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Testing the Standard Model: Tensions?!

We know the SM is not the end of the story. Look for tensions:
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= new results from BMW, Mainz, RBC/UKQCD, Fermilab/MILC/HPQCD, ETMC]
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Testing the Standard Model: Tensions?!

We know the SM is not the end of the story. Look for tensions:
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Testing the Standard Model: Tensions?!

We know the SM is not the end of the story. Look for tensions:
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Testing the Standard Model: Tensions?!

We know the SM is not the end of the story. Look for tensions:
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Testing the Standard Model: Tensions?!

We know the SM is not the end of the story. Look for tensions:
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Testing the Standard Model: Tensions?!

We know the SM is not the end of the story. Look for tensions:
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Testing the Standard Model: Tensions?!

We know the SM is not the end of the story. Look for tensions:
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Over-constraining the Standard Model: CKM

@ Determine individual elements = Different determinations
from (many) different decays compatible?
@ SM CKM-matrix is unitary = Does unitarity hold?

CKM = theory ® experiment

experiment =~ ’ Vag'

" Z kinematic X non-perturbative

[(B— ) =~ |Vyu|* Kfs
dr(B — mlv) - 2 B—m( 2 B—mw( 2
g Vsl (K@) + Kaf? ()

Amg = |V, Veal? K2 BS)

y

CKM-precision depends on knowledge of theory AND experiment.
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Lattice QCD: From simulations to physics

Non-perturbative method of choice: Lattice QCD

Schematic lattice workflow Data production:

1. (H)MC chain Take as given for this talk
= Gauge ensembles Data analysis:
2. measurements TOpiC of this talk.
= n-point correlation
functions
3. correlation function fits In particular
= energies, matrix = steps that use a
elements data-estimated correlation
matrix.

4. extrapolations
= xx.xxx(yY )stat = fits to correlation functions.
[required for all results

5. estimates of systematics
presented before]

= xx.xxx(yy )stat (22)sys
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Some (well-known) nomenclature

Assume raw data on N samples for N; time slices: Cj(t)
@ Averaged correlation function

=
.L

C(t) = Gi(t)

2\
-
o

@ Covariance matrix

N—
cov(ty, ta) Z t1) [C — G (t2)

i=0

@ Standard deviation
o(t1) = \/cov(ti, t1)

e Correlation matrix (“normalised covariance matrix")

cov(ty, t2)

corr(ty, tp) =

1 1
o(t1) o(t2)
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Where does the correlation matrix enter?

e For a fit function f, “best” parameters 3 found by y>-fitting, i.e.
minimise

X* =[f(a. t1) — C(t)] cov(tr, )" [f(a, 2) — C(t2)]

p(x?,d.o.f’s) used as criterion for which fits “work”

e Many recent works use model averaging procedures (e.g. AlC):
= Do many different fits (vary models and included data)
= Results get combined weighted by their y?

Note: Inversion of covariance matrix == inversion of correlation matrix

cov ! = ailcorrflafl

= From now on we only speak about the correlation matrix!
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Correlation estimation from data

@ The correlation matrix is estimated from data.

@ Want N.onr > N for accurate estimates, but often hard in practice.

= Non-invertible or poorly conditioned covariance matrix.

= Issues amplified since usually we require corr

@ Several ways to “deal with” the issue [non-exhaustive list]:

down-sampling (a.k.a. thinning)

UnCOI’reIated fItS [Bruno, Sommer; “On fits to correlated and auto-correlated data”, 2209.14188]
SVD-cuts

“shrinkage" [Ledoit, Wolf, https://www.zora.uzh.ch/id/eprint /139880/]

source-place treatment [TT, REC/UKQCD, “Kaon mixing beyond the standard model with
physical masses”, 2404.02297]

estimation of p-values based on bootstrapping [Christ, Emaki, Kelly;
“Bootstrap-determined p values in lattice QCD", 2409.11379]

Lanczos-methods [wagman, 2406.20000, 2412.04444, . . .; Ostmeyer, Sen, Urbach, “On the

equivalence of Prony and Lanczos methods for Euclidean correlation functions”, 2411.14981]

= All not 100% satisfactory! Can we do better?
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The idea

@ Find a transformation of the data to reduce correlations.
@ Transform the model in the same way.

