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Overview 
•  Compare a wide variety of hydrodynamic models and 

test their validity 

–  Anisotropic hydrodynamics                       (primary focus) 
–  DNMR viscous hydrodynamics  

•  Testing ground: 0+1d Gubser flow 

–  Massless Boltzmann gas subject to Gubser flow 
–  Compare to exact solution of Boltzmann kinetic equation in 

Relaxation Time Approximation (RTA)  
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Gubser Flow 
•  Flow profile characteristics 

–  Like Bjorken flow it has boost - invariant longitudinal expansion 
–  Azimuthally symmetric radial flow in transverse plane  

Credit: M. Strickland  
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(û · p̂)p̂2⌘fa (19)

q = transverse size scale  
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Properties 
•  Boost-invariant, cylindrically symmetric and conformal 

•  Gubser flow is highly anisotropic!   
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Gubser flow static in deSitter space. Macroscopic 
quantities only depend on “time” variable ρ. (0+1d) 

deSitter Milne polar 
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Properties 
•  Distribution function takes the form: 
•  Tµν is diagonal, two independent components  

•                                            can grow large due to strong anisotropic flow 

•  Remaining task: determine evolution of  
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f(⇢, p̂2
⌦

, |p̂⌘|) (1)

ˆ⇡̄
tot

=

ˆ⇡̄RS +

ˆ

¯⇡̃ (2)

n̂a =

Z

ˆP
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ˆ�(û · p̂) + 4

3
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(û · p̂) p̂2
⌦

cosh

2 ⇢
fa (14)

(1 + ⇠)@⇢ ˆI ⌘ �
1

2

@⇢ ˆI⌦

(15)

@⇢⇠ +
⇠(1 + ⇠)3/2 ˆR5/4

200

(⇠)

⌧̂r
= �2 tanh ⇢ (1+⇠) (16)

ˆIµ⌫�
a =

Z

ˆP

p̂µp̂⌫ p̂�fa (17)

ˆDµ
ˆIµ⌫�
a = �

ûµ
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(û · p̂) p̂2
⌦

cosh

2 ⇢
fa (14)

(1 + ⇠)@⇢ ˆI ⌘ �
1

2

@⇢ ˆI⌦

(15)

@⇢⇠ +
⇠(1 + ⇠)3/2 ˆR5/4

200

(⇠)

⌧̂r
= �2 tanh ⇢ (1+⇠) (16)

ˆIµ⌫�
a =

Z

ˆP

p̂µp̂⌫ p̂�fa (17)

ˆDµ
ˆIµ⌫�
a = �

ûµ
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Exact Solution 
•  RTA Boltzmann equation is solvable for Gubser flow 

•  Solve ordinary differential equation for   
•  Compute        and         directly   
•  We’ll compare hydrodynamic models with exact solution.  
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ˆ�(û · p̂) + 4

3
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(û · p̂)p̂2⌘fa (8)

ˆI
⌦

=

Z

ˆP
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Viscous Hydrodynamics 
•  DNMR viscous hydrodynamics 

–  Derived from Boltzmann equation in 
 the 14 moment approximation 

•  deSi,er	
  coordinates	
  

Longitudinal Pressure Evolution
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?z żµ +

I441

I421

˜W µ
?zDzuµ �

✓
2 +

I441

I421

◆
˜W µ
?zz⌫

˜rµu
⌫ � I422

I402
⇡̃µ⌫
? �̃µ⌫

(8)

The leading order distribution function is

fa = exp


� 1

⇤

p
(u · p)2 + ⇠?(�p · ⌅ · p) + ⇠L(z · p)2

�
(9)

The anisotropic integrals are defined as

Inrq =
1

(2q)!!

Z

P

(u · p)n�r�2q
(�z · p)r (�p · ⌅ · p)q fa (10)

Denicol et al., Phys. Rev. D 90, 125026 (2014)   

Longitudinal Pressure Evolution

ˆ⇡̄ =

3⇡̂

4✏̂
(1)

⌧ = 0

+ ! ⇢ = �1 ⌧ = 1 ! ⇢ = 1 (2)

(⌧, r,�, ⌘) ! (⇢, ✓,�, ⌘) (3)

ûµ
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Anisotropic Hydrodynamics 
•  Capture large shear stress with a leading order anisotropic 

distribution function fa (Romatschke-Strickland (RS))  

•  ξ(ρ): momentum scaling factor characterizes pressure anisotropy 
–  A dynamical variable sensitive to shear forces 
–  fa optimized for cylindrical flow 

•  Λ(ρ): effective temperature 
–  Energy conservation law  

 provides 1 of 2 equations 
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⌘�
fa (21)

fa = exp

"
� 1

ˆ

⇤

s
p̂2
⌦

cosh

2 ⇢
+ (1 + ⇠)p̂2⌘

#
(22)

feq = exp

"
� 1

ˆT

s
p̂2
⌦

cosh

2 ⇢
+ p̂2⌘

#
(23)

ˆ⇡̄ =

3⇡̂

4✏̂
(24)

⌧ = 0

+ ! ⇢ = �1 ⌧ = 1 ! ⇢ = 1 (25)

(⌧, r,�, ⌘) ! (⇢, ✓,�, ⌘) (26)

ûµ
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ˆ�(û · p̂) + 4

3
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The Closing Kinetic Equation 
•  Select a kinetic moment to evolve ξ(ρ) with Boltzmann Eq. 
•  Look at various kinetic equations  

