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Anisotropic transverse flow and the quark-hadron phase transition
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We use (3+1)-dimensional hydrodynamics with exact lon-
gitudinal boost-invariance to study the influence of collision
centrality and initial energy density on the transverse flow
pattern and the angular distributions of particles emitted near
midrapidity in ultrarelativistic heavy-ion collisions. We con-
centrate on radial flow and the elliptic flow coefficient v2 as
functions of the impact parameter and of the collision en-
ergy. We demonstrate that the finally observed elliptic flow
is established earlier in the collision than the observed radial
flow and thus probes the equation of state at higher energy
densities. We point out that a phase transition from hadronic
matter to a color-deconfined quark-gluon plasma leads to non-
monotonic behaviour in both beam energy and impact param-
eter dependences which, if observed, can be used to identify
such a phase transition. Our calculations span collision en-
ergies from the Brookhaven AGS (Alternating Gradient Syn-
chrotron) to beyond the LHC (Large Hadron Collider); the
QGP phase transition signature is predicted between the low-
est available SPS (CERN Super Proton Synchrotron) and the
highest RHIC (Brookhaven Relativistic Heavy Ion Collider)
energies. To optimize the chances for applicability of hydro-
dynamics we suggest to study the excitation function of flow
anisotropies in central uranium-uranium collisions in the side-
on-side collision geometry.

I. INTRODUCTION

At a given beam energy, the highest energy densities
can be reached in central collisions (impact parameter
b =0) between the largest available nuclei. Hence for
many years the experimental and theoretical attention
has focussed on such collisions. Non-central (b →= 0) col-
lisions are, however, interesting in their own right since
they exhibit new phenomena which are forbidden by azi-
muthal symmetry in central collisions between spherical
nuclei. For non-central collisions the directions of the
beam axis and the impact parameter b define the collision
plane, and many interesting physical phenomena are now
non-trivial functions of the azimuthal angle ϕ relative to
the collision plane. These include in particular the trans-
verse geometry of the collision fireball as measured with
two-particle Bose-Einstein correlations (see e.g. [1] and
references therein) and momentum-space anisotropies in
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the transverse plane due to anisotropic transverse flow of
the fireball matter [2].

Aside from changing the collision energy, limited vari-
ations of the energy density of the reaction zone are also
possible by varying the collision centrality. Variation of
the initial energy density provides the handle for study-
ing phase transitions in nuclear matter, in particular
the quark-hadron transition at a critical energy density
ec

<∼ 1 GeV/fm3 [3]. Non-central collisions between spher-
ical nuclei and/or central collisions between deformed nu-
clei provide new opportunities to correlate phenomena
related to azimuthal anisotropies with the initial energy
density. This may yield novel phase transition signatures.
In [4] this idea was exploited for the so-called directed
flow at forward and backward rapidities: the softening of
the equation of state (EOS) in the phase transition region
was predicted to lead to a reduction of the directed flow,
making the phase transition visible as a minimum in its
excitation function. Sorge [5,6] suggested analogous fea-
tures for the elliptic flow [7–9] which were further studied
in [10–12]. The effects of a phase transition on the exci-
tation function of radial flow in central collisions between
spherical nuclei had been discussed earlier in [13–15].

An important difference between the radial flow ob-
served in azimuthally symmetric central collisions and
the anisotropic directed and elliptic flows in non-central
collisions and/or central collisions between deformed nu-
clei was pointed out by Sorge in [5]:

1. Directed flow affects mostly particles at forward and
backward rapidities which (at energies above a few hun-
dred MeV/nucleon) are deflected away from the beam
direction by the pressure built up between the colliding
nuclei during the time of their mutual overlap. Since
the thus affected particles quickly leave the central re-
gion where this transverse pressure force acts, the finally
observed directed transverse flow pattern is established
very early in the collision. Its natural time scale is given
by the transition time of the two colliding nuclei which
decreases with increasing beam energy; this causes a de-
crease at high collision energies (after an initial rise at
low beam energies) of the directed flow [2]. This decrease
is amplified by a lack of thermalization during the very
earliest stages of the collision which prohibits fast enough
buildup of transverse pressure and thus eventually invali-
dates the applicability of hydrodynamic concepts for cal-
culating the directed flow. Such pre-equilibrium features
may even cover up [5] the phase transition signal [4] in
the excitation function of directed flow.

2. The elliptic flow is strongest near midrapidity [17].

1

III. TRANSVERSE FLOW PHENOMENOLOGY

In this section we study generally the space-time evo-
lution of the transverse flow pattern and how it is in-
fluenced by a phase transition in the EOS. Since the
finally observed particle spectra and their azimuthal
anisotropies reflect the full space-time history of the fire-
ball expansion, their proper interpretation requires an ac-
curate understanding of the transverse fireball evolution.
In [11] we showed that the softening of the EOS in the
phase transition region leads at collision energies above
the SPS to a reduction of the elliptic flow coefficient v2

below the value expected from a hadron resonance gas.
At even higher energies, however, one expects to enter a
regime where the initial energy density is so far above the
phase transition that nearly all of the expansion history
happens inside the QGP phase. Since far above Tc the
EOS of a QGP (p = 1

3e→B) is much harder than EOS H
(which in the region relevant for us can be parametrized
by p≈ 0.15 e), v2 should eventually rise again and ap-
proach the value characteristic of EOS I which is 30-40%
higher. In order to see whether this is true we have now
studied collisions at very much higher energies, even far
beyond the LHC.

A. Semiperipheral Pb+Pb collisions

In this subsection we investigate Pb+Pb collisions at
an impact parameter of 7 fm (left panel in Fig. 3). We
begin by showing the evolution of the energy distribution
and flow field in the transverse (x, y) plane for the cases
with and without a phase transition. We do so for an
initial central energy density in b =0 Pb+Pb collisions of
e0 =175GeV/fm3 (T0 =510MeV) at τ0 = 0.38 fm/c. The
resulting total pion multiplicity density with EOS Q of
dNπ

dy

∣

∣

y=0
=1070 at b =7 fm is at the upper end of the

range of predictions for RHIC energies [53]. This study
was motivated by the work of Teaney and Shuryak who
predicted under similar conditions an interesting phe-
nomenon which they called “nutcracker flow” [12] and
which shows up only in the presence of a phase transi-
tion. In Fig. 5 we show the evolution for EOS I, i.e. a
hard EOS without phase transition. One sees smooth ex-
pansion and a continuous transition from an initial state
of positive elliptic deformation (longer axis perpendicu-
lar to the collision plane) to one with negative deforma-
tion, caused by the developing in-plane elliptic flow. The
thicker contours correspond (from the inside outward) to
e =1.6, 0.45, and 0.06GeV/fm3; for the more realistic
equation of state EOS Q the first two values limit the
mixed phase while the latter indicates freeze-out.

Figure 6 shows the analogous situation for EOS Q
(which includes a phase transition) for identical initial
conditions. Compared to Fig. 5 one sees clear differences:
the lack of a pressure gradient in the mixed phase inhibits
its transverse expansion; the hadronic phase ouside the

mixed phase expands quickly and freezes out, leaving a
shell of mixed phase matter behind which inertially con-
fines the QGP matter in the center. The matter with the
softest EOS (smallest p/e) is concentrated around the
QGP/mixed interface (thick contour at 1.6 GeV/fm3).
When the QGP matter finally pushes the mixed phase
shell apart (the “nutcracker phenomenon” discovered in
[12]), the energy density contours develop an interesting
structure vaguely reminiscent of two separated half shells.
Compared to Fig. 5, the elliptic flow clearly needs more
time to push the matter from a state of positive to one of
negative elliptic deformation. This is due to the inertia
of the mixed phase shell which does not participate in
the pushing.

FIG. 5. Time evolution for EOS I of the transverse en-
ergy density profile (indicated by constant energy density con-
tours spaced by ∆e= 150 MeV/fm3) and of the flow velocity
field (indicated by arrows) for Pb+Pb collisions at impact pa-
rameter b= 7.0 fm. The four panels show snapshots at times
τ→τ0 = 3.2, 4.0, 5.6, and 8.0 fm/c. At these times the max-
imal energy densities in the center are 5.63, 3.62, 1.31 and
0.21 GeV/fm3, respectively. For further details see text.

Figures 5 and 6 emphasize the spatial structure of the
fireball at fixed time steps. Let us now study the time
evolution in more detail. To this end we condense the
information contained in the density and flow patterns
into three time-dependent scalar quantities:

(i) The “spatial ellipticity”

εx =
〈〈y2→x2〉〉
〈〈y2+x2〉〉

(3.1)

characterizes the spatial deformation of the fireball in
the transverse plane. The angular brackets denote en-
ergy density weighted spatial averages at a fixed time.

7

is increased, v2 first rises (at low energies the fireball
freezes out before the elliptic flow can saturate) but then
decreases again as the initial energy density rises above
the QGP threshold. We now understand that this de-
crease is intimately connected to the diluting effects of
the selfsimilar fireball expansion in the mixed phase, even
before the spatial deformation εx passes through zero (see
the discussion in Sec. III C.) Without a phase transition
(EOS H) this does not happen (see dash-dotted lines in
Fig. 14); the slight decrease of v2 with EOS H at asymp-
totically high energies has a different origin, namely a
reduction of εp by the opposite sign of the spatial fireball
anisotropy after εx has passed through zero.
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FIG. 14. Excitation function of the elliptic flow coefficient
v2 (left vertical axis) and the radial flow →→v⊥〉〉/c (right verti-
cal axis), for Pb+Pb collisions at b = 7 fm (upper panel) and
side-on-side U+U collisions at b =0 (lower panel). The hori-
zontal axis gives the total pion multiplicity density at midra-
pidity, dNπ

dy

∣

∣

y=0
, as a measure for the collision energy. Hori-

zontal arrows indicate the regions covered by SPS, RHIC, and
LHC. In the lower panel LHC would start around 5000.

The comparison of semiperipheral Pb+Pb collisions
with central U+U collisions in the upper and lower pan-
els of Fig. 14 shows that this non-monotonic behaviour of
the excitation function for v2 is not sensitive to the exi-
stence of the “nutcracker phenomenon”: the decrease of
v2 below its maximum in the SPS regime is only slightly
weaker in the U+U case than for Pb+Pb, although only
the latter features a “cracking nut”. Since elliptic flow is
a fragile phenomenon which is quite sensitive to incom-
plete thermalization, we believe that the most promising
route towards experimental verification of the phase tran-
sition signature suggested here is to study the excitation
function of v2 in largest available deformed collision sys-
tem, namely central side-on-side U+U collisions.

