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 The	 temperature	 driven	 transi.on	 at	 zero	
µB	 indicate	 a	 rapid	 crossover	 from	 the	
hadronic	phase	to	the	QGP	phase.		

	
 The	µB	driven	transi.on	at	finite	T	is	a	first	

order	phase	transi.on.	
	
 A	first	order	line	origina.ng	at	zero	T	 	must	

end	 somewhere	 in	 the	midst	 of	 the	 phase	
diagram	 where	 the	 phase	 transi.on	 is	 a	
crossover	

This end point of a first order phase transition 
line is a critical end point (CEP) 

Limited	theore.cal	guidance,	
	need	data!!	
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Fluctua(ons:	Theory	to	Experimental	observables	are	
performed	using	cumulants	

¤  Cumulants	of	fluctua.ons	of	conserved	quan..es	are	related	to	thermodynamic	
suscep.bili.es	(La$ce	QCD	and	Hadron	Resonance	Gas	(HRG)	model)	

Cumulant	ra.os	are	
Independent	of	Volume	

M.Cheng	et	al,	Phys.	Rev.	D	79,	074505	(2009)		
F.	Karsch	and	K.	Redlich,	Phys.	LeB.	B	695,	136	(2011)	
	

v 1st	moment:		
				mean	µ=<x>	
v 2nd	cumulant:		
				variance		κ2=	σ2=<(x-µ)2>	
v 3rd	cumulant:	κ3=	μ3=<(x-µ)3>	
v 3rd	standardized	cumulant:		
				skewness	=	S=	κ3/κ2

3/2=<(x- µ)3>/σ3	

v 4th	cumulant:	κ4=	<(x-µ)4>-3κ2
2	

v 4th	standardized	cumulant:		
				kurtosis	=	κ=κ4 /κ2

2={<(x- µ)4>/σ4}	-3	

Calculate	 moments	 from	 the	
event-by-event	 net-mul(plicity	
distribu(on	ΔN=N+	-	N-	
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Several	Measurements	

5	

Net-Proton Fourth-Order Fluctuation

Ø Non-monotonic energy 
dependence is observed for
4th order net-proton, proton
fluctuations in most central
Au+Au collisions.

Ø UrQMD results show
monotonic decrease with
decreasing collision energy.
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collisions at different collision energies. These !Nch distri-
butions are not corrected for reconstruction efficiency. The
centrality classes associated with the average number of
participants, ⟨Npart⟩, are defined for each 5% centrality bin.
These classes are determined using a Monte-Carlo simulation
based on Glauber model calculations with the BBC, RXNP,
and EMCal detector responses taken into account [22,23].

The !Nch distributions are characterized by cumulants and
related quantities, such as µ, σ , S, and κ , which are calculated
from the distributions. The statistical uncertainties for the
cumulants are calculated using the bootstrap method [24].
Corrections are then made for the reconstruction efficiency,
which is estimated for each centrality and energy using the
HIJING1.37 event generator [25] and then processed through
a GEANT simulation with the PHENIX detector setup. For
all collision energies, the average efficiency for detecting
the particles within the acceptance varies between 65%–72%
and 76%–85% for central (0%–5%) and peripheral (55%–
60%) events, respectively, with a 4%–5% variation as a
function of energy. The efficiency correction applied to the
cumulants is based on a binomial probability distribution for
the reconstruction efficiency [26]. The efficiency corrected
µ, σ , S, and κ as a function of ⟨Npart⟩ are shown in
Figs. 1(c)–1(f).

The µ and σ for net-charge distributions increase with
increasing ⟨Npart⟩, while S and κ decrease with increasing
⟨Npart⟩ for all collision energies. At a given ⟨Npart⟩ value, µ,
S, and κ of net-charge distributions decrease with increasing
collision energy. However, the width σ of net-charge distribu-
tions increases with increasing collision energy indicating the
increase of fluctuations in the system at higher

√
s

NN
.