= Fit the transformed model to the transformed data.

What transformation to choose?
o Lattice data is highly correlated in time!
= Use a time-local transformation

Laplace filter

AC(t)=C(t—1)—2C(t)+ C(t+1)
Dy\C(t) = (—A+X2)C(t) = —C(t—1) + (24 X2)C(t) — C(t + 1)
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Laplace filtering

DAC(t) = —C(t—1)+ (2+ I )C(t) — C(t +1)

local subtractions = reduce local correlations
tunable parameter A (assume A > 0 for definiteness)

preserves original correlations for A\ — oo

invertible transformation for A > 0, but singular as A\ — 0.

“added bonus": Preserves exponential form, i.e.

Dy (Ae—Ef) = A(\)e B
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Aside: Measure of the level of correlations: CDR

@ Determine eigenvalues of correlation matrix corr and define condition
number: kK = Amax/Amin

e Define Correlation Dynamic Range (CDR):

CDR(corr) = 10log;ok

CDR(corr) =0dB: uncorrelated
CDR(corr) = 400 dB : singular
CDR(corr) 2 156dB :  double precision numerically singular

Limiting cases of the filtering:

lim CDR(corr (AxC(t)) = CDR(corr (C(t))

A—00

lim CDR(corr (AxC(t)) = 400

A—0t

Q: Is there a choice of )\ that improves (lowers) the CDR?
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Typical 2-point functions

o mEYs 271 L 23GeV o m; ~230MeV,a~! ~2.7GeV,

@ pion 2pt function @ heavy-light PS meson with

@ Gaussian smeared Z,-sources -+ amp = 0.68 (mc < my < mp)
point sinks @ local Zy sources + point sinks
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Exploring A: Correlations

MO 110.000678 pp SL SL F1IMIh 0.68 pp LL LL

200 200
[ i [ x l
2 | S :
I [, [ I e X, |
o 150 ! o 150 B |
Q | Q *
1S ! £ x
g | g *
= 100 | =100 d
&) | A x
C [ c *
Re] | Re] x
T ! IS
o] 50 ! ]
S [ e =
<) | <)
(@] ! (@]
1(1') TI0-S 10T 1070107 10T 105 102 10-1 100 107 102
A
86dB — 37dB 56 dB — 29dB

e Correct asymp. behaviour as A — oo and A — 0.
@ Sizable region with significantly reduced correlations
@ Similar gains when restricted to realistic subset of the time-range
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Exploring \: Correlations

o Filtered datapoints carry
more independent
information

@ Still some “redundancy”
for neighbouring
time-slices
= can be combined with
down-sampling
(thinning)

.Ql: Can we quéntify the gain?
Q2: How do thinning and filtering interfere?
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Quantifying the gains

e full range (‘all t') vs representative fit range of t € [1/8T,3/8T)
@ if thinned: filtering happens first

MOM-mes-li F1M-mes-lh

allt te€[16,48) allt te[12,36)
raw 86dB 67 dB 56 dB 47dB
optimised 37dB 18dB 36dB 20dB
raw thinned 62dB 52dB 37dB 30dB
optimised thinned 21dB 11dB 19dB 9dB

e Filtering and thinning interfere constructively!

@ Approximately 4 orders of magnitude improvement in all cases!

Q: How does this translate to precision & stability of correlator fits?
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Application to two-point function fits

Q: How does this translate to precision & stability of correlator fits?

