→1(ae) = +0.042(18) ↑ 10→6 , (7.11)

corresponding to →3.8ε  and +2.3ε , respectively. The relationships among the three values of ω in Eqs. (7.6), (7.7) and 
(7.10) are visualized in Fig.  78.

7.3. The QED tenth-order mass-independent and universal term

The QED contribution involves only four particles: the photon, electron, muon, and ϑ  lepton. Thus, the QED contribution 
to aQEDµ  can be divided according to the lepton-mass dependence as 

aQEDµ = A1 + A2(mµ/me) + A2(mµ/mϑ ) + A3(mµ/me,mµ/mϑ ) , (7.12)

and each can be calculated by perturbation theory using Feynman diagrams as 

Ai =

)

n=1,2,...

[ ω

ϖ

]n
A(2n)
i . (7.13)

To match the current precision of aµ, the QED contribution up to the tenth-order of perturbation theory are required. The 
second-, fourth-, sixth-, and eighth-order terms are well established and were reported in the QED section of WP20 [1].

All Feynman diagrams contributing to aµ of the tenth-order terms A(10)
1 , the two A(10)

2 , and A(10)
3 , as well as the term 

A(10)
2 (me/mµ) contributing to ae were numerically calculated by a single team AHKN [64,738]. The ϑ -lepton contribution 

to ae of the tenth order is negligible. The mass-independent and universal term A(10)
1 , which contributes equally to both ae

and aµ, receives contributions from 12,672 vertex Feynman diagrams. Among these, 6,318 diagrams that include at least 
one fermion loop also contribute to A(10)

2 . Due to the complexity and enormity of the calculation, only relatively simple 
diagrams were independently cross-checked until recently [739,740].

In Ref. [65] and successively in Ref. [66], the contribution to A(10)
1  from Set V, which consists of 6,354 vertex diagrams 

without a fermion loop, was obtained using numerical integration. The two results, both calculated by Volkov using 
different intermediate renormalization schemes, are consistent with each other. The best estimate is then obtained by 
statistically combining both results [66]: 

A(10)
1 [Set V : Volkov] = 6.828(60) . (7.14)

This exhibited a 5ε  discrepancy from the latest report 7.668(159) given in Ref. [741] by AHKN, which was used to 
determine the QED contribution to aµ in WP20.
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order and the hadronic and EW contributions, the SM predictions aSMe  are determined using the fine-structure constant 
ω of Eq. (7.6) or Eq. (7.7) as

aSMe
)
ω(Cs)

[
= 1 159 652 181.59(23)(0)(3) → 10↑12

[0.20 ppb] ,

aSMe
)
ω(Rb)

[
= 1 159 652 180.238(82)(4)(30) → 10↑12

[0.075 ppb] , (7.23)

where the uncertainties, listed from left to right, correspond to the fine-structure constant ω, the tenth-order QED term 
A(10)
1 , and the hadronic contributions. While the uncertainties in ω still dominate, a more reliable HVP contribution remains 

essential for probing BSM physics through ae. The differences from the measurement Eq. (7.9) are
aexpe (NW22) ↑ aSMe

)
ω(Cs)

[
= ↑1.00(26) → 10↑12 ,

aexpe (NW22) ↑ aSMe
)
ω(Rb)

[
= +0.35(16) → 10↑12 , (7.24)

corresponding to ↑3.8ε  and +2.2ε , respectively. The comparison between the measurement and the SM predictions is 
shown in Fig.  78.

7.5. The QED contribution to the muon anomalous magnetic moment aµ

The lepton-mass ratios necessary for aSMµ  are unchanged since WP20 and they are [734]
me/mµ = 4.836 331 70(11) → 10↑3 ,

me/mϑ = 2.875 85(19) → 10↑4 . (7.25)

As discussed earlier, the three values of ω differ from each other by 2.4ε  to 5.6ε , making it inappropriate to average 
them. Accordingly, we present the three values of the QED contribution to aSMµ  using three values of ω in Eqs. (7.6), (7.7) 
and (7.10):

aQEDµ

)
ω(Cs)