The systematic uncertainties are estimated by: (1) varying
the Zvertex cut to less than ±10 cm; (2) varying the matching
parameters of PC3 hits and EMCal clusters with the projected
tracks to study the effect of background tracks originating
from secondary interactions or from ghost tracks; (3) varying
the centrality bin width to study nondynamical contributions
to the net-charge fluctuations due to the finite width of the
centrality bins [27–29]; and (4) varying the lower cut. The total
systematic uncertainties estimated for various cumulants for
all energies are: 10%–24% for µ, 5%–10% for σ , 25%–30%
for S, and 12%–19% for κ . The systematic uncertainties are
similar for all centralities at a given energy and are treated as
uncorrelated as a function of

√
s

NN
. For clarity of presentation,

the systematic uncertainties are only shown for central (0%–
5%) collisions.

Figure 2 shows the ⟨Npart⟩ dependence of µ/σ 2, Sσ ,
κσ 2, and Sσ 3/µ[= (Sσ )/(µ/σ 2)] extracted from the net-
charge distributions in Au + Au collisions at different

√
s

NN
.

The results are corrected for the reconstruction efficiencies.
Statistical uncertainties are shown along with the data points.
The systematic uncertainties are constant fractional errors
for all centralities at a particular energy; hence they are
presented for the central (0%–5%) collision data point only.
The systematic uncertainties on these ratios across different
energies varies as follows: 20%–30% for µ/σ 2, 15%–34%
for Sσ , 12%–22% for κσ 2, and 17%–32% for Sσ 3/µ. It is
observed in Fig. 2 that the ratios of the cumulants are weakly
dependent on ⟨Npart⟩ for each collision energy; the values of
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FIG. 2. ⟨Npart⟩ dependence of efficiency corrected (a) µ/σ 2, (b)
Sσ , (c) κσ 2, and (d) Sσ 3/µ of net-charge distributions for Au + Au
collisions at different collision energies. Statistical errors are shown
along with the data points while systematic uncertainties are shown
for (0%–5%) collisions.

µ/σ 2 and Sσ decrease from lower to higher collision energies,
while the κσ 2 and Sσ 3/µ values are constant as a function of√

s
NN

within systematic uncertainties.
The collision energy dependence of µ/σ 2, Sσ , κσ 2 and

Sσ 3/µ of the net-charge distributions for central (0%–5%)
Au + Au collisions are shown in Fig. 3. The statistical and
systematic uncertainties are shown along with the data points.
The experimental data are compared with negative-binomial-
distribution (NBD) expectations, which are calculated by
computing the efficiency corrected cumulants for the measured
N+ and N− distributions fit with NBD’s respectively, which
also describe total charge (N+ + N−) distributions very well
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FIG. 3. The energy dependence of efficiency corrected (a) µ/σ 2,
(b) Sσ , (c) κσ 2, and (d) Sσ 3/µ of net-charge distributions for
central (0%–5%) Au + Au collisions. The error bars are statistical
and caps are systematic uncertainties. The triangle symbol shows the
corresponding efficiency corrected cumulant ratios for net charge,
from NBD fits to the individual N+ and N− distributions.
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values for the Poisson baselines are always unity. For
peripheral collisions the κσ2 values show almost no
variation as a function of beam energy and lie above the
Poisson baseline and below the NBD baseline. For central
collisions, within the statistical and systematic errors of the
data, the κσ2 values at all energies are consistent with each
other, except for

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 GeV. The weighted mean of
κσ2 calculated for central collisions at all energies is
2.4" 1.2. For central collisions, both of the baseline
calculations follow the data points except for the one at
the lowest energy. Deviations of the data points with
respect to the baseline calculations have been quantified
in terms of the significance of deviation, defined as

