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Standard Model (SM) & New Physics (NP)

▶ Shortcomings of the SM: Origin of Flavour, Origin & stability of
electroweak scale; Strong CP problem; Neutrino masses; Dark
matter; Origin of the matter-antimatter asymmetry; Dark energy;
Quantum gravity

▶ SM: Yukawa only source of flavour & CP violation

▶ Predictive but not revealing

▶ NP competes with SM
XSM

v2
ew
↔

XNP

Λ2
NP

▶ Search for NP, where SM is suppressed (XSM ≪ 1)

▶ Precision in XSM increases reach in ΛNP
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SM: Higgs only source of Flavour Violation

▶ LSM,Yukawa ⊃ −d̄YdQLH† − ūYuQL · H

▶ Yu ∝ diag(mu,mc ,mt)

▶ Yd ∝ diag(md ,ms ,mb)V†CKM

▶ VCKM =


1 − λ2

2 λ Aλ3(ρ+ iη)
−λ 1 − λ2

2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1


▶ λ ∼ 0.2, A ∼ 0.8, ρ ∼ 0.15, η ∼ 0.35

▶ CKM: misalignment of uL ↔ dL mass and gauge states
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Precision Tests: Flavour Example

▶ Tree level: only W± test misalignmentNeutral & Charged Current Interactions

Introduction GUTs and SUSY Probe High Energies with Flavour Physics Conclusions

The Flavour Sector of the Standard Model

Charged Current

W+

Vus
sL uL

Neutral current

Z0

�ij
fi fj

SM: Flavour violation is ⇤ Vij

Flavour violating neutral current are
suppressed in the SM

Fluctuations at short distances
Heisenberg (�x�p � h)
FV: Test of high energies

SUSY: New Flavour violation

At low energies (long distances) we
have e⇥ective FV ⇥ Precision tests.

Classify new Physics as minimal
flavour violating (MFV) if ⇤ Vij: [Buras,

Gambino, Gorbahn, Jäger, Silvestrini ’01]

SM: Neutral currents do not 
change the flavour (i=j) at tree-level

Introduction GUTs and SUSY Probe High Energies with Flavour Physics Conclusions

The Flavour Sector of the Standard Model

Charged Current

W+

Vus
sL uL

Neutral current

Z0

�ij
fi fj

SM: Flavour violation is ⇤ Vij

Flavour violating neutral current are
suppressed in the SM

Fluctuations at short distances
Heisenberg (�x�p � h)
FV: Test of high energies

SUSY: New Flavour violation

At low energies (long distances) we
have e⇥ective FV ⇥ Precision tests.

Classify new Physics as minimal
flavour violating (MFV) if ⇤ Vij: [Buras,

Gambino, Gorbahn, Jäger, Silvestrini ’01]

SM: Only charged currents  
change the flavour  (           )/ Vus

Mass ≠ flavour eigenstates

CKM matrix parametrises CP and flavour violation in the SM

VCKM =

�
�

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

�
�

Standard Model: Higgs sector is the source of flavour violation
4

▶ Tree: ∆CKM = |Vud |
2 + |Vus |

2 + |Vub |
2
− 1

▶ Loop: FCNCs & CP violation in mixing and decays
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Matrix elements & EFT

Integrating out W: Effective Field Theory
▶ LFermi ∝ Gµ (µ̄γ

µPLe)
(
ν̄γµPLν

)
+ h.c.

▶ LFermi ∝ GµCVudi

(
d̄iγ

µPLu
) (
ν̄γµPLℓ

)
+ h.c.