Strategy: Determine A which minimises CDR on a given time-interval,
then fit

@ Test fits on the heavy-light dataset from before

e Fit to single exponential Ae Ft.
@ Vary tmin, keep tmax = 3/8T = 36 fixed
@ Explore the separate and combined effects of filtering and thinning
@ Only keep fits with acceptable p-value (> 5%)

@ Known results for Eg and Ag from extensive larger scale stability
analysis
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Minimising correlations
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Killing exponentials

Recall: Laplace filtering preserves exponentials, specifically

D\ Aemit=3" [E,? - Aﬂ Are ™t =37 Al(N)e ™t

1
with E? = 2(cosh(m;) — 1)
in idealised world:
e Exact correlation function C(t) with exactly 2 states Ey and E;

@ Choose \g = I_Eo, A= El
@ By definition we must have Dy, Dy, C(t) = 0 [ignore contact term]

in practice:
@ noisy data = statistical statements = hypothesis testing

@ # of states infinite = “data consistent with description of n-states”

17 /36 J. Tobias Tsang (University of Liverpool) Controlling correlations and excited states in Lattice QCD analy:



Multi-state hypothesis testing and the spectrum

@ For simplicity test 2 states
@ Define A = {\g, \1} and time range t € [t;, tf) with t; > 2
@ Define the hypothesis Ha:

C/\;ti,ff = D)\ODM C(t) =0

o Assume sufficient statistics that correlator is normally distributed in
interval.

@ D, is a linear transformation
= Ca.t,.t; IS also normally distributed
= use standard p value and define confidence level 1 — «

@ Set o = 0.05 and scan the parameter space (Ao, A1).

@ Interpret 'solutions’ as (Eg, El) and map them to (Eo, E;) for
convenience.
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Multi-state hypothesis testing: physical pion
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[Plots by A. Portelli]
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tr = 48
mapped (Eo, £1)
back to (Eo, E1)

no allowed region
it t; too small

decreasing
sensitivity to E;
as t; increases
compare to
stability analysis:
Eo = 0.05908(7)
E; =0.49(3)
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Multi-state hypothesis testing: heavy light

F1M-mes-lh
1.6 ,-_14 T T T —mm 1 1.6 t'—lb T T 1
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[Plots by A. Portelli]
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Determination of number of significant states (sketch)

Q: For a given time-range, can we determine the number of

significant states from this?

@ Define hypothesis H,:
IN={A,..

o Compute AT? between H;+1 and
H, and use likelihood ratio test to
decide whether H, should be
rejected in favour of H,y;. Repeat

until no rejection occurs.

@ Check that H, is not rejected (see

previous slides).
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[Plot by A. Portelli]
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Possible Applications?

1. Use this for existing correlator fit methods:

o Check whether correct number of states are included in the ansatz, i,e.
= are they sufficient to describe the data?
= is the fit actually sensitive to them?
Bayes Relate determinations of E; to priors and allowed range to widths
Frequ Relate determinations of E; to initial parameter guesses

2. Turn this into a new way to fit correlators:

© No non-linear fitting required
© No need to fit amplitudes (but can be determined)
? Work in progress: Rigorously assign uncertainties

3. Thinking about excited states...

Q: Rather than killing all the exponentials, can we only remove
the unwanted ones?
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Recap: Excited states

Notorious source of systematic uncertainties in precision predictions
N7 states in nucleon form factors [sar; 1812.09101, 1906.03652,1912.05873]

B7 excited states in semi-leptonic B decays? [ssr, Broll, Sommer: 2306.02703]

Fitting excited states
e need more time slices and more parameters in fit
e more correlation matrix issues + more involved stability analyses
o often numerically unstable: need priors and/or sophisticated initial
guess determinations
@ can be mitigated

e smearing (additional tuning - hard to get right for many states at once)
o GEVP [Blossier, Della Morte, von Hippel, Mendes, Sommer; 0902.12675] (additional
inversions, more complicated for 3-point functions)

23 /36 J. Tobias Tsang (University of Liverpool) Controlling correlations and excited states in Lattice QCD analy:



Killing exponentials - removing excited states

Recall: Laplace filtering preserves exponentials. Specifically:

D)\ ZA;e_mit = Z {Elz — )\2} A,-e_’""t = ZA?()\)e_m"t

1

with £? = 2(cosh(m;) — 1)
@ )\ is a free parameter. Can choose it to remove an unwanted
exponential, e.g. M

A = E; = \/2(cosh(m;) — 1)

e Known simple relation between A; and A%(\)

@ Can be iterated — multiple applications of Laplace filtering
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Recall from before

@ Choice for the red data points
was A = 1.3

@ No coincidence: recall result
from stability analysis:

Eo = 0.9898(15), £y = 1.222(27)

= £y = \/2[cosh(Ey) — 1] ~ 1.29946

Q: What about more complicated correlation functions?
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Applications beyond 2-point functions

G
==l
S

b\

= -’
s 4 L ,\l_nf Lok
Lo Ly s

@ Three-point functions have two (relative) time scales.
(w.l.o.g. set tgc =0)

@ Need 0 = tye K top K tenik K T
= hard to fit on a typical temporal extent?

@ trade-off: excited state contamination vs signal-to-noise properties
Can Laplace filtering help?
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Semi-leptonic decays

@ neglecting around the world effects (heavy-light)
e two-point functions for initial (P') and final (PF) states:

2
()= (2) e
i
@ Three-point function for a PS to PS transition:
CLrF (tops tan) = 3 212 (P | v, | PY) &6t Elncmten)
i
@ Define

Cayi (top tar) _ octop e (PE| Vi |P5)
CZF ( tOp) C2I ( tonk — top) Zé Zé:

Ru(topa tsnk) =

What choice of t,, is large enough?
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Example: D — ns (raw data)

C?{ZF(tom tsnk)

Ru(topv tsnk) =

a1 ~1.7GeV, m; ~ 280 MeV,

L3x T =243 x64
everything at rest (i.e. ¢2,.)

temporal component of vector
current

5 source-sink separations
Neont = 180

8 Z, source-planes/config

CzF(tOP)Czl(tsnk — top)

0.0017
Fo4eE g
v H
i,

0.0016 ! e te

M ®
L}
-

s bsnkc)

+5 00015

0.0014

0.0013
0

lop

All t,, too short to have isolated ground state - are we doomed?
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Example: Ds — s (Laplace filtered)

C?fﬁF(topv tsnk)
DAF[CZF](tOP) D>\/ [CQI](tsnk - top)

LF(Ru(top, tsnk)) =

0.00120

0.00118

@ Same plateau for different ty
< removed excited states

® tyn = 20,24, 28 compatible

0.00116

tak))

A

S

=
=— 0.00114
5 — @ Several options: Could
oo R instead/also apply Dy, to C3
—F ta=24 . .
EEp— o different asymptotic value

0.00110
0

10 15 20

li R top, tsn
[im [_F(RM(topy tsnk)) = Im0<<2t0P<<fS2“k :( p~2 k)
0<top <tsnk (A7 — E7)(AE — EF)
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Example: Ds — ns (Laplace filtered) cont.

Correct for (A7 —

0.0017

0.0016

ops Lsnk)

<3 0.0015

R

0.0014

0.0013

10°*

E?)(A\2 — E?) by 'reading off' E} and Ef from effective mass

MWJJ

o o0
n
: a o ] & —o—
r
i :
Doy o 0 7 EY '3
’.o o
3
a ¢ v
c
c < 2 *
o
10 15 20
top

relative uncertainty

107

@y =20-raw
—@— tak = 20 - filtered

ol =21-raw
—m— fo = 24 - filtered

® fy=28-raw
—m— L = 28 - filtered

0

@ tyx = 28 raw within less than 20 of filtered results

e multiple ty at same plateau value

@ extended plateaus!