[
= 116 584 718.926(23)(7)(17)(6)(100)[104] → 10↑11 ,

aQEDµ

)
ω(ae)

[
= 116 584 718.825(13)(7)(17)(6)(100)[103] → 10↑11 ,

aQEDµ

)
ω(Rb)

[
= 116 584 718.789(8)(7)(17)(6)(100)[102] → 10↑11 , (7.26)

where the uncertainties from left to right arise from ω, the ϑ -lepton mass, the QED eighth-order term, the QED tenth-
order term, the estimated QED twelfth-order term, and the total combined uncertainties [1]. The difference between the 
largest and the smallest values of aQEDµ  is 0.137 → 10↑11, which is of the same order of magnitude as the estimated QED 
twelfth-order term. In view of Eq. (7.26), we use 

aQEDµ = 116 584 718.8(2) → 10↑11 , (7.27)

in the calculation of the complete SM prediction of aµ.

8. The electroweak contributions to aµ

D. Stöckinger, H. Stöckinger-Kim
By definition, the EW SM contributions to aµ comprise all SM contributions that are not contained in the pure QED, 

HVP, or HLbL contributions. They are given by Feynman diagrams that contain at least one of the EW bosons W , Z , or 
the Higgs. Figs.  79–81 show sample one-loop and two-loop diagrams. Already in WP20 [1], the EW SM contributions 
aEWµ  had a very small theoretical uncertainty of 10↑11, which had a negligible impact on the total SM theory uncertainty. 
Here we summarize the current status of the EW SM contributions and describe relevant recent updates. The updates are 
related to more accurate measurements of input parameters entering Feynman diagrams, leading to reduced parametric 
uncertainties, and to improved determinations of hadronic EW contributions. For further details, we refer to Ref. [1], the 
original papers described below, and to the review Ref. [573].

The overall magnitude of the EW contributions can be obtained from the essential factors entering the EW one-loop 
contribution from a W -boson loop, 

aEW(1)
µ ↓

g2
2

16ϖ2

m2
µ

M2
W

↔ 10↑9 . (8.1)

Here g2
2/16ϖ

2 corresponds to a loop factor involving the weak SU(2) gauge coupling, and m2
µ/M2

W ↗ 10↑6 is a suppression 
factor arising from the heavy W -boson. The appearance of two powers of the ratio mµ/MW  can be related to the need 
for a muon chirality flip and the need for spontaneous electroweak symmetry breaking to generate a nonvanishing muon 
mass and dipole moment, see e.g., Ref. [746].

For a precise and systematic evaluation of the EW contributions, the decomposition 
aEWµ = aEW(1)

µ + aEW(2)
µ;bos + aEW(2)

µ;ferm + aEW(↘3)
µ (8.2)
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Fig. 79. One-loop Feynman diagrams contributing to aEWµ .
Source: Figures taken from Ref. [1].

Fig. 80. Sample bosonic two-loop Feynman diagrams contributing to aEWµ .
Source: Figures taken from Ref. [1].

Fig. 81. Sample fermionic two-loop Feynman diagrams contributing to aEWµ .
Source: Figures taken from Ref. [1].

is useful. Here aEW(1)
µ  are the one-loop contributions, aEW(2)

µ;bos  and a
EW(2)
µ;ferm are two-loop contributions, and aEW(→3)

µ  are 
three-loop corrections and higher.

The EW one-loop contributions arise from diagrams with W -, Z-, or Higgs-boson exchange as shown in Fig.  79. 
Depending on the chosen gauge, diagrams with unphysical Goldstone bosons must also be included. The full one-loop 
result can be written as 

aEW(1)
µ =

GF
↑
2

m2
µ

8ω2

)5
3

+
1
3
(1 ↓ 4s2W)2

[
= 194.79(1) ↔ 10↓11 , (8.3)

where the SU(2) gauge coupling and the factor 1/M2
W  appearing in Eq. (8.1) have been replaced with the Fermi constant 

GF , which is more precisely measured. The on-shell weak mixing angle s2W = 1 ↓ M2
W/M2