In Ref. [11] we missed the fact that at asymptotically
high energies the elliptic flow coefficient v2 must approach
the larger value corresponding to the stiffer QGP equa-
tion of state EOS I. We calculated in [11] the excitation
function for b =7 fm Pb+Pb collisions only up to mul-
tiplicity densities dNπ

dy

∣

∣

y=0
=500 and concluded prema-

turely that v2 saturates at high collision energies at a
value below the value corresponding to EOS H. Fig. 14
extends the excitation functions for both Pb+Pb and
U+U collisions to LHC energies and demonstrates that
v2 begins to rise again, eventually approaching the EOS I
limit. The dip, which indicates the presence of the phase
transition, thus only covers the energy range between
SPS and RHIC. Note that in the same energy region
also the radial flow →→v⊥〉〉 (dashed lines in Fig. 14) is pre-
dicted to grow more slowly with

√
s than at lower and

higher beam energies where the expansion is predomi-
nantly driven by pure HG or pure QGP matter.

D. Elliptic flow as an estimator for the

thermalization time scale

Throughout this paper we have assumed early thermal-
ization followed by hydrodynamic expansion. For a given
initial deformation of the collision zone in the transverse
plane (which can be calculated from geometry once the
impact parameter is known, for example by a measure-
ment of the number of spectator nucleons), this guaran-
tees the maximum possible momentum-space response in
the form of elliptic flow. Any delay in the thermalization
process will lead to a reduction of the elliptic flow: even
without secondary collisions the spatial deformation of
the region occupied by the produced particles decreases
by free-streaming, and if thermalization effectively sets in
later, the resulting anisotropies in the pressure gradients
will be smaller, leading to less elliptic flow.

We can use the above demonstrated fact that, up to
variations of the order of 20%, the hydrodynamic re-
sponse v2 to the elliptic spatial deformation at thermal-
ization is essentially constant: vhydro

2 /εx ≈ const.≈ 0.25.
This allows to interpret the measured v2 in terms of an
effective initial spatial deformation at the point of ther-
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Instead of by impact parameter, the centrality is also often characterized by the

number of participating nucleons (nucleons that undergo at least one inelastic collision)

or by the number of equivalent binary collisions. Phenomenologically it is found that the

total particle production scales with the number of participating nucleons whereas hard

processes scale with the number of binary collisions. These measures can be related

to the impact parameter b using a realistic description of the nuclear geometry in a

Glauber calculation [19], as is shown in Fig. 3b. This Figure also shows that Pb–Pb

collisions at
p
sNN = 2.76 TeV and Au-Au at

p
sNN = 0.2 TeV have a similar distribution

of participating nucleons. The number of binary collisions increases from Au–Au to Pb–

Pb by about 50% because the nucleon-nucleon inelastic cross section increases by about

that amount at the respective center of mass energies of 0.2 and 2.76 TeV.

3. Anisotropic Flow

Flow signals the presence of multiple interactions between the constituents of the

medium created in the collision. More interactions usually leads to a larger magnitude

of the flow and brings the system closer to thermalization. The magnitude of the

flow is therefore a detailed probe of the level of thermalization. The theoretical tools

x,b

y
z

Rea
cti

on Plan
e

Figure 4. Almond shaped interaction volume after a non-central collision of two
nuclei. The spatial anisotropy with respect to the x-z plane (reaction plane) translates
into a momentum anisotropy of the produced particles (anisotropic flow).

to describe flow are hydrodynamics or microscopic transport (cascade) models. In the

transport models flow depends on the opacity of the medium, be it partonic or hadronic.

Hydrodynamics becomes applicable when the mean free path of the particles is much

smaller than the system size, and allows for a description of the system in terms of

macroscopic quantities. This gives a handle on the equation of state of the flowing

matter and, in particular, on the value of the sound velocity cs.

Experimentally, the most direct evidence of flow comes from the observation of

anisotropic flow which is the anisotropy in particle momentum distributions correlated

Phys.Rev.C 62 (2000) 054909 • e-Print: hep-ph/0006129 [hep-ph]

Picture: Howard Wieman
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Figure 1: Anisotropy coefficients
for nucleons and charged pions in
RQMD for collisions in the impact
parameter range of 5 ≤ b ≤ 10 fm.
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Figure 2: Anisotropy coefficients
for nucleons and charged pions in
HIJING for collisions in the im-
pact parameter range of 5 ≤ b ≤
10 fm.

increasingly difficult to resolve them from the “soft” particles. These jets
with ET < 5 GeV are usually refered to as mini-jets. At RHIC energies it
has been estimated that 50% of the transverse energy is produced by mini-
jets [36].

Medium induced radiative energy loss of high pt partons (jet quenching)
could be very different in a hadronic medium and a partonic medium. Re-
cently it was shown that this energy loss per unit distance, dE/dx, grows
linearly with the total length of the medium [37]. For non central collisions
the hot and dense overlap region has an almond shape. This implies different
path lengths and therefore different energy loss for particles moving in the
in-plane versus the out-plane direction. To study this anisotropy with respect
to the reaction plane [32], 100 000 Au+Au collisions at

√
s = 200 AGeV have

6

or the FTPCs can be used. This would initially provide a cross check and
later combining both detectors would increase the resolution. For this study
we only need the momenta of the charged hadrons and thus anisotropic flow
could be one of the first results from STAR. For future analyses it would be
good to have particle identification. Because it is important to study the
dependence of v2 as a function of b [29] we would like to have 10 centrality
bins, which would be possible with 1 000 000 minimum bias events.
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obtained in the STAR FTPCs using subevents is shown in Fig. 4d. If only
one FTPC would be used this resolution would be approximately

√
2 smaller.

Using v2 the event plane can be determined, however the sign of v2 is
not determined relative to b. This sign could be determined from v2 relative
to Ψ1. Fig. 1c shows that around mid rapidity v1 is maximally 0.5% which
makes Ψ1 extremely hard to measure. From Fig. 1a and 1c it is clear that the
best region to measure v1 is at forward rapidity. Fig. 5a shows v1 integrated
over the FTPC rapidity region, versus b. As for v2, the π+, π− and protons
are combined. This decreases the magnitude of v1 because their signs are
opposite but the FTPCs are not able to separate these particles. At large
b the magnitude of v1 becomes ≈ 1% and, although this is already hard to
measure, also the multiplicity decreases rapidly at large b. This leads to
negligible resolution for v1 at all values of b, which is shown in Fig. 5c.

6 Conclusion

We have investigated the feasibility of reconstructing the event plane. Both
Fig. 3 and Fig. 4 show that it is possible to determine the second harmonic
event plane and calculate v2 within STAR, assuming the RQMD predictions
(multiplicity distribution, magnitude of v2) are correct. For v2 both the TPC
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Figure 2: Anisotropy coefficients
for nucleons and charged pions in
HIJING for collisions in the im-
pact parameter range of 5 ≤ b ≤
10 fm.

increasingly difficult to resolve them from the “soft” particles. These jets
with ET < 5 GeV are usually refered to as mini-jets. At RHIC energies it
has been estimated that 50% of the transverse energy is produced by mini-
jets [36].

Medium induced radiative energy loss of high pt partons (jet quenching)
could be very different in a hadronic medium and a partonic medium. Re-
cently it was shown that this energy loss per unit distance, dE/dx, grows
linearly with the total length of the medium [37]. For non central collisions
the hot and dense overlap region has an almond shape. This implies different
path lengths and therefore different energy loss for particles moving in the
in-plane versus the out-plane direction. To study this anisotropy with respect
to the reaction plane [32], 100 000 Au+Au collisions at

√
s = 200 AGeV have

6

We realized that the v2 is sensitive to jet 
quenching, which is of course no surprise as 
energy loss is expected to depend on path 
lenght but we had not thought of it before
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First STAR paper (2001)
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flow. To estimate the magnitude of non-flow effects we have chosen the sub-events in
three different ways: 1) Assigning particles with pseudorapidity −1 < η < −0.05 to one
sub-event and particles with 0.05 < η < 1 to the other. Short range correlations, such
as Bose-Einstein or Coulomb, are to a large extent eliminated by the “gap” between the
two sub-events. 2) Dividing randomly all particles into two sub-events, sensitive to all
non-flow effects. 3) Assigning positive particles to one sub-event and negative particles to
the other, allowing an estimation of the contribution from resonance decays. In Fig. 2 the
resulting v2 versus centrality from each of these methods is shown. The charged particles
were integrated over 0.1 < pt < 2.0 GeV/c and |η| < 1.3. The results from the three
methods are for the central and mid-peripheral events very similar. However, for the
most peripheral events the results vary among the methods by about 0.005.

max/nchn
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

2v

0
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08

rapidity subevents

Preliminary

Figure 3. The integrated elliptic flow signal,
v2, with the estimated systematic uncertain-
ties.
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Figure 4. Excitation function of v2 from top
AGS to RHIC energies.

Not all non-flow contributions might be known and the effects of others, such as jets,
are difficult to estimate because of their long-range correlation. Recently new methods
to estimate these non-flow effects have become available [13]. In order to estimate the
systematic uncertainty due to the effects of jets in this analysis, we assume that jets con-
tribute at the same level to both the first and second order correlations. This assumption
is verified by the Hijing [15] model. Taking the maximum observed positive first order
correlation, 0.05, as being completely due to non-flow will reduce the calculated v2 val-
ues. Figure 3 shows v2 versus centrality, where the statistical uncertainties are smaller
than the markers and the uncertainties shown are the systematic uncertainties due to this
estimated non-flow effect.
Figure 4 shows the maximum v2 value as a function of collision energy. It rises mono-

tonically from about 0.02 at the top AGS energy [4], 0.035 at the SPS [7] to about 0.06
at RHIC energies [9]. This increasing magnitude of the integrated elliptic flow indicates
that the degree of thermalization, which is associated with the amount of rescattering,
is higher at the higher beam energies. However, interpretation of the excitation function
has to be done with care. The v2 values used here are the maximum values as a function
of centrality for each energy. The centrality where v2 peaks can change as a function of

big increase measured compared to 
predictions hadron cascade model(s)

added. The simulated data were filtered by a GEANT
model of STAR and reconstructed in a way similar to that
used for the data. For 2% and 10% elliptic flow added to
the simulations, the flow extracted was (2.0± 0.1)% and
(9.7± 0.2)%, respectively.
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0.08

0.1

max/nchn

2v

FIG. 3. Elliptic flow (solid points) as a function of central-
ity defined as nch/nmax. The open rectangles show a range of
values expected for v2 in the hydrodynamic limit, scaled from
ε, the initial space eccentricity of the overlap region. The
lower edges correspond to ε multiplied by 0.19 and the upper
edges to ε multiplied by 0.25.

Fig. 3 shows v2 as a function of centrality of the colli-
sion. Although this figure was made with the subevents
chosen as in Fig. 2, the same results within errors were
obtained with the other correlation methods. Restricting
the primary vertex z position to reduce TPC acceptance
edge effects also made no difference. From the results of
the study of non-flow contributions by different subevent
selections and the maximum magnitudes of the first and
higher-order harmonics, we estimate a systematic error
for v2 of about 0.005, with somewhat smaller uncertainty
for the mid-centralities where the resolution of the event
plane is high. The systematic errors are not included in
the figures.
In the hydrodynamic limit, elliptic flow is approxi-

mately proportional to the initial space anisotropy, ε,
which is calculated in Ref. [27]. The transformation to
the multiplicity axis in Fig. 3 was done using a Hijing [22]
simulation, taking into account the above mentioned
vertex-finding inefficiency for low multiplicity events. In
comparing the flow results to ε, no unusual structure is
evident which could be attributed to the crossing of a
phase transition while varying centrality [4,19]. The ε
values in Fig. 3 are scaled to show the range of hydrody-
namic predictions [6,8] for v2/ε from 0.19 to 0.25. The
data values for the lower multiplicities could indicate in-
complete thermalization during the early time when el-
liptic flow is generated [5,6]. On the other hand, for
the most central collisions, comparison of the data with
hydrodynamic calculations suggest that early-time ther-

malization may be complete. The v2 values peak at more
peripheral collisions than RQMD predictions [18], but in
qualitative agreement with hydrodynamic models [7].