▶ We need to evaluate ⟨ℓνm|
(
d̄iγ

µPLu
) (
ν̄γµPLℓ

)
|M⟩

▶ SM: ∆CKM = 0 we can test C, i.e. semi-leptonic/leptonic decays

▶ Requires precise calculations of Matrix elements

▶ QED x QCD: Semi-leptonic operator renormalises
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Lattice input FLAG 2024

▶ SMEFT constraints on (L̄γµL)(L̄γµL), (Q̄γµτIQ)(L̄γµτIL), . . . at
the multi TeV range
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εK : CP violation in Kaons

▶ εK is highly suppressed in SM: SMEFT at 105 TeV
▶ Requires ⟨K0|(sLγµdL ) ⊗ (sLγ

µdL )|K0⟩
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Content

▶ MS and Lattice schemes

▶ mass normalization

▶ Vus & Vud

▶ εK and BK
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Non-perturbative & Continuum Input

▶ QCD has asymptotic freedom:

▶ Factorise short distance from long distance physics

▶ presence of UV divergences: Factorisation is scheme dependent

▶ a and ϵ = (4 − d)/2 as Lattice / Continuum UV regulator

▶ Flavour physics: MS scheme

▶ Need schemes, that can be implemented with both methods
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Renorm non-singlet OΓ(x) = ψ̄(x)Γψ(x)

x-space
lim
a→0
⟨OX

Γ (x)O
X
Γ (0)⟩|x2=x2

0
= ⟨OΓ(x0)OΓ(0)⟩free

cont

▶ OX
Γ (x , x0) = ZX

Γ (x0)OΓ(x) and a ≪ x0 ≪ Λ−1
QCD

g. flow
Zχχ̄(t , x)Γχ(t , x)

t→0
∼ ζ1(t)OΓ(x) + O(t)

▶ Lattice: a→ 0 then t→ 0

▶ Continuum: modified feynman rules (exponential)
iMOM

ΛΓ = S−2
∫

d4x1d4x2e i(p1x1−p2x2)⟨Tψ(x1)OΓ(0)ψ(x2)⟩

▶ Project Λ: λΓ,B(p2
1 ,p

2
2 , (p1 − p2)

2)Z−1
q ZΓ → tree
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Light Quark Masses: iMOM↔MS

▶ ΛΓ = S−2
∫

d4x1d4x2e i(p1x1−p2x2)⟨Tψ(x1)OΓ(0)ψ(x2)⟩

▶ Ward Identity for non-singlet bilinear: ZP = Z−1
m

▶ fixed by: λR(p2
1 ,p

2
2 , (p1 − p2)

2) = Z−1
q ZP tr [ΛPγ5] = 12

▶ For p2
i = −µ2 & (p1 − p2)

2 = −ωµ2

⊗

↗ p1 p2 ↘

q = p1 − p2

α = 0, ω = 0

α = 2
3π, ω = 3 α = π

3 , ω = 1

α = π
2 , ω = 2

α = π, ω = 4
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Perturbation Theory

C(γ)
m = ZMS

m /Z (γ)
m (ω) = 1 +

αs(µ)

4π
C(γ,1)

m +
α2

s(µ)

(4π)2
C(γ,2)

m + . . .

ω C(γ,1)
m C(γ,2)

m C(γ,3)
m

.5 -3.248 -89.07 + 7.571 Nf
1 -1.979 -55.032 + 6.162 Nf -2086 -362.6 Nf + 6.7220 N2

f
2 -0.098 -6.829 + 4.072 Nf
4 2.575 62.576 + 1.102 Nf

NNLO result for ω = 0 . . . 4 1004.3997

N3LO result for ω = 1 2002.12758
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Momentum Source propagator

▶ Gx(p) =
∑

y

D−1(x , y)e ip·(y−x) Momentum source propagator

(From solving
∑

x

D(y , x)G̃x(p) = e ip·y )

▶ Amputed Green’s function for OΓ = ψ̄Γψ

ΠΓ = ⟨G−1(−p2)⟩
∑

x

⟨Gx(−p2)ΓGx(p1)⟩⟨G−1(p1)⟩

▶ Renormalisation conditions on projected result
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Lattice Interpolating Momentum calc Garron, MG, et.al. PRD23

Landau gauge fixed 2+1 domain-wall configuration
▶ 243: a-1 = 1.785(5)GeV and ZV = ZA = 0.71651(46)

▶ 323: a-1 = 2.383(9)GeV and ZV = ZA = 0.74475(12)

▶ p1 = (µ=2 π l/L,0,0,0) & p2 = µ(cos α, sin α,0,0)

