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Outline

• Instanton-dyons and their ensembles in QCD-like 
theories

• analytic (mean field) approach for dense ensemble 
(T<Tc) (1503.03058, 1503.09148 with Lui and Zahed)

• numerical studies at all densities: deconfinement 
(1504.03341 with Larsen)  and chiral restoration (Nc=Nf=2)

• both transitions were found to be strongly influenced   
by (flavor dependent) quark periodicity phases 
(imaginary chem.potetials) that it nearly uniquely fixes 
the mechanism (1605.07474 with Larsen)



Instantons => Nc selfdual dyons 
(KvBLL, Pierre van Baal legacy)

Instanton'liquid'
4d+short'range'

<P> nonzero Polyakov line
=> <A_4>=v is non-zero
=> new solutions

Dyonic'plasma'
3+1d'long'range'

instanton-
dyons in
SU(2)
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(also called a nonzero holonomy), calls for new classical solutions which does not approach zero
fields at spatial infinity but rather some constant A4. Explicit solutions of such type were con-
stracted in [9, 10]. It has been demonstrated that in this case the instanton can be split into the
Nc consituent dyons. The names and quantum numbers (for the simplest SU(2) gauge group we
will discuss in this work) cover all four possibilities for the electric and magnetic charges, see Table
I. For SU(Nc) in general there are M1, M2...MNc�1 static dyons with all diagonal charges and one
“twisted” L-dyon.

name E M mass

M + + v

M̄ + - v

L - - 2�T � v

L̄ - + 2�T � v

TABLE I: The charges and the mass (in units of 8�2/e2T ) for 4 SU(2) dyons.

The goal of this study is to look at the ensemble of these dyons “through the eyes of the
fermions”. More specifically, we will discuss variable number of fermions of di�erent kinds. Our
central object will be the spectrum of eigenvalues of the Dirac operator and especially the signal of
the phase transition between the chirally broken phase at low temperature T < Tc and the chirally
restored phase at high T. As it is well known (Casher-Banks theorem), the former possesses finite
density of eigenvalues ⇤(⇥) at its zero value, while the latter develops a “gap” G in the eigenvalue
spectrum. (Thus, in a way, this transition looks similar to a conductor-insulator transitions in
condense matter physics.)

Let us indicate here what qualitative di�erence the nonzero holonomy brings into this problem.
As in this case the fermions are in the “Higgsed” vacuum, they are massive, with masses (in SU(2))
mf = ±hv/2. Therefore the zero modes at large distances r ⇥ ⇤ are exponentially decreasing
with the distance, unlike the power behavior typical for the zero holonomy case. This rapidly
decreasing fermionic amplitudes are of course further enhanced by the number Nm of fermionic
zero modes

e�V � detT � e�Nmmf r (7)

which can create strong linear confining potential for the corresponding dyons and thus produces
small-size “clusters” of the size

< r >� 1/Nmmf (8)

The number of the modes dependence on the fermion’s color charge and the number of its
copies. For the usual fundamental quarks Nm = 2Nf , as there is a zero mode for a quark and for
an antiquark. For the adjoint fermion Nm = 2NcNa.

C. Chiral symmetry restoration and related issues on the lattice

The critical line as a function of flavors Nf , Na: Let us start by reviewing the issue of the
critical line for the chiral symmetry breaking as a function of fermion number. Since it is not yet
reviewed systematically in lattice literature, let us provide our own version of the corresponding
phase diagram. What we decided to plot is the “critical lattice coupling”

�c(Tc) =
2Nc

e2(Tc)
(9)

calorons=M+L 
are

 E and M neutral
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the color circle 
for any Nc
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while the magnetic field is Bi = ±Ei. We see
that the θ,φ components are non-Abelian but
exist only inside the dyon core, whereas the ra-
dial component is Coulomb-like and Abelian as
it has only the 3d colour component. Therefore,
M monopole has Abelian (electric, magnetic)
charges (++) whereas the M̄ one has (+−).

There is a second pair of dyons: a self-dual one
with the charges (−−) which we shall name L-
monopole, and an anti-self-dual one with charges
(−+) which we shall name L̄ monopole. They are
obtained from the above equations by replacing
v → 2πT −v. One first transforms them from the
hedgehog to the stringy gauge with the help of
the unitary matrices S+ and S−, respectively. As
a result, they get the same asymptotics A4(∞) =
(

−2πT + v + 1
r

)

τ3

2 . To put the asymptotics in
the same form as for M, M̄ -monopoles one makes
an additional gauge transformation with the help
of the time-dependent matrix

U = exp
(

−iπTx4τ3
)

.

This gives the following fields of L, L̄ monopoles
in the stringy gauge:

AL,L̄
4 = [(2πT − v) Φ (|2πT − v| r) − 2πT ]

τ3

2
r→∞−→ =

(

v +
1

r

)

τ3

2
,

EL,L̄
r,θ,φ =

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

F2(r)
2 τ3 r→∞−→ − 1

r2
τ3

2

−F1(r)
2 U(−τ1 cosφ+ τ2 sinφ)U †

−F1(r)
2 U(τ1 sinφ+ τ2 cosφ)U †,

BL,L̄
i = ±EL,L̄

i .

The ‘profile’ functions F1,2 are given by Eqs.(52,
53), with the replacement v → 2πT−v. We notice
that “the interior” of the L, L̄ dyons, represented
by the θ,φ field components are time dependent.
This is why in the true 3d case these objects do
not exist!

Properties of the four fundamental dyons of the
SU(2) group are summarized in the Table:

M M̄ L L̄

e-charge + + − −

m-charge + − − +

action, 1
αs T v v 2πT−v 2πT−v

top-charge v
2πT − v

2πT 1− v
2πT

v
2πT −1

6.2. Dyons of higher-rank gauge groups
Dyons or BPS monopoles are basically SU(2)

constructions, therefore if one wants to construct
dyon solutions for higher-rank gauge groups one
has to embed the SU(2) construction of the pre-
vious subsection into a higher-rank group. This,
of course, can be done by infinitely many ways;
the problem is to construct a set of ‘fundamental’
dyons from which all other types can be built as
‘bound states’. The problem has been addressed
in Ref. [17] for all Lie groups. Here we shall con-
centrate on the SU(N) series, and later add some
remarks on the exceptional G(2) group which is
interesting both from the mathematical and phys-
ical points of view since, contrary to SU(N), this
group has only a trivial center.

In SU(N) there are exactly N kinds of funda-
mental self-dual dyons (and N anti-self-dual anti-
dyons) which can be described as follows. Let us
introduce a basis of Cartan generators given by
diagonal matrices

Cm = diag(0, ..., 0, 1,−1, 0, ..., 0), (54)

m = 1, ..., N − 1,

where +1 is in the mth place, and supplement this
set by the matrix CN = diag(−1, 0, ..., 0, 1), such
that

∑N
m=1 Cm = 0. All N types of dyon solu-

tions are labeled by the holonomy or the set of
eigenphases µ’s of the Polyakov line at spatial in-
finity. In the gauge where A4 is time-independent
it means the asymptotic field

A4(∞) = 2πTdiag(µ1, µ2, . . . , µN ), (55)
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µ1 ≤ µ2 ≤ . . . µN ≤ µ1 + 1,
N
∑

m=1

µm = 0.

We adopt cyclic-symmetric notations such that
µN+1 ≡ µ1 + 1 and introduce the differences

νm ≡ µm+1 − µm,
N
∑

m=1

νm = 1. (56)

The dyon of the mth kind is an object of the
SU(2) whose generators are Cm playing the role
of the Pauli matrix τ3, and the two corresponding
off-diagonal matrices playing the role of the Pauli
τ± matrices. At the origin its A4 component is

A(m)
4 (0) = 2πT diag (µ1, ...

...µm−1,
µm+µm+1

2
,
µm+µm+1

2
, µm+2, ...

)

,

and its core (where the fields are strong and non-
Abelian) has the size ∼ 1/(2πT νm). Beyond the
core the fields are Abelian as they have only a
diagonal component, and are Coulomb-like:

A(m)
4

|x|→∞
= −Cm

1

2|x| + A4(∞),

±B(m) = E(m) |x|→∞
= Cm

x

2|x|3 . (57)

The upper sign for the magnetic field is for the
self-dual dyons, and the lower sign is for the anti-
self-dual anti-dyons. In the gauge where A4 is
static, the last N th dyon is obtained through a
time-dependent gauge transformation, like the ‘L’
dyon of the previous subsection. It is sometimes
called the Kaluza–Klein monopole; in a true 3d
theory it does not exist.

The action density is, however, time-
independent for all N monopoles. The full ac-
tion and the topological charge are temperature-
independent:

S(m) =
2π

αs
νm, Q(m) = νm. (58)

The full action of all N kinds of well-separated
dyons together are that of one standard instan-
ton: Sinst = 2π/αs. We also note that the to-
tal electric and magnetic charge of a set of N
dyons is zero, and that the topological charge

is unity. Therefore, a set of N kinds of well-
separated dyons have the quantum numbers (and
the action) of one instanton. However, contrary
to the standard instanton or its periodic general-
ization, the holonomy is not trivial but arbitrary.
Remarkably, there exists an exact classical solu-
tion that preserves these properties even as one
moves the N dyons close to each other, see the
next section.

For the G(2) group, there are three kinds of
fundamental dyons (as in SU(3)) but a neutral
combination (‘the instanton’) is obtained from
four dyons: one of the three kinds has to be taken
twice.

In the semiclassical approach, one has first of
all to find the statistical weight with which a
given classical configuration enters the partition
function. It is given by exp(−Action), times the
(determinant)−1/2 from small quantum oscilla-
tions about the saddle point. For an isolated
dyon as a saddle-point configuration, this factor
diverges linearly in the infrared region owing to
the slow Coulomb decrease of the dyon field. It
means that isolated dyons are not acceptable as
saddle points: they have zero weight, despite
finite classical action. However, one may look
for classical solutions that are superpositions of
N fundamental dyons, with zero net magnetic
and electric charges. The small-oscillation deter-
minant must be infrared-finite for such classical
solutions, if they exist.

7. INSTANTONS WITH NONTRIVIAL
HOLONOMY

The needed classical solution has been found a
decade ago by Kraan and van Baal [18] and inde-
pendently by Lee and Lu [19], see also [20]. We
shall call them for short the “KvBLL instantons”;
an alternative name is “calorons with nontrivial
holonomy”. The solution was first found for the
SU(2) group but soon generalized to an arbitrary
SU(N) [21], see [22] for a review.

The general solution AKvBLL
µ depends on Eu-

clidean time t and space x and is parameter-
ized by 3N positions of N kinds of ‘constituent’
dyons in space x1, . . . ,xN and their U(1) phases
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⌫1

⌫1
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all nu’s fill the circle
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makes full instanton
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⌫5

M dyon
at trivial field mu_i->0 gets massless

L-dyon

holonomy pameters



Interacting Ensemble of the Instanton-dyons

and Deconfinement Phase Transition in the SU(2) Gauge Theory

Rasmus Larsen and Edward Shuryak
Department of Physics and Astronomy, Stony Brook University, Stony Brook NY 11794-3800, USA

Instanton-dyons, also known as instanton-monopoles or instanton-quarks, are topological con-
stituents of the instantons at nonzero temperature and holonomy. We perform numerical simula-
tions of the ensemble of interacting dyons for the SU(2) pure gauge theory. Unlike previous studies,
we focus on back reaction on the holonomy and the issue of confinement. We calculate the free
energy as a function of the holonomy and the dyon densities, using standard Metropolis Monte
Carlo and integration over parameter methods. We observe that as the temperature decreases and
the dyon density grows, its minimum indeed moves from small holonomy to the value corresponding
to confinement. We then report various parameters of the self-consistent ensembles as a function of
temperature, and investigate the role of inter-particle correlations.

I. INTRODUCTION

QCD description of strongly interacting matter at fi-
nite temperature T has originated from 1970’s. At first,
its high temperature phase – known as Quark-Gluon
Plasma, QGP – has been studied using weak coupling
methods, see e.g. reviews [1, 2].

The interest then switched to non-perturbative phe-
nomena, related with the topological solitons of various
dimensionality and two basic non-perturbative phenom-
ena: confinement and chiral symmetry breaking. Instan-
tons [3], the Euclidean 4-dimensional topological solitons,
have at high T the sizes ⇢ ⇠ 1/T and appear with the
probability

n
instantons

⇠ exp[�8⇡2/g2(T )] ⇠
✓
⇤

T

◆
b

(1)

where the power is the one loop beta function coe�cient,
b = 11N

c

/3 for SU(N
c

) gauge theory. So, at high T
the density is small and the topology is not important.
Conversely, as T decreases, the instanton density grows
rapidly, till they become an important ingredient of the
gauge fields in the QCD vacuum. Chiral anomalies in-
duce existence of the fermionic zero modes of instantons,
which generate the so called ’t Hooft e↵ective interaction
of 2N

f

fermions, which explicitly violates the U
A

(1) chi-
ral symmetry. Furthermore, collectivization of the zero
modes create the so called Zero Mode Zone of quasi-zero
eigenstates, which break spontaneously the SU(N

f

) chi-
ral symmetry. Although those states includes only tiny
subset of all fermionic states in lattice numerical simula-
tions, they are the key elements of the chiral symmetry
breaking and the hadronic spectroscopy. The so called
Interacting Instanton Liquid Model (IILM) has been de-
veloped, including ’t Hooft interaction to all orders, for
a review see [4].

As the temperature decreases from the high-T regime,
another important phenomenon is appearance of non-
trivial expectation value of the Polyakov line. For the
SU(2) gauge theory we will be discussing in this work,
it is related to the so called holonomy parameter by
hP i = cos(⇡⌫) (for explicit notations see Appendix A).

While at high T it vanishes ⌫ ! 0, at temperatures at
and below the critical value T

c

it reaches the so called
“confining value” ⌫ = 1/2 at which the Polyakov line
vanishes. This leads to switching out quark and gluon de-
grees of freedom, and transition from QGP to hadronic
matter. Study of the instantons at nonzero holonomy
has lead Lee,Lu,van Baal and Kraan [5, 6] to the so
called KvBLL caloron solution, which revealed that at
⌫ 6= 0 the instantons get split into N

c

(number of col-
ors) (anti)dyons, (anti)self-dual 3d solitons with nonzero
(Euclidean) electric and magnetic charges. (Details are in
Appendix B). Because of long-range forces between these
dyons, we will thus refer to instanton-dyon ensemble as
the “dyonic plasma”.

Unlike instantons, the instanton-dyons interact di-
rectly with the holonomy. Diakonov [7] suggested that
back reaction of the dyon free energy on holonomy is
responsible for confinement phase transition but was un-
able to show it. Poppitz, Schaefer and Unsal [8] had
shown that instanon-dyon confinement does occur in a
very specific “controlled setting”, a supersymmetric the-
ory compactified on R3 ⌦ S1 with a small spatial cir-
cle and periodic fermions. The smallness of the circle,
like high T , makes the coupling weak. The periodic
fermions preserve supersymmetry and cancel the pertur-
bative holonomy potential V

GPY

(⌫), which allows con-
finement to be induced even by an exponentially small
density of the dyons. These authors have been able to
trace the crucial e↵ect to the repulsive dyon-antidyon in-
teraction inside the dyon-antidyon pairs, which they call
“bions”.