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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FIG. 4. Elliptic flow as a function of transverse momen-
tum for minimum bias events.

The differential anisotropic flow is a function of η and
pt. For the integrated results presented here, all v val-
ues should first be calculated as a function of η and pt,
and then averaged over either or both variables using the
double differential cross sections as weights. Since we do
not yet know the cross sections, we have averaged us-
ing the observed yields. Fig. 4 shows v2 as a function of
pt for a minimum bias trigger. The η dependence (not
shown), which is averaged over pt from 0.1 to 2.0 GeV/c,
is constant at a value of (4.5 ± 0.5)% for |η| <∼ 1.3. We
have assumed that the efficiency (yield/cross section) is
constant in the pt range where the yield is large. This is
borne out by studies of the effects of different track qual-
ity cuts on the observed pt spectra. For the pt depen-
dence the data are not very sensitive to the assumption
of constant efficiency as a function of η because v2 ap-
pears to be independent of η in the range used, |η| < 1.3.
Mathematically the v2 value at pt = 0, as well as its
first derivative, must be zero, but it is interesting that v2
appears to rise almost linearly with pt starting from rela-
tively low values of pt. This is consistent with a stronger
“in-plane” hydrodynamic expansion of the system than
the average radial expansion. Note that the results shown
in Fig. 3 were obtained by taking the average over both η
and pt, weighted by the yield. Although Fig. 4 is for ap-
proximately minimum bias data [28] the general shapes
are the same for data selected on centrality, except that
the slopes of the pt curves depend on centrality. Fig. 4
was made using pseudorapidity subevents, although the
same results within errors were obtained using the other
two methods.
We conclude that elliptic flow at RHIC rises up to

about 6% for the most peripheral collisions, a value which

4

in good agreement for mid-
central collisions with “hydro”

STAR Collaboration: Phys.Rev.Lett. 86 (2001) 402-407
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Quark Matter (2001)
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STAR (2001)

STAR Collaboration: Phys.Rev.Lett. 86 (2001) 402-407, Phys.Rev.Lett. 87 (2001) 182301

4
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FIG. 2: Differential elliptic flow for pions, kaons and protons
+ antiprotons for minimum-bias events. The solid lines show
the fit with the modified Blast Wave model, and the dotted
lines are the fit with the unmodified model.

GeV/c.
The flow analysis method [21] involves the calculation

of the event plane angle, which is an experimental esti-
mator of the real reaction-plane angle. For the analysis
presented in this Letter, each particle was correlated with
the event plane from all the other particles (for the other
methods, see [22]). The differential elliptic flow, v2, de-
pends on mass, rapidity (y) and pt. In Fig. 2, v2(pt)
is shown for pions, kaons, and protons + antiprotons
for minimum-bias collisions [23], integrated over rapidity
and centrality by taking the multiplicity-weighted aver-
age. The uncertainties shown are statistical only. Using
the same procedure to estimate the systematic uncertain-
ties as in Ref. [9] for v2 integrated over pt, the systematic
uncertainty for minimum-bias data is 13%. We have ver-
ified that the positive and negative identified particles
used in this analysis have the same v2(pt) within statis-
tical uncertainties. For v2(pt), the pions were integrated
over |y| ≤ 1.0, the kaons over |y| ≤ 0.8, and the protons
+ antiprotons over |y| ≤ 0.5 (the rapidity ranges chosen
correspond to approximately consistent |η| coverage for
all of the selected particles). Mathematically the v2 value
at pt = 0, as well as its first derivative, must be zero. As
a function of pt, the pions exhibit an almost linear depen-
dence of v2, whereas the protons + antiprotons exhibit a
more quadratic behavior, clearly different from the pions.
As expected in a hydrodynamic picture, the kaons lie be-
tween the pions and the protons + antiprotons. The 90%
purity of the protons + antiprotons in the 0.8 ≤ pt ≤ 0.9
range leads to a maximum +5% systematic error on the
v2 value in this bin. The observed behavior may be the
result of the interplay between the mean expansion ve-
locity, the elliptic component of the expansion velocity,
and the thermal velocity of the particles. A similar effect

) t
(p 2v

0

0.02

0.04

0.06

0.08

0.1

0.12 -π + +π
45 - 85%
11 - 45%
0 - 11%

 [GeV/c]tp
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(p 2v
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0.12
0.14

pp + 
45 - 85%
11 - 45%
0 - 11%

FIG. 3: Upper panel: Differential elliptic flow for pions in
three different centrality bins. Lower panel: The same for
protons + antiprotons. The dotted lines show the predictions
from a full hydrodynamic model calculation [15]. The uncer-
tainties shown are statistical only.

was discussed for the case of directed flow in [24].
The differential elliptic flow, v2(pt), is plotted for pions

for three different centrality selections in the upper panel
of Fig. 3, and for protons in the lower panel. The open
triangles represent the most central 11% of the measured
cross section. The open squares correspond to 11 – 45%
of the measured cross section, and the open circles corre-
spond to 45 – 85%. The uncertainties on the points are
statistical only. The systematic uncertainty is smallest
for the centrality region with the best reaction plane res-
olution and is estimated to be 20% for the most central
bin, 8% for the mid-central bin, and 22% for the most
peripheral bin. At a given pt, the more peripheral colli-
sions have the largest value of v2(pt), and v2(pt) decreases
for more central collisions. For all three of the centrality
ranges, in the measured pt range, the pt dependence of
v2 for pions is approximately linear.
We have fitted the data with a simple hydrodynamic-

motivated model. This model is a generalization of the
Blast Wave model from [15, 25] assuming the flow field
is perpendicular to the freeze-out hyper-surface.

v2(pt) =

∫ 2π

0
dφb cos(2φb)I2(αt)K1(βt)(1 + 2s2 cos(2φb))
∫ 2π

0
dφbI0(αt)K1(βt)(1 + 2s2 cos(2φb))

,

(1)

where I0, I2, and K1 are modified Bessel functions,

Behaves like a system with common 
temperature and flow boost
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Quark Matter Nantes (2002)

STAR Collaboration: Phys.Rev.Lett. 92 (2004) 052302 • e-Print: nucl-ex/0306007 

https://arxiv.org/abs/nucl-ex/0306007
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STAR Whitepaper Preparations (2004)

We concluded we had beautiful experimental discoveries but theory description was still a stitch-work of models :-) 
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The “Perfect Fluid” in Boulder (march 2005)

Pictures credit:Peter Steinberg 
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The “Perfect Fluid”

Pictures credit:Peter Steinberg 
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The “Perfect Fluid”

Pictures credit:Peter Steinberg 

Started quite happy the meeting

Got a bit overwhelmed by connecting
to holography (AdS/CFT)

Was happy with connecting to the perfect liquid :-) 
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The “Perfect Fluid”

STAR Collaboration: 10.1016/j.nuclphysa.2005.03.085

Cited over 4000 times
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Figure 8. a) The eccentricity " calculated in a color glass condensate (CGC) model
and using a Glauber model [28]. b) The v2 obtained using the CGC or Glauber initial
eccentricity [28].

spatial anisotropy can be characterized by the eccentricity, which is defined by

" =
hy2 � x2i
hy2 + x2i , (5)

where x and y are the positions of the participating nucleons in the transverse plane

and the brackets denote an average which traditionally was taken over the number of

participants. Recent calculations have shown that the eccentricity obtained in di↵erent

descriptions, in particular comparing a Glauber with a Color Glass Condensate (CGC)

description, shows that " varies by almost 25% at a given impact parameter [28], see

Fig. 8a. The elliptic flow, obtained when using these di↵erent initial eccentricities is

shown in Fig. 8b. As expected, the di↵erent magnitude of the eccentricity propagates to

the magnitude of the elliptic flow. Because currently we cannot measure the eccentricity

independently this leads to a large uncertainty in experimental determination of ⌘/s.

To summarize, we have seen that the elliptic flow depends on fundamental

properties of the created matter, in particular the sound velocity and the shear viscosity,

but also on the initial spatial eccentricity. Detailed measurements of elliptic flow as

function of transverse momentum, particle mass and collision centrality provide an

experimental handle on these properties. In the next section, before we discuss the

measurements, we first explain how we estimate the anisotropic flow experimentally.

4. Elliptic Flow: Analysis Methods

Because the reaction plane angle is not a direct observable the elliptic flow (Eq. 3) can

not be measured directly so that it is usually estimated using azimuthal correlations

between the observed particles. Two-particle azimuthal correlations, for example, can

be written as:

hhei2('1�'2)ii = hhei2('1� RP�('2� RP))ii,Elliptic Flow: A Brief Review 10

= hhei2('1� RP)ihe�i2('2� RP)i+ �2i,
= hv22 + �2i, (6)

where the double brackets denote an average over all particles within an event, followed

by averaging over all events. In Eq. 6 we have factorized the azimuthal correlation

between the particles in a common correlation with the reaction plane (elliptic flow v2)

and a correlation independent of the reaction plane (non-flow �2). Here we have assumed

that the correlation between v2 and �2 is negligible. If �2 is small, Eq. 6 can be used

to measure hv22i, but in general the non-flow contribution is not negligible. In Fig. 9

(a) (b) (c)

Figure 9. Examples of particle distributions in the transverse plane, where for a)
v2 > 0, v2{2} > 0, b) v2 = 0, v2{2} = 0, and c) v2 = 0, v2{2} > 0.

we illustrate two-particle nonflow contributions as follows: In Fig. 9a an anisotropic

distribution is shown for which both v2 = hcos 2�i and the two-particle correlation

v2{2} =
q
hcos 2(�1 � �2)i are positive. Figure 9b shows a symmetric distribution for

which v2 = 0 and also v2{2} = 0. Figure 9c shows two symmetric distributions rotated

with respect to each other which give v2 = 0 while v2{2} is nonzero. This illustrates

how non-flow contributions from sources like resonance decays or jets can contribute to

v2 measured from two particle correlations.

