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Introduction and motivation



Testing the Standard Model: Tensions?!

We know the SM is not the end of the story. Look for tensions:
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Over-constraining the Standard Model: CKM

Determine individual elements
from (many) different decays

SM CKM-matrix is unitary

⇒ Different determinations
compatible?

⇒ Does unitarity hold?

CKM = theory ⊗ experiment

experiment ≈
∣∣Vqq′

∣∣n∑
i

kinematic× non-perturbative

Γ(B → `ν) ≈ |Vub|2KfB
dΓ(B → π`ν)

dq2
≈ |Vub|2

(
K1f

B→π
+ (q2) +K2f

B→π
0 (q2)

)
∆md ≈ |V ∗tbVtd |2Kf 2

Bd
B̂(1)
Bd

CKM-precision depends on knowledge of theory AND experiment.
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Lattice QCD: From simulations to physics

Non-perturbative method of choice: Lattice QCD

Schematic lattice workflow

1. (H)MC chain
⇒ Gauge ensembles

2. measurements
⇒ n-point correlation
functions

3. correlation function fits
⇒ energies, matrix
elements

4. extrapolations
⇒ xx .xxx(yy)stat

5. estimates of systematics
⇒ xx .xxx(yy)stat(zz)sys

Data production:
Take as given for this talk

Data analysis:
Topic of this talk.

In particular

⇒ steps that use a
data-estimated correlation
matrix.

⇒ fits to correlation functions.
[required for all results
presented before]
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Some (well-known) nomenclature

Assume raw data on N samples for Nt time slices: Ci (t)

Averaged correlation function

C̄ (t) =
1

N

N−1∑
i=0

Ci (t)

Covariance matrix

cov(t1, t2) =
1

N − 1

N−1∑
i=0

[
C̄ − Ci

]
(t1)

[
C̄ − Ci

]
(t2)

Standard deviation
σ(t1) =

√
cov(t1, t1)

Correlation matrix (“normalised covariance matrix”)

corr(t1, t2) =
1

σ(t1)
cov(t1, t2)

1

σ(t2)
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Where does the correlation matrix enter?

For a fit function f , “best” parameters ~a found by χ2-fitting, i.e.
minimise

χ2 = [f (~a, t1)− C (t1)] cov(t1, t2)−1 [f (a, t2)− C (t2)]

p(χ2, d.o.f ′s) used as criterion for which fits “work”

Many recent works use model averaging procedures (e.g. AIC):
⇒ Do many different fits (vary models and included data)
⇒ Results get combined weighted by their χ2

Note: Inversion of covariance matrix == inversion of correlation matrix

cov−1 = σ−1corr−1σ−1

⇒ From now on we only speak about the correlation matrix!
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Correlation estimation from data

The correlation matrix is estimated from data.

Want Nconf � Nobs for accurate estimates, but often hard in practice.

⇒ Non-invertible or poorly conditioned covariance matrix.

⇒ Issues amplified since usually we require corr−1!

Several ways to “deal with” the issue [non-exhaustive list]:

down-sampling (a.k.a. thinning)
uncorrelated fits [Bruno, Sommer; “On fits to correlated and auto-correlated data”, 2209.14188]

SVD-cuts
“shrinkage” [Ledoit, Wolf, https://www.zora.uzh.ch/id/eprint/139880/]

source-place treatment [JTT, RBC/UKQCD, “Kaon mixing beyond the standard model with

physical masses”, 2404.02297]

estimation of p-values based on bootstrapping [Christ, Ernaki, Kelly;

“Bootstrap-determined p values in lattice QCD”, 2409.11379]

Lanczos-methods [Wagman, 2406.20009, 2412.04444, . . .; Ostmeyer, Sen, Urbach, “On the

equivalence of Prony and Lanczos methods for Euclidean correlation functions”, 2411.14981]

⇒ All not 100% satisfactory! Can we do better?
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Laplace filtering



The idea

Find a transformation of the data to reduce correlations.

Transform the model in the same way.

⇒ Fit the transformed model to the transformed data.

What transformation to choose?

Lattice data is highly correlated in time!

