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Success of Bayesian approach
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• Uncertainty halved from previous work
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Shear viscosityShear viscosity

(η/s)(T) = (η/s)min + (η/s)slope(T − Tc) ×
� T
Tc
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• Zero η/s excluded; min consistent with AdS/CFT

• Constant η/s excluded
• Best constrained T � 0.23GeV

• RHIC data could disambiguate slope and curvature
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Equation of state

of sound to 1=3 until higher energy densities and makes the
equation of state softer, can be compensated by higher
values of R, which sends the speed of sound higher just
above Tc and makes the equation of state stiffer. Fifty
values of X0 and R were then taken randomly from both the
prior, and weighted by the posterior likelihood. For each
case, the speed of sound is plotted as a function of the
temperature in Fig. (2). It is clear that the experimental
results significantly constrain the equation of state and we
also note that the RHIC and LHC data in combination
provide a better constraint than either can alone. It appears
that the speed of sound cannot fall much below the hadron
gas value, ∼0.15, for any extended range and that it must
rise with temperature. Figure 5 also shows a range of
equations of state from lattice calculations [4,5]. The
equations of state found here show a preference for being

slightly softer than those from the lattice, but the ranges
overlap.
Determining the equation of state from experiment has

proven difficult due to the intertwined links between model
parameters and numerous observables. The statistical
techniques applied here overcome these difficulties. The
resulting constraints suggest the speed of sound gradually
rises as a function of temperature from the hadron gas
value. The band of equations of state from Fig. 5 is
modestly softer than that of lattice calculations, but has
significant overlap. This analysis strengthens the supposi-
tion that the matter created in relativistic heavy ion
collisions has properties similar to that of equilibrated
matter according to lattice calculations and shows that our
model describes the dynamics of heavy ion collisions well
enough to permit the extraction the thermodynamic and
transport properties of equilibrium condensed QCD matter.

This work was supported by the National Science
Foundation’s Cyber-Enabled Discovery and Innovation
Program through Grant No. NSF-0941373 and by the
Department of Energy Office of Science through Grant
No. DE-FG02-03ER41259. The authors thank Ron Soltz
for providing the lattice data.
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FIG. 4 (color online). The posterior likelihood for the two
parameters that describe the equation of state, X0 and R, have a
preference to be along the diagonal. This shows that experiment
constrains some integrated measure of the overall stiffness of the
equation of state, i.e., a softer equation of state just above Tc is
consistent with the data if it is combined with a more rapid
stiffening at higher temperature.

FIG. 5 (color online). (a) Fifty equations of state were generated
by randomly choosing X0 and R in Eq. (2) from the prior
distribution and weighted by the posterior likelihood (b). The two
upper thick lines in each figure represent the range of lattice
equations of state shown in Refs. [4,5], and the lower thick line
shows the equation of state of a noninteracting hadron gas. This
suggests that the matter created in heavy-ion collisions at RHIC
and at the LHC has a pressure that is similar, or slightly softer, to
that expected from equilibrated matter.
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RHIC beam energy scan
Investigate

√
sNN -dependence of η/s using statistical analysis

• Possible indication of µB -dependence in the transport coe�cient

• Statistical analysis ⇒ Get both best-�t values and their uncertainties

• Phase A: Find best-�tting model
parameters for multiple collision
energies independently

• If energy dependence observed
in the best-�t parameters

⇓
Phase B: parametrize the
dependence and �nd the best �t
over all collision energies
simultaneously

628 G. Odyniec

the boundary between Quark-Gluon Plasma (QGP) and the hadronic phases
would be a major breakthrough and it would surely place RHIC results in
all text books around the world.

The main question of interest is, of course, whether this critical point
exists at all, and if it does, whether it can be found experimentally. So
far, theory is not able to provide much detailed information about the QCD
phase diagram. Only the “edges” of the QCD phase diagram are believed to
be somewhat understood: the latest lattice QCD calculations [1] predict a
cross over phase transition from a hadronic gas to a QGP phase at baryon
chemical potential µB ∼ 0 and critical temperature Tc ∼ 150–170MeV (top-
left in Fig. 1), while several QCD based calculations [2] show that at lower T
and high baryon chemical potential (right in Fig. 1) a first order phase
transition may take place. The point in the QCD phase diagram, where the
first order phase transition ends would be the QCD CP. Considering both
arguments, one concludes that there must be a critical point at intermediate
T and µB. Even though the position of the critical point as well as the
location of the phase boundaries are not yet known, various QCD lattice
calculations suggest that the most probable location of CP would be in the
µB interval between 150 and 500MeV (a significant uncertainty in these
estimates comes from the fact that systematic errors of lattice calculations
are neither understood nor constrained).
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Fig. 1. A cartoon of the RHIC BES program coverage of the QCD Phase Dia-
gram. White (yellow) trajectories represent schematics of the collision evolution
at different energies of the BES program. The circle (red) symbolizes the critical
point.