ðjData − BaselinejÞ=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
err2stat þ err2sys

q
Þ, where errstat and

errsys are the statistical and systematic errors, respectively.
These deviations remain within 2 in the case of Sσ and κσ2

with respect to the corresponding Poisson and NBD base-
lines. This implies that the products of moments do not
show nonmonotonic behavior as a function of beam energy.
The fluctuations of conserved quantities can be used to

extract the thermodynamic information on chemical freeze-
out by comparing experimentally measured higher
moments with those from first-principle lattice QCD
calculations [23]. Traditionally, by using the integrated

hadron yields, the first moment of the fluctuations, the
chemical freeze-out have been extracted from hadron
resonance gas (HRG) models [25,41]. However, higher-
order correlation functions should allow stricter tests on the
thermal equilibrium in heavy-ion collisions. Calculations of
freeze-out parameters based on preliminary experimental
data on moments of net-charge distributions have been
obtained [42,43]. From the latest lattice [44] and HRG
analyses [45] using the STAR net-charge and net-proton
results for central Auþ Au collisions at 7.7 to 200 GeV, the
extracted freeze-out temperatures range from 135 to
151 MeV and μB values range from 326 to 23 MeV. The
errors in these calculations increase from 2% to 10% as a
function of decreasing beam energy, which is mostly due to
the statistical uncertainty in the experimental measure-
ments. More details can be found in Refs. [44,45]. Note that
this is the first time that the experimentally measured higher
moments have been used to determine the chemical freeze-
out conditions in high-energy nuclear collisions. The
freeze-out temperatures obtained from the higher moments
analysis are lower with respect to the traditional method
[25,46]. This difference could indicate a higher sensitivity
to freeze-out in the higher moments, which warrants further
investigation.
In summary, the first results of the moments of net-

charge multiplicity distributions for jηj < 0.5 as a function
of centrality for Auþ Au collisions at seven collision
energies from

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 to 200 GeV are presented.
These data can be used to explore the nature of the
QCD phase transition and to locate the QCD critical point.
We observe that the σ2=M values increase monotonically
with increasing beam energy. Weak centrality dependence
is observed for both Sσ and κσ2 at all energies. The Sσ
values increase with decreasing beam energy, whereas κσ2

values are uniform except at the lowest beam energy. Most
of the data points show deviations from the Poisson
baselines. The NBD baselines are closer to the data than
the Poisson baselines, but do not quantitatively reproduce
the data, implying the importance of intraevent correlations
of the multiplicities of positive and negative particles in the
data. Within the present uncertainties, no nonmonotonic
behavior has been observed in the products of moments as a
function of collision energy. The measured moments of net-
charge multiplicity distributions provide unique informa-
tion about the freeze-out parameters by directly comparing
with theoretical model calculations. Future measurements
with high statistics data will be needed for a precise
determination of the freeze-out conditions and to make
definitive conclusions regarding the critical point.

We thank M. Asakawa, R. Gavai, S. Gupta, F. Karsch,
V. Koch, S. Mukherjee, K. Rajagopal, K. Redlich, and
M. A. Stephanov for discussions related to this work. We
thank the RHIC Operations Group and RCF at BNL, the
NERSC Center at LBNL, the KISTI Center in Korea, and
the Open Science Grid consortium for providing resources
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FIG. 4 (color online). Beam-energy dependence of (a) σ2=M,
(b) Sσ, and (c) κσ2, after all corrections, for most central
(0%–5%) and peripheral (70–80%) bins. The error bars are
statistical and the caps represent systematic errors. Results from
the Poisson and NBD baselines are superimposed. The values of
κσ2 for the Poisson baseline are always unity.
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Presence of Critical Point?
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Correlation lengths diverge 
→ Net-p κσ2 diverge

Hints of Critical fluctuations

HADES data + upcoming FXT 
 testing if mapping correct 

New HADES data causing some tension

Comparison with STAR BES-I 

     red/black = unfolding (preferred method) + vol. flucs. corr. 
 

     green = evt-by-evt eff correction of factorial moments + vol. flucs. corr. 

