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K → ππ & CP violation

|ε| = 2.228(11) x 10-3 from “odd” mixing b/w K0 & K0


ε’ only found in decays 


‣ Re(ε’/ε)exp = 1.66(23) x 10-3 


‣ Consistent with SM?

|KL> = |K2> + ε|K1>
CP odd CP even

|ππ>
CP even

ε’ ε
direct 
CPV

indirect 
CPV

Discovered in 1964

Discovered in 1999

<latexit sha1_base64="jBNn1mB0kfBeA79DDgu0L3Iq6GQ="></latexit>

°(KL !º0º0)

°(KS !º0º0)

.°(KL !º+º°)
°(KS !º+º°)

<latexit sha1_base64="C32379OG5p1hlO6km5Q4GgH0JpY="></latexit>

= 1°6Re("0/")

(KTeV & NA48)
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Approach to weak matrix elements

Two typical scales

‣ Electroweak scale: mW = 80 GeV, mZ = 91 GeV

‣ QCD scale: ΛQCD ~ 300 MeV 


Low-energy effective interactions @ QCD scale


‣ HW = Σi ci(μ) Oi(μ)

⇠ GF / g2

m2
W

<latexit sha1_base64="k2Bclr5lkz6NI6p8PkHdKSF4lOc=">AAAAAHicbVDNS8MwHE39nPWr6tFLcCieRjsGehwK6nGC+4C1ljRLt7CkKUkqjLL/wIv/ihcPinj16s3/xmzrQTcfhDze+/1I3otSRpV23W9raXlldW29tGFvbm3v7Dp7+y0lMolJEwsmZCdCijCakKammpFOKgniESPtaHg58dsPRCoqkjs9SknAUT+hMcVIGyl0TnwV276iHF6HV9BPpUi1gH4sEc7799VxzsO2uUKn7FbcKeAi8QpSBgUaofPl9wTOOEk0ZkipruemOsiR1BQzMrb9TJEU4SHqk66hCeJEBfk0zxgeG6UHYyHNSTScqr83csSVGvHITHKkB2rem4j/ed1Mx+dBTpM00yTBs4fijEETeVIO7FFJsGYjQxCW1PwV4gEyXWhToW1K8OYjL5JWteLVKu5trVy/KOoogUNwBE6BB85AHdyABmgCDB7BM3gFb9aT9WK9Wx+z0SWr2DkAf2B9/gDYKJvs</latexit>

s d

q q

Wilson coefficients Effective operators
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ΔS = 1 effective operators

  13 / 37

Operators and Wilson Coe0cients

[Rev.Mod.Phys. 68 (1996) 1125-1144]

    [J.Phys.Conf.Ser. 800 (2017) 1, 012008]

● 10 ΔS=1 Weak effective operators:

– Q
1
-Q

2
   “current-current” operators, dominant 

contributions to real parts of K→ππ amplitudes.

– Q
3
-Q

6
  “QCD penguin” operators, dominant 

contributions to imaginary (CP-violating) parts of 
amplitudes.

– Q
7
-Q

10
 “EM penguin” operators.

● Wilson coefficients z
i
, y

i
 capture high-energy 

behavior.

● Involve running from M
W
 down to charm scale 

O(1.2 GeV) in QCD PT with some E&M effects 
(EM penguins). 

● Determined to NLO in MSbar scheme.

● NNLO expected in near-future

● Use of PT near charm threshold significant sys. err.  
 

