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1. Introduction to jets and jet substructure



What is a jet?

• Quarks and gluons produced in colliders radiate and hadronize 
→ result in collimated streams of hadrons.

Overview N-Jettiness Higgs+0 Jets Jet Mass Applications and Outlook

What is a Jet?

Energetic quarks and gluons produce jets of hadrons
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A brief history of jet definitions

Should be:
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Figure 1: A sample parton-level event (generated with Herwig [8]), together with many random soft
“ghosts”, clustered with four different jets algorithms, illustrating the “active” catchment areas of
the resulting hard jets. For kt and Cam/Aachen the detailed shapes are in part determined by the
specific set of ghosts used, and change when the ghosts are modified.

the jets roughly midway between them. Anti-kt instead generates a circular hard jet, which clips a
lens-shaped region out of the soft one, leaving behind a crescent.

The above properties of the anti-kt algorithm translate into concrete results for various quanti-
tative properties of jets, as we outline below.

2.2 Area-related properties

The most concrete context in which to quantitatively discuss the properties of jet boundaries for
different algorithms is in the calculation of jet areas.

Two definitions were given for jet areas in [4]: the passive area (a) which measures a jet’s
susceptibility to point-like radiation, and the active area (A) which measures its susceptibility to
diffuse radiation. The simplest place to observe the impact of soft resilience is in the passive area for
a jet consisting of a hard particle p1 and a soft one p2, separated by a y − φ distance ∆12. In usual
IRC safe jet algorithms (JA), the passive area aJA,R(∆12) is πR2 when ∆12 = 0, but changes when
∆12 is increased. In contrast, since the boundaries of anti-kt jets are unaffected by soft radiation,
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XCone

• infrared and collinear safe  
• easy to implement in theory & experiment
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• Jets enter in most LHC analyses as signal or background.  

• Study parton evolution with jets → improve parton showers

Jets matter
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3 subjets3 jets

top quark

• Jets enter in most LHC analyses as signal or background.  

• Study parton evolution with jets → improve parton showers, 
 probe quark-gluon plasma. 

• Jet substructure can e.g. identify boosted heavy particles.

Jets matter

8



2. Introduction to energy correlators 2

where Tµ⌫ is the stress-energy tensor.3 These correlation
functions (which we refer to generically as EECs) are
the fundamental objects of the theory, and are described
by an OPE structure [19, 46, 48–50] that encodes the
internal structure of jets.4

Of central physical importance is the scaling behavior
of correlators as a function of angular size. To isolate this
feature, Ref. [36] introduced one-dimensional projections
of the higher-point correlators obtained by integrating
over their shape, keeping only their longest side fixed.
This defines the N -point projected correlators:5

ENC(RL) =

 
NY

k=1

Z
d⌦~nk

!
�(RL ��R̂L) (2)

· 1

(Ejet)N
hE(~n1)E(~n2) . . . E(~nN )i ,

where d⌦~n is the area element on the detector, �R̂L

is an operator selecting the largest angular distance be-
tween the N measured directions, and the average is
over an ensemble of high energy jets with energy Ejet.
For hadron collider measurements, we use the standard
longitudinally-boost-invariant transverse momentum pT

as the energy coordinate and �R =
p

�y2 +��2 in the
rapidity-azimuth plane as the angular coordinate.6 In the
perturbative regime, the projected correlators exhibit a
single-logarithmic scaling governed by the twist-2 spin
j = N + 1 anomalous dimensions [36]. They therefore
capture the scaling properties of a generic N -point cor-
relator in a simple one-dimensional observable.

CMS Open Data.—Despite being the fundamental ob-
jects of the theory, none of these correlators, nor their
scalings, have ever been measured at the LHC.7 Further-
more, to our knowledge, no correlator with k � 3 has ever
been measured at a collider experiment. Fortunately, the
public release [59] of research-grade collider datasets by
the CMS experiment [60, 61] has enabled a new era of
open exploratory studies [62–73], allowing us to analyze
these correlators on real data. We have found the use of
Open Data to be essential for extracting a consistent pic-
ture for the behavior of higher-point correlators, which

3 See Ref. [47] for a variant of the energy flow operator relevant
for understanding hadron mass e↵ects.

4 The positivity of expectation values of Eq. (1) is an example
of an average null energy condition (ANEC) [19, 51–55], which
pleasingly shares the same initialism as analyzing N -point energy
correlators.

5 All observables used in this paper are implemented in publicly
available code [56].

6 For those familiar with the discussion of energy correlators in
the CFT literature, one should simply associate �R2 with the
conformal cross ratio ⇣.

7 A variant of the EEC using jets instead of individual particles
has been measured by ATLAS [57, 58] but due to its use of jets,
it is not well suited for studying the small-angle limit.

FIG. 1. The two-point correlator in CMS Open Data, re-
stricted to charged hadrons. Distinct scaling behaviors associ-
ated with asymptotically free quarks/gluons and free hadrons
are clearly visible.

are not guaranteed to be accurately described by parton
shower generators commonly used to study jet substruc-
ture observables. While o�cial measurements by the ex-
perimental collaborations remain the gold standard in
the field, we believe that Open Data studies are an es-
sential tool for theorists exploring the frontiers of QCD.
Our analysis is based on a reprocessed dataset of jets

culled from the CMS 2011A Open Data [74] and made
public in a simple, reusable “MIT Open Data” (MOD)
format by Refs. [69, 75]. These jets, clustered using the
anti-kt algorithm with R = 0.5 [2, 3], have transverse mo-
menta pT 2 [500, 550] GeV and pseudo-rapidity |⌘| < 1.9.
To minimize detector e↵ects, we focus on track-based
observables (i.e. those only using charged particles) for
most of this paper, given the excellent track reconstruc-
tion performance of CMS [76], including within jets [77].
Tracks are easily incorporated into the theoretical de-
scription of correlators using track functions [78–82]. We
identify charged particles from particle flow candidates
(PFCs) [83] provided by CMS, which synthesize track-
ing and calorimeter information. We follow the proce-
dure in Ref. [69] of using charged hadron subtraction
(CHS) [84] to mitigate pileup and restricting to PFCs
with pT > 1 GeV to minimize acceptance e↵ects. More
detailed studies incorporating detector unfolding will be
presented elsewhere.
Imaging the Confining Transition to Free Hadrons.—

The simplest jet substructure observable is the two-point
correlator, which probes the dynamics of a jet as a func-
tion of the angular scale RL. Here, RL is associated with
a transverse-momentum exchange of ⇠ p

jet
T RL between

two idealized calorimeters at infinity. Since QCD con-
fines, we expect to see two distinct scaling regimes, cor-
responding to the nearly conformal dynamics of quarks
and gluons at large angular scales and to free hadrons at



• Event (or jet) shapes describe it through one number. 

• Energy-Energy Correlator probes correlations in energy flow:

Introduction to energy correlators
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Indeed, energy-energy correlators are one of the very first studied event shape (or correlations) 
observables in QCD

JET SUBSTRUCTURE AS CORRELATION FUNCTIONS

Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov `13
Dixon, Luo, Shtabovenko, Yang, Zhu `18

Luo, Shtabovenko, Yang, Zhu `19
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Weighted cross-section, or, ensemble averaged observable

Many precise calculations!

Basham, Brown, Ellis, Love, `78-79

Impressive agreements from recent calculation, without any fits!

Schindler, Stewart, Sun `23
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1 Measure the angle between two particles

2 Take their energies and multiply them

3 Sum over all combinations of particles
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• Event (or jet) shapes describe it through one number. 