@ similar statistical precision for filtered and unfiltered!
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Neutral meson mixing

@ Same initial and final state: “Same spectrum on both sides”

@ For 0 < top < tgni we have

C (topa snk ZZZ P | Ok |P> —Ejtop—Ej(tsnk—top)

ij

(safely neglecting around the world effects since Ey ~ 0.94)
@ at fixed ty: top dependence cancels if single-state dominated

@ historical normalisation: “bag parameters”, e.g. for Standard Model
bag parameter (VV+AA)

COl(topa tsnk)
8/3CPA( )Cﬁqp(tsnk)

Beff (top7 tsnk)
normalisation does not influence t,,-dependence.
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Example: B; — B, mixing (raw data)

CE (top, tnk)
Be t bl tsn = 3 e
# (fop, ank) 8/3CPA(— tanie/2) P (tenic/2)

e a1 ~27GeV, s e T {
my ~ 230 MeV, i AR TRVAHL I F A {
13 T =483 x 96 b fy

¢ o 0.0 %8s o }

@ ams ~ amghys, amp = 0.59 E"a Hﬁ +f 6 0::....:-.; . ; ; }
= Mp, < My, < Ms, £ h RO R

o Mont =T o

@ 48 Z, source-planes/config ass| f

e 16 different ty,, values (only § Eﬁ:ii% 2 Efg § Ei‘j
plotting some of them for e
readability!) fop = fon/2
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Example: B; — By mixing (“traditional” analysis)

Results “known” from extensive stability analysis:
@ 2-exponential frequentist fit

@ simultaneously fit in both time coordinates Cy(top) and C3(top, tsnk)
for many ty € [34, 46]

) source—place treatment [TT, RBC/UKQCD, 2404.02297]

F1M sh 0.59 correlated fit to ¢ & (17, 40) IV 059 aperator

[® it ¥ wpuil ® sawl]

e = 0.04136(27)
L190(21)

0.09533(33)
0.10134(32)

; T ;
+ K MR - e — ! bbbl CENRRNER) R T N
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Example: Bs — By mixing (Laplace filtered - mesons)

Meg(t

34 /36 J. Tobias Tsang (University of Liverpool)

0.955

Cz(t) ~ Z A;e_Eit

0.950

0.945

0.940

% original
¢ Laplace filtered

0.935
0

10

20

30

40

“Known" E;: Use A = El

@ Individual errors grow, but
more independent
information

@ Reducing correlations
between neighbouring
time-slices
= noisier effective mass
data.

@ plateau starts ~ 10
time-slices earlier
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Example: B; — By mixing (Laplace filtered - bags)
Recall
0 tsnk ZZUe (Ei+Ej) Snk
Use “known” energies in LF: Use A = E’ where E’ = (E; + E»)/2 restrict

to top = tynk/2 (i.e. midpoint) for G

Ty T 0.87
; #  rawdata
} } } &  Laplace filtered
. s
0.86 i 0 dge0 ¢’ F 0.86

A ty
: H}% ;}* e ; ﬁ +
3 mm% ooooo e Fﬁ ? m <
‘ Mg S \ o
HERIERE 1,

@ Sometimes (other ensembles/operators) even maximal tg,x too small.
@ Individual errors grow, but more independent information
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Summary

Numerical estimation of correlation matrices
@ significant improvement without any ad-hoc assumptions
@ simple analysis: transformed data can be fitted to transformed model

@ tunable parameter to reduce correlations. ..

Contamination by excited states

@ ... and use tunable parameter to remove excited states
= gain control over ground state parameters

@ no additional data generation + can be applied post-data production
@ demonstrated applications for two-point and three-point functions

Alternatives and improvements to non-linear fitting
@ get spectrum without needing multi-exponential fits
@ determination of number of statistically significant states
e data driven priors & widths (Bayes)/initial guesses (Freq.)

= Draft in preparation (arXiv:2508.xxxxx) ©
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