The collective nature of elliptic flow can be exploited to suppress non-flow

contributions [29, 30]. This is done using so called cumulants, which are genuine multi-

particle correlations. For instance, the two particle cumulant c2{2} and the four particle

cumulants c2{4} are defined as:

c2{2} ⌘
DD

ei2('1�'2)
EE

=
D
v22 + �2

E
. (7)

c2{4} ⌘
DD

ei2('1+'2�'3�'4)
EE

� 2
DD

ei2('1�'2)
EE2

,

=
D
v42 + �4 + 4v22�2 + 2�22

E
� 2

D
v22 + �2

E2
,

=
D
�v42 + �4

E
. (8)

From the combinatorics it is easy to show that �2 / 1/Mc and �4 / 1/M3
c , where Mc is

the number of independent particle clusters. Therefore, v2{2} is only a good estimate

if v2 � 1/
p
Mc while v2{4} is already a good estimate of v2 if v2 � 1/Mc

3/4; for c2{1}
this argument leads to v2 � 1/Mc. This shows that for a typical Pb–Pb collision at

the LHC with Mc = 500 the possible non-flow contribution can be reduced by more

than an order of magnitude using higher order cumulants. One of the problems in using
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From the combinatorics it is easy to show that �2 / 1/Mc and �4 / 1/M3
c , where Mc is

the number of independent particle clusters. Therefore, v2{2} is only a good estimate

if v2 � 1/
p
Mc while v2{4} is already a good estimate of v2 if v2 � 1/Mc

3/4; for c2{1}
this argument leads to v2 � 1/Mc. This shows that for a typical Pb–Pb collision at

the LHC with Mc = 500 the possible non-flow contribution can be reduced by more

than an order of magnitude using higher order cumulants. One of the problems in using

Non flow δ2 ∝ 1/Mc δ4 ∝ 1/M3
c

⟨v2
2⟩ = ⟨v2⟩2 + σ2

if σ ≪ ⟨v⟩ then
Fluctuations 
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multi-particle correlations is the computing power needed to go over all possible particle

multiplets. To avoid this problem, multi-particle correlations in heavy-ion collision are

calculated from generating functions with numerical interpolations [29] or, as was shown

more recently, from an exact solution [31].

The last equality in Eq. 8 follows from the assumption that v2 and �2 are

uncorrelated and also that h�22i = h�2i2 and hv42i = hv22i2. In other words, we have

neglected the event-by-event fluctuations in v2 and �2. The e↵ect of the fluctuations on

v2 estimates can be obtained from

hv22i = hv2i2 + �2,

hv42i = hv2i4 + 6�2hv2i2,
hv62i = hv2i6 + 15�2hv2i4. (9)

Neglecting the non-flow terms we have the following expressions for the cumulants:

v2{2} =
q
hv22i,

v2{4} = 4
q
2hv22i2 � hv42i,

v2{6} = 6

s
1

4
(hv62i � 9hv22ihv42i+ 12hv22i3). (10)

Here we have introduced the notation v2{n} as the flow estimate from the cumulant

c2{n}. Assuming that � ⌧ hvi we obtain from Eqs. 9 and 10, up to order �2:

v2{2} = hv2i+
1

2

�2

hv2i
,

v2{4} = hv2i �
1

2

�2

hv2i
,

v2{6} = hv2i �
1

2

�2

hv2i
. (11)

From Eqs. 7 and 11 it is clear that the di↵erence between v2{2} and v2{4} is sensitive

to non-flow and fluctuations.

Flow fluctuations have become an important part of elliptic flow studies [32, 33,

34, 35, 36, 37, 38, 39, 40, 41, 42]. It is believed that such fluctuations originate mostly

from fluctuations in the initial collision geometry. This is illustrated in Fig. 10 which

shows participants that are randomly distributed in the overlap region. This collection

of participants defines a participant plane  PP [33] which fluctuates, for each event,

around the reaction plane  RP. These fluctuations can be estimated from calculations

in, for instance, a Glauber model.

Figure 11a shows the eccentricities (Eq. 5) calculated in a Glauber model. Here

"{RP} denotes the eccentricity in the reaction plane, " is the participant eccentricity

and "{2} and "{4} are the participant eccentricities calculated using the cumulants,

analogous to the definitions in Eq. 10 [32]. In Fig. 11a the eccentricities are calculated

using as a weight the participating nucleons (open and solid markers) or as a weight

binary collisions (dashed lines). The figure clearly shows that in both cases " is in

vn(pt, y) = ⟨cos[n(φ − ΨRP)]⟩

Generating function cumulants N. Borghini, P.M. Dinh, and 
J.-Y. Ollitrault, PRC 64, 054901 (2001) 

STAR: Phys.Rev.C 66 (2002) 034904 • e-Print: nucl-ex/
0206001 [nucl-ex]

https://arxiv.org/abs/nucl-ex/0206001
https://arxiv.org/abs/nucl-ex/0206001
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FIG. 2: a) Contour plot of the calculated eccentricity in a
Monte Carlo Glauber model versus the impact parameter, b,
in Au+Au collisions. The mean value of the eccentricity is
indicated by the dashed curve. b) The mean eccentricity 〈ε〉
(dashed curve) and the corresponding 〈εn〉1/n for n = 2, 4
and 6 (points) versus impact parameter b.

The STAR collaboration [17] found a negligible bias on
the extracted v2 due to these binning effects, except in
the most central bin.
To estimate the possible effect of the fluctuations on

the measured elliptic flow values we calculate the fluctu-
ations in the initial spatial anisotropy of the created sys-
tem using a Monte Carlo Glauber model (MCG). This
anisotropy, which generates the elliptic flow, is given
by [2, 3]:

ε ≡

∑

y′2i −
∑

x′2
i

∑

y′2i +
∑

x′2
i

, (3)

where x′

i and y′i are the coordinates of the constituents
in the plane perpendicular to the beam and x′ is in the
reaction plane (see Fig. 1). Due to the relation between
the initial spatial anisotropy and the elliptic flow, v2 ∝
ε [2, 3, 18], fluctuations in ε will lead to fluctuations in v2.
It should be noted that this is only one specific example
of fluctuations which could contribute to the measured
value of v2.
The MCG approach allows for an event-by-event cal-
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FIG. 3: Eccentricity cumulants calculated for Au+Au colli-
sions in a Monte Carlo Glauber model compared to 〈ε〉 as a
function of centrality (from left to right is from central to pe-
ripheral collisions, respectively). The symbols are the Monte
Carlo Glauber results using nucleons, the lines are for con-
stituent quarks (see text).

culation of ε and therefore the determination of the cor-
responding higher order moments of the event averaged
distribution of ε. For details on the MCG model and the
parameters used see Ref. [19].
In Fig. 2a, the eccentricity calculated using the MCG

is plotted versus the impact parameter (b) of an Au+Au
collision. This figure shows that the fluctuations in ε for
the most peripheral collisions are large. For the most cen-
tral collisions ε can be both positive and negative. This
leads to an obvious bias when calculating ε from 〈ε2〉1/2.
Figure 2b shows the calculated 〈ε〉 and the correspond-
ing 〈εn〉1/n. It is clear that there is a bias over the whole
centrality range, however this bias is the largest for the
most central and most peripheral collisions.
Using v2 ∝ ε, we replace in Eq. 2 v2 by ε, which allows

us to calculate ε{2}, ε{4} and ε{6}. If the right-hand side
of Eq. 2 becomes negative, we take the nth root of the ab-
solute value and multiply this by −1. Figure 3 shows the
ratio of ε{m} and 〈ε〉, where m = 2, 4, 6, versus the colli-
sion centrality in terms of cross-section. In the standard
MCG approach for nucleons with a cross-section of 42 mb
the event by event fluctuations lead to a ratio ε{2}/〈ε〉
which is always larger than 1. This shows that the exper-
imental determination of v2, using two-particle azimuthal
correlations in the case of event-by-event fluctuations in
ε, leads to an overestimation of the true elliptic flow.
This is particularly true for the most central and most
peripheral events. The inset in Fig. 3 shows the same cal-
culated values on a expanded scale. Even for the central-
ity region of 20-60% the two-particle correlation method
overestimates the true elliptic flow by about 10%. In the
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Eccentricity fluctuations and its possible effect on elliptic flow measurements

Mike Miller(a) and Raimond Snellings(b)
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The elliptic flow measured at RHIC has been interpreted as a signature for strong partonic in-
teractions early in the collision and as an indication of a well developed quark-gluon plasma phase.
The measured values of elliptic flow, using methods based on multi-particle correlations, are af-
fected by fluctuations in the magnitude of the elliptic flow. In this Letter, using a Monte Carlo
Glauber calculation, we estimate what the possible effect of spatial eccentricity fluctuations is on
the determination of elliptic flow.

PACS numbers: 25.75.-q, 25.75.Ld, 25.75.Dw, 25.75.Gz, 24.10.Lx

In non-central heavy-ion collisions, the initial spatial
anisotropy due to the geometry of the overlap region and
the pressure developed early in the collision generate an
observable azimuthal momentum-space anisotropy. The
particle yields produced in heavy-ion collisions can be
characterized by [1]:

d3N

dp2tdφdy
=

d2N

2πdp2tdy
[1 + 2

∑

n

vncos(n(φ −ΨR))], (1)

where pt is the transverse momentum of the particle, φ is
its azimuthal angle, y is the rapidity and ΨR the reaction
plane angle, see fig 1. The second coefficient, v2, of this
Fourier series is called elliptic flow.

x

y

ΨR

z

b

φ

y x' '

FIG. 1: Schematic view of a nucleus-nucleus collision in the
transverse plane.

Elliptic flow as a signature of hydrodynamic behavior
of nuclear matter produced in high energy nuclear colli-
sions has been proposed by Ollitrault in 1992 [4]. After
that it has attracted increasing attention from both ex-
perimentalists and theorists [5] and has been measured
at AGS [6, 7], SPS [8, 10] and RHIC [11, 12, 13] energies.
It is thought that elliptic flow reflects the amount of in-
teractions between the constituents at an early time in
the evolution of the produced system [14]. Therefore it is

sensitive to the equation of state of the produced system
when this system might be in the quark-gluon plasma
phase.
Since the reaction plane is not known experimentally,

the elliptic flow is calculated using azimuthal angular cor-
relations between the observed particles [15]. In the case
of two particle correlations the measurement is propor-
tional to v22 . The reported elliptic flow values are there-
fore obtained as

√

〈v22〉 after averaging over events.
Because elliptic flow is a collective effect, it is a corre-

lation of all the particles with the reaction plane. This
can be exploited experimentally by using multiple parti-
cle correlations to calculate v2. To calculate these cor-
relations a convenient mathematical approach is to use
cumulants. This method, proposed in [16], has the addi-
tional advantage that it allows to subtract the so called
non-flow effects from v2. Non-flow effects are correla-
tions between the particles not related to the reaction
plane. Such effects include, but are not limited to, reso-
nance decays, (mini)jet fragmentation and Bose-Einstein
correlations. The cumulant method uses multi-particle
correlations which introduce higher powers of v2. The
corresponding equations for calculating v2 in the cumu-
lant method for two, four and six particle azimuthal cor-
relations are given by:

(v2{2})
2 = 〈v22〉

(v2{4})
4 = 2〈v22〉

2 − 〈v42〉

(v2{6})
6 =

1

4

(

〈v62〉 − 9〈v42〉〈v
2
2〉+ 12〈v22〉

3
)