• Energy-Energy Correlator probes correlations in energy flow:

Introduction to energy correlators

11

[Basham, Brown, Ellis, Love]

<latexit sha1_base64="exOGKAPSgiaLec2d6MalZIGgyzw="></latexit>

E(n̂) = lim
r!1

Z 1

0
dt r2niT0i(t, rn̂)



Recent interest in energy correlators has been driven by: 

✓Natural separation of physics at different scales. 

✓Simpler theoretical description → better interpretation. 

✓Suppression of soft contamination (no grooming). 

Wide range of applications: 

• Strong coupling determination, 

• Top quark mass determination, 

• Probing quark-gluon plasma, 

• Dead cone for heavy quarks, …

Why the hype?

12



• Collinear: power-law scaling, determined by DGLAP evolution. 

• Back-to-back: Sudakov, described by TMD factorization.

Different physics at different angles

13

What to expect from this talk?

Collinear FO Back-to-Back
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• At the LHC, . 

• Perturbative region:  with  set by DGLAP. 

• Nonperturbative region: , free hadron gas.

(E, θ) → (pT, R)

∼ Rγ γ

∼ R2

Collinear region

14

2

where Tµ⌫ is the stress-energy tensor.3 These correlation
functions (which we refer to generically as EECs) are
the fundamental objects of the theory, and are described
by an OPE structure [19, 46, 48–50] that encodes the
internal structure of jets.4

Of central physical importance is the scaling behavior
of correlators as a function of angular size. To isolate this
feature, Ref. [36] introduced one-dimensional projections
of the higher-point correlators obtained by integrating
over their shape, keeping only their longest side fixed.
This defines the N -point projected correlators:5

ENC(RL) =

 
NY

k=1

Z
d⌦~nk

!
�(RL ��R̂L) (2)

· 1

(Ejet)N
hE(~n1)E(~n2) . . . E(~nN )i ,

where d⌦~n is the area element on the detector, �R̂L

is an operator selecting the largest angular distance be-
tween the N measured directions, and the average is
over an ensemble of high energy jets with energy Ejet.
For hadron collider measurements, we use the standard
longitudinally-boost-invariant transverse momentum pT

as the energy coordinate and �R =
p

�y2 +��2 in the
rapidity-azimuth plane as the angular coordinate.6 In the
perturbative regime, the projected correlators exhibit a
single-logarithmic scaling governed by the twist-2 spin
j = N + 1 anomalous dimensions [36]. They therefore
capture the scaling properties of a generic N -point cor-
relator in a simple one-dimensional observable.

CMS Open Data.—Despite being the fundamental ob-
jects of the theory, none of these correlators, nor their
scalings, have ever been measured at the LHC.7 Further-
more, to our knowledge, no correlator with k � 3 has ever
been measured at a collider experiment. Fortunately, the
public release [59] of research-grade collider datasets by
the CMS experiment [60, 61] has enabled a new era of
open exploratory studies [62–73], allowing us to analyze
these correlators on real data. We have found the use of
Open Data to be essential for extracting a consistent pic-
ture for the behavior of higher-point correlators, which

3 See Ref. [47] for a variant of the energy flow operator relevant
for understanding hadron mass e↵ects.

4 The positivity of expectation values of Eq. (1) is an example
of an average null energy condition (ANEC) [19, 51–55], which
pleasingly shares the same initialism as analyzing N -point energy
correlators.

5 All observables used in this paper are implemented in publicly
available code [56].

6 For those familiar with the discussion of energy correlators in
the CFT literature, one should simply associate �R2 with the
conformal cross ratio ⇣.

7 A variant of the EEC using jets instead of individual particles
has been measured by ATLAS [57, 58] but due to its use of jets,
it is not well suited for studying the small-angle limit.

FIG. 1. The two-point correlator in CMS Open Data, re-
stricted to charged hadrons. Distinct scaling behaviors associ-
ated with asymptotically free quarks/gluons and free hadrons
are clearly visible.

are not guaranteed to be accurately described by parton
shower generators commonly used to study jet substruc-
ture observables. While o�cial measurements by the ex-
perimental collaborations remain the gold standard in
the field, we believe that Open Data studies are an es-
sential tool for theorists exploring the frontiers of QCD.
Our analysis is based on a reprocessed dataset of jets

culled from the CMS 2011A Open Data [74] and made
public in a simple, reusable “MIT Open Data” (MOD)
format by Refs. [69, 75]. These jets, clustered using the
anti-kt algorithm with R = 0.5 [2, 3], have transverse mo-
menta pT 2 [500, 550] GeV and pseudo-rapidity |⌘| < 1.9.
To minimize detector e↵ects, we focus on track-based
observables (i.e. those only using charged particles) for
most of this paper, given the excellent track reconstruc-
tion performance of CMS [76], including within jets [77].
Tracks are easily incorporated into the theoretical de-
scription of correlators using track functions [78–82]. We
identify charged particles from particle flow candidates
(PFCs) [83] provided by CMS, which synthesize track-
ing and calorimeter information. We follow the proce-
dure in Ref. [69] of using charged hadron subtraction
(CHS) [84] to mitigate pileup and restricting to PFCs
with pT > 1 GeV to minimize acceptance e↵ects. More
detailed studies incorporating detector unfolding will be
presented elsewhere.
Imaging the Confining Transition to Free Hadrons.—

The simplest jet substructure observable is the two-point
correlator, which probes the dynamics of a jet as a func-
tion of the angular scale RL. Here, RL is associated with
a transverse-momentum exchange of ⇠ p

jet
T RL between

two idealized calorimeters at infinity. Since QCD con-
fines, we expect to see two distinct scaling regimes, cor-
responding to the nearly conformal dynamics of quarks
and gluons at large angular scales and to free hadrons at

[Komiske, Moult, Thaler, Zhu]
<latexit sha1_base64="ZlCaCNHY+kK3lYrSvS74RXfXuUw="></latexit>
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✓Scaling of EEC in perturbative and nonperturbative regimes 
observed by ALICE, STAR and CMS over wide energy range 
 
(Note factor  difference compared to the previous slide.)R

Recent measurements

15

Measurement of Two-Point Energy Correlators Within Jets in ?? Collisions at
p
B = 200 GeV at STAR

Andrew Tamis, for the STAR Collaboration
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Figure 2: Corrected distributions of the normalized EEC plotted differentially in �' for R = 0.4 (upper) and
R = 0.6 (lower), for jet transverse momentum selections 15 < ?T < 20 GeV/c (left) and 30 < ?T < 50 GeV/c
(right). The free-hadron regime, transition region, and quark-and-gluon regime are highlighted in green,
gray and purple respectively. NLL-pQCD calculations are presented for 3GeV/?T,jet < � R < R.

Figure 3: Corrected distributions of the normalized EEC (top) plotted differentially in �' for R = 0.4, for
jet transverse momentum selections 15 < ?T < 20 GeV/c (left) and 30 < ?T < 50 GeV/c (right). Comparisons
with PYTHIA-8 Detroit Tune are also presented. The ratio of the PYTHIA distribution over the corrected
data is also shown (bottom) alongside the magnitude of the systematic uncertainties for scale.
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Figure 1: Measured (unfolded) and simulated E2C xL distributions, in four pT bins. The lower
panels show the ratios to the PYTHIA8 reference. The data statistical (bars) and systematic
(boxes) uncertainties are also shown, as is the PYTHIA8 uncertainty (blue band).

their ratio between 0.5 and 2. The PDF uncertainty is evaluated using an envelope of 100 PDF
sets, corresponding to the variations of the uncertainty eigenvectors of the default set. The
uncertainty in the infrared approximation of the PYTHIA8 PS splitting kernels is evaluated by
varying the coefficient of the nonsingular term by ±2 [72]. The uncertainty in the UE model is
evaluated by using the Monash tune [73]. The measured and PYTHIA8 distributions show good
agreement, given the uncertainties. The lower panels of Fig. 1 also show the ratios between the
HERWIG7 and SHERPA2 MC distributions and the PYTHIA8 reference, to illustrate the level of
variation that exists among models.