–  PL moment, 0th and 2nd moments of Boltzmann equation 
–  Include residual shear correction to improve accuracy 

•  Important guideline: recover viscous hydrodynamics 

Longitudinal Pressure Evolution
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ˆ�(û · p̂) + 4

3
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(û · p̂)fa (12)

@⇢ ln ✏̂ =
4

3

(

ˆ

¯⇡̃ � 2) tanh ⇢ (13)

ˆ⇡̄
tot

ˆ⇡̄RS(0) = 0 (14)

ˆDµ n̂
µ
a = �(n̂a � n̂eq)

⌧̂r
! 0 (15)

ˆI ⌘ =

Z

ˆP
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the residual Ĩ (from �f̃), in analogy to Eq. (26). Using
the RTA Boltzmann equation, NRS derived the following
equation of motion for Î(⇤̂, ⇠):
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Î
301

◆
, (41)

where I
eq

is the corresponding combination of third or-
der moments of the local equilibrium distribution f

eq

.
In this derivation (which is accurate to leading order in
the expansion of the distribution function around f

a

) all
contributions to I from �f̃ are neglected.

By dimensional analysis and thanks to the factoriza-
tion of the ⇤̂ and ⇠ dependencies for massless particles, Î
is proportional to ✏̂5/4. Normalizing Eq. (41) by ✏̂5/4 one
obtains after some algebra [53] the following equation of
motion for the anisotropy parameter ⇠:
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Eqs. (38,42) constitute the NRS scheme. This should be
compared with Eq. (38,39) in the P̂

L

-matching scheme.
Clearly the anisotropy parameter ⇠ evolves di↵erently in
the NRS and P̂

L

-matching schemes.

E. Residual dissipative corrections to the NRS
prescription

Since with the NRS prescription ⇠ evolves di↵er-
ently than in the P̂

L

-matching scheme, the momentR
p̂

p̂2
⌘

f
a

(⇤̂, ⇠) no longer fully matches the macroscopic

longitudinal pressure P̂
L

. Instead, the latter receives an

additional contribution ˆ̃⇡ from �f̃ which has to make up
for the missing piece:
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�f̃. (43)

This residual shear stress correction on the longitudinal
pressure was not taken into account in [53], i.e. NRS con-
tinued to solve for the energy conservation law the equa-
tion (38) which only accounts for the leading order con-
tribution to P̂

L

from an incorrectly matched anisotropic
distribution function f

a

. Inclusion of the residual shear
stress from �f̃ modifies the energy conservation law as
follows:
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200

(⇤̂, ⇠)�Î
220
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= ˆ̃⇡ tanh ⇢.

(44)
Obviously, now an additional equation of motion for ˆ̃⇡
is needed.7 It is derived from the RTA Boltzmann equa-
tion using the standard procedure (see e.g. [30]): Writing
f = f

a

+�f̃ , Eq. (6) gives the following evolution equation
for �f̃ :
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where from Eqs. (24,25)
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With this the residual shear stress ˆ̃⇡ ⌘ ˆ̃⇡
⌘⌘

evolves as
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240

◆
� @

⇢

⇤̂

⇤̂2

✓
Ĥ
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(47)

The anisotropic integrals Ĥ
nlr

are defined in Appendix A, Eq. (A8), and Ĩ
240

is the �f̃ contribution to I
240

.

7 This closely mirrors the situation in Ref. [11] where (for a system
with Bjorken symmetry) the ⇠ evolution was obtained from the
zeroth moment of the RTA Boltzmann equation, which then ne-
cessitated the inclusion and propagation of a residual shear stress
component ˆ̃⇡ to correctly evolve the longitudinal pressure. For
the case of Gubser symmetry we found that using the zeroth mo-
ment of the RTA Boltzmann equation as an equation of motion
for ⇠ causes the evolution of the total shear stress ⇡̂ to fail, by de-
veloping a singularity whenever ⇠ approaches a zero crossing. We
have not been able to find a remedy for this unphysical behavior
associated with the use of the zeroth moment for Gubser flow.

Equation (47) is exact but not closed without an approxi-
mation for the residual deviation �f̃ in the integral Ĩ

240

.8

We view this as an illustration of the principle that the zeroth
moment of the Boltzmann equation should be used to determine
the evolution of the (non-equilibrium) chemical potential of the
leading order distribution function (which in the present work
was set to zero) rather than that of the momentum anisotropy
parameter.

8 We found that simply setting Ĩ
240

to zero on the rhs of Eq. (47)
is inconsistent with keeping ˆ̃⇡ nonzero and leads to an incorrect
asymptotic behavior of the total shear stress as large ⇢.
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0th Moment	
  
•  What you shouldn’t be doing… 
•  You have a conformal system with no chemical potential…but 

you try to evolve ξ with 0th moment of the Boltzmann equation 

•  Particle production rate vanishes for ξ = 0 (       = 0) 
–  Requirement satisfied at leading order (                     ) 
–  Disaster once you add     as a dynamical degree of freedom 

•  Unable to map smoothly to vHydro: solution fails (backup slide) 
•  0th moment should be used to evolve chemical potentials, not ξ  
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(û · p̂) p̂2
⌦

cosh

2 ⇢
fa (3)

(1 + ⇠)@⇢ ˆI ⌘ �
1

2

@⇢ ˆI⌦

(4)