1m30

Current-current operators

QCD penguin operators

EW penguin operators

(s̄q)V�A(q̄
0q00)V±A = s̄�µ(1� �5)q

0 · q̄0�µ(1± �5)q
00

<latexit sha1_base64="/UdJtzOrX82MUkc3FFGCKeWYaEo="></latexit>

↵,�: color indices

<latexit sha1_base64="Rxc233Y9e57UDATrq9/XR4pVnxY=">AAACCnicbVC5TsNAFFyHK4TLQEmzkCBRoMiOkDiqCBrKIJFDiqPoefOcrLJeW941UhSlpuFXaChAiJYvoONv2BwFJEw1mnlv5+34seBKO863lVlaXlldy67nNja3tnfs3b2aitKEYZVFIkoaPigUXGJVcy2wEScIoS+w7vdvxn79ARPFI3mvBzG2QuhKHnAG2kht+9BTAS14IOIenHo+aihc0cmzlMsOZ6jadt4pOhPQReLOSJ7MUGnbX14nYmmIUjMBSjVdJ9atISSaM4GjnJcqjIH1oYtNQyWEqFrDSeaIHhulQwMTH0RSTy/5vTGEUKlB6JvJEHRPzXtj8T+vmergojXkMk41SjYNClJBdUTHvdAOT5BpMTAEWMLNrZT1IAGmTXs5U4I7/+VFUisV3bPi5V0pX76e1ZElB+SInBCXnJMyuSUVUiWMPJJn8krerCfrxXq3PqajGWu2s0/+wPr8AZm8mZo=</latexit>

Qc
1 = (s̄↵c�)V�A(c̄�d↵)V�A

<latexit sha1_base64="So221FkP+pOvHmBcGiMJKaH8wjE="></latexit>

Qc
2 = (s̄c)V�A(c̄d)V�A

<latexit sha1_base64="A1Dn3qKVSvK84yxLj1B8SVYdHkA=">AAACGnicbZDLSsNAFIYn9VbjLerSzWAR6sKSlIK6EKpuXLZgL9DEMJlM2qGTCzMToYQ+hxtfxY0LRdyJG9/GaZtFbf1h4Oc753Dm/F7CqJCm+aMVVlbX1jeKm/rW9s7unrF/0BZxyjFp4ZjFvOshQRiNSEtSyUg34QSFHiMdb3g7qXceCRc0ju7lKCFOiPoRDShGUiHXsJpu9QHDK1i2PcShgPjUzWwewvbZ9VifQQz9OegaJbNiTgWXjZWbEsjVcI0v249xGpJIYoaE6FlmIp0McUkxI2PdTgVJEB6iPukpG6GQCCebnjaGJ4r4MIi5epGEUzo/kaFQiFHoqc4QyYFYrE3gf7VeKoMLJ6NRkkoS4dmiIGVQxnCSE/QpJ1iykTIIc6r+CvEAcYSlSlNXIViLJy+bdrVi1SqXzVqpfpPHUQRH4BiUgQXOQR3cgQZoAQyewAt4A+/as/aqfWifs9aCls8cgj/Svn8BsvmdmA==</latexit>

&

enter when nf ≥ 4

sum over q runs for all active quarks
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<latexit sha1_base64="MtTYT4q6qXrT7Y2UBLJw4HfNyeE="></latexit>

AI =
G
p
2
V§
usVud

X

i
[zi(µ)+øyi(µ)]MI,i(µ)

Matrix elements 
LQCD

K → ππ Amplitude and ε’
5

ππ phase shifts at mK

Wilson coefs. 
pQCD

<latexit sha1_base64="xDSJT1y7OSPDURVFbPAdjLyw+LA="></latexit>

"0 = i!ei(±2°±0)

p
2

∑
ImA2

ReA2
° ImA0

ReA0

∏
<latexit sha1_base64="8gt0OK2dWgahkiwrss3hsyUEcEY=">AAACIHicbVDLTgIxFO3gC/E16k43jcQENzhDDLoxQd24RCOPBAjplDtDQ+eRtmNCJiR+iwu3+hnujEv9CX/BDrAQ8CRtTs6597b3OBFnUlnWl5FZWl5ZXcuu5zY2t7Z3zN29ugxjQaFGQx6KpkMkcBZATTHFoRkJIL7DoeEMblK/8QhCsjB4UMMIOj7xAuYySpSWuuZBW7q5Qjv0wSP4Et/DVbd0mt7WSdfMW0VrDLxI7CnJoymqXfOn3Qtp7EOgKCdStmwrUp2ECMUoh1GuHUuICB0QD1qaBsQH2UnGO4zwsVZ62A2FPoHCY/VvR0J8KYe+oyt9ovpy3kvF/7xWrNyLTsKCKFYQ0MlDbsyxCnEaCO4xAVTxoSaECqb/immfCEKVjm12UiSY19cbuTp9BmKkE7Ln81gk9VLRLhfLd2f5yvU0qyw6REeogGx0jiroFlVRDVH0hF7QK3ozno1348P4nJRmjGnPPpqB8f0LJSSiPQ==</latexit>