⇒ Use a time-local transformation

Laplace filter

∆C (t) = C (t − 1)− 2C (t) + C (t + 1)

DλC (t) ≡ (−∆ + λ2)C (t) = −C (t − 1) + (2 + λ2)C (t)− C (t + 1)
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Laplace filtering

DλC (t) = −C (t − 1) + (2 + λ2)C (t)− C (t + 1)

local subtractions ⇒ reduce local correlations

tunable parameter λ (assume λ > 0 for definiteness)

preserves original correlations for λ→∞
invertible transformation for λ > 0, but singular as λ→ 0+.

“added bonus”: Preserves exponential form, i.e.

Dλ

(
Ae−Et

)
= A′(λ)e−Et
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Aside: Measure of the level of correlations: CDR

Determine eigenvalues of correlation matrix corr and define condition
number: κ ≡ λmax/λmin

Define Correlation Dynamic Range (CDR):

CDR(corr) = 10log10κ

CDR(corr) = 0dB : uncorrelated

CDR(corr) = +∞dB : singular

CDR(corr) & 156 dB : double precision numerically singular

Limiting cases of the filtering:

lim
λ→∞

CDR(corr (∆λC (t)) = CDR(corr (C (t))

lim
λ→0+

CDR(corr (∆λC (t)) = +∞

Q: Is there a choice of λ that improves (lowers) the CDR?
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Application to data



Typical 2-point functions

mphys
π , a−1 ∼ 2.3GeV

pion 2pt function

Gaussian smeared Z2-sources +
point sinks

mπ ∼ 230MeV, a−1 ∼ 2.7GeV,

heavy-light PS meson with
amh = 0.68 (mc < mh < mb)

local Z2 sources + point sinks
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Exploring λ: Correlations
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Correct asymp. behaviour as λ→∞ and λ→ 0+.

Sizable region with significantly reduced correlations

Similar gains when restricted to realistic subset of the time-range
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Exploring λ: Correlations
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Filtered datapoints carry
more independent
information

Still some “redundancy”
for neighbouring
time-slices
⇒ can be combined with
down-sampling
(thinning)

Q1: Can we quantify the gain?
Q2: How do thinning and filtering interfere?
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Quantifying the gains

full range (’all t’) vs representative fit range of t ∈ [1/8T , 3/8T )

if thinned: filtering happens first

M0M-mes-ll F1M-mes-lh
all t t ∈ [16, 48) all t t ∈ [12, 36)

raw 86dB 67dB 56 dB 47dB
optimised 37 dB 18dB 36 dB 20dB

raw thinned 62dB 52dB 37 dB 30dB
optimised thinned 21 dB 11dB 19 dB 9 dB

Filtering and thinning interfere constructively!

Approximately 4 orders of magnitude improvement in all cases!

Q: How does this translate to precision & stability of correlator fits?
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Application to two-point function fits

Q: How does this translate to precision & stability of correlator fits?

Strategy: Determine λ which minimises CDR on a given time-interval,
then fit

Test fits on the heavy-light dataset from before

Fit to single exponential Ae−Et .

Vary tmin, keep tmax = 3/8T = 36 fixed

Explore the separate and combined effects of filtering and thinning

Only keep fits with acceptable p-value (> 5%)

Known results for E0 and A0 from extensive larger scale stability
analysis
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Minimising correlations
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Annihilating correlation functions



Killing exponentials

Recall: Laplace filtering preserves exponentials, specifically

Dλ
∑
i

Aie
−mi t =

∑
i

[
Ẽ 2
i − λ2

]
Aie
−mi t ≡

∑
i

A′i (λ)e−mi t

with Ẽ 2
i = 2(cosh(mi )− 1)

in idealised world:

Exact correlation function C (t) with exactly 2 states E0 and E1

Choose λ0 = Ẽ0, λ1 = Ẽ1

By definition we must have Dλ1Dλ2C (t) = 0 [ignore contact term]

in practice:

noisy data ⇒ statistical statements ⇒ hypothesis testing

# of states infinite ⇒ “data consistent with description of n-states”
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Multi-state hypothesis testing and the spectrum

For simplicity test 2 states

Define Λ = {λ0, λ1} and time range t ∈ [ti , tf ) with ti > 2

Define the hypothesis HΛ:

CΛ;ti ,tf ≡ Dλ0Dλ1C (t) = 0

Assume sufficient statistics that correlator is normally distributed in
interval.