Since the MC models provide a reasonably good description of the measured xL dependence
of E2C, we can discuss it in terms of three phases in the evolution of the produced jets. The
momentum exchange between two particles is proportional to pTxL [12], so that xL reflects the
energy scale of the interaction. In the large xL region, dominated by wide-angle splittings from
the emission of additional partons during the PS stage, we see that E2C decreases as xL in-
creases, as predicted by pQCD [25]. The small xL region, where we have the opposite trend,
reflects a phase dominated by noninteracting hadrons. The intermediate xL region corresponds
to a transition phase, where the partons get confined in the final hadrons. To determine the xL
boundaries, shown as dashed vertical lines in Fig. 1, we fit the xL distributions in each jet
pT range and identify the regions that follow the quantitative scaling predictions: in the free-
hadron region, the E2C and E3C particle-level distributions are expected to increase with xL
as exp(2 ln xL) [74]; in the perturbative region, the E3C/E2C ratio of parton-level distributions
is expected to increase with xL as ln xL [26], with small differences at the hadron level. The
fits of the parton- and hadron-level distributions are made using the simulated trends, which
describe well the shapes of the measured distributions. As the jet pT increases, the boundaries
shift towards smaller xL, so that the energy scale at which the transition occurs, Q = apTxL [12],
remains the same. The constant a is unknown but the boundaries derived from simulation sug-
gest that Q/a ⇡ 20 GeV for the transition between the perturbative and confinement regions
and ⇡ 0.8 GeV for the transition between the confinement and free-hadron regions. The bound-
aries are sensitive to aS. We only compare data and pQCD where the calculations are reliable.

Figure 2 shows the ratio between the E3C and E2C xL distributions, both measured and pre-
dicted at NLO + NNLLapprox [26]. The renormalization scale is set to p

jet
T R/2 in each region,

where R = 0.4. This choice approximates the energy scale of the parton splitting and improves
the convergence of the pQCD calculation [26]. Hadronization and UE effects are corrected us-
ing PYTHIA8 and HERWIG7 simulations, accounting for the 1 GeV threshold on the hadron pT.
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Figure 1: Measured (unfolded) and simulated E2C xL distributions, in four pT bins. The lower
panels show the ratios to the PYTHIA8 reference. The data statistical (bars) and systematic
(boxes) uncertainties are also shown, as is the PYTHIA8 uncertainty (blue band).

their ratio between 0.5 and 2. The PDF uncertainty is evaluated using an envelope of 100 PDF
sets, corresponding to the variations of the uncertainty eigenvectors of the default set. The
uncertainty in the infrared approximation of the PYTHIA8 PS splitting kernels is evaluated by
varying the coefficient of the nonsingular term by ±2 [72]. The uncertainty in the UE model is
evaluated by using the Monash tune [73]. The measured and PYTHIA8 distributions show good
agreement, given the uncertainties. The lower panels of Fig. 1 also show the ratios between the
HERWIG7 and SHERPA2 MC distributions and the PYTHIA8 reference, to illustrate the level of
variation that exists among models.

Since the MC models provide a reasonably good description of the measured xL dependence
of E2C, we can discuss it in terms of three phases in the evolution of the produced jets. The
momentum exchange between two particles is proportional to pTxL [12], so that xL reflects the
energy scale of the interaction. In the large xL region, dominated by wide-angle splittings from
the emission of additional partons during the PS stage, we see that E2C decreases as xL in-
creases, as predicted by pQCD [25]. The small xL region, where we have the opposite trend,
reflects a phase dominated by noninteracting hadrons. The intermediate xL region corresponds
to a transition phase, where the partons get confined in the final hadrons. To determine the xL
boundaries, shown as dashed vertical lines in Fig. 1, we fit the xL distributions in each jet
pT range and identify the regions that follow the quantitative scaling predictions: in the free-
hadron region, the E2C and E3C particle-level distributions are expected to increase with xL
as exp(2 ln xL) [74]; in the perturbative region, the E3C/E2C ratio of parton-level distributions
is expected to increase with xL as ln xL [26], with small differences at the hadron level. The
fits of the parton- and hadron-level distributions are made using the simulated trends, which
describe well the shapes of the measured distributions. As the jet pT increases, the boundaries
shift towards smaller xL, so that the energy scale at which the transition occurs, Q = apTxL [12],
remains the same. The constant a is unknown but the boundaries derived from simulation sug-
gest that Q/a ⇡ 20 GeV for the transition between the perturbative and confinement regions
and ⇡ 0.8 GeV for the transition between the confinement and free-hadron regions. The bound-
aries are sensitive to aS. We only compare data and pQCD where the calculations are reliable.

Figure 2 shows the ratio between the E3C and E2C xL distributions, both measured and pre-
dicted at NLO + NNLLapprox [26]. The renormalization scale is set to p

jet
T R/2 in each region,

where R = 0.4. This choice approximates the energy scale of the parton splitting and improves
the convergence of the pQCD calculation [26]. Hadronization and UE effects are corrected us-
ing PYTHIA8 and HERWIG7 simulations, accounting for the 1 GeV threshold on the hadron pT.
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sets, corresponding to the variations of the uncertainty eigenvectors of the default set. The
uncertainty in the infrared approximation of the PYTHIA8 PS splitting kernels is evaluated by
varying the coefficient of the nonsingular term by ±2 [72]. The uncertainty in the UE model is
evaluated by using the Monash tune [73]. The measured and PYTHIA8 distributions show good
agreement, given the uncertainties. The lower panels of Fig. 1 also show the ratios between the
HERWIG7 and SHERPA2 MC distributions and the PYTHIA8 reference, to illustrate the level of
variation that exists among models.

Since the MC models provide a reasonably good description of the measured xL dependence
of E2C, we can discuss it in terms of three phases in the evolution of the produced jets. The
momentum exchange between two particles is proportional to pTxL [12], so that xL reflects the
energy scale of the interaction. In the large xL region, dominated by wide-angle splittings from
the emission of additional partons during the PS stage, we see that E2C decreases as xL in-
creases, as predicted by pQCD [25]. The small xL region, where we have the opposite trend,
reflects a phase dominated by noninteracting hadrons. The intermediate xL region corresponds
to a transition phase, where the partons get confined in the final hadrons. To determine the xL
boundaries, shown as dashed vertical lines in Fig. 1, we fit the xL distributions in each jet
pT range and identify the regions that follow the quantitative scaling predictions: in the free-
hadron region, the E2C and E3C particle-level distributions are expected to increase with xL
as exp(2 ln xL) [74]; in the perturbative region, the E3C/E2C ratio of parton-level distributions
is expected to increase with xL as ln xL [26], with small differences at the hadron level. The
fits of the parton- and hadron-level distributions are made using the simulated trends, which
describe well the shapes of the measured distributions. As the jet pT increases, the boundaries
shift towards smaller xL, so that the energy scale at which the transition occurs, Q = apTxL [12],
remains the same. The constant a is unknown but the boundaries derived from simulation sug-
gest that Q/a ⇡ 20 GeV for the transition between the perturbative and confinement regions
and ⇡ 0.8 GeV for the transition between the confinement and free-hadron regions. The bound-
aries are sensitive to aS. We only compare data and pQCD where the calculations are reliable.

Figure 2 shows the ratio between the E3C and E2C xL distributions, both measured and pre-
dicted at NLO + NNLLapprox [26]. The renormalization scale is set to p

jet
T R/2 in each region,

where R = 0.4. This choice approximates the energy scale of the parton splitting and improves
the convergence of the pQCD calculation [26]. Hadronization and UE effects are corrected us-
ing PYTHIA8 and HERWIG7 simulations, accounting for the 1 GeV threshold on the hadron pT.
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• N-point correlators parametrized by all pairs of angles  

• One can project onto largest angle  

• Projected N-point correlator (ENC) again has power-law in 
collinear region. 