(!=ReA2/ReA0)

A2 already reached sufficient precision RBC/UKQCD PRD91 (2015) 074502

‣ Re A2 = 1.50(4)stat(14)sys x 10-8 GeV,  Im A2 = -6.99(20)stat(84)sys x 10-13 GeV


A0 still challenging because of many difficulties
cf: (Re A2)exp = 1.479(4) x 10-8 GeV
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Two approaches (boundary conditions)

G-parity BC (2015, 2020)

‣ charge conjugation and isospin 

rotation for u & d

‣ pions become anti-periodic               
→ must move in finite volume


‣ ground ππ state with Eππ ≈ mK 
possible


‣ ensemble generation just for K → ππ

‣ unsuited for EM correction (charge 

conservation violated)

6

Periodic BC (2023, …)

‣ Eππ ≈ mK only possible as an excited ππ 

state (in the rest frame)

‣ used to be considered unrealistic to 

extract signals of excited states


‣ GEVP (generalized eigenvalue problem) 
found useful for state decomposition


‣ many ensembles already generated


‣ suited for EM correction

✴ Euclidean correlation functions contributed from many energy states 
✴ Need to extract the contribution from Eππ ≈ mK (energy-conserving matrix element)
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ππ energies from GEVP
7
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4 states up to Eππ ≈ 1 GeV well resolved


Plateau at small time slices indicate successful extraction of each state
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Re(ε’/ε) x104

PRD 102,054509

PRD 102,094517

PRL 115,212001 G-parity Boundary Conditions (GPBC) 
a-1 ≈ 1.38 GeV

Periodic Boundary Conditions (PBC) 
a-1 ≈ 1.38 GeV & 1.02 GeV

σ operator

better controlled 
excited states

Re(ε'/ε) [x 10-4]

Published
Preliminary
Experiment

GPBC 15, 1.4 GeV

GPBC 20, 1.4 GeV

PBC 23, 1.0 GeV

PBC 24, 1.0 GeV
PBC 24, 1.4 GeV

PBC 24, a→0

PDG 2012-23

-10 0 10 20 30 40 50

RBC/UKQCD vs Experiment

-

a-1 = 1.02 GeV
a-1 = 1.38 GeV
a → 0

preliminary results 
with multiple 

lattice spacings 
(MT LATTICE2024)

2015

2020

2023

2012–24

2024

a-1 = 1.02 GeV

RBC/UKQCD achievements

• With PBC, we already have a 
bunch of finer lattice ensembles 

• PBC necessary for EM correction
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Systematic errors
Systematic errors on Im A0 on 1.4 GeV lattice

Finite lattice spacing 12%

Wilson coefficients/charm-loop effects 12%

Lelloch-Lüscher FV correction 1.5%

Residual FV correction 7%

Parametric error 6%

Off-shellness 5%

Renormalization 4%

Missing G1 operator 3%

TOTAL 21%

PRD 102,054509 (2020)
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Improvement desired

Improvement desired
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Residual FV correction 7%
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In addition

‣ ε’ could be significantly affected by EM/IB effects (ΔI = 1/2 rule → 25%)

Hope to compute near future

Improvement desired

Improvement desired
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Systematic errors
Systematic errors on Im A0 on 1.4 GeV lattice

Finite lattice spacing 12%

Wilson coefficients/charm-loop effects 12%

Lelloch-Lüscher FV correction 1.5%

Residual FV correction 7%

Parametric error 6%

Off-shellness 5%

Renormalization 4%

Missing G1 operator 3%

TOTAL 21%

In addition

‣ ε’ could be significantly affected by EM/IB effects (ΔI = 1/2 rule → 25%)

Hope to compute near future

Improvement desired

Improvement desired

PRD 102,054509 (2020)

based on estimate of A2 
could be more significant for A0

Recently found more significant for ReA0 (~18%)