Dλ is a linear transformation
⇒ CΛ;ti ,tf is also normally distributed
⇒ use standard p value and define confidence level 1− α
Set α = 0.05 and scan the parameter space (λ0, λ1).

Interpret ’solutions’ as (Ẽ0, Ẽ1) and map them to (E0,E1) for
convenience.
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Multi-state hypothesis testing: physical pion
M0M-mes-ll
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[Plots by A. Portelli]

tf = 48

mapped (Ẽ0, Ẽ1)
back to (E0,E1)

no allowed region
it ti too small

decreasing
sensitivity to E1

as ti increases

compare to
stability analysis:
E0 = 0.05908(7)
E1 = 0.49(3)
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Multi-state hypothesis testing: heavy light
F1M-mes-lh
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[Plots by A. Portelli]

tf = 36

mapped (Ẽ0, Ẽ1)
back to (E0,E1)

no allowed region
it ti too small

decreasing
sensitivity to E1

as ti increases

compare to
stability analysis:
E0 = 0.9898(15)
E1 = 1.222(27)
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Determination of number of significant states (sketch)

Q: For a given time-range, can we determine the number of
significant states from this?

Define hypothesis Hr :

∃Λ = {λ1, . . . , λr} s.t. CΛ;ti ,tf = 0

Compute ∆T 2 between Hr+1 and
Hr and use likelihood ratio test to
decide whether Hr should be
rejected in favour of Hr+1. Repeat
until no rejection occurs.

Check that Hr is not rejected (see
previous slides).
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Possible Applications?

1. Use this for existing correlator fit methods:

Check whether correct number of states are included in the ansatz, i,e.
⇒ are they sufficient to describe the data?
⇒ is the fit actually sensitive to them?

Bayes Relate determinations of Ẽi to priors and allowed range to widths
Frequ Relate determinations of Ẽi to initial parameter guesses

2. Turn this into a new way to fit correlators:

, No non-linear fitting required
, No need to fit amplitudes (but can be determined)

? Work in progress: Rigorously assign uncertainties

3. Thinking about excited states...

Q: Rather than killing all the exponentials, can we only remove
the unwanted ones?
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Excited states



Recap: Excited states

Notorious source of systematic uncertainties in precision predictions

Nπ states in nucleon form factors [Bär; 1812.09191, 1906.03652,1912.05873]

Bπ excited states in semi-leptonic B decays? [Bär, Broll, Sommer; 2306.02703]

Fitting excited states

need more time slices and more parameters in fit
more correlation matrix issues + more involved stability analyses
often numerically unstable: need priors and/or sophisticated initial
guess determinations

can be mitigated

smearing (additional tuning - hard to get right for many states at once)
GEVP [Blossier, Della Morte, von Hippel, Mendes, Sommer; 0902.12675] (additional
inversions, more complicated for 3-point functions)
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Killing exponentials - removing excited states

Recall: Laplace filtering preserves exponentials. Specifically:

Dλ
∑
i

Aie
−mi t =

∑
i

[
Ẽ 2
i − λ2

]
Aie
−mi t ≡

∑
i

A′i (λ)e−mi t

with Ẽ 2
i = 2(cosh(mi )− 1)

λ is a free parameter. Can choose it to remove an unwanted
exponential, e.g. m1

λ = Ẽ1 =
√

2(cosh(m1)− 1)

Known simple relation between Ai and A′i (λ)

Can be iterated – multiple applications of Laplace filtering
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Recall from before

0.986

0.988

0.990

0.992

0.994

E
0

39.0

39.5

40.0

40.5

41.0

41.5

42.0

42.5

43.0

√
A

0

0.0

0.2

0.4

0.6

0.8

1.0

p

14 16 18 20 22 24 26 28

tmin

5

10

15

20

25

30

35

40

45

C
D

R

unfiltered
unfiltered (thinned)

λopt

λopt thinned
λ = 1.300

λ = 1.300 (thinned)

Choice for the red data points
was λ = 1.3

No coincidence: recall result
from stability analysis:

E0 = 0.9898(15), E1 = 1.222(27)

⇒ Ẽ1 =
√

2[cosh(E1)− 1] ∼ 1.29946

Q: What about more complicated correlation functions?
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Applications beyond 2-point functions

Three-point functions have two (relative) time scales.
(w.l.o.g. set tsrc = 0)