• Uncertainties reduced in ratio of N-point and 2-point.

θij

θL

N-point energy correlator
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• Extract  from slope of E3C/EEC, compare to NLO+NNLL. 

• Best fit  (stat.)  (syst.)  (theory) 
is most precise measurement from jet substructure.

αs(mZ)

αs(mZ) = 0.1229+0.0014
−0.0012

+0.0023
−0.0036

+0.0030
−0.0033

Application: sα
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5

The corrections are applied to the parton-level calculations and are in the 5–40% range for the
E2C and E3C distributions, decreasing with increasing xL and jet pT; they largely cancel in the
ratio, decreasing to the 0–3% range. The difference between the PYTHIA8 and HERWIG7 correc-
tion factors is considered as the nonperturbative theoretical uncertainty [33]. Figure 3 shows
the slope of the xL dependence of the E3C over E2C ratio, defined as D(E3C/E2C)/D log xL,
accounting for the covariance matrix and systematic uncertainties. Since the slope is approxi-
mately proportional to aS(Q) [12], the trend reflects the running of aS with jet energy.
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Figure 2: Measured E3C/E2C ratio (left) and their ratio to predictions (right) in the perturbative
xL region and four jet pT bins. The NLO+NNLLapprox predictions [26] are corrected to hadron-
level and normalized to the data. The statistical and experimental systematic uncertainties are
shown with bars and boxes, respectively.
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Figure 3: Fitted slopes of the measured E3C/E2C ratios, in the eight jet pT bins, compared to
theoretical predictions for three aS values.

Comparing the measured E3C/E2C ratio, as a function of xL, with the corresponding theoreti-
cal predictions (using the median value of the predictions in each xL bin), we obtain c2 values
as a function of aS(mZ). We consider the theoretical uncertainties described above, except that
the PS renormalization scale uncertainty is replaced by the NLO+NNLLapprox uncertainty [26].
Only the perturbative region is used; the xL < 0.234 selection avoids boundary effects of the
jet clustering algorithm [25]. Since the theory normalization is unknown in the perturbative
region, a free parameter is introduced in each pT bin, and we only consider the shape effects of
the uncertainties. For each aS(mZ) value, the c2 is defined as

c2 = [~vm(~q)�~vth(aS,~q)]|V
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[Holguin, Moult, Pathak, Procura, Schofbeck, Schwarz]

• Existing approaches offer either good theoretical control or 
good sensitivity to top quark mass → try energy correlators. 

• Convert the top quark peak position into a mass using W.

Application: top quark mass 
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2

theoretical elegance of this approach, the jet pT has large
experimental uncertainties, making a precise determina-
tion of mt challenging in practice. We therefore believe
that identifying a top-mass-sensitive observable that is
simultaneously experimentally feasible at the LHC, com-
pletely robust to hadronization and UE, and calculable
to high perturbative orders remains an important open
problem.

In this Letter, we introduce an EEC-based observable
for precision top quark mass measurements, which over-
comes previous experimental difficulties. Our observable
is inspired by cosmology, where it is common that pre-
cisely measured observables, such as luminosity, are not
directly related to quantities of interest, such as dis-
tances. The use of standard candles then plays a cru-
cial role, providing a methodology for converting between
two independent dimensionful quantities. This is similar
to the present case of extracting masses from measure-
ments of high-multiplicity hadronic states: the dimen-
sionless angular scales [42] are robust observables, neces-
sitating the development of standard candles to enable
their use for precision mass measurements. Crucially,
the top quark predominately decays into an electroweak
scale particle whose mass has been measured with spec-
tacular accuracy, the W boson. This particle provides
the needed standard candle by introducing another di-
mensionless parameter, mt/mW , into the observable. In
this Letter, we study a hadronization and UE insensitive
standard candle constructed from EECs measured on the
W boson, allowing us to build a distance ladder all the
way back through the complicated QCD dynamics to the
time scales of the top quark. The outcome is a mea-
surement of the top mass in terms of the W mass. We
emphasize that this approach is distinct from current top
mass extractions [43, 44], which reconstruct the W decay
only to achieve a fine-grained calibration of the jet energy
scale to reduce experimental uncertainties. We demon-
strate the feasibility and properties of our approach at
the LHC through a Monte Carlo study and lay out a
roadmap for an experimental and theoretical program to
achieve a record top mass measurement.

Energy Correlators on Top Decays.—EECs map out
the angular scales of the asymptotic energy flux. There
has been rapid progress in our understanding of multi-
point energy correlators and their application to jet sub-
structure (see e.g. [32, 45–60]). Following their first cal-
culation in the collinear limit in [49], they have since been
calculated for generic angles [61, 62], analyzed theoret-
ically [63, 64], and measured on QCD jets [45, 51]. In
Ref. [32], the three-point correlator was applied to detect
the angular scale associated with the top decay. Since
at the leading order this is a hard three-body decay, it
was proposed that this could be detected in an equilat-
eral configuration for the correlator. However, the full
three-point correlator on top decays is a rich function of
three angles whose shape has not yet been explored.

(a) The shape of the three-point correlator on boosted top quark
jets, eq. (1). A large value of ⇣S selects the hard top decay process,
but by lowering ⇣S , the W peak emerges. Slices for specific values
of ⇣S are shown on the boundaries of the plot.

(b) Slices for specific values of ⇣S which emphasize the sharpness
of the W and top peaks. The green line with the small bump
corresponds to the equilateral projection considered in [32].

FIG. 1: Illustrative plots produced from Pythia showing
the imprint of top quark and W boson on the 3-point
EEC in eq. (1).

The key object of our analysis is the following inte-
grated EEC (weighted cross-section) which enables the
simultaneous extraction of the top and W character-
istic angular scales. We express the angles between
the momenta of the correlated final state particles as
⇣ij = �⌘2ij + ��2

ij in terms of the standard rapidity-
azimuth coordinates. The observable we define is
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Here the sum is over all (not necessarily distinct) triplets

Kyle Lee

Holguin, Moult, Pathak, Procura, Schöfbeck `22,23,24

Large samples of highly boosted top quarks produced at the LHC! 

W boson allows calibration of the top quark jet to circumvent 
determination of the NP effects in the hard scale! 

Yet another demonstration of higher-point correlator giving  
more rich information of the underlying dynamics

ENERGY ENERGY CORRELATORS ON TOP JET

23



Energy Weighted Observable Correlations

19

• Motivation: directly study correlations in e.g. mass. 

• Collinear unsafe → regularize using subjet radius  

• Example: mass EWOC for hadronically decaying W boson

rsub

<latexit sha1_base64="FcumGOXtTaChIhfcVVTo7moKkKo="></latexit>

d�

dm
=

X

subjets i,j

Z
d� zizj �(m�mij)

[Alipour-Fard, WW]

101 102

m (GeV)

10�4

10�3

10�2

10�1

100

101

d
�

m
d

lo
g
m

Mass EWOC
Pythia 8.307

pp to W+W�,
p

s=14.0 TeV

AKT8 Jets, 500 GeV < pT, jet

mW

rsub = 0.0

rsub = 0.03

rsub = 0.3

rsub = 0.6

rsub = 0.0

rsub = 0.03

rsub = 0.3

rsub = 0.6

(a)

101 102

m (GeV)

10�4

10�3

10�2

10�1

100

101

D
is

tr
ib

ut
io

n

Pythia 8.307

p p to W+W�,
p

s=14.0 TeV

AKT8 Jets, 500 GeV < pT, jet

mW

Hadron+MPI

Hadron

Parton

mMDT Mass (zcut = 0.1)

Mass EWOC (rsub = 0.3)
7
8

7
9

8
0

8
1

8
2

1.2

1.5

7
8

7
9

8
0

8
1

8
2

10.0

20.0

(b)

Figure 3: Mass EWOCs for W -boson pair production at the LHC at
p

s = 14 TeV for

anti-kT jets with kT subjets. (a) Mass EWOCs for several subjet radii rsub; the peak at the

W mass is most pronounced if rsub is near the mean angular separation between the decay

products of the W boson, �✓ ⇠ 0.3. (b) The mass EWOC for rsub = 0.3 compared to the

distribution of the Soft-Drop-groomed W -jet mass. The mass EWOC near mW is more robust

to the presence of the underlying event (multiple parton interactions) than the groomed jet

mass, though it experiences large corrections due to UE in the small-mass region.