BF 2025    Masaaki Tomii

Continuum extrapolations of MEs
10

First attempt at continuum extrapolation of ΔI = 1/2 matrix elements

SMOM(γμ,γμ) scheme at 1.3 GeV

Only 2 lattice spacings → O(a4) potentially significant

<latexit sha1_base64="tI5mv5yRR3sxlygoAJ+LVvuRcQs=">AAACDHicbVDLTgJBEOzFF+IL9ehlIjF6Irtq0CPRi0dI5JHAhswOvTBh9pGZWROy4Rc8eNXP8Ga8+g9+hb/gAHsQsJJJKlXdPd3lxYIrbdvfVm5tfWNzK79d2Nnd2z8oHh41VZRIhg0WiUi2PapQ8BAbmmuB7VgiDTyBLW90P/VbTygVj8JHPY7RDegg5D5nVBup3VV+od67Ou8VS3bZnoGsEicjJchQ6xV/uv2IJQGGmgmqVMexY+2mVGrOBE4K3URhTNmIDrBjaEgDVG4623dCzozSJ34kzQs1mal/O1IaKDUOPFMZUD1Uy95U/M/rJNq/dVMexonGkM0/8hNBdESmx5M+l8i0GBtCmeRmV8KGVFKmTUSLk2LJB0NzkW+S5ignJiFnOY9V0rwsO5VypX5dqt5lWeXhBE7hAhy4gSo8QA0awEDAC7zCm/VsvVsf1ue8NGdlPcewAOvrF+EGm/A=</latexit>

Q0
3

<latexit sha1_base64="F8GOQ0czxLpSzA+bRzyDpv9c9AM=">AAACDHicbVDLTgJBEOzFF+IL9ehlIjF6IrvGoEeiF4+QCJIAIbNDL0yYnd3MzJqQDb/gwat+hjfj1X/wK/wFB9iDgJVMUqnq7ukuPxZcG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEMWywSESq5VONgktsGG4EtmKFNPQFPvqju6n/+IRK80g+mHGM3ZAOJA84o8ZKrY4OCvVe5bxXLLlldwaySryMlCBDrVf86fQjloQoDRNU67bnxqabUmU4EzgpdBKNMWUjOsC2pZKGqLvpbN8JObNKnwSRsk8aMlP/dqQ01Hoc+rYypGaol72p+J/XTkxw0025jBODks0/ChJBTESmx5M+V8iMGFtCmeJ2V8KGVFFmbESLk2LFB0N7UWCT5qgmNiFvOY9V0rwse5VypX5Vqt5mWeXhBE7hAjy4hircQw0awEDAC7zCm/PsvDsfzue8NOdkPcewAOfrF+Xsm/M=</latexit>

Q0
6
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Towards more accurate continuum limit

L 
[fm

]

a2 [fm2]

just showed results 
paper in prep

RBC/UKQCD 2+1 PBC lattice ensembles with physical mπ

underway

start soon

0

1

2

3

4

5

6

7

8

0 0.01 0.02 0.03 0.04

Iwasaki+DSDR
Iwasaki

underway
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Major systematic errors
12

Finite lattice spacing effect 
Finite volume effect

First attempt at a → 0

Calculation on finer lattice & larger volume 
underway

Wilson coefficients

Renormalization

Electromagnetic & isospin-
violating effects
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Wilson coefs

wi   (μ): large uncertainty 

12% uncertainty on A0 w NLO

wi  (μ): precise at HEs4fμmc

<f|HW|i> = Σi wi  (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

3f

wi

perturbative 
matching at charm 

threshold

3-flavor calculation due to 
the limit on lattice cutof
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Possible approaches
NNLO perturbation

‣ Anomalous dimension with QCDP operators


         Gorbahn & Haisch, NPB713,291 (2005)

‣ Threshold matching with QCDP operators


Cerdà-Sevilla et al, 1611.08276 [Kaon 2016]

‣ Matching b/w MS and RI/SMOM schemes “missing” 

14

Finer lattices allow us to directly include the charm quark in lattice calculation


Nonperturbative matching between 3 & 4-flavor operators

     MT [PoS LATTICE 2019]

a suitable scheme on lattice
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Major systematic errors
15

Finite lattice spacing effect 
Finite volume effect

First attempt at a → 0

Calculation on finer lattice & larger volume 
underway

Wilson coefficients
Completion of NNLO would be great

Plan to include charm quark in upcoming 
calculation with a-1 ≈ 2.3 GeV

Renormalization

Electromagnetic & isospin-
violating effects
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O(1%) for usual quantities but …


Theoretical framework to incorporate EM effects in finite volume well developed

‣ [Christ et al, PRD106 (2022), 014508], vol 2 by Christ and Lundstrum soon


Beginning test calculations on lattice!

