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[N. S. Keskar, B. McCann, L. R. Varshney, C. 
Xiong, and R.  Socher, “CTRL: A Conditional 
Transformer Language Model for Controllable 
Generation,” Sept. 2019.]

[Sebastien Bubeck on X: “Claim: gpt-5-pro can prove new 
interesting mathematics. Proof: I took a convex optimization 
paper with a clean open problem in it and asked gpt-5-pro to 
work on it. It proved a better bound than what is in the paper, 
and I checked the proof it's correct,” Aug. 2025.]
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[A. K. Nayak and L. R. Varshney, “An 
Information Theory of Compute-
Optimal Size Scaling, Emergence, 
and Plateaus in Language Models,” 
NeurIPS Workshop, Dec. 2024]

Scaling, Emergent Capabilities, and Plateaus
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Inference-compute scaling too

[A. R. Ellis-Mohr, A. K. Nayak, and L. R. 
Varshney, “A Theory of Inference Compute 
Scaling: Reasoning through Directed 
Stochastic Skill Search,” Philosophical 
Transactions of the Royal Society A, to 
appear.]

Inference-time reasoning modeled 
as a directed stochastic search over 
a model’s pretrained skill graph

Optimal training data / parameter 
relationship has logarithmic 
dependence on inference to total 
compute ratio
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Information lattice learning (ILL) is white-box AI that is directly human-controllable, 
human-understandable, super data-efficient, super compute-efficient, and IP-liability 
free

It performs task-agnostic knowledge discovery for scientific, cultural, as well as local 
and idiosyncratic phenomenology

Discovered knowledge is valuable itself, but can further be used for clustering, 
classification, prediction, semantic compression, co-creativity, and numerous other 
downstream tasks

Provides a path to artificial general intelligence (AGI) distinct from the hyperscaling 
paradigm, in that task-agnostic learning can quickly adapt to most any downstream 
uncertainty just like people
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Dimensions of interpretability [Selbst and Barocas, 2018]

• What sets machine learning models apart from other decision-making 
mechanisms are their inscrutability and nonintuitiveness
– Inscrutability suggests that models available for direct inspection may defy understanding
– Nonintuitiveness suggests that even where models are understandable, they may rest on 

apparent statistical relationships that defy intuition
– Most extant work on interpretable ML/AI only addresses inscrutability, but not nonintuitiveness

• Dealing with inscrutability requires providing a sensible description of rules; 
addressing nonintuitiveness requires providing satisfying explanation for why the 
rules are what they are

For numerous settings, may need technical solutions to 
both inscrutability and nonintuitiveness
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Learn human-interpretable concept hierarchies (not just rules)

[http://www.teachguitar.com/content/tmpyramid.htm]

“Fundamentally, most current deep-
learning based language models 
represent sentences as mere sequences 
of words, whereas Chomsky has long 
argued that language has a hierarchical 
structure, in which larger structures are 
recursively constructed out of smaller 
components.”
            – Gary Marcus [arXiv:1801.00631] 
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Information lattice learning is intrinsically interpretable
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• Self-exploration: learn domain knowledge from universal priors that encode no domain knowledge
• Group-theoretic foundations and generalization of Shannon’s information lattice

• Self-explanation: aim for learned results and entire learning process to be human-interpretable
• Iterative student-teacher architecture for learning algorithm, which produces interpretable 

hierarchy of interpretable concepts (with a particular mechanistic cause: symmetry) and its trace

[H. Yu, J. A. Evans, and L. R. 
Varshney, “Information 
Lattice Learning,” Journal of 
Artificial Intelligence 
Research, vol. 77, pp. 971–
1019, July 2023.]
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[H. Yu, J. A. Evans, and L. R. Varshney, “Information Lattice Learning,” Journal of Artificial Intelligence Research, 
vol. 77, pp. 971–1019, July 2023.]
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[H. Yu, I. Mineyev, and L. R. Varshney, “A Group-Theoretic Approach to Computational Abstraction: Symmetry-
Driven Hierarchical Clustering,” Journal of Machine Learning Research, vol. 24, no. 47, pp. 1–61, 2023.]
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Representation: Data space
Data space: 𝑋𝑋, 𝑝𝑝𝑋𝑋  or 𝑋𝑋, 𝑝𝑝  for short
• Assume a data point 𝑥𝑥 ∈ 𝑋𝑋 is an i.i.d. sample drawn from a 

probability distribution 𝑝𝑝

• However, the data distribution 𝑝𝑝 (or an estimate of it) is known

• The goal here is not to estimate 𝑝𝑝 but to explain it
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Representation: Abstraction
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Representation: Probabilistic Rule
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• A set X can have multiple partitions (Bell number 𝐵𝐵 𝑋𝑋 )
• Let 𝔅𝔅𝑋𝑋