A phenomenological model showing that repulsive in-
teraction between them, modeled by an excluded volume,
has been proposed for QCD-like theories by Shuryak and
Sulejmanpasic [9], which reached qualitative description
of the deconfinement phase transition and other proper-
ties of the thermal SU(2) pure gauge system above T

c

,
in qualitative agreement with available lattice data. We
will discuss similar model in section II, before we embark
on numerical simulations.

Although the interaction between the instanton-dyons
have been studied for a long time, the leading-order ef-
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rameterization that follows from the same data

�S
DD̄

= �2
8⇡2⌫

g2
(
1

x
� 1.632e�0.704x)

x = 2⇡⌫rT (6)

for distances larger than x > 4.
It has been found that at interdyon distance x = 4

the streamline terminates by rapid annihilation of the
magnetic charges. If dyons are put at smaller distances,
they repel till distance 4, before annihilation. Those con-
figurations were not yet studied in detail, and thus our
potential for x < 4 is a reasonable guess. We cut the po-
tential o↵ at a distance x0 = r0T (2⇡⌫) with a core which
we describe by

�S
DD̄

=
⌫V0

1 + exp [�(x� x0)]
(7)

where we scale the core also by ⌫ since we want the in-
teraction to disappear at ⌫ = 0.

It is perhaps worth reminding why the attractive
Coulomb-like interaction is there. Selfdual and antiself-
dual objects have electric and magnetic forces canceling
each other, but the e↵ect still comes via A4 and the non-
linearity of the field strength tensor. It is well known
from the analytic results for calorons that such inter-
action can be described purely from the charges in ta-
ble I such that the interaction is V = (e1e2 + m1m2 �
2h1h2)

4⇡
g

2
1
r

. Note that this interaction is repulsive for

ML̄,LM̄ channels, a result that has been checked by
us (after submission of our previous paper [10]). Note
also that this expression also agrees with zero classical
interaction between sectors that are completely self-dual
(LM) or anti-self-dual.

The volume element of the space of collective variables
we will use is in the form of the so called Diakonov de-
terminant
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where x
i,m

denote the position of the i’th dyon of type m.
The Diakonov determinant is a combination of the metric
between a M and L dyon, which is true at any distance,
and the metric between dyons of same type, which is only
true at large distance, but does have the correct behavior
of being repulsive for small separations. We therefore
introduce a cuto↵ on the separation r !

p
r2 + cutoff2,

such that for one pair of dyons of same type, the diagonal
goes to 0 for ⌫ = 0.5, instead of minus infinity.

We use the same metric for the antidyons also.
It is observed that in case the density of M and L

dyons are di↵erent, then in the infinite volume limit, the
sum will diverge. We therefore regularize all the terms
with r ! reMDrT , where we work with the dimensionless
Debye mass.
The same exponentially damped e↵ect due to the De-

bye mass is also applied to the Coulomb potentials. With
this the interaction is given by

�S
DD̄

=
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g2
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1

x
+m1m2

1

x

◆
e�MDrT

x = 2⇡⌫rT (10)

for r larger than the core of size r0/(2⇡⌫) for all com-
binations except between dyons and their antidyon. For
the dyon antidyon potential we have

�S
DD̄

= �2
8⇡2⌫

g2
(
1

x
� 1.632e�0.704x)e�MDrT

x = 2⇡⌫rT (11)

We include the core for both dyon antidyon interaction,
but also for dyon dyon interaction due to the lack of a
repulsion, which otherwise destroys the simulation. We
hope that such an interaction can be found due to loop
calculations as it was done with instantons.

�S
DD̄

=
⌫V0

1 + exp [�T (r � r0)(2⇡⌫)]
(12)

IV. THE SETUP

Like in [12], instead of toroidal box with periodic
boundary conditions in all coordinates, our simulations
have been done on a S3 sphere (in four dimensions), to
simplify treatment of the long range Coulombic forces.
In this pilot study we fix the total number of dyons to
64. We opt instead for multiple runs, displaying depen-
dencies of the free energy on all parameters, sacrificing
somewhat statistical accuracy. We do not use large com-
puters, relying on multiple cores of standard GPU’s of
one standard computer.
The radius of the sphere together with the ratio of M

dyons to L dyons have been used to change their density.
Iteration of the system is defined as a loop in which

each dyon has had its position changed and the new
action has then been accepted with the probability of
exp(��S) via Metropolis algorithm. The typical num-
ber of iterations, for equilibration is 400 and after equi-
libration 1600.
In order to get the free energy we also use standard

method. One can di↵erentiate with respect to an aux-
iliary parameter � introduced in front of the action and
get

e�F (�)/T =

Z
Dx exp(��S(x)) (13)

@F

@�
= T hSi (14)
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where we have normalized such that Z
changed

= 1 for no
interaction. Combining with the unchanged part and the
purturbative potential we get in the limit V ! 1
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For Ṽ3 ! 1 the partition function is completely domi-
nated by the maximum of the exponent. Finding the free
energy corresponds to finding the minimum of
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Note that as the dyon density increases, it changes
its shape, producing a non-trivial minimum at ⌫ 6= 0.
Furthermore, at high density this minimum moves to ⌫ =
1/2, the confining value.

The densities of both kinds of dyons n
L

, n
M

are not
in general equal: the model should be able to do this by
adding compensating charge to the whole sphere. In our
model this is done by including the Debye mass.

VI. SELF CONSISTENCY

The partition function we simulate depends on several
parameters, changed from one simulation set to another.
Those include (i) the number of the dyons N

M

, N
L

; (ii)
the radius of the S3 sphere r; (iii) the action parameter
S; (iv) the value of the holonomy ⌫, (v) the value of the
Debye massM

D

; (vi) the auxiliary factor �, which is then
integrated over as explained in section IV.

In principle, the aim of our study is to obtain the de-
pendence of the free energy on all of those parameters (i-
v). While the practical cost of the simulations restricts
the number of points one can study, we still had gen-
erated more than hundred thousand runs and multiple
plots. However, most of it neither can nor should be
included in the paper. Since our physics goal is to un-
derstand the back reaction of the dyon ensemble on the
holonomy, we study the whole range of holonomies, from
⌫ = 0 to ⌫ = 1/2, and only then locate its minimum. As
for the Debye mass, we will find it from the potential and
then show only the “selfconsistent” input set.

What we actually need to describe at the end is not
the free energy in the whole multi-dimensional space of
all parameters, but the location of the free energy min-
ima. The resulting set should be of co-dimension 1, since
the original physical setting of the problem – the gauge
theory at finite temperature – has only one input param-
eter, T .

Using the definition of the Debye mass g
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FIG. 5: (Color online). Free Energy density f as a function of
⌫ at S = 6, MD = 2 and NM = NL = 16. The di↵erent curves
corresponds to di↵erent densities. • n = 0.53, ⌅ n = 0.37,
⌥ n = 0.27, N n = 0.20, H n = 0.15, � n = 0.12. Not all
densities are shown.

changing the holonomy which is the Debye mass. We
require that the used value for the Debye mass is the
same as the one found from the derivative of F , or atleast
not more than 0.4 below the used value.
The results shows that as the Debye mass goes to zero

around the phase transition the only configuration that
is consistent with this is that of equal M and L dyons.

VII. THE PHYSICAL RESULTS

We now show only the result which fulfill the self-
consistency requirement. Without fermions the results
are symmetric in ⌫ ! 1� ⌫ and the results are therefore
only for ⌫  1/2. We have included the Diakonov deter-
minant, though its impact is not too great due to the not
so small Debye mass which has been calculated using 3
points. The results here are shown for a wall of 2/(2⇡⌫)
which was chosen in order to have a large enough density
of dyons to overcome the purturbative potential, without
completely making the perturbative potential irrelevant.
We used ⇤ = 1.5 to obtain a phase shift around S = 6.
Action is related to temperature as explained in appendix
A. This should of course be fitted to numerical data, but
the present data on dyons does not have a high enough
e�ciency of detection to do this. The action goes up to
S = 13, beyond this value the number of L dyons become
too close to 1, and we would need a higher total of dyons
to proceed.
The first thing to note about the results is that due

to the repulsive Coulomb term between dyons and an-
tidyons of di↵erent type, the free energy preferred to have
a large Debye mass due to cutting o↵ this repulsion. This
meant that when the free energy spectrum as a function
of holonomy for a fixed density becomes flat, the small
Debye mass created a rise in energy. This resulted in a
small jump in holonomy, since the configurations with a
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where we have normalized such that Z
changed

= 1 for no
interaction. Combining with the unchanged part and the
purturbative potential we get in the limit V ! 1
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For Ṽ3 ! 1 the partition function is completely domi-
nated by the maximum of the exponent. Finding the free
energy corresponds to finding the minimum of
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Note that as the dyon density increases, it changes
its shape, producing a non-trivial minimum at ⌫ 6= 0.
Furthermore, at high density this minimum moves to ⌫ =
1/2, the confining value.

The densities of both kinds of dyons n
L

, n
M

are not
in general equal: the model should be able to do this by
adding compensating charge to the whole sphere. In our
model this is done by including the Debye mass.

VI. SELF CONSISTENCY

The partition function we simulate depends on several
parameters, changed from one simulation set to another.
Those include (i) the number of the dyons N

M

, N
L

; (ii)
the radius of the S3 sphere r; (iii) the action parameter
S; (iv) the value of the holonomy ⌫, (v) the value of the
Debye massM

D

; (vi) the auxiliary factor �, which is then
integrated over as explained in section IV.

In principle, the aim of our study is to obtain the de-
pendence of the free energy on all of those parameters (i-
v). While the practical cost of the simulations restricts
the number of points one can study, we still had gen-
erated more than hundred thousand runs and multiple
plots. However, most of it neither can nor should be
included in the paper. Since our physics goal is to un-
derstand the back reaction of the dyon ensemble on the
holonomy, we study the whole range of holonomies, from
⌫ = 0 to ⌫ = 1/2, and only then locate its minimum. As
for the Debye mass, we will find it from the potential and
then show only the “selfconsistent” input set.

What we actually need to describe at the end is not
the free energy in the whole multi-dimensional space of
all parameters, but the location of the free energy min-
ima. The resulting set should be of co-dimension 1, since
the original physical setting of the problem – the gauge
theory at finite temperature – has only one input param-
eter, T .

Using the definition of the Debye mass g
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FIG. 5: (Color online). Free Energy density f as a function of
⌫ at S = 6, MD = 2 and NM = NL = 16. The di↵erent curves
corresponds to di↵erent densities. • n = 0.53, ⌅ n = 0.37,
⌥ n = 0.27, N n = 0.20, H n = 0.15, � n = 0.12. Not all
densities are shown.

changing the holonomy which is the Debye mass. We
require that the used value for the Debye mass is the
same as the one found from the derivative of F , or atleast
not more than 0.4 below the used value.
The results shows that as the Debye mass goes to zero

around the phase transition the only configuration that
is consistent with this is that of equal M and L dyons.

VII. THE PHYSICAL RESULTS

We now show only the result which fulfill the self-
consistency requirement. Without fermions the results
are symmetric in ⌫ ! 1� ⌫ and the results are therefore
only for ⌫  1/2. We have included the Diakonov deter-
minant, though its impact is not too great due to the not
so small Debye mass which has been calculated using 3
points. The results here are shown for a wall of 2/(2⇡⌫)
which was chosen in order to have a large enough density
of dyons to overcome the purturbative potential, without
completely making the perturbative potential irrelevant.
We used ⇤ = 1.5 to obtain a phase shift around S = 6.
Action is related to temperature as explained in appendix
A. This should of course be fitted to numerical data, but
the present data on dyons does not have a high enough
e�ciency of detection to do this. The action goes up to
S = 13, beyond this value the number of L dyons become
too close to 1, and we would need a higher total of dyons
to proceed.
The first thing to note about the results is that due

to the repulsive Coulomb term between dyons and an-
tidyons of di↵erent type, the free energy preferred to have
a large Debye mass due to cutting o↵ this repulsion. This
meant that when the free energy spectrum as a function
of holonomy for a fixed density becomes flat, the small
Debye mass created a rise in energy. This resulted in a
small jump in holonomy, since the configurations with a
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where we have normalized such that Z
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interaction. Combining with the unchanged part and the
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For Ṽ3 ! 1 the partition function is completely domi-
nated by the maximum of the exponent. Finding the free
energy corresponds to finding the minimum of
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Note that as the dyon density increases, it changes
its shape, producing a non-trivial minimum at ⌫ 6= 0.
Furthermore, at high density this minimum moves to ⌫ =
1/2, the confining value.

The densities of both kinds of dyons n
L

, n
M

are not
in general equal: the model should be able to do this by
adding compensating charge to the whole sphere. In our
model this is done by including the Debye mass.

VI. SELF CONSISTENCY

The partition function we simulate depends on several
parameters, changed from one simulation set to another.
Those include (i) the number of the dyons N

M

, N
L

; (ii)
the radius of the S3 sphere r; (iii) the action parameter
S; (iv) the value of the holonomy ⌫, (v) the value of the
Debye massM

D

; (vi) the auxiliary factor �, which is then
integrated over as explained in section IV.

In principle, the aim of our study is to obtain the de-
pendence of the free energy on all of those parameters (i-
v). While the practical cost of the simulations restricts
the number of points one can study, we still had gen-
erated more than hundred thousand runs and multiple
plots. However, most of it neither can nor should be
included in the paper. Since our physics goal is to un-
derstand the back reaction of the dyon ensemble on the
holonomy, we study the whole range of holonomies, from
⌫ = 0 to ⌫ = 1/2, and only then locate its minimum. As
for the Debye mass, we will find it from the potential and
then show only the “selfconsistent” input set.

What we actually need to describe at the end is not
the free energy in the whole multi-dimensional space of
all parameters, but the location of the free energy min-
ima. The resulting set should be of co-dimension 1, since
the original physical setting of the problem – the gauge
theory at finite temperature – has only one input param-
eter, T .

Using the definition of the Debye mass g
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FIG. 5: (Color online). Free Energy density f as a function of
⌫ at S = 6, MD = 2 and NM = NL = 16. The di↵erent curves
corresponds to di↵erent densities. • n = 0.53, ⌅ n = 0.37,
⌥ n = 0.27, N n = 0.20, H n = 0.15, � n = 0.12. Not all
densities are shown.

changing the holonomy which is the Debye mass. We
require that the used value for the Debye mass is the
same as the one found from the derivative of F , or atleast
not more than 0.4 below the used value.
The results shows that as the Debye mass goes to zero

around the phase transition the only configuration that
is consistent with this is that of equal M and L dyons.