@⇢⇠ +
⇠(1 + ⇠)3/2 ˆR5/4

200

(⇠)

⌧̂r
= �2 tanh ⇢ (1+⇠) (5)

ˆIµ⌫�
a =

Z

ˆP

p̂µp̂⌫ p̂�fa (6)

ˆDµ
ˆIµ⌫�
a = �

ûµ
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!̂(û · p̂)2 + 1

2

!̂h⌘⌘i

⇣
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!̂(û · p̂)2 + 1

2

!̂h⌘⌘i

⇣
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(û · p̂)p̂2⌘fa (4)

ˆI
⌦

=

Z

ˆP
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!̂(û · p̂)2 + 1

2

!̂h⌘⌘i

⇣
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(û · p̂) p̂2
⌦

cosh

2 ⇢
fa (6)

(1 + ⇠)@⇢ ˆI ⌘ �
1

2

@⇢ ˆI⌦

(7)

@⇢⇠ +
⇠(1 + ⇠)3/2 ˆR5/4

200

(⇠)

⌧̂r
= �2 tanh ⇢ (1+⇠) (8)

ˆIµ⌫�
a =

Z

ˆP

p̂µp̂⌫ p̂�fa (9)

ˆDµ
ˆIµ⌫�
a = �

ûµ
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(û · p̂)p̂2⌘fa (6)

ˆI
⌦

=

Z

ˆP
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PL Matching 
•  Let ξ capture all of the pressure anisotropy: 

–  Evolve PL (or    ) for the pressure anisotropy like in DNMR 

•  In terms of    : 

Longitudinal Pressure Evolution
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ˆT (⇢)

(7)

ˆ⇡̄
tot

=

ˆ⇡̄RS +

ˆ

¯⇡̃ (8)

n̂a =

Z

ˆP
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of motion for P̂
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and then use ⇡̂ = P̂
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This should be compared with Eq. (15) in viscous hydro-
dynamics. As before this equation can be rewritten for
the normalized shear stress ˆ̄⇡ = 3⇡̂/(4✏̂),
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where ⇠(ˆ̄⇡) is the inverse of the function

ˆ̄⇡(⇠) =
3⇡̂

4✏̂
=

3 Î
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(see Eqs. (28) and (29)), with the R̂ functions given in
(A6). Equation (37) can be used to compute (by numer-
ical inversion) the de Sitter time evolution of ⇠ from the
solution ˆ̄⇡(⇢) of the anisotropic hydrodynamic equations.

Note that the coupled anisotropic hydrodynamic equa-
tions (16a) and (35) are formulated entirely in terms of
the macroscopic hydrodynamic variables ✏̂ and ˆ̄⇡, with-
out taking recourse to the microscopic parameters ⇤̂ and
⇠. This was achieved by exploiting the factorization (A3)
of the ⇤̂ and ⇠ dependencies in the modified thermal in-
tegrals over the RS distribution function I

nlq

that holds
for massless particles. The only di↵erences between the
DNMR equations (16) and anisotropic hydrodynamics
are somewhat di↵erent factors multiplying the constant
and linear terms in ˆ̄⇡ and the appearance of the function
F(ˆ̄⇡) on the rhs of Eq. (35). For nonconformal theo-
ries the function F (which arises from the term Î

240

in
(34)) depends on both ✏̂ and ˆ̄⇡. F(✏̂, ˆ̄⇡) serves as an
additional driving force for the shear stress that arises

from the competition between the microscopic interac-
tions driving the fluid towards local momentum isotropy
and the anisotropic expansion driving the system away
from it. As such, it depends on both the intrinsic prop-
erties of the medium (reflected in its dependence on ✏̂

or transverse temperature ⇤̂) and its actual dynamical
state (reflected in its dependence on ˆ̄⇡ or the momentum
anisotropy parameter ⇠). While F(✏̂, ˆ̄⇡) is analytically
known for the non-interacting massless Boltzmann gas
with Gubser symmetry studied here, it is not obvious how
to calculate it in QCD from first principles for a system
undergoing arbitrary anisotropic expansion. We regard
F(✏̂, ˆ̄⇡) as an additional, anisotropic driving force which
for interacting theories must be suitably parametrized
until a way of computing it from first principles has been
found.
For comparison with the following subsections we also

present the evolution equations in terms of the mi-
croscopic parameters ⇤̂ and ⇠. Using the energy and
P̂
L

matching conditions together with Eqs. (28,29), we
rewrite the energy conservation law (14) in terms of the
scalar integrals (26):
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⇠ turns this into an equation that couples

the ⇢ derivatives of ⇤̂ and ⇠. They can be uncoupled by
using Eq. (35), rewritten (with ˆ̄⇡(⇠) from (37)) as
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= �2 tanh ⇢ (1+⇠). (39)

The rhs of this equation (which, due to subtle cancel-
lations, turns out to be surprisingly simple when com-
pared with that of Eq. (35)!) controls the free-streaming
(⌧̂

r

!1) evolution of the anisotropy parameter ⇠, and
thereby the late-time behavior of the hydrodynamic
quantities.6

D. The NRS prescription

Anisotropic hydrodynamics for Gubser symmetric sys-
tems was discussed previously by Nopoush, Ryblewski
and Strickland (NRS) [53]. Instead of using P̂