Need 0 ≡ tsrc � top � tsnk � T
⇒ hard to fit on a typical temporal extent?

trade-off: excited state contamination vs signal-to-noise properties

Can Laplace filtering help?
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Semi-leptonic decays

neglecting around the world effects (heavy-light)

two-point functions for initial (P I ) and final (PF ) states:

CX
2 (t) =

∑
i

(
ZX
i

)2
e−E

X
i t

Three-point function for a PS to PS transition:

C I→F
3,µ (top, tsnk) =

∑
i ,j

Z I
i Z

F
j

〈
PF
j

∣∣∣Vµ ∣∣∣P I
i

〉
e−E

F
j top−E I

i (tsnk−top)

Define

Rµ(top, tsnk) =
C I→F

3,µ (top, tsnk)

CF
2 (top)C I

2(tsnk − top)

0�top,tsnk−→
〈
PF

0

∣∣Vµ ∣∣P I
0

〉
Z I

0Z
F
0

What choice of tsnk is large enough?
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Example: Ds → ηs (raw data)

Rµ(top, tsnk) =
C I→F

3,µ (top, tsnk)

CF
2 (top)C I

2(tsnk − top)

a−1 ∼ 1.7GeV, mπ ∼ 280MeV,
L3 × T = 243 × 64

everything at rest (i.e. q2
max)

temporal component of vector
current

5 source-sink separations

Nconf = 180

8 Z2 source-planes/config
0 5 10 15 20 25

top

0.0013

0.0014

0.0015

0.0016

0.0017

R
(t

op
,t

sn
k
)

tsnk = 16

tsnk = 18

tsnk = 20

tsnk = 24

tsnk = 28

All tsnk too short to have isolated ground state - are we doomed?
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Example: Ds → ηs (Laplace filtered)

LF (Rµ(top, tsnk)) ≡ C I→F
3 (top, tsnk)

DλF [CF
2 ](top)DλI [C

I
2 ](tsnk − top)

0 5 10 15 20 25

top

0.00110

0.00112

0.00114

0.00116

0.00118

0.00120

L
F

(R
(t

op
,t

sn
k
))

tsnk = 16

tsnk = 18

tsnk = 20

tsnk = 24

tsnk = 28

Same plateau for different tsnk

⇔ removed excited states

tsnk = 20, 24, 28 compatible

Several options: Could
instead/also apply Dλ3 to C3

different asymptotic value

lim
0�top�tsnk

LF (Rµ(top, tsnk)) =
lim0�top�tsnk Rµ(top, tsnk)

(λ2
I − Ẽ 2

I )(λ2
F − Ẽ 2

F )
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Example: Ds → ηs (Laplace filtered) cont.

Correct for (λ2
I − Ẽ 2

I )(λ2
F − Ẽ 2

F ) by ’reading off’ E I
0 and EF

0 from effective mass

0 5 10 15 20 25

top

0.0013

0.0014

0.0015

0.0016

0.0017

R
(t

op
,t

sn
k
) tsnk = 16

tsnk = 18

tsnk = 20

tsnk = 24

tsnk = 28

0 5 10 15 20 25 30

top

10−3

10−2

re
la

tiv
e

un
ce

rt
ai

nt
y

tsnk = 20 - raw
tsnk = 20 - filtered

tsnk = 24 - raw
tsnk = 24 - filtered

tsnk = 28 - raw
tsnk = 28 - filtered

tsnk = 28 raw within less than 2σ of filtered results

multiple tsnk at same plateau value

extended plateaus!

similar statistical precision for filtered and unfiltered!
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Neutral meson mixing

Same initial and final state: “Same spectrum on both sides”

For 0 < top < tsnk we have

COk
3 (top, tsnk) =

∑
i ,j

ZiZj 〈Pj |Ok |Pi 〉 e−Ej top−Ei (tsnk−top)

(safely neglecting around the world effects since E0 ∼ 0.94)

at fixed tsnk: top dependence cancels if single-state dominated

historical normalisation: “bag parameters”, e.g. for Standard Model
bag parameter (VV+AA)

Beff(top, tsnk) =
CO1

3 (top, tsnk)

8/3CPA
2 (0)CAP

2 (tsnk)

normalisation does not influence top-dependence.
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Example: B s − Bs mixing (raw data)

Beff(top, tsnk) =
CO1

3 (top, tsnk)

8/3CPA
2 (−tsnk/2)CAP

2 (tsnk/2)

a−1 ∼ 2.7GeV,
mπ ∼ 230MeV,
L3 × T = 483 × 96

ams ∼ amphys
s , amh = 0.59

⇒ MDs < MHs < MBs

Nconf = 72

48 Z2 source-planes/config

16 different tsnk values (only
plotting some of them for
readability!)