, (2)

where v2{2} is calculated using two-particle azimuthal
correlations, v2{4} using a mix of two and four-particle
azimuthal correlations and v2{6} uses two, four and six-
particle azimuthal correlations.
However, due to event-by-event fluctuations in the el-

liptic flow for instance, the event averaged 〈vn2 〉 $= 〈v2〉n

for n ≥ 2 [17]. Therefore, comparing the experimental
values of v2 with model calculations which do not cor-
rectly include these fluctuations might not be a priory
justified. Furthermore, there are effects due to the fi-
nite width of the centrality bins where also 〈vn2 〉 $= 〈v2〉n.
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original x and y axes (in fact, any pair of perpendicular transverse axes),

εpart =

√

(σ2
y − σ2

x)
2 + 4(σxy)2

σ2
y + σ2

x

. (1)

In this formula, σxy = 〈xy〉 − 〈x〉〈y〉. The average values of εstandard and εpart are quite
similar for all but the most peripheral interactions for large species, as is shown in Fig-
ure 4 for Au-Au. For smaller species such as Cu, however, fluctuations in the nucleon
positions become quite important for all centralities and the average eccentricity can vary
significantly depending on how it is calculated. This is also illustrated in Figure 4. It
is worth noting that the Glauber model used in these calculations does not include an
excluded volume for the nucleons.
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PHOBOS measurements of elliptic flow are presented as a function of pseudorapidity,
centrality, transverse momentum, energy and nuclear species. The elliptic flow in Cu-
Cu is surprisingly large, particularly for the most central events. After scaling out the
geometry through the use of an alternative form of eccentricity, called the participant
eccentricity, which accounts for nucleon position fluctuations in the colliding nuclei, the
relative magnitude of the elliptic flow in the Cu-Cu system is qualitatively similar to that
measured in the Au-Au system.

1. Introduction

The characterization of the collective flow of produced particles by their azimuthal
anisotropy has proven to be one of the more fruitful probes of the dynamics of heavy

∗Presented at the 18th International Conference on Ultra-Relativistic Nucleus-Nucleus Collisions, in
Budapest, Hungary, August 4-9, 2005.
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fer to the original papers, we hope that the information presented here could provide
a good basis to get involved. One will find that, unfortunately, the systematic uncer-
tainties in flow measurements are still rather large, up to 10–15%, and often more.
We identify two directions for future flow measurements, one being large statistics
to try to better understand systematics, and the other being measurement of flow of
rare particles.

1.2 Definitions: flow and nonflow, the reaction and participant

planes.

The reaction plane is spanned by the vector of the impact parameter and the beam
direction. Its azimuth is given by YRP. The particle azimuthal distribution measured
with respect to the reaction plane is not isotropic; so it is customary to expand it in
a Fourier series [12]:

E
d3N
d3 p

=
1

2p
d2N

pT d pT dy
(1+

•

Â
n=1

2vn cos(n(f �YRP))), (1)

where the vn = hcos[n(fi �YRP)]i coefficients are used for a quantitative charac-
terization of the event anisotropy, and the angle brackets mean an average over all
particles in all events. The sine terms are not present because of symmetry with re-
spect to the reaction plane. v1 is referred to as directed flow, and v2 as elliptic flow
(see Fig. 1). Radial flow in this paper refers to radial in the transverse plane. The
vn coefficients are functions of rapidity and transverse momentum, and as such they
are often referred to as nth harmonic differential flow. By integrated flow we mean
the values of the vn coefficients averaged over transverse momentum and rapidity.

Fig. 1 Diagrams of elliptic and directed flow.
Fig. 2 The definitions of the Reaction Plane
and Participant Plane coordinate systems.
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FIG. 2: Distribution of (a) eccentricity, "2, and (b) triangularity, "3, as a function of number of participating nucleons, Npart,
in

p
sNN = 200 GeV Au+Au collisions.

with the orientation of the reaction plane defined by the
impact parameter direction and the beam axis and by
symmetry, no V3� component arises in the azimuthal
correlation function. To describe this component in
terms of hydrodynamic flow requires a revised under-
standing of the initial collision geometry, taking into
account fluctuations in the nucleon-nucleon collision
points from event to event. The possible influence of
initial geometry fluctuations was used to explain the
surprisingly large values of elliptic flow measured for
central Cu+Cu collision, where the average eccentricity
calculated with respect to the reaction plane angle is
small [8]. For a Glauber Monte Carlo event, the minor
axis of eccentricity of the region defined by nucleon-

x(fm)
-10 0 10

y(
fm

)

-10

-5

0

5

10

 = 0.533ε = 91,  PartN

PHOBOS Glauber MC

FIG. 3: Distribution of nucleons on the transverse plane for ap
sNN = 200 GeV Au+Au collision event with "3=0.53 from

Glauber Monte Carlo. The nucleons in the two nuclei are
shown in gray and black. Wounded nucleons (participants)
are indicated as solid circles, while spectators are dotted
circles.

nucleon interaction points does not necessarily point
along the reaction plane vector, but may be tilted. The
“participant eccentricity” [8, 45] calculated with respect
to this tilted axis is found to be finite even for most
central events and significantly larger than the reaction
plane eccentricity for the smaller Cu+Cu system. Fol-
lowing this idea, event-by-event elliptic flow fluctuations
have been measured and found to be consistent with the
expected fluctuations in the initial state geometry with
the new definition of eccentricity [46]. In this paper,
we use this method of quantifying the initial anisotropy
exclusively.
Mathematically, the participant eccentricity is given as

"2 =

q
(�2

y � �2
x)

2 + 4(�xy)2

�2
y + �2

x

, (3)

where �2
x, �2

y and �xy, are the event-by-event
(co)variances of the participant nucleon distributions
along the transverse directions x and y [8]. If the
coordinate system is shifted to the center of mass of the
participating nucleons such that hxi = hyi = 0, it can be
shown that the definition of eccentricity is equivalent to

"2 =

q
hr2 cos(2�part)i2 + hr2 sin(2�part)i2

hr2i (4)

in this shifted frame, where r and �part are the polar
coordinate positions of participating nucleons. The
minor axis of the ellipse defined by this region is given as

 2 =
atan2

�⌦
r2 sin(2�part)

↵
,
⌦
r2 cos(2�part)

↵�
+ ⇡

2
.

(5)
Since the pressure gradients are largest along  2, the
collective flow is expected to be the strongest in this
direction. The definition of v2 has conceptually changed
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Experimental Methods
Collision geometry fluctuations and triangular flow in heavy-ion collisions

B.Alver, G.Roland

Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, MA 02139-4307, USA

We introduce the concepts of participant triangularity and triangular flow in heavy-ion collisions,
analogous to the definitions of participant eccentricity and elliptic flow. The participant triangularity
characterizes the triangular anisotropy of the initial nuclear overlap geometry and arises from event-
by-event fluctuations in the participant-nucleon collision points. In studies using a multi-phase
transport model (AMPT), a triangular flow signal is observed that is proportional to the participant
triangularity and corresponds to a large third Fourier coe�cient in two-particle azimuthal correlation
functions. Using two-particle azimuthal correlations at large pseudorapidity separations measured
by the PHOBOS and STAR experiments, we show that this Fourier component is also present
in data. Ratios of the second and third Fourier coe�cients in data exhibit similar trends as a
function of centrality and transverse momentum as in AMPT calculations. These findings suggest
a significant contribution of triangular flow to the ridge and broad away-side features observed in
data. Triangular flow provides a new handle on the initial collision geometry and collective expansion
dynamics in heavy-ion collisions.

I. INTRODUCTION

Studies of two-particle azimuthal correlations have
become a key tool in characterizing the evolution
of the strongly interacting medium formed in ultra-
relativistic nucleus-nucleus collisions. Traditionally, the
observed two-particle azimuthal correlation structures
are thought to arise from two distinct contributions.
The dominant one is the “elliptic flow” term, related
to anisotropic hydrodynamic expansion of the medium
from an anisotropic initial state [1–9]. In addition, one
observes so-called “non-flow” contributions from, e.g.,
resonances and jets, which may be modified by their
interactions with the medium [10–12].

The strength of anisotropic flow is usually quan-
tified with a Fourier decomposition of the azimuthal
distribution of observed particles relative to the reac-
tion plane [13]. The experimental observable related
to elliptic flow is the second Fourier coe�cient, “v2.”
The elliptic flow signal has been studied extensively in
Au+Au collisions at RHIC as a function of pseudora-
pidity, centrality, transverse momentum, particle species
and center of mass energy [3–7]. The centrality and
transverse momentum dependence of v2 has been found
to be well described by hydrodynamic calculations, which
for a given equation of state, can be used to relate a
given initial energy density distribution to final momen-
tum distribution of produced particles [14]. In these
calculations, the v2 signal is found to be proportional to
the eccentricity, "2, of the initial collision region defined
by the overlap of the colliding nuclei [15]. Detailed
comparisons of the observed elliptic flow e↵ects with
hydrodynamic calculations have led to the conclusion
that a new state of strongly interacting matter with very
low shear viscosity, compared to its entropy density, has
been created in these collisions [14, 16–18].

Measurements of non-flow correlations in heavy-ion
collisions, in comparison to corresponding studies in p+p

collisions, provide information on particle production
mechanisms [19] and parton-medium interactions [10–
12]. Di↵erent methods have been developed to account
for the contribution of elliptic flow to two-particle corre-
lations in these studies of the underlying non-flow corre-
lations [10, 19–22]. The most commonly used approach
is the zero yield at minimum method (ZYAM), where
one assumes that the associated particle yield correlated
with the trigger particle is zero at the minimum as a
function of �� after elliptic flow contribution is taken
out [21]. The ZYAM approach has yielded rich correla-
tion structures at �� ⇡ 0� and �� ⇡ 120� for di↵erent
pT ranges [23–26]. These structures, which are not
observed in p+p collisions at the same collision energy,
have been referred to as the “ridge” and “broad away-
side” or “shoulder”. The same correlation structures
have been found to be present in Pb+Au collisions atp
sNN = 17.4 GeV at the SPS [27]. Measurements at

RHIC have shown that these structures extend out to
large pseudorapidity separations of �⌘ > 2, similar to
elliptic flow correlations [25]. The ridge and broad away-
side structures have been extensively studied experimen-
tally [12, 23–26, 28] and various theoretical models have
been proposed to understand their origin [29–36]. A
recent review of the theoretical and experimental results
can be found in [37].

In this paper, we propose that the observed ridge and
broad away-side features in two-particle correlations may
be due to an average triangular anisotropy in the initial
collision geometry which is caused by event-by-event
fluctuations and which leads to a triangular anisotropy
in azimuthal particle production through the collective
expansion of the medium. It was shown that, in the NEX-
SPHERIO hydrodynamic model, ridge and broad away-
side structures in two particle correlations arise if non-
smooth initial conditions are introduced [36]. Sorensen
has suggested that fluctuations of the initial collision
geometry may lead to higher order Fourier components
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Fig. 8. Model calculation of the distribution of energy in the transverse
plane, ω(x, y), at early times in a random central Pb+Pb collision at the
LHC [67].