Zq(µ,ω) = ZV lim
m→0

[λV ]IMOM Zm(µ,ω) =
1

ZV
lim

m→0

[
λS

λV

]
IMOM

with projectors:

λ
(γµ)

V =
1

48
Tr[γµΛVµ ] λ

(/q)
V =

qµ

12q2
Tr[ΛVµ ]
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Lattice & Continuum
▶ Lattice: σγi (µ, µ0, ω, ω0) = lim

a2→0
lim

m→0

Zγ
i (a, µ, ω)

Zγ
i (a, µ0, ω0)

▶ Continuum: uγi (µ, µ0, ω, ω0) = lim
ϵ→0

Zγ
i (ϵ, µ, ω)

Zγ
i (ϵ, µ0, ω0)

+ RGE
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Charged Current decays

▶ Kℓ2 and Kℓ3 extraction of λ = |Vus |:

Γ(K0
→ π−ℓ+νℓ(γ)) =

G2
Fm5

K

128π3
|Vus |

2SEW |fK0π−
+ (0)|2I(0)

K0ℓ
(1 + δK0ℓ

EM + δK0π−

SU(2))

▶ QED: χPT Seng et.al.’2019,Cirigliano et.al.’23

and Lattice Carrasco et.al.’15,DiCarlo et.al.’19

▶ |Vud |, extracted from nuclear β decays Hardy,Towner’20,

▶ |Vud |τn(1 + 3λ2)(1 +∆f )(1 +∆R) = 5283.321(5)s

▶ λ, ∆f & ∆R ratio of (axial-)vector coupling, phase space & radiative
corrections

▶ EW corrections in W-Mass scheme [Marciano, Sirlin]

▶ No scale separation and α2 log and 1/sw
2 effects
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(Effective) Interaction

▶ H(x) = 4
GF
√

2
CO V ∗us

(
d̄(x)γµPLu(x)

) (
ν̄l(x)γµPL l(x)

)
▶ O(x) =

(
d̄(x)γµPLu(x)

) (
ν̄l(x)γµPL l(x)

)
▶ SD in W-Mass scheme:

1
k 2
→

1
k 2 −M2

W

−
M2

W

k 2 −M2
W

1
k 2

= γ> − γ<

▶ UV poles→ Absorbed into GF from muon decay

▶ Combining with SU(3) current algebra→ QCD corrections to SEW

▶ No scale separation and α2 log and 1/sw
2 effects

▶ EFT: scale separation, O(α2), match to Lattice or χ PT
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EFT Approach 2209.05289,EPS-HEP2023,2510.27648

▶ Sum higher αs logs: µ
d

dµ
C(µ) = γC(µ)

▶ γ =
α(µ)

4π
γe +

α2(µ)

(4π)2
γee +

α
4π

αs(µ)

4π

(
γes +

αs(µ)

4π
γess

)
▶ Solution: C(µ) = J(µ)u(µ)u−1(µ0)J−1(µ0)C(µ0)

▶ u(µ) = α(µ)
γe
2β0 αs(µ)

−
α

4π
γes

2β0,s → (α ln)n and α (αs ln)n

▶ J(µ) = 1 +
α(µ)

4π
δJe +

α
4π

αs(µ)

4π
δJs

▶ Match to non-perturbative scheme

▶ Check scale and scheme cancellation
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Scheme independence

▶ Scheme dependence through use of naive dimensional
regularisation and choice of

▶ E = (d̄γµγνγλPL u)(ν̄lγµγνγλPL l) − 4(4 − aϵ − bϵ2)O

▶ O = (d̄γµPL u)(ν̄lγµPL l)

▶ Scheme independent quantities

▶ Wilson coefficient: Ĉ = u−1(µ)J−1(µ)C(µ)

▶ Flavour decoupling: M̂f↓ = u−1
f−1(µ)J

−1
f−1(µ)Jf (µ)uf (µ)

▶ Matrix element: m̂ = m(µ)J(µ)u(µ)
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Anomalous dimensions & SM matching

▶ 3 loop anomalous dimensions:

γe = −4, γes = 4, γess = a
(
308

9
−

56f
27

)
+

10f
9
− 3

▶ scheme (a) dependence cancels in

Ĉes =
αα(5)s (µ)