HADES 
preliminary 

HADES 
preliminary 

STAR analysis:  Xiaofeng Luo et al., PoS (CPOD2014) 019 
                                                          arXiv:1503.02558v2 
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and δ = 5, which are within few percent of their exact
values in three dimensions. The result of Eq. (9) can then
be simplified to

κ4(t,H) = −12
81− 783θ2 + 105θ4 − 5θ6 + 2θ8

R14/3(3− θ2)3(3 + 2θ2)5
. (10)

We represent κ4(t,H) graphically as a density plot in
Fig. 1. We see that the 4-th cumulant (and kurtosis)
is negative in the sector bounded by two curved rays
H/tβδ = ±const (corresponding to θ ≈ ±0.32).
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FIG. 1: (color online) (a) – the density plot of the function
κ4(t,H) given by Eq. (10) obtained using Eq. (9) for the linear
parametric model Eqs. (6), (7), (8) and β = 1/3, δ = 5. The
κ4 < 0 region is red, the κ4 > 0 – is blue. (b) – the dependence
of κ4 on t along the vertical dashed green line on the density
plot above. This line is the simplest example of a possible
mapping of the freezeout curve (see Fig. 2). The units of t,
H and κ4 are arbitrary.

Also in Fig. 1 we show the dependence of κ4 along a
line which could be thought of as representing a possible
mapping of the freezeout trajectory (Fig. 2) onto the tH
plane. Although the absolute value of the peak in κ4

depends on the proximity of the freezeout curve to the
critical point, the ratio of the maximum to minimum
along such an H = const curve is a universal number,
approximately equal to −28 from Eq. (10).
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FIG. 2: A sketch of the phase diagram of QCD with the freeze-
out curve and a possible mapping of the Ising coordinates t
and H .

The negative minimum is small relative to the positive
peak, but given the large size of the latter, Ref.[7, 15],
the negative contribution to kurtosis may be significant.
In addition, the mapping of the freezeout curve certainly
need not be H = const, and the relative size of the posi-
tive and negative peaks depends sensitively on that.
The trend described above appears to show in the re-

cent lattice data, Ref.[10], obtained using Pade resum-
mation of the truncated Taylor expansion in µB. As the
chemical potential is increased along the freezeout curve,
the 4-th moment of the baryon number fluctuations be-
gins to decrease, possibly turning negative, as the critical
point is approached (see Fig.2 in Ref.[10]).
Another observation, which we shall return to at the

end of the next section, is that −κ4 grows as we approach
the crossover line, corresponding to H = 0, t > 0 on the
diagram in Fig. 1(a). On the QCD phase diagram the
freezeout point will move in this direction if one reduces
the size of the colliding nuclei or selects more peripheral
collisions (the freezeout occurs earlier, i.e., at higher T ,
in a smaller system).

EXPERIMENTAL OBSERVABLES

In this section we wish to connect the results for the
fluctuations of the order parameter field σ to the fluctua-
tions of the observable quantities. As an example we con-
sider the fluctuations of the multiplicity of given charged
particles, such as pions or protons.
For completeness we shall briefly rederive the results of

Ref.[7] using a simple model of fluctuations. The model
captures the most singular term in the contribution of the
critical point to the fluctuation observables. Consider a
given species of particle interacting with fluctuating crit-
ical mode field σ. The infinitesimal change of the field δσ
leads to a change of the effective mass of the particle by
the amount δm = gδσ. This could be considered a def-
inition of the coupling g. For example, the coupling of
protons in the sigma model is gσp̄p. The fluctuations δfp

NB: Different y and pT ranges
 R. Holzmann QM2017

N.B. non-monotonic behavior not 
observed by PHENIX - due to 
different acceptances? 
(PRC 93, 011901 (2016)) 