Ciligriano et al, JHEP 02, 032 (2020)

NLO ChPT + large Nc


(example estimation)

Even small correction to this 
can be amplified                      
(1/ω     22.5: ΔI = 1/2 rule)<latexit sha1_base64="eiT/Uv9WT9TiIO5GXUnUZa18Shw=">AAAB83icdVDLSgMxFM3UVx1fVZdugkVwNcy0tY9d0Y3LCvYBnaFk0kwbmpmEJCOW0t9w40IRt/6MO//GtB1BRQ9cOJxzL/feEwpGlXbdDyu3tr6xuZXftnd29/YPCodHHcVTiUkbc8ZlL0SKMJqQtqaakZ6QBMUhI91wcrXwu3dEKsqTWz0VJIjRKKERxUgbyfdVBG0fCSH5/aBQdB13Ceg65UrVbdQMqTZKZbcOvcwqggytQeHdH3KcxiTRmCGl+p4rdDBDUlPMyNz2U0UEwhM0In1DExQTFcyWN8/hmVGGMOLSVKLhUv0+MUOxUtM4NJ0x0mP121uIf3n9VEf1YEYTkWqS4NWiKGVQc7gIAA6pJFizqSEIS2puhXiMJMLaxGSbEL4+hf+TTsnxqs7FTaXYvMziyIMTcArOgQdqoAmuQQu0AQYCPIAn8Gyl1qP1Yr2uWnNWNnMMfsB6+wTCWZGK</latexit>⇡
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(!=ReA2/ReA0)
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Major systematic errors
17

Finite lattice spacing effect 
Finite volume effect

First attempt at a → 0

Calculation on finer lattice & larger volume 
underway

Wilson coefficients
Completion of NNLO would be great

Plan to include charm quark in upcoming 
calculation with a-1 ≈ 2.3 GeV

Renormalization
NNLO also important

Nonperturbative scale evolution to higher 
energy will be more precise

Electromagnetic & isospin-
violating effects
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Renormalization

<latexit sha1_base64="tcHtc8kueVMR/VGu0r7S9Ay8EK8="></latexit>

Mlat
i (a)

<latexit sha1_base64="uZ+CozVBC+7w0i8vjyPnVOftYr4="></latexit>

MSMOM( /q, /q)
i

(µ)

<latexit sha1_base64="okNIwj8xq2TCaCRhkgADE9VKQDg="></latexit>

M
SMOM(∞µ,∞µ)
i

(µ)

nonperturbative  
renormalization 

(& scale evolution)
<latexit sha1_base64="5wZDQP32fxfAXfo8ctSMeBxyVws="></latexit>

MMS
i (µ)

<latexit sha1_base64="5wZDQP32fxfAXfo8ctSMeBxyVws="></latexit>

MMS
i (µ)

perturbative  
matching 

(NLO)

significant discrepancy 
for some MEs 
at μ ≈ 4 GeV

Possible causes

‣ NLO perturbative matching inaccurate

‣ Discretization error in nonperturbative lattice part (improvement planned)
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Major systematic errors
19

Finite lattice spacing effect 
Finite volume effect

First attempt at a → 0

Calculation on finer lattice & larger volume 
underway

Wilson coefficients
Completion of NNLO would be great

Plan to include charm quark in upcoming 
calculation with a-1 ≈ 2.3 GeV

Renormalization
NNLO also important

Nonperturbative scale evolution to higher 
energy will be more precise

Electromagnetic & isospin-
violating effects

Formulation to implement in finite volume 
well developed

Exploratory lattice calculation starting 
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Summary

K → ππ decay & ε’ remain important in lattice QCD to reduce the theory 
error 


Various efforts to improve the prediction since our “best” result in 2020

‣ First attempt at continuum limit (preliminary)

‣ Pursuing the calculation on even finer lattices

‣ Nonperturbative incorporation of charm-loop effects reduces systematic error

‣ Beginning an exploratory calculation of EM & IB effects


All significant systematic errors are set to be reduced in the near future
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