Picture: G. Odyniec, Acta Phys. Polon. B 43, 627 (2012).
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Transport + hydrodynamics hybrid model
Karpenko, Huovinen, Petersen, Bleicher, Phys.Rev.C, 91, 064901 (2015)

• Initial state described by UrQMD1 hadron transport

• Start the hydrodynamical evolution at time τ0 when the two nuclei
have passed through each other

• Convert energy, momentum and baryon number of each particle into
3D Gaussian distributions with width parameters Wtrans, Wlong

• (3+1)D viscous hydrodynamics with constant ratio of shear viscosity
over entropy density η/s (bulk viscosity ignored)

• Transition from hydro back to UrQMD (�particlization�) when energy
density ε is smaller than the switching condition εSW
�Cornelius� hypersurface �nder, P. Huovinen and H. Petersen, EPJ A48 171 (2012)

1
S. A. Bass et al., Prog. Part. Nucl. Phys. 41, 255 (1998), M. Bleicher et al., J. Phys. G 25, 1859 (1999).
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Bayesian analysis
Model parameters (input): ~x = (x1, ..., xn)

(τ0, Wtrans, Wlong, η/s, εSW )
⇓

Model output ~y = (y1, ..., ym) ⇔ Experimental values ~y exp

(Nch, 〈pT 〉, v2,...)
Bayes' theorem:

Posterior probability ∝ Likelihood · Prior knowledge

• Prior knowledge: Range of input parameter values to investigate

• Likelihood: L(~x) ∝ exp
(
−1

2(~y(~x)− ~y exp)Σ−1(~y(~x)− ~y exp)T
)
,

where Σ is the covariance matrix

Use Markov chain Monte Carlo to sample the posterior probability

• Random walk in input parameter space, constrained by prior

• Use Gaussian process (GP) emulator to estimate model output for
likelihood computations

J. Auvinen (Duke University) BES parameter extraction using Bayes Aug 8, 2017 5 / 27
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Gaussian process
Stochastic process: A parameterized collection of
random variables {yt}t∈T (T possibly in�nite).
E.g. random walk over time.

Gaussian process: A stochastic process, in which
every �nite set Y = {yi}Ni=1 is a multivariate
Gaussian random variable N (µ,Σ), where

µ = µ(X ) = {µ(x1), ..., µ(xN)}

is the mean and

Σ = σ(X ,X ) =

σ(~x1,~x1) · · · σ(~x1,~xN)
...

. . .
...

σ(~xN ,~x1) · · · σ(~xN ,~xN)
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pearsonr = 0.42; p = 8.8e23

is the covariance matrix with covariance function σ(~x ,~x ′).
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Gaussian process

Choice: Squared-exponential covariance function with a noise term

σ(~x ,~x ′) = θ0 exp

(
−

n∑
i=1

(xi − x ′i )
2

2θ2i

)
+ θnoiseδ~x~x ′

The hyperparameters ~θ = (θ0, θ1, ...θn, θnoise) are not known a priori and
must be estimated from a set of model outputs ("training points")

⇒ emulator training: Maximise the marginal likelihood (aka �evidence�)

logP(Y |X , ~θ) = −1
2
Y TΣ−1(X , ~θ)Y︸ ︷︷ ︸
model data �t

−1
2
log |Σ(X , ~θ)|︸ ︷︷ ︸

complexity penalty

−N
2
log(2π)︸ ︷︷ ︸

normalization
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Principal component analysis

m observables ⇒ m Gaussian processes needed for model emulation

However, m can be up to O(100) at top RHIC energies and at the LHC!
Number of emulators can be reduced with principal component analysis

First principal component represents the direction of largest variance in
output space, second PC the direction of second largest variance, etc.

