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Entanglement measurement
Measurement of entanglement in high energy 
collisions has become a new frontier. 
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of 𝐿 and the detector-level value
of 𝐿, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level 𝐿 results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
𝐿 = →1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < 𝑀

𝐿𝐿
< 380 GeV

establishes the formation of entangled 𝑁𝑁 states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available 𝑁𝑁 events [51]. From a high-energy physics perspective,
borrowing concepts from quantum information theory inspires new approaches and observables that can be
used to search for physics beyond the SM [52–55].
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Figure 9: Summary of the measurement of the entanglement proxy D in data (black filled or
open point) compared with MC predictions including (solid line) or not including (dashed
line) contributions from the η t state. The legend denotes MC predictions without the η t state
with a slash through η t . Inner error bars represent the statistical uncertainty, while the outer
error bars represent the total uncertainty for data. The statistical uncertainty in the MC predic-
tions is denoted by the light shaded region and the total uncertainty, including scale and PDF
uncertainties, is represented by the darker shaded region. The boundary for entanglement is
indicated by the shaded region at D = →1/3.

charged electrons or muons produced in pp collisions at a center-of-mass energy of 13 TeV.
The modeling of the data is improved when including the additional predicted contribution of
the ground state of toponium, η t , and is utilized in a combined signal model of tt+η t in the
measurement. The extent to which tt pairs are entangled is measured by means of a binned
profile likelihood fit of the parameter of interest D directly from the distribution of cos ϕ, where
ϕ is the angle between the two charged decay leptons in their respective parent top quark rest
frames. In the most sensitive kinematic phase space of the relative velocity between the lab and
tt reference frames εz(tt) < 0.9, and of the invariant mass of the top quark pair 345 < m(tt) <
400 GeV, the fit of the cos ϕ distribution yields an observed value of D = →0.480+0.026

→0.029 and an
expected value of D = →0.467+0.026

→0.029 including the predicted η t state.

This result has an observed (expected) significance of 5.1 (4.7) ϱ, corresponding to the observa-
tion of top quark entanglement. The measured value of D is in good agreement with the MC
modeling in this phase space when including the expected η t bound state contribution.

Acknowledgments
We congratulate our colleagues in the CERN accelerator departments for the excellent perfor-
mance of the LHC and thank the technical and administrative staffs at CERN and at other
CMS institutes for their contributions to the success of the CMS effort. In addition, we grate-
fully acknowledge the computing centers and personnel of the Worldwide LHC Computing
Grid and other centers for delivering so effectively the computing infrastructure essential to
our analyses. Finally, we acknowledge the enduring support for the construction and oper-
ation of the LHC, the CMS detector, and the supporting computing infrastructure provided

CMS, Rept. Prog. Phys. 2024



A lot of recent work

Prospect of measuring a broader range of quantum 
entanglement and quantum information observables. 

Applied to different processes, and colliders.  

In this talk, I will focus on a different question. 



Decoherence

High energy collisions are complicated. 
Measurement often can’t capture everything. 

For example, additional radiation can be missed due to 
acceptance and thresholds.  

Incomplete information decoherence, which needs 
to be taken into account for an accurate 
interpretation of the results. 



Double slit

《The Feynman Lectures on Physics》

Mixed state
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Pure dephasing quantum channel
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Λ  is the decoherence rate. It describes how fast the 
quantum coherence (the off-diagonal terms) disappears; 
decoherence time t ≈ 1/Λ
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Decoherence by thermal emission of photons

fullerene C70

Hackermuller, Hornberger, Brezger, Zeilinger, Arndt  Nature ‘04

• Cold Molecules: 
• Molecules emit negligible radiation. 
• Result: Strong quantum interference is observed with a 

fringe visibility. 
• Hot Molecules: 

• Molecules emit thermal photons that carry path information 
• Result: The interference fringe visibility drops to 0%. 

• The decoherence mechanism is the thermal emission of 
photons by the molecule itself

• A Talbot-Lau interferometer 

• Before entering the interferometer, C70 molecules 
pass through a laser beam to increase their internal 
temperature 

• The internal temperature is varied from below 1,000 K 
(cold) up to 3,000 K (hot)

Setup: Heating & Interferometry

Slide of D. Y. Shao
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Decoherence and quantum 
channel Kraus operators and master equations for an open system

Kraus operators: Kraus representation theorem  
E

S
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Master equation: Lindblad operators
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Decoherence Models for a Single Qubit

“QED/QCD preserves helicity in for massless fermions”
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Master equation
Consider the time evolution of density matrix
Page 4: The Master Equation

Consider ω(t) and ω(t+ εt).

ω(t+ εt) = S(t+ εt, t)ω(t) =
N2→1∑

k=0

Ekω(t)E
†
k (20)

Assume S(t, t) is the identity map. We may write the Kraus operators for infinitesimal εt
as:

E0 = I + (→iH +K)εt (21)

Ek = Lk

↑

εt (for k ↓ 1) (22)

Here H is Hermitian. Lk are the Lindblad operators.

Remark: The Markovian Approximation The validity of writing ω(t + εt) purely as

a function of ω(t) relies on a strict hierarchy of time scales:

ϑB ↔ εt ↔ ϑR (23)

• ϑB (Bath Correlation Time): The environment ”forgets” information instantly.

• εt (Coarse-Graining): Large enough that the bath relaxes, but small enough to define

a derivative.

• ϑR (Relaxation Time): The system evolves slowly.

This assumption justifies the Semigroup Property S(t1+ t2) = S(t1)S(t2) and the factor-

ization ωtot(t) ↗ ω(t)↘ ωbath.
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Then we have:
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= ω(t)→ i[H, ω(t)]εt+Kωεt+ ωK†εt+
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†
kεt+O(εt2) (26)
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Assuming Markovian evolution.

Rearranging terms using K = →
1
2

∑
L†
kLk:

ω(t+ εt) = ω(t)→ i[H, ω(t)]εt+
∑

k

(
Lkω(t)L

†
k →

1

2
L†
kLkω(t)→

1

2
ω(t)L†

kLk

)
εt (27)

The GKS-Lindblad Master Equation

Taking the limit εt ↑ 0:

ω̇ = →i[H, ω] +
∑

k

(
LkωL

†
k →

1

2
{L†

kLk, ω}

)
(28)

(Gorini-Kossakowski-Sudarshan-Lindblad, 1976).