L

match-
ing, they considered a linear combination of third order
moments Iµ⌫� ⌘

R
p̂

p̂µp̂⌫ p̂�f of the distribution function,
specifically the combination

I ⌘ (1+⇠)I
320

� 1

2

I
301

⌘ Î(⇤̂, ⇠) + Ĩ, (40)

where on the right hand side we split I into its leading
order contribution Î(⇤̂, ⇠) (from f

a

in Eqs. (24,25)) and

6 The factor 2 tanh ⇢ on the rhs represents the scalar expansion
rate ✓̂ = D̂ · û of the Gubser flow [48, 51, 52].
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(û · p̂) p̂2
⌦

cosh

2 ⇢
fa (16)

(1 + ⇠)@⇢ ˆI ⌘ �
1

2

@⇢ ˆI⌦

(17)

@⇢⇠ +
⇠(1 + ⇠)3/2 ˆR5/4

200

(⇠)

⌧̂r
= �2 tanh ⇢ (1+⇠) (18)

7

A straightforward calculation yields
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where we used the mass-shell condition p̂ · p̂ = �(p̂⇢)2 +
p̂2
⌘

+ p̂2
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/ cosh2 ⇢ = 0 to eliminate p̂2
⌦

from the integra-
tion measure as well as the Landau matching conditions
for ✏̂ and P̂

L

. Equation (33) is not closed because I
240

still involves an integral over the full distribution func-
tion; to close the equation we can approximate it by
dropping the �f̃ contribution to I

240

[42] by replacing
I
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! Î
240

(⇤̂, ⇠). Substituting this approximation to-
gether with P̂

L

= ✏̂/3+ ⇡̂ into Eq. (33) yields the follow-
ing equation for ⇡̂:
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This should be compared with Eq. (15) in viscous hydro-
dynamics. As before this equation can be rewritten for
the normalized shear stress ˆ̄⇡ = 3⇡̂/(4✏̂),

@
⇢

ˆ̄⇡ +
ˆ̄⇡

⌧̂
r

=
4

3
tanh ⇢

✓
5

16
+ ˆ̄⇡ � ˆ̄⇡2 � 9

16
F(ˆ̄⇡)

◆
, (35)

which should be compared with Eq. (16b). Here

F(ˆ̄⇡) ⌘
R̂

240

�
⇠(ˆ̄⇡)

�

R̂
200

�
⇠(ˆ̄⇡)

� , (36)

where ⇠(ˆ̄⇡) is the inverse of the function
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(see Eqs. (28) and (29)), with the R̂ functions given in
(A6). Equation (37) can be used to compute (by numer-
ical inversion) the de Sitter time evolution of ⇠ from the
solution ˆ̄⇡(⇢) of the anisotropic hydrodynamic equations.

Note that the coupled anisotropic hydrodynamic equa-
tions (16a) and (35) are formulated entirely in terms of
the macroscopic hydrodynamic variables ✏̂ and ˆ̄⇡, with-
out taking recourse to the microscopic parameters ⇤̂ and
⇠. This was achieved by exploiting the factorization (A3)
of the ⇤̂ and ⇠ dependencies in the modified thermal in-
tegrals over the RS distribution function I

nlq

that holds
for massless particles. The only di↵erences between the
DNMR equations (16) and anisotropic hydrodynamics
are somewhat di↵erent factors multiplying the constant
and linear terms in ˆ̄⇡ and the appearance of the function
F(ˆ̄⇡) on the rhs of Eq. (35). For nonconformal theo-
ries the function F (which arises from the term Î

240

in
(34)) depends on both ✏̂ and ˆ̄⇡. F(✏̂, ˆ̄⇡) serves as an
additional driving force for the shear stress that arises
from the competition between the microscopic interac-
tions driving the fluid towards local momentum isotropy

and the anisotropic expansion driving the system away
from it. As such, it depends on both the intrinsic prop-
erties of the medium (reflected in its dependence on ✏̂

or transverse temperature ⇤̂) and its actual dynamical
state (reflected in its dependence on ˆ̄⇡ or the momentum
anisotropy parameter ⇠). While F(✏̂, ˆ̄⇡) is analytically
known for the non-interacting massless Boltzmann gas
with Gubser symmetry studied here, it is not obvious how
to calculate it in QCD from first principles for a system
undergoing arbitrary anisotropic expansion. We regard
F(✏̂, ˆ̄⇡) as an additional, anisotropic driving force which
for interacting theories must be suitably parametrized
until a way of computing it from first principles has been
found.
For comparison with the following subsections we also

present the evolution equations in terms of the mi-
croscopic parameters ⇤̂ and ⇠. Using the energy and
P̂
L

matching conditions together with Eqs. (28,29), we
rewrite the energy conservation law (14) in terms of the
scalar integrals (26):
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⇠ turns this into an equation that couples

the ⇢ derivatives of ⇤̂ and ⇠. They can be uncoupled by
using Eq. (35), rewritten (with ˆ̄⇡(⇠) from (37)) as
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The rhs of this equation (which, due to subtle cancel-
lations, turns out to be surprisingly simple when com-
pared with that of Eq. (35)!) controls the free-streaming
(⌧̂

r

!1) evolution of the anisotropy parameter ⇠, and
thereby the late-time behavior of the hydrodynamic
quantities.6

D. The NRS prescription

Anisotropic hydrodynamics for Gubser symmetric sys-
tems was discussed previously by Nopoush, Ryblewski
and Strickland (NRS) [53]. Instead of using P̂