∗  denote the family of all partitions of a set X, so 𝔅𝔅𝑋𝑋
∗ = 𝐵𝐵 𝑋𝑋

• Compare partitions of a set by a partial order on 𝔅𝔅𝑋𝑋
∗  

• Partial order yields a partition lattice, a hierarchical 
representation of a family of partitions
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Abstraction universe as partition lattice
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• Even for a finite set X of relatively small size, the complete 
abstraction universe 𝔅𝔅𝑋𝑋

∗  can be quite large and complicated to 
visualize (Bell number grows very quickly, to say nothing of edges)

• However, not all arbitrary partitions are of interest

21

Abstraction universe as partition lattice

What part of 𝔅𝔅𝑋𝑋
∗  should we focus on?
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• Even for a finite set X of relatively small size, the complete abstraction universe 𝔅𝔅𝑋𝑋
∗  

can be quite large and complicated to visualize (Bell number grows very quickly, to 
say nothing of edges)

• However, not all arbitrary partitions are of interest
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Abstraction universe as partition lattice

What part of 𝔅𝔅𝑋𝑋
∗  should we focus on?
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Symmetry-induced abstraction

• Consider the symmetric group 𝑆𝑆𝑋𝑋,∘  defined over a set X, whose group elements are 
all the bijections from X to X and whose group operation is (function) composition

• A bijection from X to X is also called a transformation of X, so the symmetric group 
𝑆𝑆𝑋𝑋 comprises all transformations of X, and is also called the transformation group of 
X, denoted F 𝑋𝑋

• Given a set X and a subgroup 𝐻𝐻 ≤ F 𝑋𝑋 , we define an H-action on X by ℎ � 𝑥𝑥 = ℎ 𝑥𝑥  
for any ℎ ∈ 𝐻𝐻, 𝑥𝑥 ∈ 𝑋𝑋 and the orbit of 𝑥𝑥 ∈ 𝑋𝑋 under H as the set  𝐻𝐻𝐻𝐻 = ℎ 𝑥𝑥 |ℎ ∈ 𝐻𝐻

• Each orbit is an equivalence class, so the quotient 𝑋𝑋/𝐻𝐻 = 𝑋𝑋/~ is a partition of X 
• We say this abstraction respects H-symmetry or H-invariance
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Duality: From subgroup lattice to abstraction (semi)universe
Definition The abstraction generating function is the mapping  𝜋𝜋: ℋF 𝑋𝑋

∗ → 𝔅𝔅𝑋𝑋
∗ , where 

ℋF 𝑋𝑋
∗  is the collection of all subgroups of F 𝑋𝑋 , 𝔅𝔅𝑋𝑋

∗  is the family of all partitions of X, and for 
any 𝐻𝐻 ∈ ℋF 𝑋𝑋

∗ , 𝜋𝜋 𝐻𝐻 = 𝑋𝑋/𝐻𝐻.

Theorem (Duality) Let ℋF 𝑋𝑋
∗ , ≤  be the subgroup lattice for F 𝑋𝑋  and 𝜋𝜋 the abstraction 

generating function.  Then 𝜋𝜋 ℋF 𝑋𝑋
∗ , ≼  is an abstraction meet-semiuniverse for X.  That is:

1. partial-order reversal: if 𝐴𝐴 ≤ 𝐵𝐵, then 𝜋𝜋 𝐴𝐴 ≽ 𝜋𝜋 𝐵𝐵
2. strong duality: 𝜋𝜋 𝐴𝐴 ∨ 𝐵𝐵 = 𝜋𝜋 𝐴𝐴 ∧ 𝜋𝜋 𝐵𝐵
3. weak duality: 𝜋𝜋 𝐴𝐴 ∧ 𝐵𝐵 ≽ 𝜋𝜋 𝐴𝐴 ∨ 𝜋𝜋 𝐵𝐵
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Duality: From subgroup lattice to abstraction (semi)universe
• If one has already computed abstractions 𝜋𝜋 𝐴𝐴  and 𝜋𝜋 𝐵𝐵 , then instead of computing 𝜋𝜋 𝐴𝐴 ∨ 𝐵𝐵  