Fig. 4 visualizes the e↵ects of changing the selection cuts on the W -jet samples by varying

the minimum pT of the W -jets by 100 GeV about pT, min = 500 GeV. Though the mass EWOC

has a peak that remains at the W -mass for each value of pT, min, the peak of the EEC shifts as

one varies the minimum pT : changing the allowed pT of the jets also changes the associated

angular scales between their constituents.

In figs. 5 and 7, we examine non-perturbative corrections to EWOCs through the e↵ects

of hadronization and UE. Fig. 5 compares non-perturbative e↵ects in the mass EWOC and

the EEC, focusing on the changes in the peak of each distribution. The peak of both the

mass EWOC and the EEC remain nearly unchanged, and have the potential to provide robust

determinations of mW . Away from the peak, however, both distributions are a↵ected by non-

perturbative physics. At small angular scales, the EEC receives relatively large corrections

from hadronization but relatively small corrections from UE: hadronization has the potential

to change angular scales of hard particles within a jet, while UE provides a background of

soft particles which are damped by the energy weighting of the EEC. On the other hand,

at small mass scales, the mass EWOC is unchanged by hadronization but receives relatively

large corrections from UE: subjets comprise collective degrees of freedom which are relatively

unchanged by hadronization by construction, but which gain contributions from UE to their

momenta – and therefore their pairwise masses – proportional to the subjet area.

In fig. 6, we show changes in the mass EWOC and the EEC due to the exclusion of neutral

– 13 –



Shift in mW Determination

from the peak of each distribution

�

Mass EWOC

kt subjets,
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Table 1: Several measures of robustness of determinations of mW based only on the peak of

the mass EWOC introduced in this work, the EEC, or the mass distribution of jets groomed

using the modified mass drop tagger (mMDT). These are all evaluated on Pythia 8.309

samples of a pair of hadronically-decaying W bosons at the LHC. While each measure of

robustness may be addressed by appropriate calibration, smaller values indicate more robust

determinations of mW .

In this work, we focus on the mass EWOC, showing its power in determining the mass

of a hadronically decaying particle. In fig. 1, we demonstrate the use of the mass EWOC in

extracting the mass of the W boson (as a proxy for a generic hadronically-decaying resonance)

from simulations of W boson pair production at the LHC generated with Pythia 8.309 [107].

The EWOC framework may also be used to extract more general and phenomenologically

important correlations between subjets or the masses of decaying resonances with a greater

number of decay products. For example, we expect that the three-point mass EWOC may

be used as an alternative to the three-point, angle-based energy correlator for extracting

the mass of top quark from its three-pronged decay [100–105]. While we do not explore

these phenomenologically important measurements in this work, we hope that the EWOC

framework will be helpful for extracting a wide variety of correlations of physical interest

from future experimental measurements.

In Table 1, we further evince the phenomenological value of the mass EWOC by com-

paring shifts in the mW determination obtained by using the peaks of the mass EWOC,

the EEC, and the mass distribution of jets groomed using the modified mass drop tagger

(mMDT, which far outperforms the ungroomed jet mass) [108, 109]. For each distribution,

– 4 –

Mass EWOC for hadronic W
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✓EWOC competitive with soft drop mass. 

• For EEC, it is essential to use  to extract mW mt
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Compare the fully-corrected data with the theory calculation

Collinear Limit: 
• NNLL Collinear Resummation 

(Three Loop DGLAP Evolution) 
• Non-Perturbative parameter  

extracted from thrust 
Ω

Back-to-Back Limit: 
• NNNLL Sudakov Resummation 
• Non-Perturbative Parameter  

extracted from thrust  
• Collins-Soper Kernel extracted 

from lattice QCD

Ω

• Theory uncertainty band is a combination of perturbative scale variation, and variation of non-perturbative parameters 
Large error bars in the flat “plateau” regions are due to non-perturbative physics


• Measurement constrains these regions, first constraint to the back-to-back region

Theory Inputs
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j
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EiEj

Q2
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1 � cos �ij
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)
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Loop amplitudes in planar N=4 SYM

depend on 3(n-5) variables

L. Dixon        Field theory amplitudes KITP Mod20   Nov. 25, 2020 6

sum all planar Feynman graphs with
L loops and n external lines

= +…
coaction principle acts here

“modularity” acts here; coaction principle?

Wouter Waalewijn, HuaXing Zhu
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✓Pile-up removal. 

✓Superior angular resolution 
→ good for jet substructure.

Motivation for track-based measurements

22
[Y.-C. Chen’s talk at Hard Probes 2024]

Measurement of the energy-energy correlator in the back-to-back limit using the archived ALEPH 4
+
4
�

data

at 91.2 GeV Hannah Bossi

a theoretical calculation 4. In the collinear region this calculation is performed as a Next-to-Next-
To-Leading-Log (NNLL) collinear resummation. In the Sudakov region this is implemented as
a Next-to-Next-To-Next-To-Leading-Log (NNLL) Sudakov resummation where the Collins-Soper
Kernel is extracted from lattice QCD. In both predictions the non-perturbative parameter ⌦ is
extracted from the thrust distribution. The theoretical calculation exhibits excellent agreement with
the data over all regions of phase space. This measurement represents the first of its kind and will
be useful to further constrain the theory in the relatively unexplored Sudakov limit.
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Figure 1: Left: E2C distribution as a function of I for the archived PYTHIA 6 MC distribution (blue) and
the fully corrected ALEPH data with the corresponding systematic uncertainties (red). The ratio of the data
to MC is shown in the bottom panel. Right: E2C distributions as a function of I for the fully corrected data
compared to a track function theory calculation with NNLL Collinear and NNNLL Sudakov regions.

4. Conclusions

These proceedings present the first fully-corrected measurement spanning from the collinear
to the back-to-back limit of QCD using ALEPH archived data. These studies show excellent
agreement with the archived PYTHIA 6 MC and theoretical calculations, providing crucial tests for
QCD calculations and phenomenological models. This is especially true in the relatively-unexplored
Sudakov limit where this measurement provides one of the first experimental constraints.

The ALEPH archived dataset is full of nearly-limitless opportunities. For example, a value for
Us can be extracted from the ratio of higher point correlators to the E2C. The Us fits from 4

+
4
� event

shapes and analytical hadronization were recently removed from the world average [21], making
such a measurement timely. This measurement marks the beginning of a new investigative direction
in 4

+
4
� collisions, revisiting concepts from the 1970s to address contemporary physics questions.

This work also has the potential to shape the future, serving as a catalyst to inspire and inform
studies at the proposed FCC-ee [22].