Z  is defined via the W - and 
Z-boson pole masses. In the evaluation of aEWµ , the W -boson mass is treated as an intermediate quantity that is itself 
predicted within the SM as a function of GF , MZ , and further inputs such as the Higgs-boson and top-quark masses. 
We use here the current best-fit value MW = 80.356(5) GeV [225], which differs slightly from the value used in Ref. [1]. 
Though the W -boson mass is the result of a calculation and thus unaffected by discrepancies between different direct MW
measurements [225], it has an uncertainty due to missing higher-order corrections and due to the parametric dependence 
in particular on the top-quark mass. The numerical impact of the modification on the number quoted above is below 10↓13. 
The quoted uncertainty covers the parametric uncertainty from SM input parameters and neglected contributions that are 
suppressed by additional powers of m2

µGF .
The bosonic two-loop contributions aEW(2)

µ;bos  are defined by two-loop and associated counterterm diagrams without 
closed fermion loop, as in Fig.  80. These contributions have been computed in Ref. [747] in the limit MH ↗ MW , and 
with full Higgs-boson mass dependence in Ref. [748]. A seminumerical result has been obtained in Ref. [749] and a fully 
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the muon loop. Ref. [73] includes the perturbative three-loop correction of Ref. [754] to the charm-quark contribution. In 
total, Ref. [73] finds the 2nd-generation result 

aEW(2)
µ (µ, c, s) = →4.14(28) ↑ 10→11 . (8.9)

Here the uncertainty is not significantly reduced compared to the result of Ref. [71] quoted in Ref. [1]. However, 
particularly the pQCD three-loop corrections have shifted the central value by more than the previously estimated 
uncertainty.

The non-Higgs-dependent contributions aEW(2)
µ;f-rest,no H have first been computed in Ref. [751] neglecting the combination 

1 → 4s2W ↓ 0 appearing in the vectorial muon–Z coupling. These leading contributions contain the enhancement factor 
m2

t /M
2
W . Subleading terms suppressed by 1 → 4s2W  have been added in Ref. [71]. They arise in part via corrections to 

the ω-parameter that are again enhanced by m2
t , and in part from the diagrams with ε –Z interaction shown in Fig.  81c, 

which are logarithmically enhanced. Based on Ref. [71], Ref. [72] provides the full analytic result. The required hadronic 
part of the ε –Z interaction, 8ϑ2ϖ̄ε Z (→M2

Z ), is again subject to nonperturbative QCD corrections. For the required result of 
this quantity, Ref. [1] used the value 6.88(50) based on Ref. [71] and references therein. More recent work shows that an 
improved data-based evaluation yields a significantly lower value, e.g., Ref. [660] quotes 5.87(4), and including lattice-QCD 
results [476] to quantify SU(3)-breaking corrections Ref. [73] obtains 6.0(1). Based on this last number, the full result can 
hence be written as 

aEW(2)
µ;f-rest,no H =

)
→4.09 → 0.23 → 0.26(10)

[
↑ 10→11

= →4.58(10) ↑ 10→11 . (8.10)

Here the three individual results correspond to the terms without 1 → 4s2W  suppression, the terms related to the ω-
parameter, and the terms involving the ε –Z mixing subdiagram, respectively. Compared to Ref. [1], the first result has 
changed because of the lower top-quark mass and the last term has changed as a result of the improvement in Ref. [73]. 
The change is smaller than the quoted uncertainty, which is unchanged and corresponds to an estimate of still neglected 
terms which are suppressed by a factor 1 → 4s2W  or M2

Z /m
2
t .