L

match-
ing, they considered a linear combination of third order
moments Iµ⌫� ⌘
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p̂µp̂⌫ p̂�f of the distribution function,
specifically the combination
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where on the right hand side we split I into its leading
order contribution Î(⇤̂, ⇠) (from f

a

in Eqs. (24,25)) and
the residual Ĩ (from �f̃), in analogy to Eq. (26). Using

6 The factor 2 tanh ⇢ on the rhs represents the scalar expansion
rate ✓̂ = D̂ · û of the Gubser flow [48, 51, 52].
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(see Eqs. (28) and (29)), with the R̂ functions given in
(A6). Equation (37) can be used to compute (by numer-
ical inversion) the de Sitter time evolution of ⇠ from the
solution ˆ̄⇡(⇢) of the anisotropic hydrodynamic equations.

Note that the coupled anisotropic hydrodynamic equa-
tions (16a) and (35) are formulated entirely in terms of
the macroscopic hydrodynamic variables ✏̂ and ˆ̄⇡, with-
out taking recourse to the microscopic parameters ⇤̂ and
⇠. This was achieved by exploiting the factorization (A3)
of the ⇤̂ and ⇠ dependencies in the modified thermal in-
tegrals over the RS distribution function I

nlq

that holds
for massless particles. The only di↵erences between the
DNMR equations (16) and anisotropic hydrodynamics
are somewhat di↵erent factors multiplying the constant
and linear terms in ˆ̄⇡ and the appearance of the function
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240

in
(34)) depends on both ✏̂ and ˆ̄⇡. F(✏̂, ˆ̄⇡) serves as an
additional driving force for the shear stress that arises
from the competition between the microscopic interac-
tions driving the fluid towards local momentum isotropy

and the anisotropic expansion driving the system away
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or transverse temperature ⇤̂) and its actual dynamical
state (reflected in its dependence on ˆ̄⇡ or the momentum
anisotropy parameter ⇠). While F(✏̂, ˆ̄⇡) is analytically
known for the non-interacting massless Boltzmann gas
with Gubser symmetry studied here, it is not obvious how
to calculate it in QCD from first principles for a system
undergoing arbitrary anisotropic expansion. We regard
F(✏̂, ˆ̄⇡) as an additional, anisotropic driving force which
for interacting theories must be suitably parametrized
until a way of computing it from first principles has been
found.
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The rhs of this equation (which, due to subtle cancel-
lations, turns out to be surprisingly simple when com-
pared with that of Eq. (35)!) controls the free-streaming
(⌧̂
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!1) evolution of the anisotropy parameter ⇠, and
thereby the late-time behavior of the hydrodynamic
quantities.6
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where on the right hand side we split I into its leading
order contribution Î(⇤̂, ⇠) (from f

a

in Eqs. (24,25)) and
the residual Ĩ (from �f̃), in analogy to Eq. (26). Using

6 The factor 2 tanh ⇢ on the rhs represents the scalar expansion
rate ✓̂ = D̂ · û of the Gubser flow [48, 51, 52].
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After using the Boltzmann equation
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(13)

and f = fa + � ˜f one obtains
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(14)
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NRS* 
•  Evolve ξ with the 2nd moment of the Boltzmann equation 

•  Combine 2 independent projections 

* M. Nopoush, R. Ryblewski, and M. Strickland, Phys. Rev. D 91, 045007 (2015)   

Longitudinal Pressure Evolution
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The longitudinal pressure is defined as
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The evolution equation is

˙PL = �2
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The longitudinal pressure is defined as
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Longitudinal Pressure Evolution

@⇢⇠ +
⇠(1 + ⇠)3/2 ˆR5/4

200(⇠)

⌧̂r
= �2 tanh ⇢ (1+⇠) (1)

ˆIµ⌫�
a =

Z

P̂

p̂µp̂⌫ p̂�fa (2)

ˆDµ
ˆIµ⌫�
a = �

ûµ
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The longitudinal pressure is defined as
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ûµ
= (1, 0, 0, 0) (11)

⌧̂r ˙⇡̂
hµ⌫i

+ ⇡̂µ⌫
= �2⌘̂�̂µ⌫ � 4

3

⇡̂µ⌫
ˆ✓ � 10

7

⇡̂�hµ�̂⌫i
� (12)

@⇢ˆ⇡̄ +

ˆ⇡̄

⌧̂r
=

4

3

tanh ⇢

✓
1

5

+

5

14

ˆ⇡̄ � ˆ⇡̄2

◆
(13)

@⇢ ln ✏̂ =
4

3

(

ˆ⇡̄ � 2) tanh ⇢ (14)

ˆ⇡̄(⇠) =
1

4

 
3

ˆR220(⇠)
ˆR200(⇠)

� 1

!
(15)

⇢ ˆT / (cosh ⇢)�3/4
ˆ⇡̄ ! �1/4 ⇠ ! 1

ˆT / (cosh ⇢)�1/2
ˆ⇡̄ ! 1/2 ⇠ ! �1

ˆ✓ = 2 tanh ⇢ (16)

Longitudinal Pressure Evolution

ˆI ⌘ =

Z

P̂
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Next-to-Leading Order NRS 
•  Must include residual shear stress    to NRS (NLO NRS) 