Note on Memory: A general non-Markovian evolution would involve a memory kernel

K(t→ t→):

ω̇(t) =

∫ t

0

K(t→ t→)ω(t→)dt→ (29)

The Markovian approximation assumes the memory is short-lived, K(t → t→) ↓ ε(t → t→),
reducing the integro-di!erential equation to a simple di!erential equation local in time:

ω̇(t) = Lω(t) (30)
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Spin correlation

In general, P and C are function of kinematics.
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SUPPLEMENTAL MATERIAL

This Supplemental Material is organized into three parts. First, we outline the construction of the density matrix
and the definition of concurrence as an entanglement measure. Second, we summarize the necessary SCET ingredients,
namely the fragmenting jet functions J P , fragmentation functions DP , and matching coe!cients CP , which enter the
calculation of the density-matrix elements. Finally, we present the construction of Kraus operators and the derivation
of the master equation, which together describe the evolution of the e”ective density matrix. For concreteness, we
illustrate the results with the case where the evolution is governed by QED-like photon radiation.

Production matrix, density matrix, and concurrence

We always work in the helicity basis throughout this Letter. The production matrix R̂ is constructed from helicity
amplitudes as

R̂ =
∑

ωf ,ω→
f ,ωf̄ ,ω

→
f̄

Mωfωf̄ (Mω→
fω

→
f̄ )→ |ωfωf̄ → ↑ω↑

fω
↑
f̄ | , (S-1)

where ωf,f̄ are defined in each fermion’s helicity frame, with the z–axis aligned to its momentum. More explicitly, in
the ff̄ center-of-mass frame, the coordinate system of f is defined with the z-axis along its momentum, ẑ ↓ pf/|pf |
The y-axis is taken perpendicular to the production plane (formed by either the incoming particles, or the heavy
particle ff̄ decay from), and the x-axis completes the right-handed coordinate system, x̂ ↓ ŷ ↔ ẑ. For f̄ , which moves
in the opposite direction, the axes are chosen as {ˆ̄x, ˆ̄y, ˆ̄z} ↓ {x̂, ↗ŷ, ↗ẑ} to maintain a consistent helicity basis for the
bipartite system. Note that our helicity basis is slightly di”erent from the one defined in e.g. Refs. [9, 24, 51], which
uses the same axes for both f and f̄ .

In the two-qubit space space Hf ↘ Hf̄ , R̂ admits the Pauli–basis decomposition

R̂ =
3∑

i,j=0

rij ε̂i ↘ ε̂j , (S-2)

where ε̂1,2,3 are the Pauli matrices and ε̂0 = Î, which upon normalization (ϑ̂ = R̂/Tr[R̂]) gives the density matrix

ϑ̂ =
1

4

(
Î↘Î+P

+
i ε̂i ↘ Î+P

↓
j Î↘ε̂j+Cij ε̂i↘ε̂j

)
, (S-3)

as in Eq. 1. For ϑ̂ to represent a valid quantum state, it must be a positive semidefinite (i.e., all eigenvalues are
non-negative), hermitian matrix with unit trace.

To quantify quantum entanglement in the spin state, we use the concurrence C(ϑ) [110]. For a general two-qubit
state ϑ̂, the concurrence is defined as

C(ϑ) = max(0, ω1 ↗ ω2 ↗ ω3 ↗ ω4) , (S-4)

where ωi are the square roots of the eigenvalues of the matrix

ϑ̃ =
≃

ϑ(ε̂y ↘ ε̂y) ϑ
→ (ε̂y ↘ ε̂y)

≃
ϑ, (S-5)

arranged in decreasing order. A concurrence of C = 1 corresponds to a maximally entangled state, while C = 0
indicates a fully separable state.

In many cases it is possible to write the concurrence in a simpler form. A useful case for our study is the so-called
“X” state

ϑ̂X =





ϑ11 0 0 ϑ14

0 ϑ22 ϑ23 0
0 ϑ32 ϑ33 0

ϑ41 0 0 ϑ44



 , (S-6)

where the physical conditions on ϑ̂ imply that
∑4

i=1 ϑii = 1, ϑ
→
ij = ϑji, ϑ22ϑ33 ⇐ |ϑ23|2, and ϑ11ϑ44 ⇐ |ϑ14|2. Its

concurrence can be written as [111]

C(ϑ̂X) = 2 max ( 0, |ϑ23| ↗ ≃
ϑ11ϑ44, |ϑ14| ↗ ≃

ϑ22ϑ33 ) . (S-7)
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Î2 ⌦ Î2 +
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At next leading order

Virtual Real: hard, collinear, sof

Aoude, Barr, Maltoni, Satrioni ‘25



More precisely
We need 

Precise definition of unobservable radiation with 
experimental resolution. 

Potential large logs needs to be re-summed. 

A framework for this purpose (Soft Collinear Effective 
Theory) 

A large body of knowledge in both quantum information 
and SCET.  

Our work is a bridge between them.



Soft and collinear radiation
Soft Collinear Effective Theory (SCET)

! = tan('/2)

2+!"# < -.

• Radiation should be considered unresolved if either soft of collinear 

• We introduce the energy and angular resolution parameters, which is 

similar to Sterman-Weinberg cone jet definition (Sterman, Weinberg  ’77)

Kinematics:

Sterman and Weinberg, 77

Q: hard scale of the scattering event. 
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⇢̂hard(Q, µ)

FIG. 2. Schematic representation of factorization, the scale
separation, and the RG flow in our calculation. Note that we
choose Qω > Qε for illustrative purposes only.

tion. At the leading power in ω, soft emissions are spin-
independent and thus do not induce decoherence [98–
100]. The fragmenting jet operators, Ĵf(f̄), project the
hard scattering state onto the Hilbert space of the ob-
served particles, which is defined via the light-cone corre-
lator of fermion fields ! →

∑
X↑0|ε|fX↓↑fX|ε̄|0↓. This

e”ectively traces over unobserved collinear radiation, and
induces decoherence for the entangled spin system. Ex-
plicitly, Ĵ can be decomposed in a basis of spin operators
[101, 102]

Ĵ =
1

2

[
J U

Î↔Î+J L
ϑ̂z↔ϑ̂z+J T (ϑ̂x↔ϑ̂x+ϑ̂y↔ϑ̂y)

]
, (4)

where the coe#cients, J P
, P = U, L, T , are the unpolar-

ized, longitudinally, and transversely polarized fragment-
ing jet functions, respectively. The detailed derivations
are provided in the Supplemental Material.