Finally, aEW(↔3)
µ  collects corrections beyond the two-loop level which are not yet taken into account via the QCD 

corrections within aEW(2)
µ (e, u, d; µ, c, s; ϱ , t, b) + aEW(2)

µ;f-rest,no H. These correspond to weak and QED corrections with and 
without fermion loops to aEW(2)

µ;bos  and weak, QED, and QCD corrections to aEW(2)
µ;f-rest,H. The leading-logarithmic corrections of 

the form ↗ GFς
2 log(MZ/mf ) log(MZ/mf ↘ ), where mf ,f ↘  are light fermions, have been evaluated in Refs. [71,755] using EFT 

and RG methods. A surprising numerical cancellation among the three-loop corrections was observed in Ref. [71] if the 
two-loop contributions are parameterized in terms of GF ς as done in all the above results. In this case the three-loop 
logarithms are numerically negligible. Hence, 

aEW(↔3)
µ = 0.00(20) ↑ 10→11 . (8.11)

The uncertainty estimate from remaining unknown higher-order contributions is from Ref. [71]. It is based on an analysis 
of subleading weak logarithmic three-loop corrections, but is expected to also cover nonlogarithmic three-loop QCD 
contributions to aEW(2)

µ;f-rest,H.
In total, the full EW SM contribution to aµ is obtained by summing the one-loop contributions Eq. (8.3), the bosonic 

two-loop contributions Eq.  (8.4), the fermionic two-loop contributions Eqs.  (8.6)–(8.10), and the leading three-loop 
logarithms Eq.  (8.11). The result is 

aEWµ = 154.4(4) ↑ 10→11 , (8.12)

where we follow Ref. [73] and add the individual uncertainties in quadrature. After significant reduction of the hadronic 
EW uncertainties, the remaining uncertainty is dominated about equally by 2nd-generation hadronic contributions of the 
kind of Fig.  81b and by remaining unknown higher-order contributions beyond the two-loop level.

9. Conclusions and outlook

In this second edition of the White Paper on the muon g→2, we have charted the progress that has been achieved since 
2020 in evaluating the contributions from the electromagnetic (QED), electroweak (EW), and strong (QCD) interactions 
to aµ.

Both the QED and EW contributions have changed very slightly since the first edition, as can be seen from Table  33. 
A discrepancy in the evaluation of a sub-class of the 10th-order QED contribution has been resolved [65–67], leading to 
a tiny shift in the central value of aQEDµ . At the same time, the current tension in the experimental determination of the 
fine-structure constant ς is reflected in an increase of the error and a change in the last decimal. The quoted uncertainty 
for the EW contribution has more than halved since WP20, thanks to a more precise determination of hadronic effects in 
the two-loop EW contributions [745], while also the precision in input parameters such as the top-quark and Higgs-boson 
masses has increased. Contributions to aµ from QCD are still by far the dominant sources of uncertainty. Here, much of 
the current debate is centered on hadronic vacuum polarization (HVP). Significant developments in both data-driven, 
dispersive and lattice-QCD determinations of the HVP contribution to aµ have fundamentally changed the picture since 
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Fig. 79. One-loop Feynman diagrams contributing to aEWµ .
Source: Figures taken from Ref. [1].

Fig. 80. Sample bosonic two-loop Feynman diagrams contributing to aEWµ .
Source: Figures taken from Ref. [1].

Fig. 81. Sample fermionic two-loop Feynman diagrams contributing to aEWµ .
Source: Figures taken from Ref. [1].

is useful. Here aEW(1)
µ  are the one-loop contributions, aEW(2)

µ;bos  and a
EW(2)
µ;ferm are two-loop contributions, and aEW(→3)

µ  are 
three-loop corrections and higher.

The EW one-loop contributions arise from diagrams with W -, Z-, or Higgs-boson exchange as shown in Fig.  79. 
Depending on the chosen gauge, diagrams with unphysical Goldstone bosons must also be included. The full one-loop 
result can be written as 

aEW(1)
µ =

GF
↑
2

m2
µ

8ω2

)5
3

+
1
3
(1 ↓ 4s2W)2

[
= 194.79(1) ↔ 10↓11 , (8.3)

where the SU(2) gauge coupling and the factor 1/M2
W  appearing in Eq. (8.1) have been replaced with the Fermi constant 

GF , which is more precisely measured. The on-shell weak mixing angle s2W = 1 ↓ M2
W/M2