(4π)2u(5)(µ)

1972
529

+ 2 log

 µ2

M2
Z

 − 4
s2

W

−
2c2

W

s4
W

log

M2
W

M2
Z


▶ Ĉ = u−1

(5)(µ) + Ĉe(µ) + Ĉes(µ) is µ independent

▶ Perform matching to Lattice or χPT

▶ Has QED running and mγ logs cancel

▶ Has no QCD running

▶ For Vud , long distance absorbed into □V
γW

21 / 42



Lattice Renormalisation

▶ RI-MOM and -SMOM
schemes

▶ MOM: only 1 momentum p
▶ Pure QCD only couple to

quarks

▶ Λb = (F1(p)γµPL + F2(p)pµ/p/p2PL ) ⊗ γµPL

▶ Ward identity F1 ↔ field renormalisation
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Lattice Renormalisation

▶ σA
≡

1
4 p2

Tr(S−1
A (p)/p)

A=RI
= 1, λA

≡ ΛA
αβγδP

αβγδ

▶ Choose P = −
1

12 p2
(/pPR ⊗ /pPR + p2/2γνPR ⊗ γνPR)

▶ Projects out F1(p)→ no pure QCD corrections
(F1 canceled by Ward Identity) [MG, Moretti et.al. JHEP23]

▶ Lattice used γνPR ⊗ γνPR

▶ might be OK, where QED was treated perturbatively

▶ problematic for full QED × QCD
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RI and MS Wilson coefficients
▶ 2-loop scheme conversion factor [MG, Moretti et.al. JHEP23] plus 2-loop

EW × QCD matching and 3-loop RGE
CRI−MOM = m̂MS→RI−MOMm̂4→3m̂5→4Ĉ

▶ In combination scale and scheme independent

▶ Small impact for Vus , but larger for Vud for □γW + NLO

1 2 3 4 5 6
(GeV)

1.00550

1.00555

1.00560

1.00565

1.00570

1.00575

C
RI

M
OM

O

CRI MOM

CRI MOM + 4 CRI MOM
, S LL

CRI MOM + 4 (CRI MOM
, S LL + CRI MOM

, S NLL )
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Neutron Decay in HBχPT

H/π =
√

2GFVud ēγµPLνeN̄v (gVvµ − 2gA Sµ) τ+Nv

▶ HBChPT: proton neutron vector coupling gV is product of Low
Energy Constants and high-scale Wilson coefficient
gV = m̂µ0(µχ)M̂4↓M̂5↓Ĉ(5)

▶ Introduce scheme that matches to

□(µ0) = □
V<
γW (Q2

0 ) +
α

8π

[
1 −

αs(µ0)

π

]
log

µ2
0

Q2
0

▶ m̂µ0(µχ) = u3(µ)

1 +
α(3)(µ)

4π
fe(µ, µχ, µ0) +

αα(3)s (µ)

(4π)2
fes(µ, µ0) + □(µ0)


α terms in agreement with 2306.03138

25 / 42

https://arxiv.org/abs/2306.03138


Beyond LL αs MG, Moretti, Jager 2510.27648

▶ Isoscalar OP: Tµν
0 (q2) =

∫
ddx e iq·xT

[
JµW (x)JνV ,0(0)

]
▶ µ2

0 scheme: Subtract OPE with −q2
→ −q2 + µ2

0

▶ Proper dim-reg recovers 4-D OPE and Nachtmann moment

▶ α αs scheme change↔ 3-loop ADM

▶ Matrix element gives □(µ0)← Lattice
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OPE subtraction

▶ OPE subtraction in d-dimensions

Tµν
S ,0(q

2) =
Q+qρ

2(q2 − µ2)


1 − αs

π

 µ2

µ2
0 − q2

ϵoµρν

+

1 − αs

4π

 µ2

µ2
0 − q2

ϵ (28
3

+ 12ϵ
)eµρν


▶ Recovers 4-d OPE for oµρν = 2iεµνρσd̄γσPLu

▶ with evanescent
eµρν = d̄(γµγργν − γνγργµ)PLu − (1 +

3α
3π

)oµρν

▶ Scheme change mµ0(µ) = (Zs.c.
O ,i )