4"A Precision Calculation of the Energy-Energy Correlator on Tracks", Max Jaarsma, Yibei Li, Ian Moult, Wouter
Waalewĳn, HuaXing Zhu, in preparation

4

Volume 252, number 1 PHYSICS LETTERS B 6 December 1990 

where N (i) is the content  of  the ith h is togram bin 
ei ther  on the generator  level (i.e. charged hadrons)  
or after the deta i led detector  s imulat ion.  The cor- 
rected da ta  d is t r ibut ion  is s imply 

N (i) _ c ( i )  N ~ia)a . (6)  c o r r  - -  

The corrections are small as can be seen in fig. 2. They 
deviate  by less than 20% from uni ty  over  the whole 
angular  range. The corrected da ta  are compared  in 
fig. 3 to the PS model  with default  values and the ME 
Monte  Carlo with op t imized  parameters  to be dis- 
cussed below. The PS model  has too large an asym- 
metry,  which implies  too large a value o f  the default  
Q C D  scale pa ramete r  in the PS model  ~3 

7. Determination of aq 

There are several ways to extract  the strong cou- 
pling constant  from the corrected AEEC dis t r ibu-  
tion. We shall consider  only the large angle part,  since 
the small  angle region is domina ted  by angles within 
a jet ,  which are more  sensit ive to f ragmenta t ion  ef- 
fects. The simplest  way to extract as  is to de te rmine  
the integral of  the AEEC in the Monte  Carlo as a 

- - - ( 5 )  function o f  A~-g and to compare  the resulting curve 
with the integral of  the AEEC in the data. We have 
used the version JETSET 7.2 with the exact second 
order  ERT matr ix  e lement  [ 18 ] fol lowed by string 

#3 There is no difference between the default JETSET 6.3 and 
7.2 version. 

. 1.4 

1.3 

1.2 

1.1 

1 

o.g 

0.13 

0.7 

0.6 
0 

correction factor 

2 0  4 0  60 80 100 120 140 180 180 

xc legrees 

Fig. 2. Correction factor for detector and QED radiative effects 
to the observed EEC as calculated from a detailed Monte Carlo 
simulation using the parton shower option in JETSET 6.3 with 
default parameters. 
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Fig. 3. The corrected EEC and AEEC compared with PS [ (a) 
and (b) ], and ME [ (c) and (d) ] models. The disagreement seen 
in (b) implies a too large value of the QCD scale parameter in 
the PS model (default value ). The first two bins of the AEEC are 
negative for the PS model and the data and therefore not shown. 

fragmentat ion,  an ors scale of  0.002s ( the default  in 
JETSET 7.2),  and the f ragmenta t ion parameters  
tuned to x/~ = 91 GeV, as descr ibed in ref. [ 19 ]. This 
set o f  f ragmenta t ion  parameters  describes all aspects 
o f  mul t ihadron  product ion,  so that  one is able to 
compare  data  and theory (i.e. QCD-mat r ix  e lement  
plus string f ragmenta t ion) .  Such a compar ison  is 
shown in fig. 4. The dashed horizontal  line corre- 
sponds to the data: 
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AEEC (X) d z =  0.0246 + 0.0023 ( s t a t . ) .  

F rom the crossing with the Monte  Carlo curve we find 
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• Track-based measurements are sensitive to hadronization. 

• Instead of hadronization models in parton showers,  
track functions offer systematically improvable framework. 

• Recently extended to            → high precision possible! 

✓For energy correlators, track functions are easy to implement 
(only moments).

Main message on track-based predictions

23
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•              describes total momentum fraction    of initial parton  
converted to tracks, i.e. 

• Nonperturbative, process-independent function. 

• Conservation of probability: 

• Similar matching and evolution as for PDFs and 
fragmentation functions, but nonlinear.

Track functions 101
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• Projects onto DGLAP, but also yields evolution of multi-hadron 
fragmentation functions 

• Related IR poles needed for matching, simplifies for integer 
moments.

Track function evolution at NLO
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Collinear region ( ) 
• NNLL resummation of single logarithms of z. 

• Nonperturbative plateau (modelled). 

• Jet function matched onto track functions: 

Back-to-back region ( ) 
• (N)NNNLL resummation of double logarithms of 1-z. 

• TMD factorization, nonperturbative Collins-Soper kernel. 

• Jet function matched onto , soft function only contributes through recoil. 

Fixed-order region 
• Order  from CoLoRFulNNLO. 

All regions: 
• Leading nonperturbative correction described by , rescaled by  

• Transition between regions using profile functions.

z → 0

z → 1

T(1)

α3
s

Ω1 Tg(1)

Ingredients for track-based EEC

26

What to expect from this talk?

Collinear FO Back-to-Back

2 / 53
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• A first comparison to archived ALEPH data: 

Results for track-based EEC

27

[Y.-C. Chen’s talk at Hard Probes 2024 - theory input: Jaarsma, Li, Moult, WW, Zhu]

Hard Probes 2024Yu-Chen (Janice) Chen
18

Compare the fully-corrected data with the theory calculation

Collinear Limit: 
• NNLL Collinear Resummation 

(Three Loop DGLAP Evolution) 
• Non-Perturbative parameter  

extracted from thrust 
Ω

Back-to-Back Limit: 
• NNNLL Sudakov Resummation 
• Non-Perturbative Parameter  

extracted from thrust  
• Collins-Soper Kernel extracted 

from lattice QCD

Ω

• Theory uncertainty band is a combination of perturbative scale variation, and variation of non-perturbative parameters 
Large error bars in the flat “plateau” regions are due to non-perturbative physics


• Measurement constrains these regions, first constraint to the back-to-back region
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j

Z
d�

EiEj

Q2
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✓
z �

1 � cos �ij
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◆
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)
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One context: 
Loop amplitudes in planar N=4 SYM

depend on 3(n-5) variables

L. Dixon        Field theory amplitudes KITP Mod20   Nov. 25, 2020 6

sum all planar Feynman graphs with
L loops and n external lines

= +…
coaction principle acts here

“modularity” acts here; coaction principle?

Wouter Waalewijn, HuaXing Zhu
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✓Uncertainties reduce at higher orders. 

• Important remaining uncertainty from leading nonperturbative 
correction, for which we don’t have complete resummation.

Theory uncertainties

28

[Jaarsma, Li, Moult, WW, Zhu]
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4. Analytic continuation and small-x physics
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Motivation for analytic continuation

30

• N-point correlator has power-law scaling  with  
 
 
 
the N-th moment of the DGLAP splitting functions . 

• For  we can study small-x physics using jets.

∼ Rγ(N)
L

P(x)

N → 0

<latexit sha1_base64="yoiXP3uwS8iIhxAb+aswaOPpK+U=">AAACFnicbVDLSgMxFM3UV62vUZduokVoQcuMSHVZceOqVLAP6ExLJk3b0CQzJBlpGfoVbvwVNy4UcSvu/BvTx0KrBy4czrmXe+8JIkaVdpwvK7W0vLK6ll7PbGxube/Yu3s1FcYSkyoOWSgbAVKEUUGqmmpGGpEkiAeM1IPB9cSv3xOpaCju9CgiPkc9QbsUI22ktn3q9RDnKFfOQ09RDj0qdNtpud4hTDzJYWc89E7gsFWGldww37azTsGZAv4l7pxkwRyVtv3pdUIccyI0ZkipputE2k+Q1BQzMs54sSIRwgPUI01DBeJE+cn0rTE8NkoHdkNpSmg4VX9OJIgrNeKB6eRI99WiNxH/85qx7l76CRVRrInAs0XdmEEdwklGsEMlwZqNDEFYUnMrxH0kEdYmyYwJwV18+S+pnRXcYqF4e54tXc3jSIMDcARywAUXoARuQAVUAQYP4Am8gFfr0Xq23qz3WWvKms/sg1+wPr4BRyac8A==</latexit>

�(N) ⇠
Z 1

0
dxxNP (x)



Motivation for analytic continuation
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• N-point correlator has power-law scaling  with  
 
 
 
the N-th moment of the DGLAP splitting functions . 