VII. THE PHYSICAL RESULTS

We now show only the result which fulfill the self-
consistency requirement. Without fermions the results
are symmetric in ⌫ ! 1� ⌫ and the results are therefore
only for ⌫  1/2. We have included the Diakonov deter-
minant, though its impact is not too great due to the not
so small Debye mass which has been calculated using 3
points. The results here are shown for a wall of 2/(2⇡⌫)
which was chosen in order to have a large enough density
of dyons to overcome the purturbative potential, without
completely making the perturbative potential irrelevant.
We used ⇤ = 1.5 to obtain a phase shift around S = 6.
Action is related to temperature as explained in appendix
A. This should of course be fitted to numerical data, but
the present data on dyons does not have a high enough
e�ciency of detection to do this. The action goes up to
S = 13, beyond this value the number of L dyons become
too close to 1, and we would need a higher total of dyons
to proceed.
The first thing to note about the results is that due

to the repulsive Coulomb term between dyons and an-
tidyons of di↵erent type, the free energy preferred to have
a large Debye mass due to cutting o↵ this repulsion. This
meant that when the free energy spectrum as a function
of holonomy for a fixed density becomes flat, the small
Debye mass created a rise in energy. This resulted in a
small jump in holonomy, since the configurations with a

So, as a function of the dyon density
the potential changes its shape 

and confinement takes place 

3

as e.g. strongly coupled Coulomb plasmas many-body
physics re-summations [23, 24] (and references therein).
As we will show, in this case the free energy has a mini-
mum at the “confining” holonomy value v = ⇡T .

In this paper we will detail the strongly coupled nature
of the dyonic plasma. Our original results consist of (i)
introducing the strong correlations between dyons and
anti-dyons as described by the streamline [22]; (ii) show-
ing that the determinantal interactions induced by the
moduli space for dyons or anti-dyons are mostly repul-
sive causing the moduli volume to vanish for randomly
distributed dyons; (iii) showing that suitably organized
dyons to account for screening correlations yield finite
moduli volumes; (iv) deriving an explicit 3 dimensional
e↵ective action that account exactly for the screening of
dyons and anti-dyons on the moduli space with strong
inter-dyon-anti-dyon streamline interactions; (v) show-
ing explicitly that the strongly coupled dyonic plasma
is center symmetric and thus confining; (vi) deriving the
Debye-Huckel corrections induced by the dyons and anti-
dyons to the leading Pressure for the dyonic plasma and
using it to asses the critical temperature for the SU(2)
plasma; (vi) providing the explicit results for the gluon
topological susceptibility and compressibility near the
critical temperature in the center symmetric phase; (vii)
deriving the scalar and charged structure factors of the
dyonic plasma showing explicit screening of both elec-
tric and magnetic charges at large distances with explicit
predictions for the electric and magnetic masses; (viii)
showing that the strongly coupled dyonic plasma sup-
ports both electric and magnetic confinement.

This paper is organized as follows: In section 2 we re-
view the key elements of the dyon and anti-dyon measure
derived in [4, 5] using the KvBLL instanton. The dyon-
anti-dyon measure is then composed of the product of
two measures with streamline interactions between the
dyons and anti-dyons. We briefly detail the exact re-
writing of the 3-dimensional grand-partition function in
terms of a 3-dimensional e↵ective theory in the SU(2)
case. We also show that the ground state of this ef-
fective theory is center symmetric. In sections 3-6 we
show that in the linearized screening approximation the
dyon-anti-dyon liquid still screens both electric and mag-
netic charges, generates a linearly rising potential be-
tween heavy charges and confines the large spatial Wilson
loops. The t0 Hooft loop in the dyon-anti-dyon ensemble
is shown to be 1 modulo O(↵s) self-energy corrections
which are perimeter-like in section 7. Our conclusions
are in section 8.

II. INTERACTING DYON-ANTI-DYON
ENSEMBLE

A. The setting

The first step is the introduction of the nonzero ex-
pectation value of the 4-th component of the gauge field,

which is gauge invariant since at finite temperature it en-
ters the holonomy integral over the time period, known
also as the Polyakov line. Working in a gauge in which
hA

4

i belongs to the diagonal and traceless sub-algebra
of Nc � 1 elements, one observes the standard Higgsing
via the adjoint field. All gluons except the diagonal ones
become massive. We will work with the simplest case of
two color gauge theory Nc = 2, in which there is only one
diagonal matrix and the VEV of the gauge field (holon-
omy) is normalized as follows

⌦
A3

4

↵
= v

⌧3

2
= 2⇡T⌫

⌧3

2
(1)

where ⌧3/2 is the only diagonal color generator of SU(2).
At high T it is trivial with ⌫ ! 0, and at low T < Tc it
takes the confining value ⌫ = 1/2. With this definition,
the only dimensional quantity in the classical approxima-
tion is the temperature T , while the quantum e↵ects add
to the running coupling and its ⇤ parameter. Since we
are working near and below Tc, we will follow the lattice
practice and we use the latter as our main unit.
In the semi-classical approximation, the Yang-Mills

partition function is assumed to be dominated by an in-
teracting ensemble of dyons (anti-dyons) [4, 5]. For large
separations or a very dilute ensemble, the semi-classical
interactions are mostly Coulombic, and are encoded in
the collective or moduli space of the ensemble. For multi-
dyons a plausible moduli space was argued starting from
the KvBLL caloron [3] that has a number of pertinent
symmetries, among which permutation symmetry, over-
all charge neutrality, and clustering to KvBLL at high
temperature. Since the underlying calorons are self-dual,
the induced metric on the moduli space was shown to be
hyper-Kahler.
The SU(2) KvBLL instanton (anti-instanton) is com-

posed of a pair of dyons labeled by L,M (anti-dyons
by L,M) in the notations of [4]. Specifically M car-
ries (+,+) and L carries (�,�) for (electric-magnetic)
charges, with fractional topological charges vm = ⌫ and
vl = 1 � ⌫ respectively. Their corresponding actions are
SL = 2⇡vm/↵s and SM = 2⇡vl/↵s.
The statistical measure for a correlated ensemble of

dyons and anti-dyons is

dµDD[K] ⌘ e�V
DD

(x�y) (2)

⇥
NY

m=1

K
mY

i=1

f d3xmi

Km!
det(Gmi[x])

⇥
NY

n=1

K
nY

j=1

f d3ynj

Kn!
det(Gnj [y])

The streamline interactions induced by the potential
VD ¯D correlate the two otherwise statistically independent
dyon and anti-dyon sectors. (Note that by the potential
we mean the extra action and not the energy, thus no
extra 1/T ). Asymptotically,

holonomy

< P >= cos(⇡⌫) ! 0

if ⌫ = 1/2

confined free energy vs holonomy
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where we have normalized such that Z
changed

= 1 for no
interaction. Combining with the unchanged part and the
purturbative potential we get in the limit V ! 1
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For Ṽ3 ! 1 the partition function is completely domi-
nated by the maximum of the exponent. Finding the free
energy corresponds to finding the minimum of
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Note that as the dyon density increases, it changes
its shape, producing a non-trivial minimum at ⌫ 6= 0.
Furthermore, at high density this minimum moves to ⌫ =
1/2, the confining value.

The densities of both kinds of dyons n
L

, n
M

are not
in general equal: the model should be able to do this by
adding compensating charge to the whole sphere. In our
model this is done by including the Debye mass.

VI. SELF CONSISTENCY

The partition function we simulate depends on several
parameters, changed from one simulation set to another.
Those include (i) the number of the dyons N

M

, N
L

; (ii)
the radius of the S3 sphere r; (iii) the action parameter
S; (iv) the value of the holonomy ⌫, (v) the value of the
Debye massM

D

; (vi) the auxiliary factor �, which is then
integrated over as explained in section IV.

In principle, the aim of our study is to obtain the de-
pendence of the free energy on all of those parameters (i-
v). While the practical cost of the simulations restricts
the number of points one can study, we still had gen-
erated more than hundred thousand runs and multiple
plots. However, most of it neither can nor should be
included in the paper. Since our physics goal is to un-
derstand the back reaction of the dyon ensemble on the
holonomy, we study the whole range of holonomies, from
⌫ = 0 to ⌫ = 1/2, and only then locate its minimum. As
for the Debye mass, we will find it from the potential and
then show only the “selfconsistent” input set.

What we actually need to describe at the end is not
the free energy in the whole multi-dimensional space of
all parameters, but the location of the free energy min-
ima. The resulting set should be of co-dimension 1, since
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FIG. 5: (Color online). Free Energy density f as a function of
⌫ at S = 6, MD = 2 and NM = NL = 16. The di↵erent curves
corresponds to di↵erent densities. • n = 0.53, ⌅ n = 0.37,
⌥ n = 0.27, N n = 0.20, H n = 0.15, � n = 0.12. Not all
densities are shown.

changing the holonomy which is the Debye mass. We
require that the used value for the Debye mass is the
same as the one found from the derivative of F , or atleast
not more than 0.4 below the used value.
The results shows that as the Debye mass goes to zero

around the phase transition the only configuration that
is consistent with this is that of equal M and L dyons.

VII. THE PHYSICAL RESULTS
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to the repulsive Coulomb term between dyons and an-
tidyons of di↵erent type, the free energy preferred to have
a large Debye mass due to cutting o↵ this repulsion. This
meant that when the free energy spectrum as a function
of holonomy for a fixed density becomes flat, the small
Debye mass created a rise in energy. This resulted in a
small jump in holonomy, since the configurations with a
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holonomy of 0.5 but with slightly higher density than the
flat ones, would end up with a smaller free energy. As
a result we do not get a completely smooth transition
though that is hidden by the size of the errors as seen in
Figure 6 and it also means that at S = 6 the Debye mass
never goes completely to zero, as shown in Figure 7, and
the density goes slightly more up also as shown in Fig.
8.

When we are in the confined region we observe the free
energy for a fixed density as a single minimum in the
middle at ⌫ = 0.5. As the action S increases, the density
decrease and it becomes more favorable to have some
bigger, but lighter dyons, thus shifting the minimum to
the sides as can be seen in Fig. 10 for S = 6, 7, 9. This at
the same time makes the lighter dyons, more abundant
than the more heavy dyons.

Due to the size of the Debye mass, the correlation func-
tions behaves as a liquid with a cuto↵ at small range.
We show the case for S = 6 in Fig. 11 for MM and
ML. Note the correlation function C

MM

vanishes at
small distances due to the core. The other correlation
function C

ML

for ML, displays attraction even at small
distances, tripling the density at r = 0. The integrated
number of particles in the region in which the correlation
function C

ML

(r) > 1 is 0.50 particles, while for C
MM

it
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FIG. 7: (Color online). Self-consistent value of the Debye
Mass MD as a function of action S (lower scale) which is
related to T/Tc (upper scale). The error bars are estimates
based on the fluctuations of the numerical data. Points rep-
resent lattice data from [17] as a function of T/Tc.
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FIG. 8: (Color online). Density n (of an individual kind of
dyons) as a function of action S (lower scale) which is related
to T/Tc (upper scale) for M dyons(higher line) and L dyons
(lower line). The error bars are estimates based on the density
of points and the fluctuations of the numerical data.

corresponds to 0.34 particles: thus the di↵erence is not
that large.

VIII. SUMMARY AND DISCUSSION

As emphasized in the Introduction, an idea that it
should be possible to understand confinement (as well
as chiral symmetry breaking) via statistical mechanics
in terms of collective coordinates of certain topological
solitons goes back to 1970’s. Four decades later we now
have its definite realization in terms of the instanton con-
stituent, the instanton-dyons.
In particular, by identifying classical interaction be-

tween instanton-dyons [10] and including them in direct
Monte-Carlo simulation of the ensemble, together with
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VIII. SUMMARY AND DISCUSSION

As emphasized in the Introduction, an idea that it
should be possible to understand confinement (as well
as chiral symmetry breaking) via statistical mechanics
in terms of collective coordinates of certain topological
solitons goes back to 1970’s. Four decades later we now
have its definite realization in terms of the instanton con-
stituent, the instanton-dyons.
In particular, by identifying classical interaction be-

tween instanton-dyons [10] and including them in direct
Monte-Carlo simulation of the ensemble, together with

M

L

<P>

3

value, at which all types of the dyons obtain the same
action. This fact indeed made the model Z

Nc -symmetric.
In the opposite limit of high T , the holonomy moves to

trivial value, and the actions of di↵erent dyons become
distinct. This implies that each quark flavor has its own
“dyon plasma” with distinct densities, leading to flavor-
dependent T

�

.
One more qualitative idea is related to the values of z

which are “intermediate” between the extremes discussed
above. Those are values at which the zero modes jump
from one kind of the dyon to the next. This happens
by “delocalization” of the zero mode, which means that
at such particular Z values the zero modes become long-
range. Since in this case the “hopping” matrix elements,
describing quark-induced dyon-dyon interactions, get en-
hanced, one may also expect that the chiral condensate
is e↵ectively strengthened.

III. THE SETTING OF THE SIMULATIONS

Let us remind the reader the setting used in our first
paper [1] with instanton dyons. Certain number of them
– 64 or 128 – are placed on the 3-dimensional sphere. Its
radius thus control the density. Standard Metropolis al-
gorithm is used to numerically simulate the distribution
defined by classical and one-loop partition function. We
studied the simplest non-Abelian theory with two colors
N

c

= 2, which has a single holonomy parameter ⌫ 2 [0, 1].
Free energy is calculated and the adjustable parameters
of the model – the value of the holonomy ⌫ and the ra-
tio of densities of M,L type dyons – are placed at its
minimum.

The partition function is Z2 symmetric, under ⌫ $ ⌫̄ =
1 � ⌫ and M $ L replacement. A distinct symmetric

phase has minimal free energy at the symmetric point
⌫ = 1/2 , and equal number of L,M dyons. Asymmetric

phase has free energy with two minima, away from the
center ⌫ = 1/2: by default the spontaneous breaking of
Z2 is assumed to happen to smaller value of ⌫, so that at
high T it goes to zero.

Following the paper [2] we use the following
parametrization of the overlap between zero-modes

T
ij

= v
k

c0 exp
⇣
�
p

11.2 + (v
k

r/2)2
⌘
, (4)

where v
k

is v = 2⇡⌫ for M dyons, and v
k

is v̄ = 2⇡⌫̄ =
2⇡(1� ⌫) for L dyons. The three constants in the model
is the same as our previous paper and is: x0 = 2 for
the dimensionless size of the core. ⇤ = 4 for the overall
constant and � log(c0) = �2.6 for the constant on T

ij

.
The simulation have been done using standard

Metropolis algorithm. An update of all N = 64 or 128
dyons corresponds to one cycle. Each run consist of 3000
cycles. Free energy is measured by standard trick, in-
volving integration over the interaction parameter from
zero to one. The simulation was done on a S3 circle, its
volume is V = 2⇡2r3: we use r in some places below.

The input “action parameter” S defines the instanton-
dyon amplitude, and literally corresponds to the sum of
the L and M dyon actions in semiclassical amplitude. In
one loop approximation it is related to the temperature
T by the asymptotic freedom relation

S = (
11N

c

3
� 2N

f

3
)log(

T

⇤
T

). (5)

In I, II we approximately related the constant ⇤
T

to the
phase transition temperature T

c

: we do not do it in this
work because there is no single phase transition in the
theory we study now.
The varied parameters of the model include (1) The

holonomy ⌫ which is related to the Polyakov loop as
P = cos(⇡⌫) and (2,3) The densities of M and L dyons
n
M

, n
L

. After the free energy is defined for each run, the
values of these parameters corresponding to its minimum
are fitted and used.
Other parameters include (4) The Debye mass, which

is used to describe the fallo↵ of the fields: its value is kept
“self consistent” by a procedure explained in I. Finally
we mention (5) the auxiliary interaction variable which
is then integrated in order to obtain the free energy F .
The organization of the numerical sets were done as

follows. An initial survey found the areas of interest,
corresponding to minima of the free energy and most
important variations of the results. Then the final set
of simulations has been performed: its parameters are
summarized in the Table I. In total 96000 individual runs
where done for the final set of data, from which the plots
were made.