In the limit Qϖ ↗ ϱ, we perform a further factor-
ization via an operator product expansion to isolate
the physics at di”erent scales. The fragmenting jet
operators can be decomposed into the product of the
matching operator and the fragmentation operator as
Ĵ(Qϖ, ϱ, µ) = Ĉ(Qϖ, µ)D̂(ϱ, µ). This allows us to define
a scale-dependent e”ective production matrix,

R̂e!(µ) ↘S(Qω, ϖ, µ)Ĉf (Qϖ, µ)R̂hard(Q, µ)Ĉf̄ (Qϖ, µ), (5)

which absorbs all components from the hard scale to the
factorization scale. Substituting it into Eq. 3, the full
production matrix is R̂ = D̂f (ϱ, µ) R̂e!(µ) D̂f̄ (ϱ, µ).

A key insight of the EFT framework is that its RG
consistency governs the evolution of the spin system.
Specifically, the requirement that the full production ma-
trix be independent of the arbitrary factorization scale
(dR̂/dµ = 0) imposes a powerful constraint on the evo-

lution equation of R̂e!(µ). Introducing the RG flow pa-
rameter, t ↘ log(Qϖ/µ), the RG solution of the e”ective
production matrix reads

R̂e!(t) = Ûf (t, 0) R̂e!(0) Ûf̄ (t, 0) , (6)

where the evolution operators Ûf (t, 0) and Ûf̄ (t, 0) are
decomposed as the same as Eq. (4) (see Supplemental
Material). The decomposition coe#cients are the polar-
ized evolution functions,

U
P(t, 0) = exp

(∫ t

0
dt ς

P
)

, (7)

where ς
P ↘ ω

εP
P
ff is the anomalous dimension defined

via the first Mellin moment of the Altarelli-Parisi split-
ting function. Here, we consider only a single type of
branching with small-angle emission and ignore the sub-
leading e”ects from the o”-diagonal contribution in the
flavor space. Eq. (6) shows the evolution of the e”ec-
tive production matrix as a function of t (starting from
t = 0), during which decoherence occurs. From the evolu-
tion operators Ûf (t, 0) and Ûf̄ (t, 0), we can construct the
explicit Kraus operators, {Kω}, for the corresponding
quantum channel. This formalism transforms the cal-
culation of decoherence into the one of RG evolution,
where the anomalous dimensions directly determine the
strength and nature of the information loss. Further-
more, the dynamical map is multiplicative, allowing us
to write a di”erential equation characterizing the open
system dynamics, namely the quantum master equation
[94, 103].

The final stage of the process is the projection of
the evolved spin state onto a definite experimental out-
come. The spin-dependent di”erential cross section is
given by the trace of the full production matrix against
the measurement projectors for the final-state fermions,
P̂f(f̄) = (Î + Sf(f̄) · ω̂)/2 [60, 102],

dϑ(Sf ,Sf̄ ) → Tr
[
P̂f ↔ P̂f̄ R̂

]
. (8)

By defining spin-dependent measurement operators
M̂f(f̄)(Sf(f̄)) ↘ D̂f(f̄)P̂f(f̄), the cross section takes the
form

dϑ(Sf ,Sf̄ ) → Tr
[
M̂f (Sf , t) R̂e!(t) M̂f̄ (Sf̄ , t)

]
, (9)

where we used the fact that the production matrix is fac-
torized. In Eq. (9), physics at di”erent scales is cleanly
separated: all the e”ects of decoherence from collinear ra-
diation are encapsulated in the evolution of the e”ective
production matrix, R̂e!, while the IR physics of the final-
state projection is contained entirely within the measure-
ment operators, M̂ .4

4 In practice, fermion spins are usually reconstructed from their
decay products. This is formally included in M̂ . Such recon-
structions rely on theoretical assumptions, which we do not ad-
dress here.
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The process of decoherence, the loss through unresolved radiation, can 
be systematically accounted for in an RGE/SCET  framework. 

Schematic drawing of the framework. 
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Factorization
• This jet definition allows us to apply the factorization theorems of 

SCET  

• Hard function: 

<latexit sha1_base64="Pt8NM0980HI2+NWZvQB6AR0mbAs="></latexit>
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Soft-Collinear E!ective Theory (SCET) [88–92] with the
tools of open quantum systems, we factorize the process
into three stages. At short distances, the fermion pair is
created, described by a production density matrix. The
system then evolves from the production scale to a lower
energy scale relevant for the measurement, with the evo-
lution governed by an evolution operator that accounts
for decoherence from environmental interactions. Finally,
the projection of the evolved state onto the Hilbert space
of the observed particles is included in the measurement
operator, which provides a direct link to experimental
spin observables.

A central result of our work is the demonstration that
the renormalization group (RG) evolution of the density
matrix constitutes a quantum channel, which governs a
Markovian flow of quantum information from the hard
interaction scale down to the measurement scale. This
provides a novel physical interpretation of RG flow as the
engine of decoherence. In addition, our approach makes
the notion of “unresolved radiation” precise by incorpo-
rating explicit detector resolution parameters, allowing
for a direct connection between experimental capabilities
and the preservation of quantum coherence.

As a concrete application, we compute the Kraus oper-
ators and quantum master equation for a pair of fermions
produced in the high energy scattering process, which
then undergoes QED-like radiation. Our all-order calcu-
lation reveals a measurable suppression of entanglement
via an RG equation driven by collinear radiation. This
decoherence is driven not by time evolution as in many
atomic, molecular, and optical (AMO) systems, but by
the renormalization group flow from the hard produc-
tion energy down to the measurement scale, which often
spans many orders of magnitude (e.g. from TeV to sub-
MeV). Although demonstrated here in QED, the frame-
work is readily generalizable to QCD, which o!ers a sys-
tematically improvable prediction for entanglement loss
in hadronic final states.
Open system and decoherence. – To quantify the loss

of entanglement, we model the produced fermion pair as
an open quantum system. The initial spin state, gener-
ated by the short-distance hard scattering, is described
by a bipartite density matrix ω̂hard(Q, µ). This matrix
includes contributions from the leading-order (LO) pro-
cess and its virtual corrections with the same spin states.
After applying a standard multiplicative renormalization
scheme to regularize both ultraviolet (UV) and infrared
(IR) divergences, ω̂hard necessarily depends on the hard
scale Q and the renormalization scale µ. In general, it
can be decomposed as

ω̂hard(Q, µ) =
1

4

(
Î→Î+P

+
i ε̂i → Î+P

→
j Î→ε̂j+Cij ε̂i→ε̂j

)
,

(1)

where Î is the 2↑2 identity matrix, ε̂i are the Pauli ma-
trices, and summation over repeated indices is implied.

The coe”cients P
±
i and Cij are functions of the kine-

matic variables. P
+
i and P

→
j denote the components of

the polarization vectors of the particle and antiparticle,
respectively. The correlation matrix Cij = Tr[ω̂ ε̂i → ε̂j ]
encodes the spin correlations between the two subsystems
along directions i and j.