• For  we can study small-x physics using jets. 

• This scaling follows from: 
 
 
 
 
where H satisfies the usual DGLAP evolution.

∼ Rγ(N)
L

P(x)

N → 0

hard scattering jet formation
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Analytic continuation in N

32

• The projected correlator can be rewritten as: 

• E.g. for two particles: 
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Analytic continuation in N
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• The projected correlator can be rewritten as: 

• E.g. for two particles: 

• This form can be analytically continued in N. 

• Prohibitive computation time:  for M particles.𝒪(22M)
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[Chen, Moult, Zhang, Zhu]
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Speeding up
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• Avoid nested sums over subsets by storing intermediates: 
Time: ,   Memory:   

• Approximation: replace M by subjets instead of particles,  
with a maximum number of subjets  

✓Validation:

𝒪(22M) → 𝒪(2M) 𝒪(M) → 𝒪(M2M)

nsub
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Power-law as function of N
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• Fit CMS open data to power law. 

• Due to quark/gluon mixing not just one power-law exponent 
→ plot both DGLAP eigenvalues. 

• Interestingly, approaches BFKL for .N → 0
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5. New angles on energy correlators

AK5 Jets, |¥jet| < 1.9

pjet
T 2 [500, 550] GeV

CMS Open Data : 2011A Jet Primary Dataset

R1 2 [0.27, 0.3]

¡2

R2/R1

RE3C

10°1

100

101

102



Issues
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• Computation time:  or . 

• Parametrization in terms of all distances is redundant: 
 

                            for   . 

• Orientation is not preserved. E.g. for 3-point,  
all 6 permutations are mapped to same . 

𝒪(MN) 𝒪(2M)

(N
2 ) > 2N − 3 N > 3

RL, RM, RS

Kyle Lee

Indeed, energy-energy correlators are one of the very first studied event shape (or correlations) 
observables in QCD

JET SUBSTRUCTURE AS CORRELATION FUNCTIONS

Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov `13
Dixon, Luo, Shtabovenko, Yang, Zhu `18

Luo, Shtabovenko, Yang, Zhu `19
Henn, Sokatchev, Yan, Zhiboedov `19
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New parametrization
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Isolate a special point s and only consider the distance to it: 

• Time is  for projected correlator for all N! 

• Clear from cumulative:

𝒪(M2 ln M)
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New parametrization
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Isolate a special point s and only consider the distance to it: 

• Time is  for projected correlator for all N! 

• Clear from cumulative: 

• , so  is good measure of overall scale. 

• Same theory framework. First difference is in  constant 
→ NNLL effect → .

𝒪(M2 ln M)

R1 ≤ RL ≤ 2R1 R1

𝒪(α2
s )

RL = R1[1 + 𝒪(αs)]
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Comparing old and new projected correlator
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• Difference small. Most visible in transition region.



Comparing old and new projected correlator
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• Difference small. Most visible in transition region. 

✓New parametrization is much faster.
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Resolved energy correlator
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• Use polar coordinates around the special point. 

• Nonredundant.
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Energy correlators have recently come to the forefront of jet substructure studies at colliders due
to their remarkable properties: they naturally separate physics at di↵erent scales, are robust to
contamination from soft radiation, and o↵er a direct connection with quantum field theory. The
current parametrization used for energy correlators, however, is based on redundant pairwise an-
gles with complex phase space restrictions. In this Letter, we introduce a new parametrization of
energy correlators that features a simpler phase space structure and preserves information about
the orientation of jet constituents. Further, our parametrization drastically reduces the computa-
tional cost to compute energy correlators on experimental data; whereas the time to compute a
traditional projected N -point energy correlator scales as MN/N ! on a jet with M particles, our
new parametrization achieves a scaling of M2 ln M independently of N . Theoretical calculations for
our new energy correlators di↵er from those of traditional parametrizations only at next-to-next-
to-leading logarithmic accuracy and beyond, and we expect that our simpler phase space structure
will simplify those calculations. We also discuss how to extend our parametrization to resolved N -
point energy correlators that encode angular distances between greater numbers of particles, and we
propose two possible generalizations for probing multi-prong jets and testing jet scaling behaviour.

Introduction — The flow of energy within hadronic jets
is an indispensable probe of Quantum Chromodynam-
ics (QCD) [1–6]. Energy correlator observables [7–11]
are particularly powerful tools for understanding energy
flow both theoretically and experimentally [12–14]. Since
energy correlators can be described directly in terms of
field-theoretic energy flow operators [15–22], one can use
sophisticated theoretical techniques, including the pow-
erful technology of conformal field theories [19, 23], to ex-
tract rich information about jet substructure, especially
in the collinear limit [24–37].

Recent work has highlighted the role of N -point en-
ergy correlators (ENCs) in precisely understanding the
fundamental structure of particle interactions. ENCs
probe angular correlations between N final-state parti-
cles, which o↵ers a simple and intuitive way to sepa-
rate physics at di↵erent scales and mitigate contamina-
tion from soft radiation. Applications focused on the
Large Hadron Collider (LHC) include the top quark mass
[38–40], hadronization transition [41, 42], dead-cone ef-
fect [43], gluon saturation [44], medium modifications in
heavy-ion collisions [45–51], and predictions for the en-
ergy flow of charged particles [52–55]. Further, energy
correlators have yielded the most precise jet substructure
measurement of the strong coupling constant to date [13].

In this Letter, we introduce a new parametrization
for energy correlators with a number of improved prop-
erties. First, our parametrization of the projected N -
point energy correlator (PENC) depends on the largest
distance R1 to a “special” particle s in a set of N

particles, suitably averaged over all choices for s; this
yields simpler phase space restrictions than the tradi-
tional parametrization for the PENC in terms of the
largest pairwise angle [25]. Second, when considering
more di↵erential information, our parametrization of re-
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FIG. 1. A cartoon of the new parametrization of ENCs we
introduce in Eqs. (2) and (5). Instead of computing the ENC
using all

�
N
2

�
pairwise distances, we parametrize the ENC

with 2N � 3 oriented polar coordinates centered on a special
particle s, and then perform a momentum-weighted sum over
all choices for s.

solved ENCs (RENC) employs non-redundant polar coor-
dinates centered around the special particle, as in Fig. 1 ;
this di↵ers from the traditional approach, which uses
over-complete information from the set of all pairwise
distances and neglects information about the relative ori-
entation of particles. Third, our parametrization o↵ers
dramatic improvements in computational performance.
Finally, we anticipate that these conceptual and compu-
tational improvements will yield simpler theoretical cal-
culations. The implementation of the PENCs we intro-
duce in this work can be found on GitHub as an update
to FastEEC [56], and of our PENCs and RENCs at
ResolvedEnergyCorrelators [57].
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Resolved energy correlator

43

• Use polar coordinates around the special point. 

• Nonredundant. 

• Maintains orientation. 
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Energy correlators have recently come to the forefront of jet substructure studies at colliders due
to their remarkable properties: they naturally separate physics at di↵erent scales, are robust to
contamination from soft radiation, and o↵er a direct connection with quantum field theory. The
current parametrization used for energy correlators, however, is based on redundant pairwise an-
gles with complex phase space restrictions. In this Letter, we introduce a new parametrization of
energy correlators that features a simpler phase space structure and preserves information about
the orientation of jet constituents. Further, our parametrization drastically reduces the computa-
tional cost to compute energy correlators on experimental data; whereas the time to compute a
traditional projected N -point energy correlator scales as MN/N ! on a jet with M particles, our
new parametrization achieves a scaling of M2 ln M independently of N . Theoretical calculations for
our new energy correlators di↵er from those of traditional parametrizations only at next-to-next-
to-leading logarithmic accuracy and beyond, and we expect that our simpler phase space structure
will simplify those calculations. We also discuss how to extend our parametrization to resolved N -
point energy correlators that encode angular distances between greater numbers of particles, and we
propose two possible generalizations for probing multi-prong jets and testing jet scaling behaviour.