Nor in pp or light nuclei by 
NA61(PRC 93, 011901 (2016)) 
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multiplicity distributions for top 0-5% central and 70-80% peripheral collisions at Au+Au
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expectations are denoted as dotted and solid lines, UrQMD calculations are shown as blue
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phase-space to enhance the search for the QCD critical point in the high net-baryon density
region 420 < µB < 250 MeV (7.7 <

p
sNN < 19.6 GeV) .
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Sources	of	Non-dynamical	Fluctuations		
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¤  Ensemble	dependence:																											P.	Garg,	D.	K.	Mishra	et	al.	(Eur.	Phys.		J.	A52	(2016),	27)	
¤  Effect	of	correla.ons	on	cumulants:				P.	Garg,	D.	K.	Mishra	et	al.	(Phys.	Rev.	C	93	(2016),	024918)	
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																																																																														Marlene	Nahrganget	al.	Eur.	Phys.	J.	C	(2015)	75:573	
¤  Effect	of	Par.cipant	Fluctua.ons:								P.	Braun-Munzinger	et	al.	(NPA	960	(2017)	114)		
¤  Global	baryon	number	conserva.on:		P.	Braun-Munzinger	et	al.	(PLB	747	(2015)	292)		
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z  Effect	of	stopped	proton	Fluctua.ons	->			D.	K.		Mishra	&	P.	Garg		arXiv:1706.04012	
																																																																																																																					and	
																																																																																			D.	Thakur,	S.	Jakhar,		P.	Garg	et	al.	
																																																																																			(Phys.Rev.	C95	(2017),	044903)	
	
z  Effect	of	event	Pile-up	->																															P.	Garg	&	D.	K.		Mishra		arXiv:1705.01256		
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Baryon	Stopping	

Ions	about	to	collide	 Ion	collision	 Quarks,	gluons	freed	 Plasma	created	

v 	Large	amount	of	energy	is	deposited	
in	 a	 small	 region	 of	 space	 in	 a	 short	
dura.on	of	.me.	

v 	Occurrence	of	high	energy	density	regions:		
	->	Baryon	rich	Quark	Gluon	Plasma	(@	low	√sNN)	
	->	Baryon	free	Quark	Gluon	Plasma	(@	high	√sNN)	

At	RHIC	BES-I	Energies:	Inclusive	protons	contain	produced	protons	and	stopped	protons	

Number	of	stopped	protons	fluctuate	e-by-e	leading	to	addi.onal	fluctua.ons		

Need	to	disentangle	the	contribu.on	of	stopped	protons	and	produced	protons	
Experimentally	difficult	to	tag	stopped	proton	and	produced	proton	

Part	I:	
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Get	proton	and	anti-proton	distributions	by	tuning	with	
STAR	cumulants	data	for	Au+Au	collisions	
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The	Binomial	expecta(ons	are	tuned	for	proton	and	an(-proton	cumulants	data	at	each	√sNN	
		

The	cumulants	in	data	are	already	corrected	for	efficiency	and	finite	bin	width	effects	

arXiv:1706.04012	STAR		net-proton	DATA	

MC	Points	

hTps://drupal.star.bnl.gov/STAR/files/starpublica(ons/205/data.html	

Prakhar	Garg:	CPOD	2017	



	
Comparison	of	Stopped	Protons	with		

STAR	results		
	

9	

v  A	large	contribu(on	of	stopped	protons	at	BES	energies.	
v  AZer	 subtrac(ng	 the	 stopped	 protons	 from	 the	mean	 of	 	 STAR	 protons	 distribu(on,	 remaining	

produced	protons	are	consistent	with	mean	of	an(-proton	distribu(on	measured	by	STAR.	

Phys.Rev.	C95	(2017),	044903	

STAR	DATA:	hTps://
drupal.star.bnl.gov/STAR/files/
starpublica(ons/205/data.html	

Phys.	LeB.	B	690,358(2010)	

Prakhar	Garg:	CPOD	2017	



Method:	Extract	the	weight	factors	
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C1	of	pstop	
_____________			=	Frac(on	of	Stopped	Protons	
C1	of	pinclu		

Phys.Rev.	C95	(2017),	044903	

Now,	“assuming”	that	this	frac(on	is	
also	distributed	according	to	the	

Binomial	distribu(on		

We	get	a	corrected	distribu(on	for	
produced	protons	

Prakhar	Garg:	CPOD	2017	



Cumulants	and	their	ratios	for	individuals	
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arXiv:1706.04012	

At	lower	collision	energies,	the	pincl	fluctua(ons	are	dominated	by	pstop	and	at	
higher	energies	they	are	dominated	by	produced	proton	fluctua(ons.	