Through soft and collinear emissions, the fermion pair
becomes entangled with an environment consisting of un-
observed FSR. Tracing over these environmental degrees
of freedom induces a non-unitary evolution of the fermion
spin state [82]. This physical process is described by a
quantum channel, E , which maps the initial density ma-
trix to a final, mixed state: ω̂final = E(ω̂hard). Accord-
ing to the Kraus representation theorem [93, 94], any
such trace-preserving, completely positive map can be
expressed as

E(ω̂) =
∑

ω

Kωω̂K
†
ω, (2)

where the Kraus operators {Kω} satisfy the closure re-
lation

∑
ω K

†
ωKω = Î. This formalism provides a rigor-

ous description of the information loss arising from the
system-environment interaction, allowing us to precisely
calculate the e!ects of decoherence.

EFT framework. – To compute the Kraus operators
for the decoherence channel, we use SCET to systemat-
ically factorize the dynamics of the fermion pair system
from its radiative environment. We define a fermion jet

in analogy with Sterman-Weinberg jets [95]: an event is
classified as a two-fermion final state if the total energy of
all radiation outside two cones of half-angle ϑ around the
fermion momentum axes is less than Qϖ, where ϑ specifies
the angular resolution, and ϖ controls the allowed out-
of-cone energy. This definition provides a precise physi-
cal regulator, isolating the unresolved collinear radiation
within the cones as the environment responsible for de-
coherence.2 This jet definition allows us to apply the
factorization theorems of SCET. In the limit ϖ, ϑ ↓ 1,
the production matrix R̂ (from which the spin density
matrix is obtained via normalization, ω̂ = R̂/Tr[R̂]) fac-
torizes as3

R̂ =S(Qϖ, ϑ, µ)Ĵf (Qϑ, ϱ, µ)R̂hard(Q, µ)Ĵf̄ (Qϑ, ϱ, µ). (3)

Here, ϱ is an infrared regulator for collinear singularities.
The factorization and relevant scales are shown in Fig. 2.
The soft function S accounts for large-angle soft radia-

2 Other regulators, such as jet vetoes or event shapes, share similar
factorization structures despite their di!erent precise definitions.
Hence, we expect they lead to similar results.

3 In this work, we have neglected the factorization structure for
non-global logarithms [96], since it is irrelevant to the decoher-
ence we are interested in. A complete factorization theorem can
be derived via including the multi-Wilson structures [97].

• Soft function  accounts for large-angle soft radiation. At the 
leading power, soft emissions are spin-independent and thus do 
not induce decoherence

Soft function Jet function Jet function

Hard function



Collinear radiation: jet function
• The fragmenting jet operators      project the hard scattering state 

onto the Hilbert space of the observed particles. This effectively traces 
over unobserved collinear radiation, and induces decoherence

9

In terms of Pauli decomposition in Eq. S-3, ω̂ is in the “X” state i!

P
±
1 = P

±
2 = 0 , C13 = C23 = C31 = C32 = 0 . (S-8)

Furthermore, if f and f̄ always have opposite helicities (OH), the density matrix (denoted as ω̂OH) reduces to a
2-dimensional subspace formed by |+→↑ and |→+↑ (where ± denotes the sign of the helicity), and its concurrence
takes a even simpler form that can be easily deduced from Eq. S-7,

ω̂OH =





0 0 0 0
0 ω22 ω23 0
0 ω32 ω33 0
0 0 0 0



 , C(ω̂OH) = 2 |ω23| = 2 |ω32| . (S-9)

Similarly, if f and f̄ always have same helicities (SH), the density matrix and concurrence are given by

ω̂SH =





ω11 0 0 ω14

0 0 0 0
0 0 0 0

ω41 0 0 ω44



 , C(ω̂SH) = 2 |ω14| = 2 |ω41| . (S-10)

SCET ingredients

We now present the explicit SCET ingredients entering the factorization formula in Eq. (3), using QED as an
example. Throughout this section the fermion mass ε = m serves as the infrared regulator. We begin with the
one-loop expressions for the functions that appear in the factorized production matrix, and then discuss how the
renormalization group (RG) evolution determines the e!ective production matrix R̂e!.

In Eq. (3), the short-distance contribution R̂hard factorizes into the hard function H(Q, µ), which encodes virtual
corrections, multiplied by the leading-order production matrix R̂LO. In QED, the one-loop results read [95, 97]

H(Q, µ) = 1 +
ϑ

4ϖ

[
→8 log2

(
Q

µ

)
+ 12 log

(
Q

µ

)
→ 16 +

7ϖ
2

3

]
,

S(Qϱ, ς, µ) = 1 +
ϑ

4ϖ

[
→16 log ς log

(
Qϱ

µ

)
→ 8 log2

ς → 2ϖ
2

3

]
. (S-11)

The fragmenting jet functions J P
f are defined from the lightcone correlation function ”:

”ωε =
∑

X

∫
dz dt

2ϖz
e
itn̄·P/z

∏

i

φ

(
ς
2→ n · p̂Xi

n̄ · p̂Xi

)
↓0| ↼n,ω(tn̄) |f(PS) X↑ ↓f(PS) X| ↼̄n,ε(0) |0↑ (S-12)

where f(P, S) denotes the identified fermion with momentum P and spin S, and X labels unresolved collinear radiation
with directions p̂Xi .

The unpolarized, longitudinally, and transversely polarized fragmenting jet functions in Eq. (4) are given by

J U
f (Qς, m) = Tr

[
/̄n

2
”

]
, J L

f (Qς, m) = Tr

[
/̄n

2
↽5”

]
, S

i
→J T

f (Qς, m) = Tr

[
/̄n

2
↽
i
→↽5”

]
, (S-13)

with the transverse spin vector satisfying S
2
→ = →1 and S→ · P = 0. These quantities are formulated in SCET, where

four-momenta are expressed in light-cone coordinates:

p
µ = (p+, p↑, p→) = p+

n̄
µ

2
+ p↑

n
µ

2
+ p

µ
→, (S-14)

with n
µ = (1, 0, 0, 1) and n̄

µ = (1, 0, 0, →1). The gauge-invariant collinear fermion field is

↼n = W
†
n⇀n, with ⇀n =

n/n̄/

4
⇁c, (S-15)

Jf ∝

• Spin decomposition

• JU : unpolarized  
• JL : longitudinal polarized 
• JT : transverse polarized

Chen, Goldstein, Jaffe & Ji ‘94



Jet evolution and decoherence
• Refactorization via an operator product expansion 
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Ĵ(Q�,�, µ) = Ĉ(Q�, µ)D̂(�, µ)