Min Max Step size

� 0 0.1 1/90

� 0.1 1.0 0.1

⌫ 0.05 0.55 0.025

r 1.2 1.8 0.05

NM 3 18 2

Md 1 3.5 0.5

S 5 9.5 0.5

TABLE I: The input parameters used for the final set of sim-
ulations. The step sizes given are some standard ones: yet
some areas was given extra attentions. For example around
NM = 4 the steps size was only 1.

The main part of the data analysis consists of find-
ing the minima of the free energy and getting the Debye
mass self consistent. To do the former we fit data sets
for the free energy near its minima with a 2-dimensional
parabola

f = (v � v0)M(v � v0) + f0 (6)

which has 7 variables. v and v0 are 2D vectors with v
containing the variables holonomy ⌫ and radius r and v0
describing the correction to the point that were the mini-
mum. M is a 2 times 2 matrix with M = MT containing
the coe�cients for the fit.

confining phase is symmetric
nL=nM
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We discuss an extension of the dyon-anti-dyon liquid model that includes light quarks in the dense
center symmetric Coulomb phase. In this work, like in our previous one, we use the simplest color
SU(2) group. We start with a single fermion flavor Nf = 1 and explicitly map the theory onto a
3-dimensional quantum e↵ective theory with a fermion that is only UV (1) symmetric. We use it to
show that the dense center symmetric plasma develops, in the mean field approximation, a nonzero
chiral condensate, although the ensuing Goldstone mode is massive due to the UA(1) axial-anomaly.
We estimate the chiral condensate and �, ⌘ meson masses for Nf = 1. We then extend our analysis
to several flavors Nf > 1 and colors Nc > 2 and show that center symmetry and spontaneous chiral
symmetry breaking disappear simultaneously when x = Nf/Nc � 2 in the dense plasma phase.
A reorganization of the dense plasma phase into a gas of dyon-antidyon molecules restores chiral
symmetry, but may preserve center symmetry in the linearized approximation. We estimate the
corresponding critical temperature.
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I. INTRODUCTION

This work is a continuation of our earlier study [1] of
the gauge topology in the confining phase of a theory with
the simplest gauge group SU(2). We suggested that the
confining phase below the transition temperature is an
“instanton dyon” (and anti-dyon) plasma which is dense
enough to generate strong screening. The dense plasma
is amenable to standard mean field methods.

While an extensive introduction to the subject can be
found in [1], here we only mention few important points.
The treatment of the gauge topology near and below T

c

is
based on the discovery of KvBLL instantons threaded by
finite holonomies [2] and their splitting into the so called
instanton-dyons (anti-dyons), also known as instanton-
monopoles or instanton-quarks. Diakonov and Petrov
[3] suggested that the back reaction of the dyons on the
holonomy potential at low temperature may be at the ori-
gin of the disorder-order transition of the Polyakov line.
A very simple model of a de-confinement transition has
been proposed by Shuryak and Sulejmanpasic [4] through
the use of dyon-antidyon “repulsive cores”.

The dyon-anti-dyon liquid model proposed by Di-
akonov and Petrov [3] was based on (parts of) the one-
loop determinant providing the metric of the moduli
spaces in BPS-protected sectors, purely selfdual or anti-
selfdual. The dyon-antidyon interaction is not BPS pro-
tected and appears at the leading – classical – level, re-
lated with the so called streamline configurations, the so-
lutions of the “gradient flow” equation. These solutions
have been recently derived by Larsen and Shuryak [5].
Their inclusion in our work [1] reveals a very strong cou-
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pling of the dyons to the anti-dyons, which can however
be e↵ectively reduced by screening, provided the dyon
ensemble is dense enough.

Before turning to the main subject of this work which
is focused on the e↵ects of light quarks on the gauge
topology and chiral symmetry, we will briefly mention
some important studies for the development of our work.
The original discovery of the KvBLL instantons [2] with
non-trivial holonomies is the key starting point for assess-
ing the role of center symmetry on the gauge topological
structures. The second important development is the
assessment of the quantum weight around the KvBLL
instantons in terms of the coordinates of the instanton-
dyons developed by Diakonov and collaborators [3, 6].
The dissociation of instantons into fractional constituents
is similar to the Berezinsky-Kosterlitz-Thouless (BKT)
transition in 2-dimensional CPN models [7], as has been
advocated by Zhitnitsky and collaborators [8] , although
substantially di↵erent in the details.

A center-symmetric (confining) phase can be compati-
ble with an exponentially dilute regime that is controlled
semi-classically, as shown by Unsal and Ya↵e [9] using
a double-trace deformation of Yang-Mills action at large
N on S

1 ⇥ R

3. A similar trace deformation was used
originally in the context of two-dimensional (confining)
QED with unequal charges on S

1 ⇥ R [10] to analyze
center symmetry and its spontaneous breaking. This con-
struction was extended to QCD with adjoint fermions by
Unsal [11], and by Unsal and others [12] to a class of
deformed supersymmetric theories with soft supersym-
metry breaking. While the setting includes a compact-
ification on a small circle, with weak coupling and an
exponentially small density of dyons, the minimum at
the confining holonomy value is induced by the repulsive
interaction in the dyon-anti-dyon pairs (called bions by
the authors). A key role of supersymmetry is the can-
cellation of the perturbative Gross-Pisarski-Ya↵e-Weiss
(GPYW) holonomy potential [13]. While this allows to
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(@
r

+ 2/r + ⌫!

0

⌥ �/�) f±(r) = 0 (8)

Normalizable solutions require �/� < ⌫!

0

, ruling out the
anti-periodic boundary condition. On the other hand,
the L-dyon zero mode follows from the M-dyon by switch-
ing ⌫ to (1 � ⌫) and then performing a time-dependent
gauge transformation U = e

�i!0x4⌧3 . Thus the L-dyon
zero mode is anti-periodic for ⌫ = 1/2.

The L- and M-zero modes associated with the higher
winding sectors labeled by n on R

3 ⇥S

1 [12] follow from
the substitution ⌫ ! ⌫ + n in (8). For � = (2m + 1)⇡,
there are normalizable M-zero modes if � 2n+3

4

< m <

2n�1

4

. For � = 2m0
⇡, there are normalizable M-zero

modes if � 2n+1

4

< m

0
<

2n+1

4

. The corresponding L-
zero modes follow by gauge transformation. Thus anti-
periodic L-zero modes in a sector n correspond to pe-
riodic M-zero modes in the same sector and vice versa.
Throughout, only the n = 0 sector will be discussed for
clarity.

C. Fermionic determinant

The main issue discussed in this paper is the behavior
(pairing or collectivization) of the fermionic zero modes
into what is called in the literature the “Zero Mode Zone”
(ZMZ). The approximations used in its description fol-
lows closely the construction, developed for instantons
and described in detail in refs [14]. The fermionic deter-
minant can be viewed as a sum of closed fermionic loops
connecting all dyons and antidyons. Each link – or hop-
ping – between L-dyons and L̄-anti-dyons is described by
the elements of the “hopping chiral matrix” T̃

T̃(x, y) ⌘
✓

0 T
ij

�T
ji

0

◆
(9)

with dimensionality (K
L

+K

¯

L

)2. Each of the entries in
T

ij

is a “hopping amplitude” for a fermion between an
L-dyon and an L̄-anti-dyon, defined via the zero mode '

D

of the dyon and the zero mode '
¯

D

(of opposite chirality)
of the anti-dyon

T
ij

⌘ T(x
i

� y

j

) =

Z
d

4

z '

†
¯

D

(z � x

i

)i(� · @)'
D

(z � y

j

)(10)

The exact zero modes in the hedgehog gauge relate to the
zero modes in the string gauge through ⌘

A↵

= �'

A

�

✏

�↵

with indices A for color and ↵ for spinors. They are
explicitly given by [15]

⌘

A↵

=
!

3
2
0

2
p
8⇡

thx

2p
x shx

(1� � · r̂)
A↵

(11)

with x = !

0

r. Since Tr('†
1

'

2

) = Tr(⌘†
1

⌘

2

), we may sub-
stitute (11) into (10). The Fourier transform of the result
is

T(p) =
!

0

2

�|A
1

(p)|2 + |A0
0

(p)
��2 (12)

with

A

n

(p) =

p
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!

n+

1
2

0

Z 1

0

dx x

n+

1
2
sin(p̃x)

p̃x

thx

2p
shx

(13)

with p̃ = p/!

0

. The two integrals in (13) for n = 0, 1 will
be carried numerically for our results below.
Since we will be interested in the center symmetric

phase of the dyon-anti-dyon ensemble we have left out the
repulsive linear interaction between unlike dyons (anti-
dyons) in the KvBLL instanton as each sector already
assume them dissociated. This pair interaction acts as a
linearly confining force in the center disordered phase. A
schematic and local pair-interaction between dyons and
anti-dyons induced by the fermions will be added to (9)
below.
Depending on the dyon density and locations, the de-

terminant can either be dominated by small (binary)
loops, or very long loops connecting macroscopically
large number of dyons. The first phase is called “molec-
ular” and is dominated by dyon-anti-dyon clusters, rem-
iniscent of the molecules in the instanton ensemble [23].
The second phase of very long loops is called “collec-
tivization” and leads to a nonzero quark condensate.

D. Bosonic fields

Following [1, 3] the moduli determinants in (1) can
be fermionized using 4 pairs of ghost fields �

†
L,M

,�

L,M

for the dyons and 4 pairs of ghost fields �

†
¯

L,

¯

M

,�

¯

L,

¯

M

for
the anti-dyons. The ensuing Coulomb factors from the
determinants are then bosonized using 4 boson fields
v

L,M

, w

L,M

for the dyons and similarly for the anti-
dyons. The result is a doubling of the 3-dimensional free
actions obtained in [3]

S

1F
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Z
d
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x

�|r�

L
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M
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L
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L
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M
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M

�
+

�|r�

¯
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¯

M

|2 +rv

¯

L

·rw

¯

L

+rv

¯

M

·rw

¯

M

�
(14)

For the interaction part V

D

¯

D

, we note that the pair
Coulomb interaction in (1) between the dyons and anti-
dyons can also be bosonized using standard tricks [21, 22]
in terms of � and b fields. We note that � and b are the
un-Higgsed long range U(1) parts of the original magnetic
field F

ij

and electric potential A
4

(modulo the holonomy)
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after the substitution � ! i� with ↵ = 4⇡
p

f

L

f

M

/2.
Inserting (36) into the e↵ective potential (35) yields

� V/V
3

=
↵

2

�

+

Z
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ln

�
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2T2(p)
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(37)

The saddle point for � is

↵
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2T2(p)

1 + �

2T2(p)
⌘ V

0

(38)

It is readily checked that (38) enforces the true minimum
condition d(V/V

3

) = 0. From (13) we note that �T(p) ⇡
�!

4

0

/p

6 falls rapidly with momentum for p > p

max

with
p

3

max

⌘ !

2

0

p
�. A simple solution to (38) follows from the

condition �T(0) � 1, i.e.

V

0

⇡ p

3

max

⌘ !

2

0

p
� (39)

The precise value of V

0

is not important as it will be
traded for the dyon density below. Note that for the
opposite case of �T(0) ⌧ 1 we have V

0

⇡ �

2

/!

0

. This is
the dilute dyonic density limit which is not our case. The
dyon ensemble in the center symmetric phase is dense [1].
In terms of (39) all equations can be solved analytically.
However, we have checked that their accuracy is limited.
All the analysis to follow will be carried exactly without
these estimates.

B. Gap equation

The free energy depends on two parameters, the mean
values of � and ⌃ fields, which should be chosen at the
minimum of it. The equations following from vanishing
first derivatives are known in literature as the “gap equa-
tions”. It is useful, to recast it in terms of the integral
V

0

defined above. In particular, we have

⌃ =
4V 2

0

↵
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=
2V

0

�

(40)

while the e↵ective potential (37) is
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◆
(41)

We have introduced the momentum-dependent con-
stituent quark mass M(p) as

M(p) = � pT(p) =
↵

2

2V
0

pT(p) (42)

which is seen to vanish linearly at p/!
0

⌧ 1 and as 1/p2

for p/!
0

� 1. In Fig. 1 we show the behavior of dimen-
sionless mass ratio TM(p)/� as a function of p/T . (42)
through (38) obeys the gap equation for the � parameter
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p

(2⇡)3
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2 +M

2(p)
=

n

D

4
(43)

related the integral we called V

0

to the dyonic density
n

D

. So given n

D

, the solution to the gap equation (44)
fixes � and thus the quark constituent mass M(p) and
therefore, through the delta-function constraint in (30),
the value of ⌃.
In our approach the n

D

is not an external input, but
should itself be calculated from the derivatives of the free
energy, e.g. the M-dyon density is

n

M

=
1

2

@(�V/V
3

)

@lnf
M

=

Z
d

3

p

(2⇡)3
M

2(p)

p

2 +M

2(p)
= V

0

(44)

Since n

D

= n

M

+ n

L

+ n

¯

M

+ n

¯

L

= 4n
M

as all partial
dyonic densities are equal in the confined phase, we have
V

0

= n

D

/4.

FIG. 1: The momentum dependent quark constituent mass
TM(p)/� versus p/T .

C. Chiral condensate

The non-vanishing of ⌃ signals the non-vanishing of
the chiral condensate hq̄qi and therefore the spontaneous
breaking of chiral symmetry . Standard demonstration
of that is done via introduction of a nonzero but small
light quark mass m, which changes (23) to

Y

i

[� †
1

 

1

(x
Li

) +m]
Y

j

[� †
2

 

2

(y
¯

Lj

) +m] (45)

A rerun of the bosonization scheme with (45) shows that
only one contribution in (34) is now shifted

8⇡
p

f

L

f

M

⌃/2 ! 8⇡
p
f

L

f

M

(⌃/2 +m) (46)

changing the saddle point solutions (36) to

� =
↵p

⌃+ 2m
(47)

and (38) to
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C. Chiral condensate

The non-vanishing of ⌃ signals the non-vanishing of
the chiral condensate hq̄qi and therefore the spontaneous
breaking of chiral symmetry . Standard demonstration
of that is done via introduction of a nonzero but small
light quark mass m, which changes (23) to
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1

(x
Li

) +m]
Y
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¯
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A rerun of the bosonization scheme with (45) shows that
only one contribution in (34) is now shifted
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p
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L

f

M

⌃/2 ! 8⇡
p
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L
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M

(⌃/2 +m) (46)

changing the saddle point solutions (36) to

� =
↵p

⌃+ 2m
(47)

and (38) to
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↵

2

2�
�m� =

Z
d

3

p

(2⇡)3
�

2T2(p)

1 + �

2T2(p)
(48)

The e↵ective potential is now

� V/V
3

=
↵

2

�

+ 2m�+

Z
d

3

p

(2⇡)3
ln

�
1 + �

2T2(p)
�
(49)

Inserting (49) in the general definition of the chiral con-
densate in the saddle point approximation

hq̄qi
T

=
@(V/V

3

)

@m

(50)

and using the gap equation we obtain

hq̄qi
T

= �2� (51)

We have used that ↵ is independent of m and that the
contribution multiplying @�/@m is zero thanks to the gap
equation. In the chiral limit, � is fixed by the solution of
the gap-equation (43) for the constituent quark mass and
the dyon density n

D

. It is therefore an implicit function
of n

D

, i.e. � ⌘ �[n
D

].
The use of (3) into (43) leads to only numerical results

for � and thus M(p). In Fig. 2 we show the behavior
of the absolute value of the quark condensate | hq̄qi |/T 3

versus the dyon density n

D

/T

3. Note that | hq̄qi |/T 3

decreases with decreasing dyon density. In this range, a
best fit gives

| hq̄qi |
T

3

⇡ 1.25
⇣
n

D

T

3

⌘
1.63

(52)

For analytical estimates, we note that we can always se-
lect a temperature in the range 0.5 < T

0

< T

c

for which
the chiral condensate is |q̄q|/T 3

0

= 1 at that tempera-
ture. From (51) we have �

0

= T

2

0

/2 in the chiral limit.
Inserting this value for M(p) in (43) shows that the cor-
responding dyon density at T = T

0

is n
0

/T

3

0

= 0.80.