Z  is defined via the W - and 
Z-boson pole masses. In the evaluation of aEWµ , the W -boson mass is treated as an intermediate quantity that is itself 
predicted within the SM as a function of GF , MZ , and further inputs such as the Higgs-boson and top-quark masses. 
We use here the current best-fit value MW = 80.356(5) GeV [225], which differs slightly from the value used in Ref. [1]. 
Though the W -boson mass is the result of a calculation and thus unaffected by discrepancies between different direct MW
measurements [225], it has an uncertainty due to missing higher-order corrections and due to the parametric dependence 
in particular on the top-quark mass. The numerical impact of the modification on the number quoted above is below 10↓13. 
The quoted uncertainty covers the parametric uncertainty from SM input parameters and neglected contributions that are 
suppressed by additional powers of m2

µGF .
The bosonic two-loop contributions aEW(2)

µ;bos  are defined by two-loop and associated counterterm diagrams without 
closed fermion loop, as in Fig.  80. These contributions have been computed in Ref. [747] in the limit MH ↗ MW , and 
with full Higgs-boson mass dependence in Ref. [748]. A seminumerical result has been obtained in Ref. [749] and a fully 
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Discrepancy between WP25 and experiment is less than 1 standard deviation

R. Aliberti, T. Aoyama, E. Balzani et al. Physics Reports 1143 (2025) 1–158

Table 33
Comparison of the key results from this work (WP25), as given in Table  1, to the corresponding numbers from WP20 
[1] (in units of 10→11). Note that the ‘‘HLbL (lattice)’’ result from WP20 has been adapted to include the charm-loop 
contribution. The entry ‘‘HVP (LO + NLO + NNLO)’’ derives from HVP LO (lattice) [WP25] and HVP LO (e+e→) [WP20], 
respectively. The asterisk indicates that the LO HVP value from WP20 was based on e+e→ data only, while in Table  5 
we also include the current status for ω -based evaluations.
 Contribution WP25 WP20  
 HVP LO (lattice) 7132(61) 7116(184)  
 HVP LO (e+e→, ω ) Table  5 6931(40)↑  
 HVP NLO (e+e→) →99.6(1.3) →98.3(7)  
 HVP NNLO (e+e→) 12.4(1) 12.4(1)  
 HLbL (phenomenology) 103.3(8.8) 92(19)  
 HLbL NLO (phenomenology) 2.6(6) 2(1)  
 HLbL (lattice) 122.5(9.0) 82(35)  
 HLbL (phenomenology + lattice) 112.6(9.6) 90(17)  
 QED 116 584 718.8(2) 116 584 718.931(104) 
 EW 154.4(4) 153.6(1.0)  
 HVP (LO + NLO + NNLO) 7045(61) 6845(40)  
 HLbL (phenomenology + lattice + NLO) 115.5(9.9) 92(18)  
 Total SM Value 116 592 033(62) 116 591 810(43)  

WP20. This is reflected by the updated SM estimate, in which the result for the LO HVP contribution is now based on 
lattice-QCD calculations rather than the data-driven dispersive method.