•  Lengthy…but only a small correction 
•  Viscous hydrodynamics recovered in ξ = 0 limit 

9

We here use the 14-moment approximation for �f̃ . Its
specific form for our present situation is derived in Ap-
pendix B:

�f̃
14

=


↵̂+ �̂ û · p̂+ 4
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f
a

, (48)

where (with ↵
⇡̃

(⇠), �
⇡̃

(⇠), �
⇡̃

(⇠) and 
⇡̃

(⇠) given in
Eqs. (B9)-(B12))
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, (49a)
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(⇠)

Ĵ
4

(⇤̂)
. (49b)

Using this approximation for �f̃ the calculation of the
term Ĩ

240

in Eq. (47) is straightforward. Some algebra
leads then to the following closed evolution equation for
the residual shear stress ˆ̃⇡:
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340

+
4

3
!̂ Î
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(50)

The evolution equations (44), (42) and (50) define the
NLO NRS prescription for anisotropic hydrodynamics for
Gubser flow. Note that the NLO residual dissipative cor-
rections do not a↵ect the evolution of the momentum
anisotropy parameter ⇠ which remains the same as in the
leading-order NRS treatment of Ref. [53]. The NLO cor-
rections only modify the evolution of the energy density
✏̂ and pressure anisotropy P̂

L

� P̂? ⇠ ⇡̂ = ⇡̂
RS

+ˆ̃⇡.

We conclude this subsection by noting that, due
to the appearance of non-hydrodynamic higher order
moments Î

nlq

in the NRS and NLO NRS prescriptions,
the latter lead to evolution equations that explicitly
refer to the evolution of the microscopic momentum
anisotropy parameter ⇠ and cannot be formulated
purely macroscopically. This sets them apart from the
viscous hydrodynamic and P̂

L

-matching anisotropic
hydrodynamic formulations. It is therefore not clear
how to generalize the NRS and NLO NRS prescriptions
to strongly coupled situations where a microscopic
kinetic description in terms of quasiparticle distribution
functions is not possible.

F. Exact solution of the Boltzmann equation

For Gubser flow, the RTA Boltzmann equation (6) is
solved exactly by [48, 49]
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with damping function D(⇢, ⇢
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i

and initial condition f
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at de Sitter time ⇢
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for which
we take an RS distribution (24) with initial transverse
temperature ⇤̂
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and initial momentum anisotropy ⇠
0

:
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�
in (51) is the

thermal equilibrium distribution at time ⇢0.
From the exact solution for f one can find the exact

evolution of the energy density ✏̂= Î
200

and shear stress
⇡̂= Î
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[48, 49]:
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. The temperature for the equilibrium distribution is ob-
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ûµ
= (1, 0, 0, 0) (6)

⌧̂⇡ ˙⇡̂
hµ⌫i

+ ⇡̂µ⌫
= �2⌘̂�̂µ⌫ � 4

3

⇡̂µ⌫
ˆ✓ � 10

7

⇡̂�hµ�̂⌫i
� (7)

@⇢ˆ⇡̄ +

ˆ⇡̄

⌧̂r
=

4

3

tanh ⇢

✓
1

5

+

5

14

ˆ⇡̄ � ˆ⇡̄2

◆
(8)

@⇢ ln ✏̂ =
4

3

(

ˆ⇡̄ � 2) tanh ⇢ (9)

ˆ⇡̄(⇠) =
1

4

 
3

ˆR220(⇠)
ˆR200(⇠)

� 1

!
(10)

⇢ ˆT / (cosh ⇢)�3/4
ˆ⇡̄ ! �1/4 ⇠ ! 1

ˆT / (cosh ⇢)�1/2
ˆ⇡̄ ! 1/2 ⇠ ! �1

ˆ✓ = 2 tanh ⇢ (11)

�̂µ
⌫ = tanh ⇢ diag(0,

1

3

,
1

3

,�2

3

) (12)

The longitudinal pressure is defined as

PL =

Z

P

(�z · p)2f (13)

The evolution equation is

˙PL = �2

Z

P

(�z · p)pµżµf +
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(Evolve using Boltzmann equation) 

8

the residual Ĩ (from �f̃), in analogy to Eq. (26). Using
the RTA Boltzmann equation, NRS derived the following
equation of motion for Î(⇤̂, ⇠):
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where I
eq

is the corresponding combination of third or-
der moments of the local equilibrium distribution f

eq

.
In this derivation (which is accurate to leading order in
the expansion of the distribution function around f

a

) all
contributions to I from �f̃ are neglected.

By dimensional analysis and thanks to the factoriza-
tion of the ⇤̂ and ⇠ dependencies for massless particles, Î
is proportional to ✏̂5/4. Normalizing Eq. (41) by ✏̂5/4 one
obtains after some algebra [53] the following equation of
motion for the anisotropy parameter ⇠:
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Eqs. (38,42) constitute the NRS scheme. This should be
compared with Eq. (38,39) in the P̂

L

-matching scheme.
Clearly the anisotropy parameter ⇠ evolves di↵erently in
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E. Residual dissipative corrections to the NRS
prescription

Since with the NRS prescription ⇠ evolves di↵er-
ently than in the P̂

L

-matching scheme, the momentR
p̂

p̂2
⌘

f
a

(⇤̂, ⇠) no longer fully matches the macroscopic

longitudinal pressure P̂
L

. Instead, the latter receives an

additional contribution ˆ̃⇡ from �f̃ which has to make up
for the missing piece:

P̂
L

= P̂RS

L

+ ˆ̃⇡ = Î
220

(⇤̂, ⇠) +

Z

p̂

p̂2
⌘

�f̃. (43)

This residual shear stress correction on the longitudinal
pressure was not taken into account in [53], i.e. NRS con-
tinued to solve for the energy conservation law the equa-
tion (38) which only accounts for the leading order con-
tribution to P̂

L

from an incorrectly matched anisotropic
distribution function f
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. Inclusion of the residual shear
stress from �f̃ modifies the energy conservation law as
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Obviously, now an additional equation of motion for ˆ̃⇡
is needed.7 It is derived from the RTA Boltzmann equa-
tion using the standard procedure (see e.g. [30]): Writing
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With this the residual shear stress ˆ̃⇡ ⌘ ˆ̃⇡
⌘⌘

evolves as
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� 1
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✓
Ĥ
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3
Ĥ
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◆
.

(47)

The anisotropic integrals Ĥ
nlr

are defined in Appendix A, Eq. (A8), and Ĩ
240

is the �f̃ contribution to I
240

.

7 This closely mirrors the situation in Ref. [11] where (for a system
with Bjorken symmetry) the ⇠ evolution was obtained from the
zeroth moment of the RTA Boltzmann equation, which then ne-
cessitated the inclusion and propagation of a residual shear stress
component ˆ̃⇡ to correctly evolve the longitudinal pressure. For
the case of Gubser symmetry we found that using the zeroth mo-
ment of the RTA Boltzmann equation as an equation of motion
for ⇠ causes the evolution of the total shear stress ⇡̂ to fail, by de-
veloping a singularity whenever ⇠ approaches a zero crossing. We
have not been able to find a remedy for this unphysical behavior
associated with the use of the zeroth moment for Gubser flow.

Equation (47) is exact but not closed without an approxi-
mation for the residual deviation �f̃ in the integral Ĩ

240

.8

We view this as an illustration of the principle that the zeroth
moment of the Boltzmann equation should be used to determine
the evolution of the (non-equilibrium) chemical potential of the
leading order distribution function (which in the present work
was set to zero) rather than that of the momentum anisotropy
parameter.

8 We found that simply setting Ĩ
240

to zero on the rhs of Eq. (47)
is inconsistent with keeping ˆ̃⇡ nonzero and leads to an incorrect
asymptotic behavior of the total shear stress as large ⇢.
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?z żµ +

I441

I421

˜W µ
?zDzuµ �

✓
2 +

I441

I421

◆
˜W µ
?zz⌫

˜rµu
⌫ � I422

I402
⇡̃µ⌫
? �̃µ⌫

(6)

The leading order distribution function is

fa = exp


� 1

⇤

p
(u · p)2 + ⇠?(�p · ⌅ · p) + ⇠L(z · p)2

�
(7)

The anisotropic integrals are defined as

Inrq =
1

(2q)!!

Z

P

(u · p)n�r�2q
(�z · p)r (�p · ⌅ · p)q fa (8)

The 14-moment approximation for � ˜f is

� ˜f =

 
�
(�z · p)p{µ} ˜W µ

? z

I421
+

p{µp⌫}⇡̃
µ⌫
?

2 I402

!
fa (9)

The final equation of motion for PL is

DPL =�
¯P � Peq

⌧⇧
� PL � P?

3⌧⇡/2
+

¯⇣L?˜✓ + ¯⇣Lz zµDzu
µ � 2

˜W µ
?zDzµ

+

¯�L
Wu

˜W µ
?zDzuµ � ¯�L

W?
˜W µ
?zz⌫

˜rµu
⌫ � ¯�L

⇡ ⇡̃
µ⌫
? �̃µ⌫

(10)

Longitudinal Pressure Evolution

⇢ ˆT / (cosh ⇢)�3/4
ˆ⇡̄ ! �1/4

ˆT / (cosh ⇢)�1/2
ˆ⇡̄ ! 1/2

ˆ✓ = 2 tanh ⇢ (1)

�̂µ
⌫ = tanh ⇢ diag(0,

1

3

,
1

3

,�2

3

) (2)

The longitudinal pressure is defined as

PL =

Z

P

(�z · p)2f (3)

The evolution equation is

˙PL = �2

Z

P

(�z · p)pµżµf +
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?z żµ +

I441

I421

˜W µ
?zDzuµ �

✓
2 +

I441

I421

◆
˜W µ
?zz⌫

˜rµu
⌫ � I422

I402
⇡̃µ⌫
? �̃µ⌫

(6)

The leading order distribution function is

fa = exp


� 1

⇤

p
(u · p)2 + ⇠?(�p · ⌅ · p) + ⇠L(z · p)2

�
(7)

The anisotropic integrals are defined as

Inrq =
1

(2q)!!

Z

P

(u · p)n�r�2q
(�z · p)r (�p · ⌅ · p)q fa (8)

The 14-moment approximation for � ˜f is

� ˜f =

 
�
(�z · p)p{µ} ˜W µ

? z

I421
+

p{µp⌫}⇡̃
µ⌫
?

2 I402

!
fa (9)

The final equation of motion for PL is

DPL =�
¯P � Peq

⌧⇧
� PL � P?