D. Screened Polyakov lines

As we noted earlier in (33), the spontaneous break-
ing of chiral symmetry with a finite value of ⌃/2, still
preserves center symmetry with v

l

= v

m

= 1/2. How-
ever, strict confinement is lost because of screening.
Heavy fundamental color charges are now screened by
the light constituent quarks through the formation of
tightly bound heavy-light and colorless mesons. The
bound mesons are blind to the Z

2

center and thus to
the holonomies, with now

hL(x)i ⇡ e

��(⌃/2+m+O(↵

s

)) (53)

FIG. 2: The absolute value of the (dimensionless) quark con-
densate | hq̄qi |/T 3 versus the (dimensionless) dyon density
nD/T

3.

The O(↵
s

) contribution in (53) is UV sensitive and re-
quires a specific subtraction. Using (51) together with
(40) and (43) where N

c

= 2, we can recast (53) in the
chiral limit into the generic relation

n

D

⇡ N

c

hq̄qi ln (hL(x)i) (1 +O(↵
s

)) (54)

for the dyonic density in the range 0.5 < T < T

c

. (54)
provides for an independent estimate of the dyon den-
sity in unquenched QCD. Finally, we note that for large
separation, the correlation of two Polyakov lines clusters

⌦
L

†(x)L(0)
↵ ⇡ |hL(0)i|2 ⇡ e

��(⌃+2m+O(↵

s

)) (55)

with a vanishing of the electric string tension due to light
quark screening.

IV. MESONIC SPECTRUM

The stability of the vacuum solution with N

f

= 1 can
be tested by fluctuating in the fermionic channel which
consists of both a scalar � meson and a pseudo-scalar
⌘

0 meson. Both are massive. The former through the
spontaneous breaking of chiral symmetry with finite ⌃,
while the latter through the U

A

(1) anomaly with a finite
topological susceptibility.

A. Sigma meson

A simple way to probe the scalar spectrum is to note
that in the spontaneously broken state, the fermion ki-
netic contribution in (27) is now

✓
0 G(x, y)

�G(x, y) 0

◆
!

✓
i�1

xy

G(x, y)
�G(x, y) i�1

xy

◆
(56)

Nc=2,Nf=1 solution  
is studied in detail
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We note that its scaling with N

c

follows from the scaling
of each fugacity by semi-classics, i.e. f

i

⇡ 1/↵2

s

. Thus

f(N
c

) ⇡ N

2N

c

/N

c

c

⇡ N

2

c

(87)

so that ↵(N
c

) ⇡ N

2

c

.

A. Gap equation and chiral condensate

For general x = N

f

/N

c

, the saddle point equation in
⌃ of (85) gives

⌃ =

 
�̃

2x↵(N
c

)

! 1
x�1

(88)

after the shift �i� ! � and �̃ = N

f

�. With this in mind
and inserting (88) into (85) yields

� V/V
3

= �2↵(N
c

) (x� 1)

 
�̃

2x↵(N
c

)

! x

x�1

(89)

+xN

c

Z
d

3

p

(2⇡)3
ln

 
1 +

�̃

2

N

2

f

T2(p)

!

The case x = 1 is special. The e↵ective potential in (85)
is linear in ⌃ with no a priori saddle point along ⌃. We
have checked that taking the saddle point in �̃ first, and
then the saddle-point in ⌃ after the substitution results in
the same gap equation to follow. Also, it can be checked
explicitly that the same results follow by taking the limit
x ! 1.

The e↵ective potential (89) has di↵erent shapes de-
pending on the ratio of the number of flavors to the
number of colors x. Let us explain that in details for
four cases:

(i) If x < 1 the first term in (89) has a positive coef-
ficient and a negative power, so it is decreasing at small
�̃. At large value of �̃ the second term is growing as ln�̃.
Thus a minimum in between must exist. This minimum
is the physical solution we are after.

(ii) If 1 < x < 2 the coe�cient of the first term is
negative but its power is now positive. So again there is
a decrease at small �̃ and thus a minimum.

(iii) If x > 2 the leading behavior at small �̃ is now
dominated by the second term which goes as �̃

2 with
positive coe�cient. One may check that the potential is
monotonously increasing for any �̃ with no extremum.
There is no gap equation, which means chiral symmetry
cannot be broken in the mean-field approximation.

(iv) If x = 2 there are two di↵erent contributions of
opposite sign to order �̃2 at small �̃. An extremum forms
only if the following condition is met

Z
d

3

p

(2⇡)3
T2(p) <

N

c

4↵(N
c

)
= O

✓
1

N

c

◆
(90)

Using the exact form (13) and the solution to the gap
equation at T = T

0

, we have

Z
d

3

p

(2⇡)3
T2(p) =

10.37

T

0

(91)

which shows that (90) is in general upset, and this case
does not possess a minimum.
With this in mind and for x < 2, the extremum of (89)

in �̃ yields the gap-like equation

 
�̃

2x↵(N
c

)

! x

x�1

=
N

c

V

N

f

�1

↵(N
c

)
(92)

with the new identification

V

N

f

�1

⌘
Z

d

3

p

(2⇡)3

˜

�

2

N

2
f

T2(p)

1 +
˜

�

2

N

2
f

T2(p)
(93)

The dyonic density is now identified with

n

D

= 2N
c

1

2

@(�V/V
3

)

@lnf
M

= 2N
c

V

N

f

�1

(94)

In terms of (93-94) the running constituent mass M(p) =
(�̃/N

f

) pT(p) obeys the gap equation

Z
d

3

p

(2⇡)3
M

2(p)

p

2 +M

2(p)
=

n

D

2N
c

(95)

From (88) it follows that �̃ ⇡ N

c

N

f

. From (92) it follows
that V

N

f

�1

⇡ N

c

and therefore n

D

⇡ N

2

c

. The dyonic
description we have reached is consistent with large N

c

counting. Since n
D

⇡ N

2

c

� 1 crystallization in the form
of dyonic salt is expected at large N

c

[26].
For x < 2 the center symmetric vacuum also breaks

spontaneously chiral symmetry, with a vacuum conden-
sate given by

hq̄qi
T

= �2�̃
0

(96)

�̃

0

is the value of �̃ in the chiral limit. Since �̃

0

⇡ N

f

N

c

the chiral condensate in (96) is of order N

f

N

c

as ex-
pected.
To summarize: Chiral restoration as well as the loss

of center symmetry occur simultaneously for x

�

� 2 as
per our result in (34). This value of x = N

f

/N

c

is close
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The case x = 1 is special. The e↵ective potential in (85)
is linear in ⌃ with no a priori saddle point along ⌃. We
have checked that taking the saddle point in �̃ first, and
then the saddle-point in ⌃ after the substitution results in
the same gap equation to follow. Also, it can be checked
explicitly that the same results follow by taking the limit
x ! 1.

The e↵ective potential (89) has di↵erent shapes de-
pending on the ratio of the number of flavors to the
number of colors x. Let us explain that in details for
four cases:

(i) If x < 1 the first term in (89) has a positive coef-
ficient and a negative power, so it is decreasing at small
�̃. At large value of �̃ the second term is growing as ln�̃.
Thus a minimum in between must exist. This minimum
is the physical solution we are after.

(ii) If 1 < x < 2 the coe�cient of the first term is
negative but its power is now positive. So again there is
a decrease at small �̃ and thus a minimum.

(iii) If x > 2 the leading behavior at small �̃ is now
dominated by the second term which goes as �̃

2 with
positive coe�cient. One may check that the potential is
monotonously increasing for any �̃ with no extremum.
There is no gap equation, which means chiral symmetry
cannot be broken in the mean-field approximation.

(iv) If x = 2 there are two di↵erent contributions of
opposite sign to order �̃2 at small �̃. An extremum forms
only if the following condition is met
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does not possess a minimum.
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In terms of (93-94) the running constituent mass M(p) =
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description we have reached is consistent with large N

c

counting. Since n
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� 1 crystallization in the form
of dyonic salt is expected at large N
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For x < 2 the center symmetric vacuum also breaks

spontaneously chiral symmetry, with a vacuum conden-
sate given by

hq̄qi
T

= �2�̃
0

(96)

�̃

0

is the value of �̃ in the chiral limit. Since �̃

0

⇡ N

f

N

c

the chiral condensate in (96) is of order N

f

N

c

as ex-
pected.
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The case x = 1 is special. The e↵ective potential in (85)
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Critical Nf/Nc=2 for mean field treatment lattice: Nc=3,Nf=4 broken, 
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Instanton-dyon Ensemble with two Dynamical Quarks: the Chiral Symmetry Breaking

Rasmus Larsen and Edward Shuryak
Department of Physics and Astronomy, Stony Brook University, Stony Brook NY 11794-3800, USA

This is the second paper of the series aimed at understanding of the ensemble of the instanton-
dyons, now with two flavors of light dynamical quarks. The partition function is appended by
the fermionic factor, (detT )Nf and Dirac eigenvalue spectra at small values are derived from the
numerical simulation of 64 dyons. Those spectra show clear chiral symmetry breaking pattern at
high dyon density. Within current accuracy, the confinement and chiral transitions occur at very
similar densities.

I. INTRODUCTION

A. Instanton-dyons and confinement

At high temperatures QCD matter is in form of quark-
gluon plasma (QGP) state, which is weakly coupled be-
cause of the asymptotic freedom phenomenon. The topo-
logical solitons to be discussed below have large action
S = O(1/↵

s

) � 1 and are therefore strongly suppressed,
⇠ exp(�S). However, as T decreases toward the decon-
finement transition, the coupling grows and such objects
become important.

The non-trivial configurations of interest are Instan-
tons [1], which in the Euclidean finite temperature for-
mulation are known as Calorons. Such solutions has been
generalized to the case of non-zero expectation value of
the Polyakov loop by Lee-Li-Kraan-van Baal in refs [2, 3]
and are known as LLKvB calorons. Important novel fea-
ture of these solution was realization of instanton sub-
structure: each LLKvB caloron consist of N

c

objects,
known as instanton-dyons (or instanton-monopoles).

Color confinement phenomenon has many manifesta-
tions, and thus many definitions. In this series of papers
we focus on one particular aspect of it, namely on the
shift of the vacuum expectation value of the Polyakov
loop from its “trivial value” < P >⇡ 1 at high T to small
< P >⇡ 0 at T < T

c

. Multiple numerical simulations in
the framework of lattice gauge theory has documented
such shift, as well as modification of the e↵ective poten-
tial V (P, T ) with T leading to it. Since contribution of
the quarks (and non-diagonal gluons) to thermodynam-
ical quantities are proportional to (powers) of < P >,
vanishing of it e↵ectively switches o↵ quark-gluon plasma
contributions. So, in papers of this series we focus on the
calculation of this e↵ective potential and on the decon-
finement phase transition phenomenon.

Another manifestation of confinement is a disordering
of large Wilson loops. It has been argued in [4] ensem-
ble of instanton- dyons can generate the expected area
law. However, this issue is rather subtle and depends on
the infrared tails of the soliton fields, which are modi-
fied by screening e↵ects and thus are not robust enough
to be conclusive. One more approach to confinement is-
sue is reached via the static quark potentials, which do
exist at any T and were extensively studied on the lat-
tice. We intend to calculate those in our approach later.

Finally, a classic formulation of confinement include ab-
sence of color degrees of freedom from vacuum spectra, at
T = 0. Addressing it directly is not possible for the type
of models we discuss, since the calorons and instanton-
dyons themselves become di�cult to use at su�ciently
low T .
The idea that e↵ective potential of the Polyakov loop

P is due to back reaction of the instanton-dyons goes
back to Diakonov and collaborators [5], who provided
the first estimates indicated how this may happen, but
were unable to prove it. Using the so called “double-
trace deformation of Yang-Mills theory”, at large N on
S1⇥R3, Unsal and Ya↵e [6] argued that there can be con-
fining behavior, with unbroken center symmetry, even in
weak coupling. This construction was extended by Unsal
and collaborators [7–9] to a class of deformed supersym-
metric theories with soft supersymmetry breaking. In
such setting , with weak coupling and an exponentially
small density of the dyons, the minimum of the poten-
tial is at the confining value of P induced by the repulsive
interaction in the dyon-anti-dyon pairs (called bions by
the authors). (The supersymmetry was needed to can-
cel the perturbative Gross-Pisarski-Ya↵e-Weiss (GPYW)
holonomy potential , which otherwise favors trivial value
< P >= 1. Sulejmanpasic and one of us [10] have pro-
posed a simple model, with “repulsive cores” in dyon-
antidyon channel, which can generate confining V (P ) at
certain temperature T

c

in pure gauge theory.
To evaluate the free energy of the instanton-dyon

ensemble we performed numerical simulations for pure
gauge SU(2) theory, in the first paper of this series [11],
to be below referred as I. The essential element was in-
clusion of dyon-antidyon interactions, determined in the
previous work [12] using a gradient flow method. Similar
conclusion has been recently reached by Liu, Shuryak and
Zahed [13] using analytic mean field theory. It however
uses the mean field approximation which is only applica-
ble for high enough dyon density, or T < T

c

.

B. Quarks in the instanton-dyon ensemble

In this paper we include quarks, fermions in the fun-
damental color representation, to the instanton-dyon en-
semble. Those will be referred to as “dynamical quarks”,
since the so called fermionic determinant will be included
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the Polyakov loop by Lee-Li-Kraan-van Baal in refs [2, 3]
and are known as LLKvB calorons. Important novel fea-
ture of these solution was realization of instanton sub-
structure: each LLKvB caloron consist of N

c

objects,
known as instanton-dyons (or instanton-monopoles).

Color confinement phenomenon has many manifesta-
tions, and thus many definitions. In this series of papers
we focus on one particular aspect of it, namely on the
shift of the vacuum expectation value of the Polyakov
loop from its “trivial value” < P >⇡ 1 at high T to small
< P >⇡ 0 at T < T

c

. Multiple numerical simulations in
the framework of lattice gauge theory has documented
such shift, as well as modification of the e↵ective poten-
tial V (P, T ) with T leading to it. Since contribution of
the quarks (and non-diagonal gluons) to thermodynam-
ical quantities are proportional to (powers) of < P >,
vanishing of it e↵ectively switches o↵ quark-gluon plasma
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calculation of this e↵ective potential and on the decon-
finement phase transition phenomenon.