For the data-driven approach, the CMD-3 measurements of the e+e→ ↓ ε+ε→ cross section [95,96] are higher than 
those of all other data sets. Despite substantial efforts, see the detailed discussions in Section 2, the emerged discrepancies 
in this dominant channel are so far not understood and, unlike in WP20, cannot be accommodated any longer through any 
reasonable inflation of uncertainties in data combinations. The current situation is summarized in Fig.  26. Resolving the 
puzzles will require new measurements, together with an improved understanding of higher-order radiative corrections 
and their implementation in MC generators. For the former, new data analyses, in particular for the two-pion channel, 
are expected from several experiments. For the latter, efforts are underway by several groups, coordinated by the 
RadioMonteCarLow 2 initiative. However, at this moment, the situation regarding the ε+ε→ data remains unresolved 
and prevents us from providing a common average for the data-driven dispersive estimate of aHVP, LOµ . In addition, we re-
examined the role of isospin-breaking corrections to hadronic ω  spectral-function data, providing a detailed assessment of 
our current understanding thereof, of promising work in progress and avenues for future improvements. We are confident 
that the latter will allow the use of hadronic ω  decays as additional input for the critical two-pion channel in the future. 
At the time of WP20 the precision of lattice-QCD calculations was not yet sufficient to impact the SM prediction, and the 
value quoted for HVP in the SM prediction of WP20 is entirely based on data-driven analyses of hadronic e+e→ cross-
section data. In the meantime lattice-QCD calculations have matured significantly, allowing for a precise and robust 
first-principles calculation of the HVP contribution. Two aspects are particularly important to achieve this. First, the 
introduction of window observables has proved instrumental for cross-checking and benchmarking lattice calculations 
of sub-contributions to HVP with a high level of precision. The individual windows isolate and separate the different 
technical challenges for lattice calculations and allow for tailored approaches for each window. A diverse set of methods 
with complementary systematic advantages and disadvantages employed by the different lattice-QCD collaborations has 
led to the consolidation of the individual window contributions one by one. While this process highlights the consistency 
of the lattice approaches, significant tensions are observed between lattice and data-driven estimates for the intermediate 
and long-distance window observables. These tensions appear to originate from the dominant ε+ε→ channel, and would 
disappear if only CMD-3 data were used. A second very important development in the lattice community is the broad 
adoption of blinding procedures to avoid confirmation bias. This is instrumental in establishing the reliability of the 
observed consolidation when comparing independent lattice-QCD results. The review of lattice-QCD results in WP25 is 
based on seventeen different papers from eight independent lattice-QCD collaborations [14–30], including three almost 
complete lattice calculations of the entire LO HVP contribution [16,26,27]. All available results are combined in various 
ways, yielding consistent averages for aHVP, LOµ —as our final SM prediction of the latter we take the average that includes the 
maximum number of independent lattice results from Refs. [14–30]. In summary, our consolidated average of lattice-QCD 
results provides a reliable determination of the LO HVP contribution to the SM prediction of aµ.

The hadronic light-by-light (HLbL) contribution was already provided as an average of data-driven and lattice QCD 
results in WP20. Since then both data-driven and lattice evaluations have been developed further such that in this White 
Paper an update with reduced uncertainty can be provided. At the current level of precision the different lattice results 
as well as the lattice and data-driven average are consistent with each other (the latter two at the level of 1.5ϑ ), see Fig. 
82.

Adding the LO HVP average from lattice QCD, given in Eq. (3.37), to the NLO and NNLO iterations from e+e→ data, given 
in Eqs.  (2.47) and (2.48), we obtain for the total HVP contribution 

aHVPµ = 7045(61) ↔ 10→11 . (9.1)
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probability of 80%. No statistically significant correlations
with magnet current, magnetic field, field gradients, or time
of day were observed.
We report R0

μ at Tr ¼ 25 °C. This change from the
reference temperature used in previous publications aligns
with both the Committee on Data of the International
Science Council (CODATA) standard and our actual meas-
urement conditions. Our previous R0

μ values were adjusted
by −101 ppb to reflect this change in reference temperature
and external constants. The aμ values do not change as a
result of the Tr shift, though the external CODATA
constants have been updated.
The superior statistical power of this larger dataset, along

with additional dedicated measurements, enabled further
cross-checks of the Run-2/3 results. Three corrections with
corresponding uncertainty adjustments were identified and
applied when combined with the latest dataset: the sensi-
tivity of ωa to small, slow gain shifts noted earlier;
improved understanding of spatial dependencies in the
transient magnetic fields from kicker system eddy currents;
and a sign error correction in one component of the Cdd
correction. These corrections, determined independently,
happened to have the same sign and combine to shift the
Run-1/2/3 results by 50–98 ppb, respectively, and result in
a total systematic uncertainty of 78 ppb for the adjusted
Run-2/3 result. The corrections were finalized before
unblinding the Run-4/5/6 results. The latest result agrees
well with the previous measurements.
The combined FNAL average, Run-1 to Run-6, with a

total uncertainty of 127 ppb, assumes fully correlated
systematic uncertainties between the results.
Following Eq. (2), we determine the muon anomaly

aμðRun-4=5=6Þ¼1165920710ð162Þ×10−12 ð139ppbÞ;
aμðRun-1-6Þ¼1165920705ð148Þ×10−12ð127ppbÞ;

for the full dataset, with the statistical, systematic, and
external parameter uncertainties combined in quadrature.
The combined experimental (exp) average, from BNL
E821 [43] and Run-1 to Run-6, becomes

aμðexpÞ ¼ 1 165 920 715ð145Þ × 10−12 ð124 ppbÞ:

Figure 3 shows the corresponding values.
The Muon g − 2 Theory Initiative has released an

updated SM value of aμ in their 2025 White Paper
(WP2025) [44], based on results from [6,45–103], which
agrees with the measured average. The value shifts con-
siderably compared to their 2020 White Paper (WP2020)
[104], which is almost entirely due to the exclusive use of
new, published leading-order hadronic vacuum polariza-
tion estimates based on lattice-QCD calculations. The
previous value in their WP2020 used experimental
eþe− → hadron cross section measurements from multiple
experiments to evaluate this contribution based on a
dispersion integral and showed a discrepancy with the
experimental value. However, a recent cross section
measurement [105,106] has increased the tension among
the experimental inputs; thus a prediction based on the
dispersion integral was not included in their WP2025.
Efforts are continuing toward an evaluation of this leading-
order hadronic contribution using both lattice QCD and
dispersion integral calculations.
In summary, we report the measurement of the muon

magnetic anomaly to a precision of 127 ppb using our full
six years of data. With over a fourfold improvement in
precision over the BNL E821 measurement [13], this result
represents the most precise determination of the muon
magnetic anomaly and provides a powerful benchmark for
extensions of the SM.

Acknowledgments—We thank the Fermilab management
and staff for their strong support of this experiment, as well

TABLE II. Measurements of ωa, ω̃0
p, and their ratios R0

μ, with
ωa=2π and ω̃0

p=2π values shown as offsets from þ229 077 Hz
and þ61 790 900 Hz, respectively, and R0

μ × 1011 values as
offsets from 370 730 000. The Run-1/2/3 values have been
updated from [15] as described in the text. The uncertainties
are shown in the form ð Þstatð Þsyst.

½ωa=2π−
229 077& ðHzÞ

½ω̃0
p=2π−

61 790 900& ðHzÞ
½R0

μ × 1011−
370 730 000&

Run-1 ' ' ' ' ' ' 25(161)(59)
Run-2/3 ' ' ' ' ' ' 87(75)(29)
noRF 0.504(42)(12) 20.0(0.5)(3.5) 43(68)(29)
xRF 0.626(55)(11) 38.9(0.7)(3.4) 126(90)(28)
xyRF5 0.500(56)(12) 10.9(0.7)(3.4) 90(91)(28)
xyRF6 0.509(64)(11) 03.6(0.9)(3.5) 148(103)(28)

Run-4/5/6 ' ' ' ' ' ' 90(42)(28)

Run-1-6 ' ' ' ' ' ' 88(36)(29)

FIG. 3. Experimental values of aμ from BNL E821 [13] (blue
triangle), our Run-1 [14], Run-2/3 [15], and Run-4/5/6 (red
squares), those three results combined (red circle), and the new
experimental world average (purple diamond). The inner tick
marks indicate the statistical contribution to the total uncertain-
ties. Corrections to earlier results have been applied.
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Summary
• Fermilab E989 hits its mark, new world average with 124 ppb error

• Muon g-2 Theory Initiative WP 2025: significant changes from WP 2020 
for the Standard Model Theory value

• CMD 3 experiment high compared to previous (WP 2020) results, under 
intense scrutiny,   no resolution yet, not in the 2025 average

• Lattice HVP total contribution now with sub-percent errors, enters total 
SM value as sole HVP determination, dominates SM error

• Continued effort to reduce theory error to level of experiment. Prospects 
are good.

• SM value is very compatible with experiment
44



Future Plans

• Theory goal: 1-2 ppm to match experiment, so permille 
precision for the HVP contribution

• Lattice: LD window, IB, disconnected diagrams

• Resolve discrepancies in data driven results

• New data for the dispersive approach

• Will need sustained effort by lattice and dispersive 
communities. Theory initiative continues…
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