What the flow paradigm cannot explain is the small peak
around εϑ = εϖ = 0, corresponding to particles emitted at
small angle with respect to one another.17 This peak must be at-
tributed to correlations between outgoing particles, which are
generically referred to as “nonflow” because they fall out of
the flow paradigm. In the case of Fig. 7, where one of the par-
ticles has fairly large transverse momentum, the correlation is
believed to result from the formation of a jet or “minijet”, de-
fined as the emission of a collimated shower of particles.

3.3 Physical mechanism

Let me now sketch the physical picture behind the flow
paradigm. As explained in Sec. 2, the assumption of indepen-
dent particles is a natural consequence of the formation of a
fluid, which implies an underlying thermalization mechanism
washing out correlations. Now, the equations of fluid dynamics
are deterministic. The single-particle probability distribution
P(ϖ, ϑ), which determines the emission of particles, is uniquely
determined by their initial conditions. These initial conditions
consist of the density profile of matter created very shortly af-
ter t = 0. As explained above, the collision captures a specific
quantum state of the incoming nuclei. The thickness functions
of incoming nuclei, TA(x, y) and TB(x, y), are distributed irreg-
ularly, depending on the positions of nucleons at the time of
impact [57]. These fluctuations are reflected in the density of
produced matter, as illustrated in Fig. 8. Despite large theoret-
ical uncertainties [67,68], there is general consensus that such
fluctuations are present, and that they are approximately inde-
pendent of the longitudinal coordinate z.

The symmetry of the fluid is carried over to the distribution
of particles it emits. The longitudinal velocity is approximately
given by vz = z/t [69], so that if fluctuations are independent
of z, they are independent of the longitudinal velocity, which
implies in turn that the probability P(ϖ, ϑ) is approximately in-
dependent of ϖ. On the other hand, it can be any function of ϑ.

17 The angle between the particles is
(
εϑ2 + εϖ2

)1/2
when εϑ and εϖ

are both much smaller than unity.

Due to fluctuations, central collisions are no longer azimuthally
symmetric, and V2 can differ from zero, which solves the first
puzzle of Sec. 3.1. V2 can also have an imaginary part, gener-
ated by a non-zero →sin 2ϑ↑ in the intrinsic frame [58].

3.4 Fourier spectrum of azimuthal anisotropies

Fig. 9. Centrality dependence of vn{2}, with n = 2, · · · , 7, in Pb+Pb
collisions at

↓
sNN = 5.02 TeV. ALICE data [70] are shown as full

symbols and ATLAS data [71] as empty symbols. v7{2} data are from
ATLAS only (Courtesy of Giuliano Giacalone).

Experimentally, one measures the Fourier coefficients of
the distribution of εϑ, defined through an immediate general-
ization of Eq. (1):

cn{2} ↔
〈
einεϑ
〉
=
〈
|Vn|2
〉
, (9)

where, in the last equality, we have used Eq. (8). In practice, the
average is not done over all pairs, but only over those such that
|εϖ| is larger than a gap which depends on the analysis: ALICE
data shown in Fig. 9 are obtained with |εϖ| > 1, and ATLAS
data with |εϖ| > 2. This rapidity gap is meant to eliminate the
nonflow peak near εϑ = εϖ = 0, and isolate the long-range
correlation (long range meaning large |εϖ|), which is thought
to be dominated by independent particle emission.

As in Eq. (3), vn{2} is defined by taking the square root of
cn{2};

vn{2} ↔ (cn{2})1/2 =
〈
|Vn|2
〉1/2
. (10)

Vn fluctuates event to event, and vn{2} is its rms (root mean
square) value. Fig. 9 displays the value of vn{2}, for n = 2, . . . , 7
in Pb+Pb collisions at

↓
sNN = 5.02 TeV as a function of cen-

trality percentile. ALICE and ATLAS differ because of a dif-
ferent acceptance. ATLAS does not detect particles with low
transverse momenta pt, which spiral without reaching the in-
ner detector due to a large magnetic field. Since the azimuthal
anisotropy typically increases with pt, the rms average is larger
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Collective flow and long-range correlations in relativistic heavy ion collisions

Matthew Luzum
CEA, Institut de physique théorique de Saclay (IPhT), F-91191 Gif-sur-Yvette, France

Making use of recently released data on dihadron correlations by the STAR collaboration, I analyze
the long-range (“ridge-like”) part of these data and show that the dependence on both transverse
momentum as well as orientation with respect to the event plane are consistent with correlations
expected from only collective flow. In combination with previously analyzed centrality-dependent
data, they provide strong evidence that only collective flow effects are present at large relative
pseudorapidy. In contrast, by analyzing a “background subtracted” signal, the authors presenting
the new data concluded that the ridge-like part of the measured correlation could not in fact be
entirely generated from collective flow of the medium. I explain the discrepancy and illustrate some
pitfalls of using the ZYAM prescription to remove flow background.

I. INTRODUCTION

Two-particle correlations in relativistic heavy ion colli-
sions — the probability of seeing a pair of particles with
relative azimuth ∆φ ≡ (φ1 − φ2) and relative pseudo-
rapidity ∆η ≡ (η1 − η2) in a given collision event —
display unique features not seen in other types of colli-
sions such as p-p or d-Au. In particular are significant
long-range correlations extending to large ∆η, which of-
ten show interesting ridge and shoulder structures after
a model-dependent subtraction of elliptic flow [1–3].

Recently it was proposed that this long-range part of
the correlation could be entirely explained by collective
flow effects [4, 5]. Central to this idea was the fact
that, due to event-by-event fluctuations, there should ex-
ist not only elliptic flow, but also “triangular flow”, which
should add a non-negligible contribution to these data.
Although triangular flow (v3) has not yet been directly
measured at RHIC, there were hints from a transport
model, and it was later shown [6] from viscous hydrody-
namic calculations, that the centrality dependence as well
as the size (depending on viscosity) of the third Fourier
component of the correlation V3∆ ≡ 〈cos(3∆φ)〉 does in-
deed quantitatively match that expected as arising sim-
ply from triangular flow. Thus, the measured dihadron
correlation at large ∆η, consists almost entirely of the
lowest few Fourier components, each of which can be
quantitatively understood as coming from collective flow
(plus global momentum conservation) — at least for the
data analyzed, which had transverse momentum triggers
of pt = 2.5 GeV and lower.

Even more recently, the STAR collaboration has re-
leased data from 200 A*GeV Au-Au collisions at RHIC,
where a trigger particle (with a pt of 3–4 GeV or 4–6
GeV) was restricted to be at a fixed angle with respect
to the measured event plane, and its correlation with
associated hadrons in various pt bins was measured [7].
The data were then separated into “ridge-like” and “jet-
like” components, where the ridge-like correlation was
defined by a projection on |∆η| > 0.7, while the jet-like
correlation was defined by taking the total short-range
correlation at |∆η| < 0.7 and subtracting the ridge-like
correlation.

These new data provide an opportunity to test the idea
that the long-range ridge-like correlation may be gener-
ated exclusively by collective flow effects.
In Ref. [7], the ridge-like correlation was analyzed using

the fairly common Zero-Yield-At-Minimum (ZYAM) pre-
scription [8] to “subtract” the elliptic flow signal which
dominates the unsubtracted data, in order to study non-
flow behavior of the system. These flow-subtracted data
show a dependence on the angle between the trigger par-
ticle and the event plane, and this was taken as evi-
dence that collective flow alone could not explain this
signal since triangular flow should be uncorrelated with
the event plane.
In this article I show that this conclusion is not cor-

rect. As was seen in previously analyzed data, the long-
range “ridge-like” correlation is entirely consistent with
what is expected purely from collective flow, and rather
than contradicting this idea, the new data actually pro-
vide strong evidence. I then illustrate how the misleading
background-subtracted signal seen by STAR can be gen-
erated by the use of the ZYAM prescription in a situation
where the assumptions of such a subtraction procedure
do not hold.

II. FOURIER DECOMPOSITION OF
LONG-RANGE CORRELATIONS

It is useful to do a Fourier decomposition of unsub-
tracted dihadron correlation data at large relative pseu-
dorapidity. These data contain only long-range correla-
tions, which stem from early times in the collision evolu-
tion [9], and it has been argued [4] that they may contain
significant contributions only from the collective behav-
ior of the system (along with a trivial correlation from
global momentum conservation). The recent data from
STAR present an opportunity to further test this idea by
adding information about orientation with respect to the
event plane as well as pt dependence, which complements
the previous analyses [4, 6] of centrality dependent data
from PHOBOS [3, 10] and STAR [11].
A Fourier analysis was done of the ridge-like compo-

nent of the recent data (i.e., correlations for |∆η| > 0.7)

2011
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and contamination as a function of transverse momen-
tum also do not depend significantly on the track den-
sity and are therefore the same for all centrality classes.
The relative momentum resolution for tracks used in this
analysis was better than 5%, both for the combined ITS–
TPC and TPC-standalone tracks. The results obtained
from the ITS-TPC and TPC standalone tracking are in
excellent agreement. Due to the smaller corrections for
the azimuthal acceptance, the results obtained using the
TPC standalone tracks are presented in this Letter.
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FIG. 2. (color online) a) v2(pt) for the centrality bin 40–
50% from the 2- and 4-particle cumulant methods for this
measurement and for Au–Au collisions at

p
sNN = 200 GeV.

b) v2{4}(pt) for various centralities compared to STAR mea-
surements. The data points in the 20–30% centrality bin are
shifted in pt for visibility.

The pt-di↵erential flow was measured for di↵erent
event centralities using various analysis techniques. In
this Letter we report results obtained with 2- and
4-particle cumulant methods [34], denoted v2{2} and
v2{4}. To calculate multiparticle cumulants we used
a new fast and exact implementation [35]. The v2{2}
and v2{4} measurements have di↵erent sensitivity to flow
fluctuations and nonflow e↵ects – which are uncorrelated
to the initial geometry. Analytical estimates and results
of simulations show that nonflow contributions to v2{4}
are negligible [36]. The contribution from flow fluctua-
tions is positive for v2{2} and negative for v2{4} [37]. For
the integrated elliptic flow we also fit the flow vector dis-
tribution [38] and use the Lee-Yang Zeroes method [39],
which we denote by v2{q-dist} and v2{LYZ}, respec-
tively [40]. In addition to comparing the 2- and 4-particle
cumulant results we also estimate the nonflow contribu-

tion by comparing to correlations of particles of the same
charge. Charge correlations due to processes contribut-
ing to nonflow (weak decays, correlations due to jets, etc.)
lead to stronger correlations between particles of unlike
charge sign than like charge sign.
Figure 2a shows v2(pt) for the centrality class 40–50%

obtained with di↵erent methods. For comparison, we
present STAR measurements [41, 42] for the same cen-
trality from Au–Au collisions at

p
sNN = 200 GeV,

indicated by the shaded area. We find that the value
of v2(pt) does not change within uncertainties fromp
sNN = 200 GeV to 2.76 TeV. Figure 2b presents v2(pt)

obtained with the 4-particle cumulant method for three
di↵erent centralities, compared to STAR measurements.
The transverse momentum dependence is qualitatively
similar for all three centrality classes. At low pt there is
agreement of v2(pt) with STAR data within uncertain-
ties.
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FIG. 3. (color online) Elliptic flow integrated over the pt
range 0.2 < pt < 5.0 GeV/c, as a function of event cen-
trality, for the 2- and 4-particle cumulant methods, a fit of
the distribution of the flow vector, and the Lee-Yang Zeroes
method. For the cumulants the measurements are shown for
all charged particles (full markers) and same charge particles
(open markers). Data points are shifted for visibility. RHIC
measurements for Au–Au at

p
sNN = 200 GeV, integrated

over the pt range 0.15 < pt < 2.0 GeV/c, for the event plane
v2{EP} and Lee-Yang Zeroes are shown by the solid curves.