Fragmentation operator
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⇢̂e↵(t) = Ûf (t, 0)⇢̂e↵(0)Ûf̄ (t, 0)

Decoherence as RG flow
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⇢̂e↵(µ) ⌘ S(Q�, �, µ)Ĉf (Q�, µ)⇢̂hard(Q,µ)Ĉf̄ (Q�, µ)

• Define a scale-dependent effective production 
matrix 



Match to exp observable
We observe spin-dependent cross section 

3
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⇢̂hard(Q, µ)

FIG. 2. Schematic representation of factorization, the scale
separation, and the RG flow in our calculation. Note that we
choose Qω > Qε for illustrative purposes only.

tion. At the leading power in ω, soft emissions are spin-
independent and thus do not induce decoherence [98–
100]. The fragmenting jet operators, Ĵf(f̄), project the
hard scattering state onto the Hilbert space of the ob-
served particles, which is defined via the light-cone corre-
lator of fermion fields ! →

∑
X↑0|ε|fX↓↑fX|ε̄|0↓. This

e”ectively traces over unobserved collinear radiation, and
induces decoherence for the entangled spin system. Ex-
plicitly, Ĵ can be decomposed in a basis of spin operators
[101, 102]

Ĵ =
1

2

[
J U

Î↔Î+J L
ϑ̂z↔ϑ̂z+J T (ϑ̂x↔ϑ̂x+ϑ̂y↔ϑ̂y)

]
, (4)

where the coe#cients, J P
, P = U, L, T , are the unpolar-

ized, longitudinally, and transversely polarized fragment-
ing jet functions, respectively. The detailed derivations
are provided in the Supplemental Material.

In the limit Qϖ ↗ ϱ, we perform a further factor-
ization via an operator product expansion to isolate
the physics at di”erent scales. The fragmenting jet
operators can be decomposed into the product of the
matching operator and the fragmentation operator as
Ĵ(Qϖ, ϱ, µ) = Ĉ(Qϖ, µ)D̂(ϱ, µ). This allows us to define
a scale-dependent e”ective production matrix,

R̂e!(µ) ↘S(Qω, ϖ, µ)Ĉf (Qϖ, µ)R̂hard(Q, µ)Ĉf̄ (Qϖ, µ), (5)

which absorbs all components from the hard scale to the
factorization scale. Substituting it into Eq. 3, the full
production matrix is R̂ = D̂f (ϱ, µ) R̂e!(µ) D̂f̄ (ϱ, µ).

A key insight of the EFT framework is that its RG
consistency governs the evolution of the spin system.
Specifically, the requirement that the full production ma-
trix be independent of the arbitrary factorization scale
(dR̂/dµ = 0) imposes a powerful constraint on the evo-

lution equation of R̂e!(µ). Introducing the RG flow pa-
rameter, t ↘ log(Qϖ/µ), the RG solution of the e”ective
production matrix reads

R̂e!(t) = Ûf (t, 0) R̂e!(0) Ûf̄ (t, 0) , (6)

where the evolution operators Ûf (t, 0) and Ûf̄ (t, 0) are
decomposed as the same as Eq. (4) (see Supplemental
Material). The decomposition coe#cients are the polar-
ized evolution functions,

U
P(t, 0) = exp

(∫ t

0
dt ς

P
)

, (7)

where ς
P ↘ ω

εP
P
ff is the anomalous dimension defined

via the first Mellin moment of the Altarelli-Parisi split-
ting function. Here, we consider only a single type of
branching with small-angle emission and ignore the sub-
leading e”ects from the o”-diagonal contribution in the
flavor space. Eq. (6) shows the evolution of the e”ec-
tive production matrix as a function of t (starting from
t = 0), during which decoherence occurs. From the evolu-
tion operators Ûf (t, 0) and Ûf̄ (t, 0), we can construct the
explicit Kraus operators, {Kω}, for the corresponding
quantum channel. This formalism transforms the cal-
culation of decoherence into the one of RG evolution,
where the anomalous dimensions directly determine the
strength and nature of the information loss. Further-
more, the dynamical map is multiplicative, allowing us
to write a di”erential equation characterizing the open
system dynamics, namely the quantum master equation
[94, 103].

The final stage of the process is the projection of
the evolved spin state onto a definite experimental out-
come. The spin-dependent di”erential cross section is
given by the trace of the full production matrix against
the measurement projectors for the final-state fermions,
P̂f(f̄) = (Î + Sf(f̄) · ω̂)/2 [60, 102],

dϑ(Sf ,Sf̄ ) → Tr
[
P̂f ↔ P̂f̄ R̂

]
. (8)

By defining spin-dependent measurement operators
M̂f(f̄)(Sf(f̄)) ↘ D̂f(f̄)P̂f(f̄), the cross section takes the
form

dϑ(Sf ,Sf̄ ) → Tr
[
M̂f (Sf , t) R̂e!(t) M̂f̄ (Sf̄ , t)

]
, (9)

where we used the fact that the production matrix is fac-
torized. In Eq. (9), physics at di”erent scales is cleanly
separated: all the e”ects of decoherence from collinear ra-
diation are encapsulated in the evolution of the e”ective
production matrix, R̂e!, while the IR physics of the final-
state projection is contained entirely within the measure-
ment operators, M̂ .4

4 In practice, fermion spins are usually reconstructed from their
decay products. This is formally included in M̂ . Such recon-
structions rely on theoretical assumptions, which we do not ad-
dress here.

Sf, f̄ spin of final states

Define projection operator
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⇢̂hard(Q, µ)

FIG. 2. Schematic representation of factorization, the scale
separation, and the RG flow in our calculation. Note that we
choose Qω > Qε for illustrative purposes only.

tion. At the leading power in ω, soft emissions are spin-
independent and thus do not induce decoherence [98–
100]. The fragmenting jet operators, Ĵf(f̄), project the
hard scattering state onto the Hilbert space of the ob-
served particles, which is defined via the light-cone corre-
lator of fermion fields ! →

∑
X↑0|ε|fX↓↑fX|ε̄|0↓. This

e”ectively traces over unobserved collinear radiation, and
induces decoherence for the entangled spin system. Ex-
plicitly, Ĵ can be decomposed in a basis of spin operators
[101, 102]

Ĵ =
1

2

[
J U

Î↔Î+J L
ϑ̂z↔ϑ̂z+J T (ϑ̂x↔ϑ̂x+ϑ̂y↔ϑ̂y)

]
, (4)

where the coe#cients, J P
, P = U, L, T , are the unpolar-

ized, longitudinally, and transversely polarized fragment-
ing jet functions, respectively. The detailed derivations
are provided in the Supplemental Material.