3⌧⇡/2
+

¯⇣L?˜✓ + ¯⇣Lz zµDzu
µ � 2

˜W µ
?zDzµ

+

¯�L
Wu

˜W µ
?zDzuµ � ¯�L

W?
˜W µ
?zz⌫

˜rµu
⌫ � ¯�L

⇡ ⇡̃
µ⌫
? �̃µ⌫

(10)

Early ρ behavior 

Late ρ behavior 

-10 -5 0 5 10

0.005
0.01

0.05
0.1

0.5
1.

T
�

4πη/s = 1

ξ0 = 0
(a)

-10 -5 0 5 10
0.98

1.00

1.02

1.04

1.06

1.08

1.10
T
�/T�exact

(b)

-10 -5 0 5 10

-0.2

0.0

0.2

0.4

0.6

0.8
π�

(c)

-10 -5 0 5 10
-0.02

0.00

0.02

0.04

0.06
π� -π� exact

Exact
P�L
NRS

NLO NRS
DMNR

(d)

-10 -5 0 5 10

0.005
0.01

0.05
0.1

0.5
1.

4πη/s = 3

(e)

-10 -5 0 5 10
0.98

1.00

1.02

1.04

1.06

1.08

1.10
(f)

-10 -5 0 5 10

-0.2

0.0

0.2

0.4

0.6

0.8
(g)

-10 -5 0 5 10
-0.02

0.00

0.02

0.04

0.06
(h)

-10 -5 0 5 10

0.005
0.01

0.05
0.1

0.5
1.

ρ

4πη/s = 10

(i)

-10 -5 0 5 10
0.98

1.00

1.02

1.04

1.06

1.08

1.10

ρ

( j)

-10 -5 0 5 10

-0.2

0.0

0.2

0.4

0.6

0.8

ρ

(k)

-10 -5 0 5 10
-0.02

0.00

0.02

0.04

0.06

ρ

(l)
-10 -5 0 5 10

0.005
0.01

0.05
0.1

0.5
1.

T
�

4πη/s = 1

ξ0 = 0
(a)

-10 -5 0 5 10
0.98

1.00

1.02

1.04

1.06

1.08

1.10
T
�/T�exact

(b)

-10 -5 0 5 10

-0.2

0.0

0.2

0.4

0.6

0.8
π�

(c)

-10 -5 0 5 10
-0.02

0.00

0.02

0.04

0.06
π� -π� exact

Exact
P�L
NRS

NLO NRS
DMNR

(d)

-10 -5 0 5 10

0.005
0.01

0.05
0.1

0.5
1.

4πη/s = 3

(e)

-10 -5 0 5 10
0.98

1.00

1.02

1.04

1.06

1.08

1.10
(f)

-10 -5 0 5 10

-0.2

0.0

0.2

0.4

0.6

0.8
(g)

-10 -5 0 5 10
-0.02

0.00

0.02

0.04

0.06
(h)

-10 -5 0 5 10

0.005
0.01

0.05
0.1

0.5
1.

ρ

4πη/s = 10

(i)

-10 -5 0 5 10
0.98

1.00

1.02

1.04

1.06

1.08

1.10

ρ

( j)

-10 -5 0 5 10

-0.2

0.0

0.2

0.4

0.6

0.8

ρ

(k)

-10 -5 0 5 10
-0.02

0.00

0.02

0.04

0.06

ρ

(l)

Longitudinal Pressure Evolution

sinh ⇢ = �1� q

2

⌧

2

+ q

2

r

2

2q⌧

tan ✓ =

2qr

1 + q

2

⌧

2 � q

2

r

2

(1)

vz =
z

t

vr =
2q

2

⌧r

1 + q

2

⌧

2

+ q

2

r

2

(2)

ˆ

⇤ =

ˆ

T

ˆR1/4
200

(⇠) (3)

f = fa ! feq + (fa � feq) (4)

f = fa + �

˜

f ! feq + �

˜

f (5)

ˆ

⇡̃ ⌘ 0 (6)

�

ˆ

˜PL ⌘ 0 (7)

(✏̂, ⇡̂

⌘
⌘) (8)

⇡̂

µ
⌫ = diag(0,�⇡̂

⌘
⌘/2,�⇡̂

⌘
⌘/2, ⇡̂

⌘
⌘) (9)

⇡̂ = ⇡̂

⌘
⌘ =

2

3

�
ˆPL � ˆP?

�
(10)

ˆ

T

µ
⌫ = diag(�✏̂,

ˆP?, ˆP?, ˆPL) (11)

p̂

2

⌦

= p̂

2

✓ +
p̂

2

�

sin

2

✓

(12)

✏̂(⇢)

ˆ

⇡̄(⇢)

@⇢ f(⇢, p̂
2

⌦

, |p̂⌘|) = �f(⇢, p̂

2

⌦

, |p̂⌘|)� feq(⇢, p̂
2

⌦

, |p̂⌘|)
⌧̂r

(13)

⌧̂r =
5 ⌘̂/ŝ
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Conclusion and Outlook 
•  The PL matching is the easiest and most effective 

anisotropic hydrodynamic model for capturing cylindrical-
type flows. 

•  A first version of 3+1d viscous anisotropic hydro code 
has been developed (D. Bazow) 

•  Continue to develop and test it: 
–  Anisotropic Cooper Frye interface with residual shear corrections 
–  Evolve the transverse pressure PT dynamically 
–  Include net baryon transport and diffusion 
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Thanks! 
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