• Fraction of variance explained by principal
component pq: Var(pq) =

λq
m∑
i=1

λi

• Select the number of principal components
which together explain desired fraction of
total variance; often only a few PCs are
needed to explain 99% of the variance
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Likelihood function

The likelihood function used in MCMC:

1

|2π(Σ exp + ΣGP)| exp
(
−1
2

(~z∗GP − ~z exp)(Σ exp + ΣGP)−1(~z∗GP − ~z exp)T
)

• ~z∗GP is the emulator prediction at the input parameter point ~x∗

• ~z exp is the experimental data transformed to principal component
space

• ΣGP is the predictive variance (emulator uncertainty)

• Σ exp is the experimental error squared (σ2stat + σ2sys), transformed to
PC space

J. Auvinen (Duke University) BES parameter extraction using Bayes Aug 8, 2017 9 / 27
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Analysis procedure

Produce training data

• run simulations with O(100) di�erent parameter combinations

Preparation for principal component analysis:

1. Scale with experimental values ⇒ Unitless quantities

2. Check that the values are roughly normally distributed; apply a
transformation if necessary

3. Center the data; apply possible data weighting

Determine required number of Gaussian processes with PCA
⇓

Condition the emulators on training data
⇓

Calibrate on experimental data by running MCMC

J. Auvinen (Duke University) BES parameter extraction using Bayes Aug 8, 2017 10 / 27
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Posterior probabilities at
√

sNN = 19.6 GeV
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Observables at
√

sNN = 19.6 GeV

Charged particle pseudorapidity distribution vs. centrality

-5.0 -4.0 -3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 4.0 5.0

η

0

100

200

300

400

500

dN
ch
/d
η

Charged particles (0-6)% centrality

Model

PHOBOS

-5.0 -4.0 -3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 4.0 5.0

η

0

50

100

150

200

250

dN
ch
/d
η

Charged particles (15-25)% centrality

Model

PHOBOS

J. Auvinen (Duke University) BES parameter extraction using Bayes Aug 8, 2017 12 / 27



Introduction Statistical analysis Results Summary

Observables at
√

sNN = 19.6 GeV
Pion and kaon multiplicities and transverse momentum spectra
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Observables at
√

sNN = 19.6 GeV
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Observables at
√

sNN = 19.6 GeV

HBT radii from two-pion interferometry (averaged over 4 mT bins)
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Posterior probabilities at
√

sNN = 39 GeV
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Observables at
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sNN = 39 GeV
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Observables at
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Posterior probabilities at
√

sNN = 62.4 GeV
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Observables at
√

sNN = 62.4 GeV

Charged particle yield vs. centrality
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Observables at
√

sNN = 62.4 GeV

Pseudorapidity distribution vs. centrality
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Observables at
√

sNN = 62.4 GeV

Pion and kaon pT spectra
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Observables at
√

sNN = 62.4 GeV

Ω pT spectrum and elliptic �ow v2{EP}
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Observables at
√

sNN = 62.4 GeV
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Parameter dependence on collision energy
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Introduction Statistical analysis Results Summary

Summary

• Bayesian analysis provides a rigorous method for simultaneous
estimation of both the best-�t values and the associated uncertainties
for the parameters of heavy ion collision models

• Pion pT spectra and charged particle elliptic �ow v2 well reproduced
using median values from the posterior probability distributions

• Charged particle pseudorapidity distribution and Rside have systematic
deviations from measured values; excess of strange particles at lower
beam energies

• Transport-to-hydro switching time τ0 and longitudinal smoothing
Wlong well constrained by data, while transverse smoothing Wtrans,
hydro-to-transport switching density εSW and shear viscosity η/s have
larger uncertainties

• While the most probable value of η/s is higher at lower energies, a
constant value of 0.10− 0.15 cannot be currently excluded
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Investigated parameter ranges

Sample points evenly over whole parameter space using Latin hypercube
method

• Shear viscosity over entropy
density η/s: 0.001 - 0.4

• Transport-to-hydro transition
time τ0: 0.4 - 3.1 fm

• Transverse Gaussian smearing of
particles Wtrans: 0.2 - 2.2 fm

• Longitudinal Gaussian smearing
of particles Wlong: 0.2 - 2.2 fm

• Hydro-to-transport transition
energy density εSW : 0.15 - 0.75
GeV/fm3
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Gaussian process prediction

To predict the model output y0 in an arbitrary point ~x0, we write the joint
distribution (

y0
Y

)
= N

((
µ(~x0)
µ(X )

)
,

(
Σ0,0 Σ0,X

ΣX ,0 ΣX ,X

))
and calculate the conditional predictive mean

µ̄(~x0) = µ(~x0) + Σ0,XΣ−1X ,X (Y − µ(X )).

Typically we de�ne the mean function µ(~x) ≡ 0 and the prediction is simply

µ̄(~x0) = Σ0,XΣ−1X ,XY

with the associated predictive (co)variance

Σ̄ = Σ0,0 − Σ0,XΣ−1X ,XΣX ,0.
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