In the limit Qϖ ↗ ϱ, we perform a further factor-
ization via an operator product expansion to isolate
the physics at di”erent scales. The fragmenting jet
operators can be decomposed into the product of the
matching operator and the fragmentation operator as
Ĵ(Qϖ, ϱ, µ) = Ĉ(Qϖ, µ)D̂(ϱ, µ). This allows us to define
a scale-dependent e”ective production matrix,

R̂e!(µ) ↘S(Qω, ϖ, µ)Ĉf (Qϖ, µ)R̂hard(Q, µ)Ĉf̄ (Qϖ, µ), (5)

which absorbs all components from the hard scale to the
factorization scale. Substituting it into Eq. 3, the full
production matrix is R̂ = D̂f (ϱ, µ) R̂e!(µ) D̂f̄ (ϱ, µ).

A key insight of the EFT framework is that its RG
consistency governs the evolution of the spin system.
Specifically, the requirement that the full production ma-
trix be independent of the arbitrary factorization scale
(dR̂/dµ = 0) imposes a powerful constraint on the evo-

lution equation of R̂e!(µ). Introducing the RG flow pa-
rameter, t ↘ log(Qϖ/µ), the RG solution of the e”ective
production matrix reads

R̂e!(t) = Ûf (t, 0) R̂e!(0) Ûf̄ (t, 0) , (6)

where the evolution operators Ûf (t, 0) and Ûf̄ (t, 0) are
decomposed as the same as Eq. (4) (see Supplemental
Material). The decomposition coe#cients are the polar-
ized evolution functions,

U
P(t, 0) = exp

(∫ t

0
dt ς

P
)

, (7)

where ς
P ↘ ω

εP
P
ff is the anomalous dimension defined

via the first Mellin moment of the Altarelli-Parisi split-
ting function. Here, we consider only a single type of
branching with small-angle emission and ignore the sub-
leading e”ects from the o”-diagonal contribution in the
flavor space. Eq. (6) shows the evolution of the e”ec-
tive production matrix as a function of t (starting from
t = 0), during which decoherence occurs. From the evolu-
tion operators Ûf (t, 0) and Ûf̄ (t, 0), we can construct the
explicit Kraus operators, {Kω}, for the corresponding
quantum channel. This formalism transforms the cal-
culation of decoherence into the one of RG evolution,
where the anomalous dimensions directly determine the
strength and nature of the information loss. Further-
more, the dynamical map is multiplicative, allowing us
to write a di”erential equation characterizing the open
system dynamics, namely the quantum master equation
[94, 103].

The final stage of the process is the projection of
the evolved spin state onto a definite experimental out-
come. The spin-dependent di”erential cross section is
given by the trace of the full production matrix against
the measurement projectors for the final-state fermions,
P̂f(f̄) = (Î + Sf(f̄) · ω̂)/2 [60, 102],

dϑ(Sf ,Sf̄ ) → Tr
[
P̂f ↔ P̂f̄ R̂

]
. (8)

By defining spin-dependent measurement operators
M̂f(f̄)(Sf(f̄)) ↘ D̂f(f̄)P̂f(f̄), the cross section takes the
form

dϑ(Sf ,Sf̄ ) → Tr
[
M̂f (Sf , t) R̂e!(t) M̂f̄ (Sf̄ , t)

]
, (9)

where we used the fact that the production matrix is fac-
torized. In Eq. (9), physics at di”erent scales is cleanly
separated: all the e”ects of decoherence from collinear ra-
diation are encapsulated in the evolution of the e”ective
production matrix, R̂e!, while the IR physics of the final-
state projection is contained entirely within the measure-
ment operators, M̂ .4

4 In practice, fermion spins are usually reconstructed from their
decay products. This is formally included in M̂ . Such recon-
structions rely on theoretical assumptions, which we do not ad-
dress here.

We have:
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FIG. 2. Schematic representation of factorization, the scale
separation, and the RG flow in our calculation. Note that we
choose Qω > Qε for illustrative purposes only.

tion. At the leading power in ω, soft emissions are spin-
independent and thus do not induce decoherence [98–
100]. The fragmenting jet operators, Ĵf(f̄), project the
hard scattering state onto the Hilbert space of the ob-
served particles, which is defined via the light-cone corre-
lator of fermion fields ! →

∑
X↑0|ε|fX↓↑fX|ε̄|0↓. This

e”ectively traces over unobserved collinear radiation, and
induces decoherence for the entangled spin system. Ex-
plicitly, Ĵ can be decomposed in a basis of spin operators
[101, 102]

Ĵ =
1

2

[
J U

Î↔Î+J L
ϑ̂z↔ϑ̂z+J T (ϑ̂x↔ϑ̂x+ϑ̂y↔ϑ̂y)

]
, (4)

where the coe#cients, J P
, P = U, L, T , are the unpolar-

ized, longitudinally, and transversely polarized fragment-
ing jet functions, respectively. The detailed derivations
are provided in the Supplemental Material.

In the limit Qϖ ↗ ϱ, we perform a further factor-
ization via an operator product expansion to isolate
the physics at di”erent scales. The fragmenting jet
operators can be decomposed into the product of the
matching operator and the fragmentation operator as
Ĵ(Qϖ, ϱ, µ) = Ĉ(Qϖ, µ)D̂(ϱ, µ). This allows us to define
a scale-dependent e”ective production matrix,

R̂e!(µ) ↘S(Qω, ϖ, µ)Ĉf (Qϖ, µ)R̂hard(Q, µ)Ĉf̄ (Qϖ, µ), (5)

which absorbs all components from the hard scale to the
factorization scale. Substituting it into Eq. 3, the full
production matrix is R̂ = D̂f (ϱ, µ) R̂e!(µ) D̂f̄ (ϱ, µ).