−1 from Zs.c.
O ,i Zi,j⟨Qj⟩ = ⟨O⟩µ0
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Matrix element in subtracted scheme

□
V
Had(µ0) = −e2

∫
id4q
(2π)4

ν2 + Q2

Q4

T3(ν,Q2)

2mNν

+e2
∫

id4q
(2π)4

2
3

ν2 + Q2

Q6 + µ2
0Q4

1 − αs(µ2
0)

π


▶ 1. Integral: 1-d integral over Nachtmann moment 1812.03352 split

into high and low Q2 = −q2 (ν = v · q)

▶ High Q2
→ DIS – combine with 2. Integral

□
V
Had(µ0) = □

V<
γW (Q2

0 ) +
α

8π

[
1 −

αs(µ0)

π

]
log

µ2
0

Q2
0

,

▶ Use lattice calc 2308.16755 of □V<
γW (Q2

0 ) = 1.490(73) · 10−3

28 / 42

https://arxiv.org/abs/1812.03352
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Residual scale dependence of gV(mn)

1 2 3

µ[GeV]

1.0113

1.0114

1.0115

1.0116

40 80 120 160

µW[GeV]

gV@NLLs gV@LLs gV no LLs
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Vus from Vud + unitarity

▶ Use nuclear input from Hardy,Towner’20 (2308.16755)

0.224 0.226 0.228 0.230

Vus

noLLs

LL

NLLs

K`3

K`2

PDG

0 +→0 +
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CP violation in K → ππ

▶ Experimental definition using ηij =
⟨πiπj

|KL ⟩

⟨πiπj |KS⟩

ϵK = (2η+− + η00)/3 , ϵ′ = (η+− − η00)/3

▶ ϵK theory expression ϵK ≃
⟨(ππ)I=0|KL ⟩

⟨(ππ)I=0|KS⟩
=

e iϕϵ sinϕϵ
1
2
arg

(
−M12

Γ12

)
= e iϕϵ sinϕϵ

(
Im(M12)

Dis

∆MK
+ ξ

)

⟨K0
|H|∆S |=2

|K̄0
⟩ → Im(M12)

Dis ,
Im⟨(ππ)I=0|K0

⟩

Re⟨(ππ)I=0|K0⟩
→ ξ , ϕϵ ≡ arctan

∆MK

∆ΓK/2

31 / 42



Kaon Mixing: CKM Structure

matches onto QS2 = (sLγµdL ) ⊗ (sLγ
µdL )

Im Re O

λt
2 ~ λ10 ~ λ10 mt

2/MW
2

λc λt ~ λ6 ~ λ6 mc
2/MW

2 ln(mt/mc)
λc

2 ~ λ6 ~ λ2 mc
2/MW

2

λu λt ~ λ6 ~ λ6 mc
2/MW

2 ln(mt/mc)
λu

2 0 ~ λ2 mc
2/MW

2

Where λi = VidV ∗is , λ ≡ |Vus | ∼ 0.2 and we eliminated either:
λu = −λc − λt or λc = −λu − λt .
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∆S = 2 Hamiltonian - Phase (In)Dependence

▶ Recall ϵK ∝ arg(−M12/Γ12)

▶ Trick: pull out λ∗u and (λ∗u)
2 from H∆S=1 and H∆S=2:

▶ Rephaseing invariant: λiλ
∗

j = VidV ∗isV ∗jdVjs

▶ One Operator: QS2 = (sLγµdL ) ⊗ (sLγ
µdL )

H
∆S=2
f=3 =

G2
FM2

W

4π2(λ∗u)
2

QS2

{
f1C1(µ) + iJ [f2 C2(µ) + f3 C3(µ)]

}
+ h.c.

▶ f1 = |λu|
4, f2 = 2Re(λtλ

∗

u) and f3 = |λu|
2
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Kaon mixing and εK

H
∆=2
f=3 =

G2
FM2

W

4π2

[
λ2

uCuu
S2(µ) + λ2

t C tt
S2(µ) + λuλtCut

S2(µ)
]
QS2 + h.c.

