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Hydro. Hydro.+



Search for the critical point in 19th c.

• Heating and compressing liquid (matter under 
extreme conditions) in a digester.

• Listening to discontinuities in the splashing sound 
(critical signature). 

(Digester )
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High Energy Frontier of 19th c. 
(digester made from canon barrel).



Search for the QCD critical point in 21 c.

• Creating QCD matter under extreme conditions .

• Identifying observables sensitive to criticality 
(fluctuations of hadron multiplicities etc ).

(Digester )
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• The expanding fireball is not the liquid in a digest : 
dynamical effects are important !

• The equilibration time of critical fluctuation grows 
(critical slowing down).

                       Relaxation time ~ ξz >>τmic         (z≈3)

             Or      ωCritical  ~  1/(ξ)3
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• Off-equilibrium effects limit the growth of correlation 
length. 

• Critical cumulants can be different from the 
equilibrium expectation qualitatively !

5

  S<0 

S>0

S<0

S>0

Equilibrium Off-Equilibrium

(S. Mukherjee,  R. 
Venugopalan and 
YY, PRC, 2015) 

(Berdinkov-Rajagopal, 99’) 
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• The applicability of Hydro. near C.P. is limited by the 
critical slowing down ( ω< ωCritical ~  1/ξ3). 

• The critical E.o.S only applies to the situation that 
critical fluctuations are in equilibrium. 

• Another symptom: the growth of bulk viscosity 
ζKubo ~   ξ3 .

Challenging for hydro.  near a critical point 
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The goal of hydro+critical slowing (or 
“Hydro+”)

• Formulating a hydro-like theory which is applicable at 
scale ω>ωCritical ~  1/ξ3 .

• “+”: adding critical slow modes (parametrically longer 
life than other microscopic modes).

Hydro. Hydro.+

 ωCritical ~  1/ξ3  ωmic ~T



Outline

• Construction of “Hydro+” critical slowing down.

• An example in the expanding background (briefly). 

• Summary.



A warm-up exercise:  adding one slow mode 
to hydro.
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• Step 1: writing down a general local theory with 
additional slow  mode(s) ɸ and relaxation rate Γϕ . 

• Step II: Fixing inputs of “hydro+” as much as possible 
from dynamical/static critical universality. 

General strategy
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E.o.S and dynamical equation for ɸ 

• Generalized entropy (E.o.S) : s(+)(𝜀,n,ɸ) . 

• Equilibrium entropy is the maximum of s(+)(𝜀,n,ɸ):

          s(𝜀,n) = s(+)(𝜀,n,ɸ) |π=0      where        

             π(𝜀,n,ɸ) = ∂s(+)(𝜀,n,ɸ)/∂ɸ

• E.o.M for ɸ (slow equilibration of ɸ) :

  (uμ ∂μ)ɸ = - 𝛾ɸ	π	 	+ gradient term               𝛾ɸ		∝ Γϕ                

(𝛾ɸ is  functions of  𝜀,n,ɸ)
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Hydro	part	of	“hydro+”
• Tμν =  𝜀 uμ uν + p(+)(𝜀,n,ɸ) gμν +ΔTμν .            

            s(+)(𝜀,n,ɸ)  ⇒  p(+)(𝜀,n,ɸ)

•  ΔTμν =  - 𝜁(+) Δμν (∂ u) - shear viscous term (similar 
for ΔJμ)

• Constraints:

• 2nd law:  Γɸ	,	𝜁(+), etc >0 .

•  No double counting: 

        𝜁Kubo = 𝜁(+) + contributions from ϕ (∝1/Γϕ)                
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Non-equilibrium effects modify E.o.S
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𝜁Kubo-𝜁+=[(cs,+)2-(cs)2]/Γɸ
• Transport coefficient is related to 1/Γɸ . 

(ρBulk(ω)~Im <TiiTii>) 

• Entropy production will be over-estimated without 
including the additional slow mode. 

• Area: shift of sound velocity.

[(cs,+)2-(cs)2] ∝ ∫dω (ρ(ω)/ω - ζ(+))
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Fixing inputs from matching to critical 
dynamics

𝜁Kubo ~ ξ3    →    Γϕ ~ ξ-3

• Peak: (critical) bulk viscosity

• Matching area fixes (cs,+)2.

(ρBulk(ω) from mode H ) 

(ρBulk(ω) from hydro+one mode ) 

• A pleasing feature:  the input 
of “hydro+” 𝜁+ is finite.   
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• “ H y d r o + ” o n e m o d e 
qualitatively captures the 
transition from hydro regime 
ω< 1/ξ3 to “hydro+” regime 
ω> 1/ξ3 .

• One mode is not enough to fully capture the critical 
dynamic behavior. 

• Next step: Hydro+ a spectrum of slow modes.

(ρBulk(ω) from mode H ) 

(ρBulk(ω) from hydro+one mode ) 



Hydro+a spectrum of slow modes
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Construction of hydro+ϕ(t,x;Q)

s+(𝜀,n,ɸ) s+(𝜀,n,ϕ(Q))  (thus p+(𝜀,n,ϕ(Q)))

           (uμ ∂μ)ɸ = - 𝛾ɸ	π	-	….  (uμ ∂μ)ɸ(Q)=	-	𝛾ɸ(Q)	π(Q)	-	… 

  π = ∂s+(𝜀,n,ɸ)/∂ɸ   π (Q) = δs+(𝜀,n,ɸ(Q))/δɸ(Q)

To proceed, a more “microscopic” understanding of 
critical slow modes is needed
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• A general critical point: slow modes include order 
parameter (M), and <δMδM> (and potentially higher 
cumulants…). 

• QCD critical point: hydro + <δMδM>.