from 𝐴𝐴 ∨ 𝐵𝐵, one can compute the meet 𝜋𝜋 𝐴𝐴 ∧ 𝜋𝜋 𝐵𝐵 , which is generally computationally less 
expensive than computing 𝐴𝐴 ∨ 𝐵𝐵 and identifying all orbits in 𝜋𝜋 𝐴𝐴 ∨ 𝐵𝐵

• The computer algebra system GAP provides efficient algorithmic methods to construct the 
subgroup lattice for a given group, and even maintains data libraries for special groups and 
their subgroup lattices

[H. Yu, I. Mineyev, and L. R. Varshney, “Orbit Computation for Atomically Generated Subgroups of Isometries of Zn,” 
SIAM Journal on Applied Algebra and Geometry, vol. 5, no. 3, pp. 479–505, Sept. 2021.]
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• An information element is an 
equivalence class of random variables 
w.r.t. inducing the same 𝜎𝜎-algebra

• An information lattice is a lattice of information elements, where partial 
order defined by 𝑥𝑥 ≤ 𝑦𝑦 ⟺ 𝐻𝐻 𝑥𝑥|𝑦𝑦 = 0 where H is the Shannon entropy. 
The join of two information elements the total information; the meet of 
two information elements is the common information

• Our abstraction-generation framework generalizes Shannon’s 
information lattice, without needing to introduce information-theoretic 
functionals like entropy

• More importantly gives generating chain to bring learning into picture

Separation of clustering 
from statistics: partition 
lattice can be thought as an 
information lattice without 
probability measure
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Information-theory inspired algorithm for rule learning
Learning is achieved by statistical inference on a partition lattice
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Discriminator Generator

[H. Yu and L. R. Varshney, “Towards Deep Interpretability (MUS-ROVER II): Learning Hierarchical Representations of Tonal 
Music,” in Proc. 5th International Conference on Learning Representations (ICLR), April 2017.]
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Simple human-interpretable rules and hierarchical concept learning are human-interpretable
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Studies in music class

[H. Yu, H. Taube, J. A. Evans, and L. R. Varshney, “Human Evaluation of Interpretability: The Case of AI-Generated 
Music Knowledge,” in ACM CHI 2020 Workshop on Artificial Intelligence for HCI: A Modern Approach, April 2020.]
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ILL recovers much known music theory
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ILL recovers much known music theory
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ILL recovers much known music theory
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ILL recovers much known music theory
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ILL discovers new music theory
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Learning laws of neurogenesis

[B. Clark, et al., “Single-Cell RNA-Seq Analysis of Retinal Development Identifies NFI Factors as Regulating Mitotic Exit and Late-Born Cell Specification,” Neuron, June 2019.]

Single-cell RNA sequence data analysis for understanding the rules that govern pattern 
formation in neurodevelopment
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[H. Yu, L. R. Varshney, and G. Stein-O’Brien, “Towards Learning Human-Interpretable Laws of Neurogenesis from Single-Cell 
RNA-Seq Data via Information Lattices,” at Learning Meaningful Representations of Life Workshop at NeurIPS, Dec. 2019.]

https://www.stonybrook.edu/?referrer=signature


35

Toward further applications of ILL for knowledge discovery
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[H. Yu, I. Mineyev, L. R. Varshney, and J. A. Evans, “Learning from One and Only One Shot,” npj Artificial Intelligence, vol. 1, 
ar. 13, July 2025.]
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[H. Yu, I. Mineyev, L. R. Varshney, and J. A. Evans, “Learning from One and Only One Shot,” npj Artificial Intelligence, vol. 1, 
ar. 13, July 2025.]
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[H. Yu, I. Mineyev, L. R. Varshney, and J. A. Evans, “Learning from One and Only One Shot,” npj Artificial Intelligence, vol. 1, 
ar. 13, July 2025.]
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Semantic compression with information lattice learning

Theorem information lattice learning representations, 
combined with group codes (e.g. permutation source 
codes) can achieve semantic rate-distortion limit for 
point-to-point, successive refinement, and multiple 
descriptions settings.
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