Prakhar	Garg:	CPOD	2017	



Cumulants	and	their	ratios	for	net-protons	
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Ø  Correc.ons	for	stopped	proton	fluctua.on	may	enhance	the	signal	as	can	be	seen	for	C32	
Prakhar	Garg:	CPOD	2017	



Event	Pile-up	Effects		
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Part	II:	

Ref:	Harnarine	Ian,	”A	Study	of	Pile-up	in	200	GeV	Au+Au	Collisions	at	RHIC”,	Doctoral	dissertaOon,	University	
of	Illinois	at	Chicago,	2005.	and	references	therein.	

In	high	luminosity	heavy-ion	collisions,	there	may	be	following	sources	of	the	
background	events	during	a	collision	
	
Ø  In-(me	pile-up:	If	more	than	one	collisions	are	occurring	in	the	same	bunch-crossing	in	a	

collision	of	interest;		

Ø  Out-of-(me	pile-up:	If	addi(onal	collisions	are	occurring	in	a	bunch-crossing	before	and	aZer	
the	collision.		

Ø  Cavern	background:	Mainly	low	energy	neutrons	and	photons		

Ø  Beam	halo	events:	The	dispersion	in	the	beam		

Ø  Beam	gas	events:	Collisions	between	the	bunch	and	the	residual	gas	inside	the	beam-pipe.		

Prakhar	Garg:	CPOD	2017	



Simple	MC	for	event	pile-up	study		
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arXiv:1705.01256		

Generate	the	Poisson	or	NBD	
Distribu.on	for	protons	and	an.-

protons	using	the	Mean	values	from	
STAR	data	

Add	extra	protons	and	an.-protons	
coming	from	pile-up	event		

Randomly	select	the	proton	
mul.plicity	from	MB	proton	sample	
and	add	it	to	the	original	distribu.on		

Study	the	effect	on	cumulants	with	
different	frac.on	of	mixed	events	

Ø  The	proton	and	an(-proton	mul(plici(es	from	minimum	bias	
events	 as	 pile-up	 are	 added	 with	 the	 individual	 p	 and	 p	 ̄	
distribu(ons	assuming	each	of	the	distribu(on	as	NBD.		

	

Prakhar	Garg:	CPOD	2017	



Central	+	Minimum	Bias	event	as	pile-up	
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Individual cumulants for Central + min.bias assuming Poisson
Similar to Fig.2 of the draft.

  

Individual cumulants for Central + min.bias assuming NBD
Similar to Fig.5 of the draft

arXiv:1705.01256		
Poisson	Assump(on	 NBD	Assump(on	

Ø  More	important	for	higher	cumulants!!	
Prakhar	Garg:	CPOD	2017	



Central	+	Minimum	Bias	event	as	pile-up	
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Prakhar	Garg:	CPOD	2017	



Most	Extreme	Situation		
(Central	+	Central	event	as	a	pile-up)	
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Poisson	Assump(on	 NBD	Assump(on	

Prakhar	Garg:	CPOD	2017	



Conclusion	
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Ø Stopped	Proton	Fluctua(ons	may	have	significant	effect	
on	 the	 net-proton	 measurements	 which	 needs	 to	 be	
addressed	carefully.	

	
Ø Event-pile	 up	 can	 also	 influence	 the	 Fluctua(on	
Measurements	 and	 should	 be	 studied	 in	 each	
experimental	set-up	for	cumulants	observable.			

Prakhar	Garg:	CPOD	2017	