−20 −15 −10 −5 0 5 10 15 20

top − tsnk/2

0.82

0.83

0.84

0.85

0.86

0.87

B
eff

(t
op
,t

sn
k
)

tsnk = 16

tsnk = 18

tsnk = 20

tsnk = 22

tsnk = 24

tsnk = 28

tsnk = 34

tsnk = 40

tsnk = 46
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Example: B s − Bs mixing (“traditional” analysis)

Results “known” from extensive stability analysis:

2-exponential frequentist fit

simultaneously fit in both time coordinates C2(top) and C3(top, tsnk)
for many tsnk ∈ [34, 46]

source-place treatment [JTT, RBC/UKQCD, 2404.02297]

10-13
10-12
10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-4

C
(t

)

pp_LLLL ap_LLLL aa_LLLL

0.940
0.941
0.942
0.943
0.944
0.945
0.946
0.947

a
m

ef
f

amgr = 0.94136(27)

amex = 1.190(21)
aLL= 0.09833(33)
afgr = 0.10134(32)

0 10 20 30 40 502.0
1.5
1.0
0.5
0.0
0.5
1.0
1.5

χ

χ2/dof = 0.47
dof = 63

F1M sh 0.59 correlated fit to t∈ [17, 40)

32.4

32.6

32.8

33.0

aL
L

ground state
 32.68(10) (was  32.70(11))
([af: 0.10129(31) (was  0.10134(32))]

20

25

30

35

40

45
excited state

 32.4(2.9) (was  33.0(3.6))

2180

2200

2220

2240

2260

2280

2300 three point matrix elements
<gr|O|gr> = 2236(16) 

2.215

2.220

2.225

2.230

2.235

Bag parameters
C3(t,∆T)

(C2(t)C2(∆T− t))(8/3)
= 0.8341(13)

50.8

51.0
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51.4
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52.0
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pL
L

 51.49(18) (was  51.52(19))
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 64.6(6.8) (was  66.2(8.5))
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3500 <gr|O|ex> = 2790(240)
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〉
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1.12
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F1M sh 0.59 operator=VVpAA  (chosen: fit_tmin17_tminbag-3_dTs__34_36_38_40_42_44_46__N2, tmes
min = 17)
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Example: B s − Bs mixing (Laplace filtered - mesons)

C2(t) ∼
∑
i

Aie
−Ei t

“Known” Ei : Use λ = Ẽ1

0 10 20 30 40

t

0.935

0.940

0.945

0.950

0.955

m
eff

(t
)

original
Laplace filtered

Individual errors grow, but
more independent
information

Reducing correlations
between neighbouring
time-slices
⇒ noisier effective mass
data.

plateau starts ∼ 10
time-slices earlier
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Example: B s − Bs mixing (Laplace filtered - bags)

Recall
C3(0, tsnk) ∼

∑
i,j

Zije
−(Ei+Ej )

tsnk
2

Use “known” energies in LF: Use λ = Ẽ ′ where E ′ = (E1 + E2)/2 restrict
to top = tsnk/2 (i.e. midpoint) for C3
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raw data
Laplace filtered

Sometimes (other ensembles/operators) even maximal tsnk too small.

Individual errors grow, but more independent information
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Conclusions and outlook



Summary

Numerical estimation of correlation matrices

significant improvement without any ad-hoc assumptions

simple analysis: transformed data can be fitted to transformed model

tunable parameter to reduce correlations. . .

Contamination by excited states

. . . and use tunable parameter to remove excited states
⇒ gain control over ground state parameters

no additional data generation + can be applied post-data production

demonstrated applications for two-point and three-point functions

Alternatives and improvements to non-linear fitting

get spectrum without needing multi-exponential fits

determination of number of statistically significant states

data driven priors & widths (Bayes)/initial guesses (Freq.)

⇒ Draft in preparation (arXiv:2508.xxxxx) ,
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