The integrated elliptic flow is calculated for each cen-
trality class using the measured v2(pt) together with the
charged particle pt-di↵erential yield. For the determi-
nation of integrated elliptic flow the magnitude of the
charged particle reconstruction e�ciency does not play
a role. However, the relative change in e�ciency as a
function of transverse momentum does matter. We have
estimated the correction to the integrated elliptic flow
based on HIJING and Therminator simulations. Trans-
verse momentum spectra in HIJING and Therminator
are di↵erent, giving an estimate of the uncertainty in the
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Elliptic flow of charged particles in Pb+Pb collisions at
p
sNN = 2.76 TeV1

2

de M. Michel Nostradamus3

We report the first measurement of charged particle elliptic flow in Pb+Pb collisions at
p
sNN=

2.76 TeV with the ALICE detector at the CERN Large Hadron Collider. The measurement
is performed in the central pseudorapidity region (|⌘| < 0.8) and transverse momentum range
0.25 < pt < 5 GeV/c. The elliptic flow signal, v2, averaged over transverse momentum and pseu-
dorapidity, reaches values of 0.085 for relatively peripheral collisions (40–50% most central). The
di↵erential elliptic flow v2(pt) reaches a maximum of 0.25 around pt = 3 GeV/c. Compared to RHIC
Au+Au collisions at

p
sNN= 200 GeV, the elliptic flow increases by about 15% in agreement with

expectations based on the observed trend at lower energies.

PACS numbers: 25.75.Ld, 25.75.Gz, 05.70.Fh4

The goal of ultra-relativistic heavy-ion collisions is the5

creation and study of a new state of matter, the quark-6

gluon plasma. Measurements of elliptic flow in these col-7

lisions provide important constraints on the properties8

of the created hot and dense matter. Elliptic flow is a9

response to the anisotropies in the initial geometry of10

the produced system and signals the presence of multi-11

ple interactions between the constituents. Elliptic flow12

is therefore a hadronic observable sensitive to the early13

hot and dense phase and an unavoidable consequence of14

thermalization. Hydrodynamical models, based on the15

assumption of complete local thermalization, predict the16

strongest signal. However, the term flow used to describe17

collective behavior, does not necessarily imply a hydro-18

dynamical interpretation. At the Relativistic Heavy Ion19

Collider, RHIC, the observed large elliptic flow [1] is one20

of the key experimental discoveries [2–5] and the main21

evidence suggesting nearly perfect fluid properties of the22

created matter [6]. Hydrodynamical models which rather23

successfully describe the flow at RHIC predict, for the24

higher collision energies at the Large Hadron Collider,25

LHC, an increase of the elliptic flow ranging from 10 to26

30% [7, 8]. In these models, the charged particle elliptic27

flow as function of transverse momentum does not change28

significantly with increasing beam energy; the integrated29

elliptic flow does increase due to the larger transverse30

radial flow. The latter also leads to a decrease of the31

elliptic flow at low transverse momenta, which is most32

pronounced for heavier particles. Models based on a par-33

ton cascade [9] including models that take into account34

quark recombination for particle production [10] predict35

a strong decrease in the slope of the elliptic flow as func-36

tion of transverse momentum. Ref. [10] predicts even a37

decrease of the integrated elliptic flow from RHIC to LHC38

energies. Phenomenological extrapolations [11] and mod-39

els based on final state interactions [12] that have been40

tuned to describe the RHIC data, predict an increase of41

the elliptic flow of ⇠ 50%, much larger than the other42

models.43

The azimuthal dependence of the particle yield can be44

written in the form of a Fourier series [13, 14]:45

E
d3N

d3p
=

1

2⇡

d2N

ptdptdy

 
1+

1X

n=1

2vn cos (n(�� R))

!
. (1)

Here E is the energy of particle, pt is the transverse mo-46

mentum, � is its azimuthal angle, y is the rapidity, and47

 R the reaction plane angle. In general the coe�cients48

vn = hcos[n(�� R)]i are pt and y dependent – therefore49

we refer to them as di↵erential flow. The integrated flow50

is defined as an invariant yield weighted average. The51

first coe�cient, v1, is usually called directed flow, and52

second coe�cient, v2, is called elliptic flow. The directed53

flow is zero at midrapidity due to the symmetry of the54

collision.55

We report here the first measurement of elliptic flow56

of charged particles in Pb+Pb collisions at
p
sNN=57

2.76 TeV with the ALICE detector [15–17] at the CERN58

LHC [18]. The data were recorded in November 2010 in59

the first LHC heavy ion beam period. The beam inten-60

sity was typically 7 ⇥ 107 Pb ions per bunch and each61

beam had 62 bunches. The luminosity was of the order62

1025 cm�2 s�1 producing inelastic Pb+Pb collisions at a63

rate of 50 Hz. For this first analysis of Pb+Pb collisions64

the ALICE Inner Tracking System (ITS) and the Time65

Projection Chamber (TPC) were used to reconstruct the66

charged particle tracks. In addition, for the trigger and67

event centrality determination, the VZERO was used.68

The VZERO counters are scintillators and measure both69

amplitude and timing information and cover the pseu-70

dorapidity range 2.8 < ⌘ < 5.1 and �3.7 < ⌘ < �1.7.71

The detector readout was triggered by requiring the LHC72

bunch-crossing signals in coincidence with a signal in the73

two upstream beam pick-up counters and a minimum-74

bias interaction trigger. The minimum-bias interaction75

trigger required at least one hit in the silicon pixel detec-76

tors (|⌘| < 2) or one hit in the VZERO counters.77

In this analysis, 20 000 triggered Pb+Pb collisions are78

analyzed. To remove background events an o✏ine event79

selection based on [describe criteria here] has been per-80

formed, the remaining fraction of background events is81

estimated to be below 0.1%. Only events with a found82
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For central collisions 0-5% we observe that at pt ⇡ 2
GeV/c v3 becomes equal to v2 and at pt ⇡ 3 GeV/c v4
also reaches the same magnitude as v2 and v3. For more
central collisions 0-2%, we observe that v3 becomes equal
to v2 at lower pt and reaches significantly larger values
than v2 at higher-pt. The same is true for v4 compared
to v2.

We compare the structures found with azimuthal cor-
relations between triggered and associated particles to
those described by the measured vn components. The
two-particle azimuthal correlations are measured by cal-
culating:

C(��) ⌘ Nmixed

Nsame

dNsame/d��

dNmixed/d��
, (3)

where �� = �trig��assoc. dNsame/d�� (dNmixed/d��)
is the number of associated particles as function of ��
within the same (di↵erent) event, and Nsame (Nmixed)
the total number of associated particles in dNsame/d��
(dNmixed/d��). Figure 4 shows the azimuthal correla-
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FIG. 4. (color online) The two-particle azimuthal correla-
tion, measured in 0 < �� < ⇡ and shown symmetrized over
2⇡, between a trigger particle with 2 < pt < 3 GeV/c and
an associated particle with 1 < pt < 2 GeV/c for the 0–1%
centrality class. The solid red line shows the sum of the mea-
sured anisotropic flow Fourier coe�cients v2, v3, v4 and v5
(dashed lines).

tion observed in very central collisions 0–1%, for trigger
particles in the range 2 < pt < 3 GeV/c with associated
particles in 1 < pt < 2 GeV/c for pairs in |�⌘| > 1.
We observe a clear doubly-peaked correlation structure
centered opposite to the trigger particle. This feature
has been observed at lower energies in broader central-
ity bins [32, 33], but only after subtraction of the elliptic
flow component. This two-peak structure has been in-
terpreted as an indication for various jet-medium modi-

fications (i.e. Mach cones) [32, 33] and more recently as
a manifestation of triangular flow [10–13]. We therefore
compare the azimuthal correlation shape expected from
v2, v3, v4 and v5 evaluated at corresponding transverse
momenta with the measured two-particle azimuthal trig-
gered correlation and find that the combination of these
harmonics gives a natural description of the observed cor-
relation structure on the away-side.
In summary, we have presented the first measurement

at the LHC of triangular v3, quadrangular v4 and pen-
tagonal particle flow v5. We have shown that the trian-
gular flow and its fluctuations can be understood from
the initial spatial anisotropy. The transverse momentum
dependence of v2 and v3 compared to model calculations
favors a small value of the shear viscosity to entropy ratio
⌘/s. For the 5% most central collisions we have shown
that v2 rises strongly with centrality in 1% centrality per-
centiles. The strong change in v2 and the small change
in v3 as a function of centrality in these 1% centrality
percentile classes follow the centrality dependence of the
corresponding spatial anisotropies. The two-particle az-
imuthal correlation for the 0–1% centrality class exhibits
a double peak structure around �� ⇠ ⇡ (the “away
side”) without the subtraction of elliptic flow. We have
shown that the measured anisotropic flow Fourier coe�-
cients give a natural description of this structure.
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Abstract Collective flow, its anisotropies and its event-to-event fluctuations in relativistic

heavy-ion collisions, and the extraction of the specific shear viscosity of quark-gluon plasma

(QGP) from collective flow data collected in heavy-ion collision experiments at RHIC and LHC

are reviewed. Specific emphasis is placed on the similarities between the Big Bang of our universe

and the Little Bangs created in heavy-ion collisions.
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residuals (ymodel − yexpt)/σexpt, where σexpt is the combined statistical 
and systematic experimental uncertainty for yexpt, and where the 
average runs over all data points shown in Fig. 4. The root mean 
square relative deviation is 5.1% and the root mean square normal-
ized residual is 1.30, indicating a good description of the data con-
sistent with the expected precision of the present collision model. 
Such a fit is highly non-trivial—there are many independent pieces 
of information here—and substantiates that the model is a reason-
able representation of reality.

Note that a single model calculation cannot represent the  
full extent of the posterior distribution or the inherent uncer-
tainty in the optimal parameters. Supplementary Figure 4  
shows a similar visualization that captures the width of the  
posterior distribution.