▶ Phase convention independent form Brod, MG, Stamou PRL’20:

|εK | = κϵCϵB̂K |Vcb |
2λ2η̄ ×

(
|Vcb |

2(1 − ρ̄)ηttStt(xt) − ηutSut(xc , xt)
)

apart from ηtt ↔ ηut rotation

▶ B̂ f
K ∝ ⟨K̄

0
|Q |∆S=2|

|K0
⟩f (ν)Jf (ν)uf (ν) is fn of # of active f

▶ Perturbative matching between f=5↔ f=4↔ f=3
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Residual scale dependence Brod, MG, Stamou PRL’20

ηut @ NNLO – Scale Dependence
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B̂K , FLAG24

FLAG24 only has NLO corrections
▶ NNLO should increase consistency

▶ Allows for comparison of f=3↔ f=4 results
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Combine with Lattice values

▶ B̂K =
3

2f2
K M2

K

⟨K̄0
|Q |∆S=2|

|K0
⟩u−1(µhad) from Latticen

▶ The result should be independent of the matching scale

B(X ,Y)

K (|p|)C(X ,Y)

BK
(|p|, µ)u−1(µ)u(µ0)

▶ study scale variation setting µ0 = |p|

▶ Compute B̂K for f=3,4 for SMOM, RIMOM, RI’MOM

37 / 42



MOM scheme

SMOM kinematics used for the most recent results

▶ Projected renormalised Green’s function P(γµ)(ΛR)→

▶ Z (γµ,γµ)

QS2
=

(
Z (γµ)

q

)2 1
P(γµ)(ΛB)

▶ Z (γµ,γµ)

QS2
/ZMS

QS2
converts between Lattice and continuum
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SMOM B̂K @ NNLO 2411.19861

▶ Use projectors to find Λ
ijkl
αβγδ

at 2-loops
▶ Integrals reduce to scalar off-shell 4-point functions

C(X ,Y)

BK
(|p|, µ = |p|) =

∑
i

αi
s

(4π)i
Ci

scheme C0 C1 C2
(γ, /q) 1 -2.45482 -36.2(1)
(γ, γ) 1 0.211844 16.2(1)
(/q, /q) 1 -0.454823 -13.4(1)
(/q, γ) 1 2.21184 44.4(1)
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Residual Scale Dependence at NNLO
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Combine B̂K at NNLO MG, Jager, Kvedaraite 2411.19861

▶ Compute B̂K for f=3,4 for SMOM, RIMOM, RI’MOM
f Ref. Scheme B̂(f=3)

K B̂(f=4)
K

4 ETM 15 RI′-MOM 0.733(26) 0.745(25)
3 RBC/ (/q, /q) 0.7626(56) 0.7749(93)

UKQCD 24 (γµ, γµ) 0.7546(80) 0.767(11)
3 BMW 11 RI-MOM 0.790(13) 0.804(15)

▶ New world average B̂(f=3)
K = 0.7627(60)

▶ Compare with FLAG’24: B̂K = 0.7533(91)

▶ and DQCD 1401.1385 B̂(f=3)
K = 0.7300(200)

▶ |ϵK | = 2.171(65)pert.(71)non-pert.(153)param. × 10−3
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Conclusion

▶ Precision to Constrain New Physics

▶ Combination of Perturbative and Non-Perturbative Methods

▶ Interface Scheme

▶ accessible on Lattice and Continuum

▶ MOM scheme <Q>a ca(p2) cϵ(p2) C(ϵ)

▶ scheme change absorbs regulator dependence

▶ Requires consistent expansion

▶ Good convergence

▶ Higher order QED corrections important for Vud

▶ Essential for Precision Flavour Physics

42 / 42


	Intro
	Bilinears
	Other bilinear massive mom
	Charged current
	neutron decay
	epsilon & epsilon'
	epsilonmath text inlined[fg]math text inlinedfgmath text inlined[fg]math text inlinedfgK
	Bmath text inlined[fg]math text inlinedfgmath text inlined[fg]math text inlinedfgK
	Conclusion