Another manifestation of confinement is a disordering
of large Wilson loops. It has been argued in [4] ensem-
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III. THE GENERAL SETTING

The setup is almost the same as in our paper I [11],
with the di↵erence being the inclusion of the fermionic
determinant in the zero-modes approximation. This fac-
tor creates an additional fermion-induced interaction be-
tween the L dyons.

The dimensionless holonomy ⌫ = v/(2⇡T ) is related to
the expectation value of the Polyakov loop through the
(SU(2)) relation

P = cos(⇡⌫) (4)

We seek to minimize the free energy

f =
4⇡2

3
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M

ln
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e
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where the first term is the perturbative Gross-Pisarski-
Ya↵e-Weiss holonomy potential, the next terms contain
semiclassical independent dyon contributions, with

d
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8⇡2

g2
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e
� ⌫8⇡2

g2 ⌫
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3 �1/(4⇡) (6)

and �f ⌘ � log(Z
changed

)/Ṽ3 is defined via the partition
function studied numerically
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The last factor is the fermionic determinant, now writ-
ten as the product of all eigenvalues of the hopping T

ij

matrix.
Both G and �D

DD̄

are the same as in [11], and we
therefore just present their expressions here without com-
ments.
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For dyon antidyon interactions we have for distances
larger than x0

�S
DD̄

= �2
8⇡2⌫

g2
(
1

x
� 1.632e�0.704x)e�MDrT

x = 2⇡⌫rT (9)

For the rest of the combinations we have
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8⇡2⌫
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�e1e2

1

x
+m1m2

1

x

◆
e�MDrT

x = 2⇡⌫rT (10)

For distances smaller than x0 we have a core between
dyons of same type ie. LL, MM̄ and so on

�S
DD̄

=
⌫V0

1 + exp [�T (x� x0)]
(11)

x = 2⇡⌫rT (12)

Where x0 is size of the dyons core. In this paper we work
with x0 = 2, just as in our earlier paper I.

IV. EIGENVALUE DISTRIBUTIONS AND THE
CHIRAL CONDENSATE

The Banks-Casher relation for the chiral condensate
tells us, that in the infinite volume limit, the chiral con-
densate for massless fermions is proportional to the den-
sity of eigenvalues at zero value

| <  ̄ > | = ⇡⇢(�)
�!0,m!0,V!1 (13)

For any system with a finite volume, there are no eigen-
values smaller than 1/V and the density will always be
0 at � = 0. To understand finite volume e↵ects on the
distribution one may study those using chiral random
matrix theory, for review see [18] . In principle, using
expressions obtained in this framework one can recover
the value of the chiral condensate in the infinite volume
case.

�

NBin

FIG. 1: Eigenvalue distribution for nM = nL = 0.47, NF = 2
massless fermions.

We will be determining the chiral condensate by two
di↵erent methods:
(i) The first one is based on the part of the eigen-

value distributions with the smallest �. It requires an
understanding of both the finite volume and quark mass

e↵ects on the distribution. This understanding we ob-
tain from analytic random matrix results. We explain
this approach in section IVA.
Vanishing of the condensate is used to define the

ensemble parameters corresponding to chiral symmetry
breaking transition, T

 ̄ 

.
The second strategy (ii) we will use, is based on the

determination of the so called gap width in the distribu-
tion, near � = 0: we will refer to it as T

gap

. Ideally, both
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1 + exp [�T (x� x0)]
(11)

x = 2⇡⌫rT (12)

Where x0 is size of the dyons core. In this paper we work
with x0 = 2, just as in our earlier paper I.

IV. EIGENVALUE DISTRIBUTIONS AND THE
CHIRAL CONDENSATE

The Banks-Casher relation for the chiral condensate
tells us, that in the infinite volume limit, the chiral con-
densate for massless fermions is proportional to the den-
sity of eigenvalues at zero value

| <  ̄ > | = ⇡⇢(�)
�!0,m!0,V!1 (13)

For any system with a finite volume, there are no eigen-
values smaller than 1/V and the density will always be
0 at � = 0. To understand finite volume e↵ects on the
distribution one may study those using chiral random
matrix theory, for review see [18] . In principle, using
expressions obtained in this framework one can recover
the value of the chiral condensate in the infinite volume
case.
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FIG. 1: Eigenvalue distribution for nM = nL = 0.47, NF = 2
massless fermions.

We will be determining the chiral condensate by two
di↵erent methods:
(i) The first one is based on the part of the eigen-

value distributions with the smallest �. It requires an
understanding of both the finite volume and quark mass

e↵ects on the distribution. This understanding we ob-
tain from analytic random matrix results. We explain
this approach in section IVA.
Vanishing of the condensate is used to define the

ensemble parameters corresponding to chiral symmetry
breaking transition, T

 ̄ 

.
The second strategy (ii) we will use, is based on the

determination of the so called gap width in the distribu-
tion, near � = 0: we will refer to it as T

gap

. Ideally, both

4
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FIG. 2: Eigenvalue distribution for nM = nL = 0.08, NF = 2
massless fermions.

�

NBin

FIG. 3: Eigenvalue distribution for nM = nL = 0.47, NF = 2
m = 0.01 fermions.

critical temperatures should coincide, defining the loca-
tion of the chiral symmetry breaking T

�

. This approach
is explained in section IVC.

A. The finite size e↵ects

To understand the scaling of the finite volume e↵ects
we performed simulations for 64 and 128 dyons, at the
same density. (The volume of the sphere with 128 dyons
being 2 times larger than the sphere of the 64 ones.) The
quark mass in both simulations were set to zero. The
resulting eigenvalue distributions are shown in Fig. 5.

We fit the distribution of the eigenvalues with the form
taken from random-matrix theory [18] for SU(2) gauge
group for massless fermions given by

⇢(x) = V ⌃2[
x

2
(J2(x)

2 � J1(x)J3(x))

+
1

2
J2(x)(1�

Z
x

0
dtJ2(t))] (14)

where x = �V ⌃1 and J
n

is the Bessel function. Both the
scaling factor V ⌃1 and the overall factor V ⌃2 should be
proportional to the value of the chiral condensate ⌃. In
the limit V ! 1 the formula gives ⇢(0) / b as required.

Ideally, the parameter values for two di↵erent volumes
should agree. After the fits are done, we found that two

�

NBin

FIG. 4: Eigenvalue distribution for nM = nL = 0.08, NF = 2
m = 0.01 fermions.

�

NBin

FIG. 5: (Color Online) The points are the eigenvalue distribu-
tion for 64 (blue circles) and 128 (red squares) dyons at S = 8
and density of dyons nM = 0.33, nL = 0.20, NF = 2. The
curves are the fit with eq. (14) with ⌃2,64 = 1.30± 0.06 and
⌃2,128 = 1.28 ± 0.06 and the scaling as ⌃1,64 = 0.79 ± 0.05
and ⌃1,128 = 0.51 ± 0.04 for these two cases, respectively.
The lower purple line is the di↵erence between the two fits.
Eq. (15) gives ⌃ = 0.38 ± 0.13, while the maximum of the
di↵erence between the two curves give ⌃ = 0.3.

values for parameter ⌃2 agree very well indeed. (This is
related to the fact that the height of the distributions at
the r.h.s. of Fig. 5 do agree.)
Note that the main di↵erence between two distribu-

tions is a shift to the left for bigger volume. This is ex-
pected: in larger volume clusters of a condensate inside
which quarks propagate gets larger, and the eigenvalues
smaller. The formula, from random matrix theory, pre-
scribes a particular “mesoscopic” scaling with the vol-
ume. However, the fit by this formula produces values of
⌃1 which are not the same. This indicates that, at least
our smaller volume, is not yet in the range in which the
expected large volume scaling applies.
The physics behind this behavior is as follows: there

are basically two components of the ensemble, gener-
ating two di↵erent dependencies on the volume. As
we already mentioned in the introduction, there is col-
lectivized dyons, producing the condensate, and dyon-
antidyon pairs. The former component produces eigen-

high density
broken chiral sym

low density
chiral sym unbroken

collectivized
zero mode zone
dip near zero is

a finite size effect
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FIG. 9: (Color online) Parameterization A: The density of
the M (blue circles) and L (red squares) dyons as a function
of action S = 8⇡2/g2 or temperature T/Tc.

FIG. 10: (Color online) Parameterization A: The Polyakov
loop P (blue circles) and the chiral condensate ⌃ (red squares)
as a function of action S = 8⇡2/g2 or temperature T/Tc. A
clear rise is seen around S = 7.5 for the chiral condensate.
⌃ is scaled by 0.2. The black constant line corresponds to
the upper limit of ⌃ under the assumption that the entire
eigenvalue distribution belong to the almost-zero-mode zone,
i.e. the maximum of ⌃2.

with � log(c0) = �0.388 and ⇤ = 3.2.
Just as for the other choice of T

ij

discussed in the previ-
ous subsection, we obtain the parameters of density, Fig.
13, holonomy, and Debye mass, Fig. 16, as a function
of temperature by minimizing the free energy. The main
di↵erence between the two choices of T

ij

comes from the
behavior around r = 0. The almost exponential behav-
ior as shown in Eq. (22), means that L dyons become
more likely at high densities. The other thing is that it
is harder to make the di↵erent elements in T

ij

of simi-
lar size, which results in a scaling behavior of the chiral
condensate that only becomes around 37%± 10% of the
volume, and not 100% as with the other choice of T

ij

.

FIG. 11: (Color online) Parameterization A: The gap scaled
up 15 times (blue circles) and the chiral condensate ⌃ (red
squares) as a function of action S = 8⇡2/g2 or temperature
T/Tc. A clear rise/fall is seen around S = 7 � 7.5. We get
a critical temperature from S = 6.5 � 8 for the condensate
and S = 6.5 � 8 for the gap. ⌃ is scaled by 0.2. The black
constant line is defined in the caption of Fig. 10.

FIG. 12: Parameterization A: Debye mass Md as a function
of action S = 8⇡2/g2 or temperature T/Tc.

This does not mean that the chiral condensate which we
show in Fig. 14 does not exist, but it does mean that
we need a larger volume in this case to obtain a cleaner
result. It also means that the overlap between almost-
zero-modes and dyon-antidyon pairs were larger.

VII. CONCLUSION

We have performed simulations for ensembles of
instanton-dyons for the setting with two colors N

c

= 2
and two quark flavors N

f

= 2, with variable tempera-
ture (coupling constant). We have simulated the parti-
tion function for 64 and 128 dyons, calculated the free
energy, and derived the values of the Polyakov loop, the

S = 8⇡2/g2

We find that the required condition for 
both the chiral symmetry breaking 

and confinement is basically 
sufficiently high density of the dyons. 

Furthermore,
unlike in the case of pure gauge theory 

without quarks, 
the holonomy dependence 
on the density is smoother. 

We don’t observe holonomy vanishing, 
and also the densities 

of the M and L type dyons 
does not become equal, 

even at the lowest T we studied. 
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The “center-symmetric QCD” is a new option studied
in this paper. In it one quark flavor has a symmetric,
and another an antisymmetric periodicity. Apart of such
choice of the fermionic phases, the setting is exactly the
same as in the previous paper: but as we will soon see,
the results are drastically di↵erent.

III. THE HOLONOMY POTENTIAL AND
CONFINEMENT

On simulations details , free energy measurements etc
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FIG. 1: S = 8.5, Nf = 16????? for densities = ???? include
as (a) similar plot in standard QCD and call this (b)

The results of the simulations are shown in Fig. 1,
both for standard (a) and Z2-symmetric QCD (b). At
high density one finds deeper and more robust symmetric
minimum. As the density decreases, one finds behaviour
very di↵erent from both that of the quenched case (no
quarks) with two minima or standard QCD, with broken
symmetry. While symmetry remains, the minima of the
potential becomes very flat and wide. (A slight appear-
ance of the minima can be seen for the smallest density
which is not nearly as strong as in the quenched case.)
We interpret this as appearence of large domain of the
“mixed phase”, a coexistence of many di↵erent config-
urations with di↵erent properties and ⌫ but degenerate
free energy. This is consitent with lattice studies in [10],
in which also some hysteresis curve of large amplitude
was observed.

The confining minimum in the middle is also found to
be dominant for much larger range of densities, and the
holonomy only jumps away from the middle, when the
simulation becomes di�cult. In particular, the density
of L dyons get too small, and the required debye mass to
maintain the configuration is hardly viable.

The di↵erence between two models can be also ex-
plained as follows. The quenched case behaviour was
“unstable”, in the following sense: increasing the amount
of M dyons relative to L dyons, the minimum got shifted
towards smaller holonomy value ⌫, which enhances the ef-
fect. What happens in the Z2-symmetric case is “super-

stability” or “flattening”: increasing the fraction of M
dyons one observes very wide minima and flat minima,
with almost the same free energy for large range of the
holonomy value, between ⌫ = 0.4 to 0.6.
What we therefore find is that at lower ac-

tion/temperature, the dominating configuration lie
around ⌫ = 0.4 to 0.6. Generally the dominating con-
figuration is ⌫ = 0.5, but it is very sensitive to small
changes, and when the action becomes too small, below
S = 5, the factor d

v

that gives the density in the non-
interacting gas, becomes so large, that configurations,
slightly away from ⌫ = 0.5 is dominating.

A. Eigenvalue distribution

In the case of two fundamental fermions, it was found
in ???, that the eigenvalue distribution around � = 0
could be fitted reasonably well with the distribution for
SU(2) for N

f

= 2 taken from random matrix theory ???.
In this case it still fit with N

f

= 2. We have therefore
been fitting the eigenvalue distribution around � = 0
with

f(x) =
x

2
(J2(x)

2 � J1(x)J3(x)) +
1

2
J2(x)(1�

Z
x

0
J2(t)dt)(4)

The first interesting case is when the densities are the
same. In that case we obtain, within uncertainty, the
same behavior for both the L and M eigenvalue distri-
bution. An example is shown in Fig. 3 .

FIG. 2: S = 6. Eigenvalue distribution for N = 64 (Blue)
and N = 128 (Red) fitted to eq. 4.