Our present results can be refined by including experi mental 
data from more beam energies and by improving aspects of the 
collision model, for example by replacing boost-invariant (2 + 1)D 
hydrodynamics with a (3 + 1)D model or by incorporating nucleon 
substructure in the initial conditions. The methodology devel-
oped here may also be used to study properties related to other 
physical phenomena in heavy-ion collisions, such as energy-loss 
transport coefficients that connect to jet propagation through the  

QGP medium. Some of this work is already underway: a recent 
analysis estimated the heavy-quark diffusion coefficient34, while 
another investigated nucleon substructure using data from both 
nucleus–nucleus and proton–nucleus collisions35.
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Fig. 4 | Model calculations using the best-fit MAP parameters compared to experimental data. Each plot shows the centrality dependence of one or 
more observables, as annotated. Upper left: yields of charged particles (Nch, scaled by a factor of 25 for visual clarity), transverse energy (ET, scaled by 
5) and identified pions (π), kaons (K) and protons (p). Lower left: mean transverse momenta of identified pions (π), kaons (K) and protons (p). Lower 
right: mean transverse momentum fluctuations. Upper right: anisotropic flow cumulants vn{k} of different orders. Coloured lines are model calculations 
for Pb–Pb collisions at ffiffiffiffiffiffiffi

sNN
p ¼ 2:76
I

!TeV and 5.02!TeV. Points are experimental data from ALICE21–27 for Pb–Pb collisions at ffiffiffiffiffiffiffi
sNN

p ¼ 2:76
I

!TeV and 5.02!TeV 
(some data are not available for 5.02!TeV collisions at the time of writing), where the bands denote systematic uncertainty and error bars statistical 
uncertainty (most error bars are too small to be seen beyond the data points). The ratio axes show the ratio of the model calculations to the data (where 
available), with the grey band indicating 10% deviation. The MAP parameter values, which are identical at the two energies except for the initial-condition 
normalization, are listed in Supplementary Table 1.
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temperature-dependent specific shear and bulk viscosity, ðη=sÞðTÞ
I

 
and (ζ/s)(T). Broadly, parameter estimation begins with a vector 
of model parameters to be estimated, x, and a set of experimental 
data, y, to be compared with model calculations. We then define a 
likelihood, P(y|x), which quantifies how well the model describes 
the data, and a prior, P(x), which encapsulates initial knowledge of 
the parameters. Next, we invoke Bayes’ theorem, which states that  
the posterior distribution for the model parameters is proportional 
to the product of the likelihood and the prior:

PðxjyÞ / PðyjxÞPðxÞ ð1Þ

The desired parameter estimates may then be extracted from the 
posterior distribution. Bayesian methods are widely used in many 
fields, such as the analysis of high-energy physics data16 and, notably, 
for determining properties of binary black hole mergers from gravi-
tational waves detected at the Laser Interferometer Gravitational-
Wave Observatory (LIGO)17.

Here, we have chosen a set of 14 model parameters, summarized 
in Supplementary Table 1, which together control the salient physi-
cal properties of a dynamical heavy-ion collision model8,15,18–20. We 
calibrate the model to a diverse set of experimental data measured 
by ALICE (A Large Ion Collider Experiment) at the LHC, from Pb–
Pb collisions at beam energies of both ffiffiffiffiffiffiffi

sNN
p ¼ 2:76
I

 and 5.02 TeV 
per nucleon pair21–27.

The collision model is computationally demanding; evaluat-
ing the posterior probability at a single point in parameter space 
entails averaging over thousands of individual collision simulations. 

We follow an established procedure for calibrating computation-
ally expensive models9, using Gaussian process (GP) emulators28 
to interpolate the input–output behaviour of the model. With the 
emulator serving as a surrogate for the full model, the posterior 
distribution is constructed by Markov chain Monte Carlo (MCMC) 
sampling29. See Supplementary Fig. 1 for a graphical representation 
of the procedure.

We have parameterized the temperature-dependent specific shear 
viscosity of the QGP with a three-parameter modified linear ansatz:

ðη=sÞðTÞ ¼ ðη=sÞmin þ ðη=sÞslopeðT % TcÞ
T
Tc

! "ðη=sÞcrv
ð2Þ

where Tc is the QCD transition temperature, fixed to 154 MeV for 
the equation of state used in this work30, and the remaining param-
eters are to be estimated: (η/s)min is the minimum value of η/s at 
Tc, (η/s)slope is the slope above Tc (units of inverse temperature) and 
(η/s)crv is a dimensionless ‘curvature’ parameter.

Figure 1 shows our estimate of the QGP specific shear viscos-
ity compared with measurements of water and helium31. The solid 
orange line is the posterior median, and the band is a 90% cred-
ible region (that is, containing 90% of the posterior density), which 
depicts the uncertainty of the estimate. The QGP η/s is at least 
an order of magnitude smaller than that of most common fluids, 
meaning that it behaves more like a ‘perfect’ fluid. Note that, due to 
the way the model is constructed (Methods), we cannot report an 
estimate of η/s below Tc; however, independent work32 shows that 
the η/s of a hadron resonance gas below Tc is Oð1Þ

I
.
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Fig. 2 | Estimated temperature dependence of the specific shear and bulk viscosity. Left column: posterior medians and 90% credible regions for ðη=sÞðTÞ

I
 

and ðζ=sÞðTÞ
I

 estimated from Pb–Pb collision data at ffiffiffiffiffiffiffi
sNN

p ¼ 2:76
I

 and 5.02!TeV. Right column: one-dimensional (1D) histograms showing the marginal 
distributions for the indicated parameters, along with 2D density histograms showing the joint distributions between the parameters. Top row: shear 
viscosity; bottom row: bulk viscosity.
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Ultrarelativistic collisions of heavy atomic nuclei produce an 
extremely hot and dense phase of matter, known as quark–
gluon plasma (QGP), which behaves like a near-perfect fluid 
with the smallest specific shear viscosity—the ratio of the 
shear viscosity to the entropy density—of any known sub-
stance1. Due to its transience (lifetime!~!10−23!s) and micro-
scopic size (10−14!m), the QGP cannot be observed directly, 
but only through the particles it emits; however, its character-
istics can be inferred by matching the output of computational 
collision models to experimental observations. Previous work, 
using viscous relativistic hydrodynamics to simulate QGP, 
has achieved semiquantitative constraints on key physical 
properties, such as its specific shear and bulk viscosity, but 
with large, poorly defined uncertainties2–8. Here, we present 
the most precise estimates so far of QGP properties, includ-
ing their quantitative uncertainties. By applying established 
Bayesian parameter estimation methods9 to a dynamical colli-
sion model and a wide variety of experimental data, we extract 
estimates of the temperature-dependent specific shear and 
bulk viscosity simultaneously with related initial-condition 
properties. The method is extensible to other collision models 
and experimental data and may be used to characterize addi-
tional aspects of high-energy nuclear collisions.

In normal matter, quarks and gluons are bound by the strong 
force into composite particles known as hadrons, such as protons 
and neutrons. At extreme temperature and density, discrete had-
rons transform into a fluid-like medium of deconfined quarks 
and gluons called the QGP. Quantum chromodynamics (QCD), 
the theory of the strong interaction, predicts that this transforma-
tion is a smooth crossover10 located at pseudocritical temperature 
Tc = 156.5 ± 1.5 MeV. Such temperatures—about 2 × 1012 K, over 
100,000 times hotter than the core of the Sun—materialized in the 
early Universe, moments after the Big Bang (t ! 1

I
 s).

Currently, two particle accelerator facilities, the Relativistic 
Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC), 
collide heavy nuclei with sufficient energy to create transient 
droplets of QGP. A single heavy-ion collision event can produce 
tens of thousands of particles, whose associated raw data are then 
reduced into observable quantities, such as particle multiplici-
ties and distributions of the magnitude of transverse momentum 
(pT ¼ ðp2x þ p2yÞ

1=2

I
). Another important measurement is the dis-

tribution of the azimuthal angle of transverse momentum, which 
often exhibits large azimuthal anisotropy. This is driven by spatial 
anisotropy in the initial collision geometry, which is converted to 
final-state momentum anisotropy by the hydrodynamic evolution 
of the medium. The observed momentum anisotropy, quantified by 
flow (Fourier) coefficients11,12 vn, is considered to be key evidence 
of collective flow in heavy-ion collisions13. (Similar behaviour has 
also been observed in ultracold quantum gases14 with comparable 

initial geometry, and is regarded as a general feature of strongly 
interacting systems.) The efficiency of the initial-state to final-state 
conversion depends strongly on the shear viscosity of the medium, 
typically expressed as the specific shear viscosity η/s, that is, the 
dimensionless ratio to the entropy density in natural units; larger 
η/s suppresses collective flow and reduces the vn. Previous work2–8 
has estimated η/s by matching the output of hydrodynamic model 
calculations to experimental observations of elliptic flow v2, trian-
gular flow v3 and other flow observables.

Computational collision models generally follow a multistage 
approach, mimicking the true stages of heavy-ion collisions15: 
after a brief pre-equilibrium stage of approximate duration 1 fm c–1 
(≈3.3 × 10−24 s, the time it takes light to travel 1 fm = 10−15 m) at the 
onset of the collision, the system equilibrates into QGP and begins 
to expand hydrodynamically. A viscous relativistic hydrodynamics 
model is used to calculate the spacetime evolution of the QGP and 
its transition to a hadron fluid at Tc, followed by a Boltzmann trans-
port model simulating the later reaction stages. The virtual particles 
that are output by the transport model are then used to compute 
observables analogously to experimental methods.

In this work, we apply Bayesian parameter estimation methods  
to determine fundamental properties of the QGP, including its 

Bayesian estimation of the specific shear and bulk 
viscosity of quark–gluon plasma
Jonah E. Bernhard! !*, J. Scott Moreland! ! and Steffen A. Bass! !
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Fig. 1 | Estimated temperature-dependent specific shear viscosity of the  
QGP compared with common fluids. The orange line and band show the  
posterior median and 90% credible region for the QGP ðη=sÞðTÞ
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 estimated 

from Pb–Pb collision data at ffiffiffiffiffiffiffi
sNN

p ¼ 2:76
I

 and 5.02!TeV. The blue and 
green lines show ðη=sÞðTÞ

I
 for water and helium at different pressures 

relative to their critical pressures, as annotated, calculated from NIST 
data31. The tempera ture dependence is shown relative to each fluid’s critical 
temperature, T/Tc.
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Heavy-Ion Collisions (pre-STAR)

The model of heavy-ion collisions (pre-STAR)
pre-STAR heavy-ions were modelled by a stitch work of specific models.
A lot of progress has been made to smooth (Bayesian) out the wrinkles :-) 
The “perfect fluid” has become quantitative! 

The model of heavy-ion collisions (current best model)
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The next decade(s)
Precision tests of hot and dense QCD

Realizations from 
STAR isobar run

Ultra Cold Atoms
Based on a slide of Aleksas Mazeliauskas: 2509.05049 and 2507.01454

Low energy nuclear physics

Precision QCD & BSM

Consequences of 
the “perfect fluid”
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Thank you all STARs!

May the FLOW of 
discoveries continue!