•  M is a linear combination of ϵ, n and chiral 
condensate σ.  σ  equilibrates at microscopic time 
scale and the evolution of σ  simply traces the 
evolution of ϵ, n ⇒ Eq. for M. 

Slow modes near a critical point

(Son-Stephanov, 04’) 
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Relation between <δMδM> and ϕ(t, x ; Q)   

• The Wigner transform of <δMδM> ⇒ ϕ(t, x ; Q)   

   ϕ(t, x ; Q) = ∫d3Δx <δM(t, x+Δx) δM(t, x-Δx)> e-i Q Δx

ϕ(t,x ;Q) may be viewed as many local slow modes with 
label Q at a fluid cell (t,x).

• In equilibrium: ϕeq(Q) = 1/[(𝝌M)-1+Q2] (ϕeq(Q=0)=𝝌M 

~ κ2).

(t,x) 

ϕ(Q1) 

ϕ(Q2) 
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• The generalized entropy s+(ϵ,n, ϕ(Q)) can be derived 
following the formalism of 2PI effective action in QFT. 

•  NB: 2PI effective action is a useful tool to study 
non-equilibrium effects. 

Generalized Entropy s+(ϵ,n,ϕ(Q))

• A simple form at the leading order in “loop 
expansion”:

(e.g. J. Berges et al, hep-ph/0409123) 

(J. M. Cornwall, R. Jackiw, E. Tomboulis, 1974’ ) 
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• A Q-dependent (phenomenological) relaxation equation 
for ϕ:

E.o.M for ϕ(Q) 

• s(+)(ϵ,n,ϕ(Q)) together with Γ(Q) successfully 
reproduces critical behavior of ρBulk(ω)~ Im <TiiTii> . 

 (uμ ∂μ)ɸ = - 𝛾ɸ	π	 

• Γ(Q)=γ(Q)/(ϕeq(Q))2 is known 
from model H.



An example of hydro+ in an expanding  
QGP
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Solving equation for ɸ(Q) along a trajectory

M~T-Tc,  rIsing ~ μ-μc
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“Hydro+” describes the slow relaxation of 
critical fluctuations 

𝛕<𝛕peak , fall out of equilibrium. 𝛕>𝛕peak , memory.

ɸmax

• NB: ɸ(Q) can be related to the baryon number 
balance function (if supplemented with mapping 
and freeze-out prescription). 
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Hydro+ describes off-equilibrium 
modification of E.o.S

 

(cs)-2 -(cs, off-equilibrium)-2 ∝shaded area
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Summary

• “Hydro+”: descr ib ing bulk 
evolution and fluctuations near 
the critical point in one and the 
same framework.

• Future: quantitative description 
for both flow observables and 
fluctuation measure. 

26

2. Quantum Chromodynamics: The Fundamental Description of the Heart of Visible Matter

The trends and features in BES-I data provide compelling 

motivation for a strong and concerted theoretical 

response, as well as for the experimental measurements 

with higher statistical precision from BES-II. The goal 

of BES-II is to turn trends and features into definitive 

conclusions and new understanding. This theoretical 

research program will require a quantitative framework 

for modeling the salient features of these lower energy 

heavy-ion collisions and will require knitting together 

components from different groups with experience 

in varied techniques, including LQCD, hydrodynamic 

modeling of doped QGP, incorporating critical 

fluctuations in a dynamically evolving medium, and more.

Experimental discovery of a critical point on the QCD 

phase diagram would be a landmark achievement. The 

goals of the BES program also focus on obtaining a 

quantitative understanding of the properties of matter 

in the crossover region of the phase diagram, where it 

is neither QGP nor hadrons nor a mixture of the two, as 

these properties change with doping.

Additional questions that will be addressed in this 

regime include the quantitative study of the onset 

of various signatures of the presence of QGP. For 

example, the chiral symmetry that defines distinct 

left- and right-handed quarks is broken in hadronic 

matter but restored in QGP. One way to access the 

onset of chiral symmetry restoration comes via BES-II 

measurements of electron-positron pair production in 

collisions at and below 20 GeV. Another way to access 

this, while simultaneously seeing quantum properties 

of QGP that are activated by magnetic fields present 

early in heavy collisions, may be provided by the slight 

observed preference for like-sign particles to emerge 

in the same direction with respect to the magnetic field. 

Such an effect was predicted to arise in matter where 

chiral symmetry is restored. Understanding the origin 

of this effect, for example by confirming indications that 

it goes away at the lowest BES-I energies, requires the 

substantially increased statistics of BES-II.

NEW MICROSCOPES ON THE INNER 
WORKINGS OF QGP
To understand the workings of QGP, there is no 

substitute for microscopy. We know that if we had a 

sufficiently powerful microscope that could resolve the 

structure of QGP on length scales, say a thousand times 

smaller than the size of a proton, what we would see 

Figure 2.10: The top panel shows the increased statistics anticipated 
at BES-II; all three lower panels show the anticipated reduction in 
the uncertainty of key measurements. RHIC BES-I results indicate 
nonmonotonic behavior of a number of observables; two are shown in 
the middle panels. The second panel shows a directed flow observable that 
can encode information about a reduction in pressure, as occurs near a 
transition. The third panel shows the fluctuation observable understood 
to be the most sensitive among those measured to date to the fluctuations 
near a critical point. The fourth panel shows, as expected, the measured 
fluctuations growing in magnitude as more particles in each event are 
added into the analysis.

are quarks and gluons interacting only weakly with each 

other. The grand challenge for this field in the decade 

to come is to understand how these quarks and gluons 

conspire to form a nearly perfect liquid.

Microscopy requires suitable messengers that reveal 

what is happening deep within QGP, playing a role 

analogous to light in an ordinary microscope. The 

Coupled evolution ⇒<flow  cumulants>data
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