It is observed that the eigenvalue distribution at the
top is not completely constant but fall with a small slope.
This explain part of the o↵set between the distributions
at N = 64 and N = 128, but doesn’t explain the full
di↵erence. In the same way the scaling ration between
the two curves also tend to be about 10% too large.
As the holonomy jumps away from 0.5 the densities

starts to become di↵erent, but unlike the fundamental
fermions, where the holonomy goes down, the densities of

the usual 
quarks

Z2 QCD
u =>M 
d=>L

both u,d 
=>L

confining phase
 gets much more

robust:
transition strong first order

mixed phase (flat F)
is observed at medium densities

Instanton-dyon Ensembles III: Exotic Quark Flavors

Rasmus Larsen and Edward Shuryak
Department of Physics and Astronomy, Stony Brook University, Stony Brook NY 11794-3800, USA

“Exotic quarks” in the title refers to a modification of quark periodicity condition on the thermal
circle by introduction of some phases – known also as “flavor holonomies” – di↵erent quark flavors.
These phases provide a valuable tool, to be used for better understanding of deconfinement and
chiral restoration phase transitions: by changing them one can dramatically modify both phase
transitions. In the language of instanton constituents – instanton-dyons or monopoles – it has a very
direct explanation: the interplay of flavor and color holonomies can switch topological zero modes
between various dyon types. The model we will study in detail, the so called ZNc -symmetric QCD
model with equal number of colors and flavors Nc = Nf = 2 and special arrangement of flavor and
color holonomies, ensure “most democratic” setting, in which each quark flavor and each dyon type
are in one-to-one correspondence. The usual QCD has the opposite “most exclusive” arrangement:
all quarks are antiperiodic and thus all zero modes fall on only one – twisted or L – dyon type. As
we show by ensemble simulation, deconfinement and chiral restoration phase transitions in these two
models are dramatically di↵erent. In the usual QCD both are smooth crossovers: but in the case
of Z2-symmetric model deconfinement becomes strong first order transition, while chiral symmetry
remains broken for all dyon densities studied. These results are in good correspondence with those
from recent lattice simulations.

I. INTRODUCTION

QCD-like gauge theories display two main non-
perturbative phenomena, confinement and spontaneous

breaking of SU(N
f

) chiral symmetry. Their mechanism
has been discussed extensively since the 1970’s: We will
mention some historical highlights below. Our previous
papers, to be referred to as I [1] and II [2] below, ad-
dressed those phenomena in a model based on a certain
gauge topology model.

Before going to details of that model, let us first explain
the main new element of this paper, what do we mean by
exotic quarks, and why one should be interested in such
theories. Standard Euclidean formulation of QCD-like
theories define time ⌧ 2 S1, on the so called Matsub-
ara circle with a circumference � = ~/T . Bosons – the
gauge fields – are periodic on this circle, and fermions
are anti� periodic: as a result standard Bose and Fermi
thermal factors automatically appear in thermodynam-
ical expressions. One option to make quarks exotic is
to generalize their periodicity condition on S1 by adding
some arbitrary phase to it, and this is the one to be used
in this work. With a generic value of this phase, quarks
are neither fermions nor bosons: perhaps one can use
a term originated from condensed matter physics – the
“anyons”.

Short answer to why such studies can be instructive
is as follows: Chiral symmetry breaking is associated
with Dirac zero modes of certain topological solitons. By
changing the quark phases, one can very e↵ectively ma-
nipulate their coupling to solitons of di↵erent kinds, and
thus learn which of them are in fact relevant for the phe-
nomena under consideration.

Since this is our third paper of the series, it hardly
needs an extensive introduction. Here is a brief outline
of the historic development of non-perturbative QCD.
Since the 1970’s, confinement was historically connected

with gauge field solitons with magnetic charge – the
monopoles. It is su�cient to mention the so called “dual
superconductor” model by ’t Hooft and Mandelstam [4]
and Polyakov’s prove of confinement in 2+1-dimensional
gauge theories [5].

Chiral symmetry breaking has been first addressed by
Nambu and Jona Lasinio [6] back in 1961, who pointed
out even the existence of the chiral symmetry, as well
as its spontaneous breaking by a nonzero quark conden-
sate. It was shown that in order to create it, some strong
attractive 4-fermion interaction is needed, at momenta
below a cuto↵ Q < ⇤ ⇠ 1GeV . Twenty years later the
emerging instanton phenomenology [7] made it clear that
this interaction is nothing else but multi-fermion e↵ective
forces induced by instantons. Furthermore, unlike the ef-
fective Lagrangian conjectured by NJL, it also explicitly
breaks U(1)

a

axial symmetry. With time somewhat dif-
ferent perspective on chiral symmetry breaking had de-
veloped, focused on Dirac eigenvalue spectrum. The low
lying ones are formed via collectivization of the topolog-
ical fermionic zero modes into the so called Zero Mode

Zone (ZMZ): for a review see [8] .

While the main non-perturbative phenomena were for
a long time ascribed to two rather distinct mechanisms,
the results of the numerical simulations on the lattice
persistently indicated that the deconfinement temper-
ature T

deconf

and chiral symmetry restoration, one to
be called T

�

, are in fact very close, at least for near-
real-world QCD (with the number of colors and flavors
N

c

= 3, N
f

= 2 + 1 and quark masses small). This fact,
and in general their interplay in all QCD-like theories be-
came one of the most puzzling issues in non-perturbative
QFT.

But does it really hold for all QCD-like theories? One
simple way to modify QCD is to change the color charge
(representation) of the quark fields. Changing quark
color charge from the fundamental to adjoint represen-
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The fit was done on the free energy values of 52 = 25
points from a square, containing 5 points around the
minimum. The 7 parameters from the fit are used as
follows:(i) v0 and its uncertainties give the values of den-
sities and holonomy at the minimum, plotted as results
below; (ii) the diagonal component of M in the holon-
omy direction was converted into the value of the Debye
massM

d

. An additional requirement of the procedure, to
make the ensemble approximately self-consistent, is that
the Debye mass from the fit should be within ±0.25 of
the used input Debye mass value.

To obtain the chiral properties – such as the Dirac
eigenvalue distributions and its dependence on dyon
number and volume – we only used the “dominant” con-
figurations for each action S.

The results reported below, compare new results, for
Z2-symmetric QCD explained above, to the “old” ones,
from II, for N

c

= N
f

= 2 QCD with antiperiodic funda-
mental quarks.

IV. THE HOLONOMY POTENTIAL AND
CONFINEMENT

The free energy resulting of the simulations are shown
in Fig. 1as a function of holonomy value. Both for stan-
dard (lower plot) and Z2-symmetric QCD (upper plot).
At high density of the dyons one finds a symmetric min-
imum for the Z2-symmetric model. As the density de-
creases, one finds behavior very di↵erent from both that
of the quenched case (no quarks) with two minima or in
standard QCD, with broken center symmetry.

While symmetry remains intact, with the decreasing
density (larger S) the minima of the potential become
very flat and wide. (A slight appearance of the minima
can be seen for the smallest density which is not nearly
as strong as in the quenched case.) We interpret this as
an appearance of a large domain of “mixed phase”, a co-
existence of many di↵erent configurations with di↵erent
properties and ⌫ but degenerate free energy. The confin-
ing minimum in the middle is also found to be dominant
for much larger range of densities.

Translating the location of the minimum to the mean
Polyakov line, we plot the results in Fig. 2. It shows
that while the two models under consideration have very
similar behavior at high densities of the dyons (smaller S
or the left side of the plot), in the Z2-symmetric model
there appears a strong jump in P , from about 0.2 to 0.6.
Note that the intermediate point with large error bar
should be interpreted not as an uncertainty of the value,
as the usual error bar, but rather as reflection of the fact
that in the ensemble the intermediate values of P are all
feasible, due to flatness of the holonomy potential. In
other words, this point is rather a vertical part of the
curve, indicative of strong first-order transition. This
conclusion is consistent with lattice studies in [21], in
which the authors show some hysteresis curve for P , with
a similar strong jump.
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FIG. 1: Free energy density as a function of the holon-
omy parameter ⌫. The upper plot is for Z2-symmetric model
and lower plot is for the model in which all quarks are anti-
periodic. Di↵erent curves are for di↵erent dyon densities. The
densities are (0.47, •), (0.37,⌅), (0.30,⌥), (0.24,N), (0.20,H),
(0.16, �), (0.14,⇤), (0.12,}), (0.10,M). Not all densities are
shown. In both cases the action parameter is S = 8.5, and
both dyon types are equally represented nM = nL. Note
dramatic di↵erence of the holonomy potentials for these two
cases: the Z2 potential is symmetric (for equal dyon densi-
ties), while the periodic quarks produce an asymmetric min-
imum, and thus slide smoothly towards smaller holonomies
(to the left) as the dyon density decreases.

The densities of the dyons in both models are shown
in Fig. 3. The upper plot for the Z2-symmetric model
display a very symmetric confining phase at the l.h.s.
of the plot (small S, dense ensembles) complemented by
very asymmetric composition of the ensemble at the r.h.s.
The usual QCD-like model with N

c

= N
f

= 2 in the plot
below shows that the L�M symmetry never really holds,
while the overall dependence on S is much less significant.

Lastly, the Debye mass – defined via the second deriva-
tives of the e↵ective potential at the minimum – has been
determined and plotted in Fig. 4, again for both models.
For the Z2-symmetric model its values are significantly
lower than for the QCD-like model. Smaller mass indi-
cate flatter potential and stronger fluctuations, already
discussed above.
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FIG. 2: The mean Polyakov loop P as a function of action pa-
rameter S, for Z2-symmetric model (red squares), compared
to that for the Nc = Nf = 2 QCD with the usual anti-periodic
quarks (blue circles).

V. CHIRAL SYMMETRY BREAKING

As we already explained above, the main feature of the
Z
Nc -symmetric model with N

f

= N
c

distribute all types
of quarks evenly, so that each type of dyons would have
one quark flavor possessing zero modes with it. This is
in contrast to the usual QCD, in which all quarks are an-
tiperiodic and thus all have zero modes only with twisted
L-type dyons.

The simplest examples considered in this work are two
N

c

= N
f

= 2 theories, the Z2-symmetric model and the
two color QCD. In the former case the partition function
includes two independent fermionic determinants, one for
M and one for L dyons, with a single quark species each.
In the latter, one has a square (two-species) of the deter-
minant of hopping matrix over the L-dyons only.

Here we remind well known facts about chiral sym-
metry breaking in such cases, and the consequences for
such determinants. Theories with a single quark flavor
have only a single U

a

(1) symmetry, broken explicitly by
the fermionic e↵ective action. Indeed, it includes terms
 ̄
L

 
R

or  ̄
R

 
L

directly coupling components with op-
posite chiralities. So, there are no chiral symmetries to
break, and condensates are always nonzero, proportional
to density of the topological objects.

The case with two or more flavors is di↵erent: there is
the SU(N

f

) flavor symmetry, which can be either bro-
ken or not, depending on the strength of the 2N

f

-quark
e↵ective interaction.

A. Dirac eigenvalue distribution

Di↵erences in chiral breaking mechanisms in these two
models indicated above also manifest themselves in the
Dirac eigenvalue distribution.

For a proper persepctive, let us remind that for the

SU(N
f

) flavors with N
f

> 2 a general Stern-Smilga the-
orem [29] states that the eigenvalue distribution at small
� has the so called “cusp” singularity

⇢(�) ⇠ |�|(N2
f

� 4) (7)

For N
f

> 2 the coe�cient is positive – this is known
as “direct cusp”, and was also observed, both on the
lattice and in the instanton models. In the particular case
N

f

= 2 this cusp is absent: this fact can be traced to the
absence of symmetric dabc structure constant in the case
of SU(2) group. Indeed, both the calculations done in the
instanton liquid framework (for examples and references
see [8]) and our previous studies II of the N

f

= 2 theory
had produced “flat” eigenvalue distribution

⇢
Nf=2(�) ⇠ const (8)

In the N
f

= 1 case the Smilga-Stern derivation does
not apply, but empirically it has been observed that the
distribution does have a singularity at � = 0 of the
form of the “inverse cusp”, ⇠ �|�|, with negative co-
e�cient. Our results for the Z(N

c

)-QCD under consid-
eration shown in Fig. 5 also show the “inverse cusp” with
linear behavior of ⇢(�). (We use this fact to extrapolate

FIG. 3: (upper) Densities of L dyons (red squares) and
M dyons (blue circles), as a function of action parameter S,
for the Z2-symmetric model. (lower) the same for the usual
QCD-like model with Nc = Nf = 2 and anti-periodic quarks.

P

3

value, at which all types of the dyons obtain the same
action. This fact indeed made the model Z

Nc -symmetric.
In the opposite limit of high T , the holonomy moves to

trivial value, and the actions of di↵erent dyons become
distinct. This implies that each quark flavor has its own
“dyon plasma” with distinct densities, leading to flavor-
dependent T

�

.
One more qualitative idea is related to the values of z

which are “intermediate” between the extremes discussed
above. Those are values at which the zero modes jump
from one kind of the dyon to the next. This happens
by “delocalization” of the zero mode, which means that
at such particular Z values the zero modes become long-
range. Since in this case the “hopping” matrix elements,
describing quark-induced dyon-dyon interactions, get en-
hanced, one may also expect that the chiral condensate
is e↵ectively strengthened.

III. THE SETTING OF THE SIMULATIONS

Let us remind the reader the setting used in our first
paper [1] with instanton dyons. Certain number of them
– 64 or 128 – are placed on the 3-dimensional sphere. Its
radius thus control the density. Standard Metropolis al-
gorithm is used to numerically simulate the distribution
defined by classical and one-loop partition function. We
studied the simplest non-Abelian theory with two colors
N

c

= 2, which has a single holonomy parameter ⌫ 2 [0, 1].
Free energy is calculated and the adjustable parameters
of the model – the value of the holonomy ⌫ and the ra-
tio of densities of M,L type dyons – are placed at its
minimum.

The partition function is Z2 symmetric, under ⌫ $ ⌫̄ =
1 � ⌫ and M $ L replacement. A distinct symmetric

phase has minimal free energy at the symmetric point
⌫ = 1/2 , and equal number of L,M dyons. Asymmetric

phase has free energy with two minima, away from the
center ⌫ = 1/2: by default the spontaneous breaking of
Z2 is assumed to happen to smaller value of ⌫, so that at
high T it goes to zero.

Following the paper [2] we use the following
parametrization of the overlap between zero-modes

T
ij

= v
k

c0 exp
⇣
�
p

11.2 + (v
k

r/2)2
⌘
, (4)

where v
k

is v = 2⇡⌫ for M dyons, and v
k

is v̄ = 2⇡⌫̄ =
2⇡(1� ⌫) for L dyons. The three constants in the model
is the same as our previous paper and is: x0 = 2 for
the dimensionless size of the core. ⇤ = 4 for the overall
constant and � log(c0) = �2.6 for the constant on T

ij

.
The simulation have been done using standard

Metropolis algorithm. An update of all N = 64 or 128
dyons corresponds to one cycle. Each run consist of 3000
cycles. Free energy is measured by standard trick, in-
volving integration over the interaction parameter from
zero to one. The simulation was done on a S3 circle, its
volume is V = 2⇡2r3: we use r in some places below.

The input “action parameter” S defines the instanton-
dyon amplitude, and literally corresponds to the sum of
the L and M dyon actions in semiclassical amplitude. In
one loop approximation it is related to the temperature
T by the asymptotic freedom relation

S = (
11N

c

3
� 2N

f

3
)log(

T

⇤
T

). (5)

In I, II we approximately related the constant ⇤
T

to the
phase transition temperature T

c

: we do not do it in this
work because there is no single phase transition in the
theory we study now.
The varied parameters of the model include (1) The

holonomy ⌫ which is related to the Polyakov loop as
P = cos(⇡⌫) and (2,3) The densities of M and L dyons
n
M

, n
L

. After the free energy is defined for each run, the
values of these parameters corresponding to its minimum
are fitted and used.
Other parameters include (4) The Debye mass, which

is used to describe the fallo↵ of the fields: its value is kept
“self consistent” by a procedure explained in I. Finally
we mention (5) the auxiliary interaction variable which
is then integrated in order to obtain the free energy F .
The organization of the numerical sets were done as

follows. An initial survey found the areas of interest,
corresponding to minima of the free energy and most
important variations of the results. Then the final set
of simulations has been performed: its parameters are
summarized in the Table I. In total 96000 individual runs
where done for the final set of data, from which the plots
were made.