Introduction — The flow of energy within hadronic jets
is an indispensable probe of Quantum Chromodynam-
ics (QCD) [1–6]. Energy correlator observables [7–11]
are particularly powerful tools for understanding energy
flow both theoretically and experimentally [12–14]. Since
energy correlators can be described directly in terms of
field-theoretic energy flow operators [15–22], one can use
sophisticated theoretical techniques, including the pow-
erful technology of conformal field theories [19, 23], to ex-
tract rich information about jet substructure, especially
in the collinear limit [24–37].

Recent work has highlighted the role of N -point en-
ergy correlators (ENCs) in precisely understanding the
fundamental structure of particle interactions. ENCs
probe angular correlations between N final-state parti-
cles, which o↵ers a simple and intuitive way to sepa-
rate physics at di↵erent scales and mitigate contamina-
tion from soft radiation. Applications focused on the
Large Hadron Collider (LHC) include the top quark mass
[38–40], hadronization transition [41, 42], dead-cone ef-
fect [43], gluon saturation [44], medium modifications in
heavy-ion collisions [45–51], and predictions for the en-
ergy flow of charged particles [52–55]. Further, energy
correlators have yielded the most precise jet substructure
measurement of the strong coupling constant to date [13].

In this Letter, we introduce a new parametrization
for energy correlators with a number of improved prop-
erties. First, our parametrization of the projected N -
point energy correlator (PENC) depends on the largest
distance R1 to a “special” particle s in a set of N

particles, suitably averaged over all choices for s; this
yields simpler phase space restrictions than the tradi-
tional parametrization for the PENC in terms of the
largest pairwise angle [25]. Second, when considering
more di↵erential information, our parametrization of re-
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FIG. 1. A cartoon of the new parametrization of ENCs we
introduce in Eqs. (2) and (5). Instead of computing the ENC
using all

�
N
2

�
pairwise distances, we parametrize the ENC

with 2N � 3 oriented polar coordinates centered on a special
particle s, and then perform a momentum-weighted sum over
all choices for s.

solved ENCs (RENC) employs non-redundant polar coor-
dinates centered around the special particle, as in Fig. 1 ;
this di↵ers from the traditional approach, which uses
over-complete information from the set of all pairwise
distances and neglects information about the relative ori-
entation of particles. Third, our parametrization o↵ers
dramatic improvements in computational performance.
Finally, we anticipate that these conceptual and compu-
tational improvements will yield simpler theoretical cal-
culations. The implementation of the PENCs we intro-
duce in this work can be found on GitHub as an update
to FastEEC [56], and of our PENCs and RENCs at
ResolvedEnergyCorrelators [57].
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Bulls-eye for different jets

44

• Comparing QCD and W jets. 

• Qualitative differences
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Bulls-eye for different jets
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• Comparing QCD and W jets. 

• Qualitative differences, not visible in old 
parametrization.
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Radial distribution for different jets
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• Old and new agree on 
“lower half”.
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• Old and new agree on 
“lower half”. 

• W boson mass imprinted.
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6. Bonus
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Higgs + 1 jet production with a veto on additional jets: 

• Extra “N” compared to previous study [Liu, Petriello]. 

• Resum leading nonglobal logarithms, logarithms of jet radius.
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Figure 12: Left panel: The convergence of resummed perturbation theory as function

of pH
T
, comparing NLL (green dotted), NLL0+NLO (blue dashed), and aNNLL0+NNLO

(red solid) for pcut
T

= 30 GeV, |yH | < 2.5 and RJ = 0.4. The uncertainty bands are

obtained using the method described in section 3.4. Right panel: Comparison of our

aNNLL0+NNLO prediction (red) to NNLO (grey dotted) as function of pH
T

for pcut
T

=

30 GeV. The uncertainty on the NNLO is obtained using the ST method.

Figure 13: Same as figure 10 but as function of pH
T

for fixed pcut
T

= 30 GeV.

5 Conclusions

In this work, we have provided state-of-the-art predictions for Higgs boson production in

the exclusive 1-jet bin. Demanding exactly one hard jet requires the introduction of a

veto scale, which in turn causes large logarithms of the ratio of that scale to the natural

hard scale of the process to arise in the perturbative calculation. We have resummed these

large logarithms to all orders in ↵s using the framework of Soft-Collinear E↵ective Theory,

extending a factorization formula first developed in ref. [36], and matched our results to a

calculation at fixed order in perturbation theory.

Our work has several novel features which provide important improvements over previ-

ous studies. First, we extend the formal accuracy to NNLL0 for the resummed component

and push the fixed order part to NNLO. Though the lack of some of the requisite two-

– 39 –

[Cal, Lim, Scott, Tackmann, WW]
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Higgs + 1 jet production with a veto on additional jets: 

• Extra “N” compared to previous study [Liu, Petriello]. 

• Resum leading nonglobal logarithms, logarithms of jet radius. 

• Missing pieces parametrized by theory nuisance parameters.
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• For color-singlet production, cancel IR divergences by  slicing 

•  fails for jets, because emissions inside jets leave .

qT

qT qT = 0
[Catani, Grazzini]
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• For color-singlet production, cancel IR divergences by  slicing 

•  fails for jets, because emissions inside jets leave . 

• N-jettiness can be used for jets [Stewart, Tackmann, WW; Boughezal, Focke, Liu, 

Petriello; Gaunt, Stahlhofen, Tackmann, Walsh],  
but soft function complicated [Bell, Dehnadi, Mohrmann, Rahn]. 

• -ness also works with jets [Buonocore, Grazzini, Haag, Rottoli, Savoini],  
but no factorization formula.

qT

qT qT = 0

kT

[Catani, Grazzini]
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• For color-singlet production, cancel IR divergences by  slicing 

•  fails for jets, because emissions inside jets leave . 

• N-jettiness can be used for jets [Stewart, Tackmann, WW; Boughezal, Focke, Liu, 

Petriello; Gaunt, Stahlhofen, Tackmann, Walsh],  
but soft function complicated [Bell, Dehnadi, Mohrmann, Rahn]. 

• -ness also works with jets [Buonocore, Grazzini, Haag, Rottoli, Savoini],  
but no factorization formula. 

✓  works when using winner-take-all axis [Salam; Bertolini, Chan, Thaler]. 

• Planar processes: component transverse to plane is simple.

qT

qT qT = 0

kT

qT

[Catani, Grazzini]
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Proof of concept at NLO.
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Proof of concept at NLO. At NNLO: 

• For planar case ( ) only need constant of two-loop gluon jet. 

• For  also need two-loop soft function (expand in R).

δϕ
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• Energy correlators separate scales, suppress soft radiation, 
simple(r) theory → applications: , , … 

• Track-based energy correlators can be calculated at high 
precision, and only involve a few moments of track functions. 

• Analytic continuation in N gives access to small x in jets. 

• New parametrization enables fast evaluation of higher-point 
correlators and qualitative differences between jet samples. 

• Now studying nonperturbative effects, back-to-back region, 
as well as new applications (heavy ions) with new definition. 

αs mtop
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• Energy correlators separate scales, suppress soft radiation, 
simple(r) theory → applications: , , … 

• Track-based energy correlators can be calculated at high 
precision, and only involve a few moments of track functions. 

• Analytic continuation in N gives access to small x in jets. 

• New parametrization enables fast evaluation of higher-point 
correlators and qualitative differences between jet samples. 

• Now studying nonperturbative effects, back-to-back region, 
as well as new applications (heavy ions) with new definition. 

αs mtop

Thank you!