A key insight of the EFT framework is that its RG
consistency governs the evolution of the spin system.
Specifically, the requirement that the full production ma-
trix be independent of the arbitrary factorization scale
(dR̂/dµ = 0) imposes a powerful constraint on the evo-

lution equation of R̂e!(µ). Introducing the RG flow pa-
rameter, t ↘ log(Qϖ/µ), the RG solution of the e”ective
production matrix reads

R̂e!(t) = Ûf (t, 0) R̂e!(0) Ûf̄ (t, 0) , (6)

where the evolution operators Ûf (t, 0) and Ûf̄ (t, 0) are
decomposed as the same as Eq. (4) (see Supplemental
Material). The decomposition coe#cients are the polar-
ized evolution functions,

U
P(t, 0) = exp

(∫ t

0
dt ς

P
)

, (7)

where ς
P ↘ ω

εP
P
ff is the anomalous dimension defined

via the first Mellin moment of the Altarelli-Parisi split-
ting function. Here, we consider only a single type of
branching with small-angle emission and ignore the sub-
leading e”ects from the o”-diagonal contribution in the
flavor space. Eq. (6) shows the evolution of the e”ec-
tive production matrix as a function of t (starting from
t = 0), during which decoherence occurs. From the evolu-
tion operators Ûf (t, 0) and Ûf̄ (t, 0), we can construct the
explicit Kraus operators, {Kω}, for the corresponding
quantum channel. This formalism transforms the cal-
culation of decoherence into the one of RG evolution,
where the anomalous dimensions directly determine the
strength and nature of the information loss. Further-
more, the dynamical map is multiplicative, allowing us
to write a di”erential equation characterizing the open
system dynamics, namely the quantum master equation
[94, 103].

The final stage of the process is the projection of
the evolved spin state onto a definite experimental out-
come. The spin-dependent di”erential cross section is
given by the trace of the full production matrix against
the measurement projectors for the final-state fermions,
P̂f(f̄) = (Î + Sf(f̄) · ω̂)/2 [60, 102],

dϑ(Sf ,Sf̄ ) → Tr
[
P̂f ↔ P̂f̄ R̂

]
. (8)

By defining spin-dependent measurement operators
M̂f(f̄)(Sf(f̄)) ↘ D̂f(f̄)P̂f(f̄), the cross section takes the
form

dϑ(Sf ,Sf̄ ) → Tr
[
M̂f (Sf , t) R̂e!(t) M̂f̄ (Sf̄ , t)

]
, (9)

where we used the fact that the production matrix is fac-
torized. In Eq. (9), physics at di”erent scales is cleanly
separated: all the e”ects of decoherence from collinear ra-
diation are encapsulated in the evolution of the e”ective
production matrix, R̂e!, while the IR physics of the final-
state projection is contained entirely within the measure-
ment operators, M̂ .4

4 In practice, fermion spins are usually reconstructed from their
decay products. This is formally included in M̂ . Such recon-
structions rely on theoretical assumptions, which we do not ad-
dress here.
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SUPPLEMENTAL MATERIAL

This Supplemental Material is organized into three parts. First, we outline the construction of the density matrix
and the definition of concurrence as an entanglement measure. Second, we summarize the necessary SCET ingredients,
namely the fragmenting jet functions J P , fragmentation functions DP , and matching coe!cients CP , which enter the
calculation of the density-matrix elements. Finally, we present the construction of Kraus operators and the derivation
of the master equation, which together describe the evolution of the e”ective density matrix. For concreteness, we
illustrate the results with the case where the evolution is governed by QED-like photon radiation.

Production matrix, density matrix, and concurrence

We always work in the helicity basis throughout this Letter. The production matrix R̂ is constructed from helicity
amplitudes as

R̂ =
∑

ωf ,ω→
f ,ωf̄ ,ω

→
f̄

Mωfωf̄ (Mω→
fω

→
f̄ )→ |ωfωf̄ → ↑ω↑

fω
↑
f̄ | , (S-1)

where ωf,f̄ are defined in each fermion’s helicity frame, with the z–axis aligned to its momentum. More explicitly, in
the ff̄ center-of-mass frame, the coordinate system of f is defined with the z-axis along its momentum, ẑ ↓ pf/|pf |
The y-axis is taken perpendicular to the production plane (formed by either the incoming particles, or the heavy
particle ff̄ decay from), and the x-axis completes the right-handed coordinate system, x̂ ↓ ŷ ↔ ẑ. For f̄ , which moves
in the opposite direction, the axes are chosen as {ˆ̄x, ˆ̄y, ˆ̄z} ↓ {x̂, ↗ŷ, ↗ẑ} to maintain a consistent helicity basis for the
bipartite system. Note that our helicity basis is slightly di”erent from the one defined in e.g. Refs. [9, 24, 51], which
uses the same axes for both f and f̄ .

In the two-qubit space space Hf ↘ Hf̄ , R̂ admits the Pauli–basis decomposition

R̂ =
3∑

i,j=0

rij ε̂i ↘ ε̂j , (S-2)

where ε̂1,2,3 are the Pauli matrices and ε̂0 = Î, which upon normalization (ϑ̂ = R̂/Tr[R̂]) gives the density matrix

ϑ̂ =
1

4

(
Î↘Î+P

+
i ε̂i ↘ Î+P

↓
j Î↘ε̂j+Cij ε̂i↘ε̂j

)
, (S-3)

as in Eq. 1. For ϑ̂ to represent a valid quantum state, it must be a positive semidefinite (i.e., all eigenvalues are
non-negative), hermitian matrix with unit trace.

To quantify quantum entanglement in the spin state, we use the concurrence C(ϑ) [110]. For a general two-qubit
state ϑ̂, the concurrence is defined as

C(ϑ) = max(0, ω1 ↗ ω2 ↗ ω3 ↗ ω4) , (S-4)

where ωi are the square roots of the eigenvalues of the matrix

ϑ̃ =
≃

ϑ(ε̂y ↘ ε̂y) ϑ
→ (ε̂y ↘ ε̂y)

≃
ϑ, (S-5)

arranged in decreasing order. A concurrence of C = 1 corresponds to a maximally entangled state, while C = 0
indicates a fully separable state.

In many cases it is possible to write the concurrence in a simpler form. A useful case for our study is the so-called
“X” state

ϑ̂X =





ϑ11 0 0 ϑ14

0 ϑ22 ϑ23 0
0 ϑ32 ϑ33 0

ϑ41 0 0 ϑ44



 , (S-6)

where the physical conditions on ϑ̂ imply that
∑4

i=1 ϑii = 1, ϑ
→
ij = ϑji, ϑ22ϑ33 ⇐ |ϑ23|2, and ϑ11ϑ44 ⇐ |ϑ14|2. Its

concurrence can be written as [111]

C(ϑ̂X) = 2 max ( 0, |ϑ23| ↗ ≃
ϑ11ϑ44, |ϑ14| ↗ ≃

ϑ22ϑ33 ) . (S-7)
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Opposite helicity  
(e.g.vector like production):
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In terms of Pauli decomposition in Eq. S-3, ω̂ is in the “X” state i!