Min Max Step size

� 0 0.1 1/90

� 0.1 1.0 0.1

⌫ 0.05 0.55 0.025

r 1.2 1.8 0.05

NM 3 18 2

Md 1 3.5 0.5

S 5 9.5 0.5

TABLE I: The input parameters used for the final set of sim-
ulations. The step sizes given are some standard ones: yet
some areas was given extra attentions. For example around
NM = 4 the steps size was only 1.

The main part of the data analysis consists of find-
ing the minima of the free energy and getting the Debye
mass self consistent. To do the former we fit data sets
for the free energy near its minima with a 2-dimensional
parabola

f = (v � v0)M(v � v0) + f0 (6)

which has 7 variables. v and v0 are 2D vectors with v
containing the variables holonomy ⌫ and radius r and v0
describing the correction to the point that were the mini-
mum. M is a 2 times 2 matrix with M = MT containing
the coe�cients for the fit.
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Instanton-dyon Ensembles III: Exotic Quark Flavors

Rasmus Larsen and Edward Shuryak
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“Exotic quarks” in the title refers to a modification of quark periodicity condition on the thermal
circle by introduction of some phases – known also as “flavor holonomies” – di↵erent quark flavors.
These phases provide a valuable tool, to be used for better understanding of deconfinement and
chiral restoration phase transitions: by changing them one can dramatically modify both phase
transitions. In the language of instanton constituents – instanton-dyons or monopoles – it has a very
direct explanation: the interplay of flavor and color holonomies can switch topological zero modes
between various dyon types. The model we will study in detail, the so called ZNc -symmetric QCD
model with equal number of colors and flavors Nc = Nf = 2 and special arrangement of flavor and
color holonomies, ensure “most democratic” setting, in which each quark flavor and each dyon type
are in one-to-one correspondence. The usual QCD has the opposite “most exclusive” arrangement:
all quarks are antiperiodic and thus all zero modes fall on only one – twisted or L – dyon type. As
we show by ensemble simulation, deconfinement and chiral restoration phase transitions in these two
models are dramatically di↵erent. In the usual QCD both are smooth crossovers: but in the case
of Z2-symmetric model deconfinement becomes strong first order transition, while chiral symmetry
remains broken for all dyon densities studied. These results are in good correspondence with those
from recent lattice simulations.

I. INTRODUCTION

QCD-like gauge theories display two main non-
perturbative phenomena, confinement and spontaneous

breaking of SU(N
f

) chiral symmetry. Their mechanism
has been discussed extensively since the 1970’s: We will
mention some historical highlights below. Our previous
papers, to be referred to as I [1] and II [2] below, ad-
dressed those phenomena in a model based on a certain
gauge topology model.

Before going to details of that model, let us first explain
the main new element of this paper, what do we mean by
exotic quarks, and why one should be interested in such
theories. Standard Euclidean formulation of QCD-like
theories define time ⌧ 2 S1, on the so called Matsub-
ara circle with a circumference � = ~/T . Bosons – the
gauge fields – are periodic on this circle, and fermions
are anti� periodic: as a result standard Bose and Fermi
thermal factors automatically appear in thermodynam-
ical expressions. One option to make quarks exotic is
to generalize their periodicity condition on S1 by adding
some arbitrary phase to it, and this is the one to be used
in this work. With a generic value of this phase, quarks
are neither fermions nor bosons: perhaps one can use
a term originated from condensed matter physics – the
“anyons”.

Short answer to why such studies can be instructive
is as follows: Chiral symmetry breaking is associated
with Dirac zero modes of certain topological solitons. By
changing the quark phases, one can very e↵ectively ma-
nipulate their coupling to solitons of di↵erent kinds, and
thus learn which of them are in fact relevant for the phe-
nomena under consideration.

Since this is our third paper of the series, it hardly
needs an extensive introduction. Here is a brief outline
of the historic development of non-perturbative QCD.
Since the 1970’s, confinement was historically connected

with gauge field solitons with magnetic charge – the
monopoles. It is su�cient to mention the so called “dual
superconductor” model by ’t Hooft and Mandelstam [4]
and Polyakov’s prove of confinement in 2+1-dimensional
gauge theories [5].

Chiral symmetry breaking has been first addressed by
Nambu and Jona Lasinio [6] back in 1961, who pointed
out even the existence of the chiral symmetry, as well
as its spontaneous breaking by a nonzero quark conden-
sate. It was shown that in order to create it, some strong
attractive 4-fermion interaction is needed, at momenta
below a cuto↵ Q < ⇤ ⇠ 1GeV . Twenty years later the
emerging instanton phenomenology [7] made it clear that
this interaction is nothing else but multi-fermion e↵ective
forces induced by instantons. Furthermore, unlike the ef-
fective Lagrangian conjectured by NJL, it also explicitly
breaks U(1)

a

axial symmetry. With time somewhat dif-
ferent perspective on chiral symmetry breaking had de-
veloped, focused on Dirac eigenvalue spectrum. The low
lying ones are formed via collectivization of the topolog-
ical fermionic zero modes into the so called Zero Mode

Zone (ZMZ): for a review see [8] .

While the main non-perturbative phenomena were for
a long time ascribed to two rather distinct mechanisms,
the results of the numerical simulations on the lattice
persistently indicated that the deconfinement temper-
ature T

deconf

and chiral symmetry restoration, one to
be called T

�

, are in fact very close, at least for near-
real-world QCD (with the number of colors and flavors
N

c

= 3, N
f

= 2 + 1 and quark masses small). This fact,
and in general their interplay in all QCD-like theories be-
came one of the most puzzling issues in non-perturbative
QFT.

But does it really hold for all QCD-like theories? One
simple way to modify QCD is to change the color charge
(representation) of the quark fields. Changing quark
color charge from the fundamental to adjoint represen-
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chiral symmetry breaking is dramatically different
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FIG. 4: Debye Mass Md as a function of action parameter
S, for the Z2-symmetric model (red squares) and the usual
QCD-like model with Nc = Nf = 2 (blue circles).

FIG. 5: The Dirac eigenvalue distribution ⇢(�) for ensemble
of 64 (Blue triangle) and 128 (Red square) dyons, for Z2-
symmetric model at S = 6. The upper plot shows the region
of smaller eigenvalues, in which one can see the finite volume
“dip”, of a width which scales approximately as 1/V4 as ex-
pected. The lower plot shows the same data sets, but in wider
range of eigenvalues: it displays the “inverse cusp” shape of
the distribution discussed in the text.

⇢(�) to � ! 0 and to extract the value of the quark con-
densate.) In the other model, the N

c

= N
f

= 2 QCD,
such “inverse cusp” is absent, see II.

So far our discussion assumed an infinite volume limit,
in which case the Dirac eigenvalue spectrum extends till
� = 0. However, it is well known that any finite-size sys-
tems, with 4-volume V4, have the smallest eigenvalues of
the order O(1/V4). This creates the so called “finite size
dip”, in the eigenvalue distribution, also clearly visible in
Fig. 5(upper). One can see that doubling of the volume,
from 64 to 128 dyons at the same density, reduces the
width of this dip roughly by factor two, as expected.

As the holonomy jumps away from its confining value
0.5, the dyon densities become di↵erent. Unlike the fun-
damental quarks, where the holonomy goes down, the
densities of L dyons become larger than that of M dyons.
The total density goes down, but the reduction in M
dyons, leaves space for a few more L dyons. This means
that on one hand the density is larger for L dyons, and
the zero-mode density is therefore higher. On the other
hand, the factor in the exponential in T

ij

(Eq. 4) is ⌫̄
for L dyons, and ⌫ for M dyons. This means that as ⌫
becomes smaller, the e↵ective density of the zero-modes
associated with L dyons become smaller, while the zero-
modes associated with M dyons gets an increased e↵ec-
tive density. It is therefore the interplay between these
two e↵ects, that control which of the condensates are
largest. This results in what we show in Fig. 6, where
the M dyon condensate appears to be slightly larger than
the L dyon condensate, and both condensates decreases
slightly in accordance with the total density of dyons. It
is also observed that since each gas of zero-modes e↵ec-
tively works as a N

f

= 1 ensemble, with non-vanishing
condensates even at the lowest densities we studied[30]
(the r.h.s. of the plot). The other model – N

c

= N
f

= 2
QCD –has condensate shown by black triangles: it clearly
has chiral symmetry restoration,at S > 8 we detected no
presence of a condensate.

.
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FIG. 6: Chiral condensate generated by u quarks and L dyons
(red squares) and d quarks interacting with M dyons (blue
circles) as a function of action S, for the Z2-symmetric model.
For comparison we also show the results from II for the usual
QCD-like model with Nc = Nf = 2 by black triangles.

the usual QCD
has chiral 

restoration

Z2 QCD

has symmetric and asymmetric phases
yet apparently no chiral symmetry

restoration at any T

why can the quark condensate
be much larger for Z2?
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Lattice study on QCD-like theory with exact center symmetry
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We investigate QCD-like theory with exact center symmetry, with emphasis on the

finite-temperature phase transition concerning center and chiral symmetries. On the

lattice, we formulate center symmetric SU(3) gauge theory with three fundamental

Wilson quarks by twisting quark boundary conditions in a compact direction (Z3-

QCD model). We calculate the expectation value of Polyakov loop and the chiral

condensate as a function of temperature on 163 × 4 and 203 × 4 lattices along the

line of constant physics realizing mPS/mV = 0.70. We find out the first-order cen-

ter phase transition, where the hysteresis of the magnitude of Polyakov loop exists

depending on thermalization processes. We show that chiral condensate decreases

around the critical temperature in a similar way to that of the standard three-flavor

QCD, as it has the hysteresis in the same range as that of Polyakov loop. We also

show that the flavor symmetry breaking due to the twisted boundary condition gets

qualitatively manifest in the high-temperature phase. These results are consistent

with the predictions based on the chiral effective model in the literature. Our ap-

proach could provide novel insights to the nonperturbative connection between the

center and chiral properties.
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FIG. 1: Polyakov loop distribution plot in Z3-QCD (left) and the standard three-flavor QCD

(right). Based on 163 × 4 lattice for β = 1.70, 2.00, 2.20 with the same values of κ in both panels.

IV. SIMULATION RESULTS

A. Polyakov loops and center symmetry

We first show the existence of Z3 center symmetry in the present model based on the

distribution plot of Polyakov loop (L),

L =
1

V

∑

x⃗

1

3
tr

[

Nτ
∏

i=1

Uτ (x⃗, i)

]

. (11)

Here V denotes the spacial volume in a lattice unit. As shown in the left panel of Fig. 1,

the Polyakov loops are distributed around the origin in the low β regime while three vacua

exist in the high β regime for Z3-QCD. On the other hand, those in the standard three-

flavor SU(3) gauge theory in the right panel of Fig. 1 indicate explicit breaking of Z3

center symmetry. These results obviously show that the Z3-QCD model possesses exact Z3

center symmetry at the action level while it seems to undergo spontaneous breaking of the

symmetry in the high-temperature phase.

Next, we investigate temperature dependence of the Polyakov loop by varying β along

with the line of constant-physics, namely mPS/mV = 0.70, shown in Table I. We generate

10

FIG. 2: β dependence of the magnitude of Polyakov loop (⟨|L|⟩) for the Z3-QCD and standard

three-flavor QCD on 163 × 4 (left) and 203 × 4 (right) lattices. For the Z3-QCD model, the data of

⟨|L|⟩ started with the cold start (triangle (blue) symbols) have a clear jump from zero to non-zero

values around the region 1.55 ≤ β ≤ 1.60 in both panels, while the jump occurs in 1.80 ≤ β ≤ 1.90

(left) and 1.90 ≤ β ≤ 1.95 (right) for the data generated by the hot start (circle (red) symbols). In

the regions between these two jumps, the hysteresis exists in Z3-QCD model. On the other hand,

the data of the standard three-flavor (Nf = 3) QCD (square (black) symbols) do not show such a

jump from zero to nonzero nor hysteresis.

configurations with two types of initial condition; cold start and hot start. In both panels

of Fig. 2, the triangle (blue) symbol denotes the data started with cold start. The corre-

sponding initial configuration lives in the ordered phase, and we set all initial link variables

to unity. On the other hand, the circle (red) symbol denotes the ones started with hot start.

The corresponding configuration is in the disordered phase, and the initial link variable

is a random number. The square (black) symbol shows the result of the standard three-

flavor QCD with the periodic boundary condition for spacial directions and the anti-periodic

condition for temporal direction with the same values of β and κ as Z3-QCD simulations.

Now, let us look into the results in details.

Firstly, for the Z3-QCD model, we find hysteresis in the range of 1.55 < β < 1.90

depending on the initial conditions (cold or hot). On the other hand, we find that there are

no hysteresis in the data for the standard three-flavor QCD. We note that the hysteresis is

a signal of the first order phase transition.

Secondly, in the low-temperature phase, the magnitude of Polyakov loop is exactly zero for

explanation:  three flavors of quarks
interact with three different ``liquids”

of M1,M2,L instanton-dyons! 

15

FIG. 5: β and flavor dependences of the expectation values of subtracted chiral condensates ⟨q̄q⟩

for each flavor in Z3-QCD model. The lattice size is 203 × 4. Circle (red), square (orange) and

triangle (violet) symbols denote u-, d- and s-flavor generated with hot start, respectively.

higher than that in the three-flavor QCD. We do not yet have sufficient ingredients to con-

clude on this question. Higher statistics and investigation of its susceptibility are necessary

to determine the critical temperature in the massless limit. It is of well-known difficulty to

determine the critical temperature of the chiral phase transition [39].

We also note that the absolute values of the chiral condensates in Z3- and three-flavor

QCD are different in the low-temperature phase, which may indicate the qualitative differ-

ence of the chiral property between the two theories.

Next, we focus on the flavor symmetry breaking in the high-temperature phase. Figure 5

shows the expectation values of chiral condensates for each flavor. Here, circle (red), square

(orange) and triangle (violet) symbols denote u-, d- and s-flavor generated with hot start,

respectively. Three components of chiral condensate are degenerate in the low-temperature

phase. On the other hand, in the high-temperature phase, there appears clear flavor symme-

try breaking. Two of them, whose total complex phase (φ+θ) are nontrivial, are degenerated

because of the momentum shift of the twisted boundary condition. It indicates that at least

the Z3 center of SU(3) flavor symmetry, which commutes with the Cartan subgroup, is ef-

fectively preserved in the low-temperature phase, while the breaking of this symmetry gets



Summary

Instanton-dyon ensembles:
in QCD-like theories the deconfinement

and chiral transitions
are driven just by sufficiently large dyon density 

=> quasicritical Tdec and Tchir  are about the same

But this changes in theories with
unusual fermions.

Nontrivial flavor holonomies
 ( phases in boundary conditions) 

dramatically change both deconfinement
and chiral transitions:

interesting dependences seen.
It is an excellent tool to fix the microscopic mechanism

Yet direct identification
of the instanton-dyons

 on the lattice,
study of their density etc are 

still badly needed