P
±
1 = P

±
2 = 0 , C13 = C23 = C31 = C32 = 0 . (S-8)

Furthermore, if f and f̄ always have opposite helicities (OH), the density matrix (denoted as ω̂OH) reduces to a
2-dimensional subspace formed by |+→↑ and |→+↑ (where ± denotes the sign of the helicity), and its concurrence
takes a even simpler form that can be easily deduced from Eq. S-7,

ω̂OH =





0 0 0 0
0 ω22 ω23 0
0 ω32 ω33 0
0 0 0 0



 , C(ω̂OH) = 2 |ω23| = 2 |ω32| . (S-9)

Similarly, if f and f̄ always have same helicities (SH), the density matrix and concurrence are given by

ω̂SH =





ω11 0 0 ω14

0 0 0 0
0 0 0 0

ω41 0 0 ω44



 , C(ω̂SH) = 2 |ω14| = 2 |ω41| . (S-10)

SCET ingredients

We now present the explicit SCET ingredients entering the factorization formula in Eq. (3), using QED as an
example. Throughout this section the fermion mass ε = m serves as the infrared regulator. We begin with the
one-loop expressions for the functions that appear in the factorized production matrix, and then discuss how the
renormalization group (RG) evolution determines the e!ective production matrix R̂e!.

In Eq. (3), the short-distance contribution R̂hard factorizes into the hard function H(Q, µ), which encodes virtual
corrections, multiplied by the leading-order production matrix R̂LO. In QED, the one-loop results read [95, 97]

H(Q, µ) = 1 +
ϑ

4ϖ

[
→8 log2

(
Q

µ

)
+ 12 log

(
Q

µ

)
→ 16 +

7ϖ
2

3

]
,

S(Qϱ, ς, µ) = 1 +
ϑ

4ϖ

[
→16 log ς log

(
Qϱ

µ

)
→ 8 log2

ς → 2ϖ
2

3

]
. (S-11)

The fragmenting jet functions J P
f are defined from the lightcone correlation function ”:

”ωε =
∑

X

∫
dz dt

2ϖz
e
itn̄·P/z

∏

i

φ

(
ς
2→ n · p̂Xi

n̄ · p̂Xi

)
↓0| ↼n,ω(tn̄) |f(PS) X↑ ↓f(PS) X| ↼̄n,ε(0) |0↑ (S-12)

where f(P, S) denotes the identified fermion with momentum P and spin S, and X labels unresolved collinear radiation
with directions p̂Xi .

The unpolarized, longitudinally, and transversely polarized fragmenting jet functions in Eq. (4) are given by

J U
f (Qς, m) = Tr

[
/̄n

2
”

]
, J L

f (Qς, m) = Tr

[
/̄n

2
↽5”

]
, S

i
→J T

f (Qς, m) = Tr

[
/̄n

2
↽
i
→↽5”

]
, (S-13)

with the transverse spin vector satisfying S
2
→ = →1 and S→ · P = 0. These quantities are formulated in SCET, where

four-momenta are expressed in light-cone coordinates:

p
µ = (p+, p↑, p→) = p+

n̄
µ

2
+ p↑

n
µ

2
+ p

µ
→, (S-14)

with n
µ = (1, 0, 0, 1) and n̄

µ = (1, 0, 0, →1). The gauge-invariant collinear fermion field is

↼n = W
†
n⇀n, with ⇀n =

n/n̄/

4
⇁c, (S-15)

Same helicity  
(such as Higgs decay) 
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FIG. 3. RG evolution as a phase-flip channel. Left: Bloch-
sphere representation of decoherence in the {|+→↑ , |→+↑}
subspace, with lighter shading indicating reduced spin corre-
lations. |ω+↑ = (|+→↑ + |→+↑)/

↓
2 is a maximally-entangled

state (and so are all points on the equator). Right: The
corresponding picture of spin decoherence driven by collinear
photon emissions (green lines).

The full process in our EFT framework can be un-
derstood through a RG-evolution picture. It unfolds
in three stages: At short distances (t = 0), an entan-
gled fermion pair is created, described by an e!ective
production matrix, R̂e!. The system then evolves to a
macroscopic scale t under the influence of an evolution
operator, Û(t, 0), which accounts for the decoherence in-
duced by environmental interactions. Finally, the mea-
surement is described by the measurement operator, M̂ ,
which projects the evolved state onto the Hilbert space
of the observed final-state particles.5

Example. – To illustrate our framework, we apply it to
the spin states of a fermion pair (ff̄) produced at a high
energy collider. Here we do not make any assumption
on the hard scattering process that produces the fermion
pair, but instead work with the most general initial den-
sity matrix, ω̂e!(t = 0). The spin state of each fermion
evolves by emitting unresolved collinear radiation, which
we assume to be described by a QED-like theory with a
generic coupling ε → g

2
/(4ϑ). The hard scale Q is set

to the center-of-mass energy of the fermion pair, while
the fermion mass serves as the infrared regulator, ϖ = m

with m ↑ Q. The RG evolution of ω̂e!(t) from t = 0 to
t = log (Qϱ/m) defines a quantum channel.

The form of this channel is dictated by the underlying
QED-like interactions in the boosted regime, which con-
serve helicity but not transverse spin [104, 105] . Work-
ing in the helicity basis (see Supplemental Material), this
leads to a simple phase-flip channel, whose Kraus opera-

5 While our analysis focuses on decoherence from FSR, the for-
malism can be extended to include initial-state radiation (ISR).
Within our factorized framework, ISR modifies the initial e!ec-
tive density matrix, ω̂e!(t = 0), which subsequently evolves due
to FSR. A detailed study of ISR e!ects is left for future work.
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FIG. 4. The evolution of concurrence C(εe!) as a function
of RG scale t for varying coupling strengths ϑ in the range
[0.02, 0.10], assuming C(0) = 1 and Eq. 13 holds. Varying
ϑ illustrates the general coupling dependence of decoherence,
with stronger interactions leading to faster suppression of en-
tanglement.

tors are K̂(i,j) = K̂
f
i ↓ K̂

f̄
j , with

K̂
f(f̄)
0 =

√
1 ↔ p2 Î , K̂

f(f̄)
1 = p ς̂3 , (10)

where p →
√

(1 ↔ e
→ ω

2ε t)/2. Note that in deriving
Eq. (10) we have ignored the running of ε, in which case
the anomalous dimension φ

P in Eq. (7) is independent of
t. We emphasize that the phase-flip decoherence e!ect
discussed here is dominant in the boosted regime. For
massive fermions produced near the threshold, the bit-
flip and bit-phase-flip channels would be more important
[82], while the phase-flip channel is suppressed.

The dynamics of this channel are equivalently de-
scribed by a Lindblad master equation [106]

dω̂e!

dt
= ↔ ε

2ϑ
ω̂e! (11)

+
ε

4ϑ

[
(ς̂3 ↓ Î) ω̂e! (ς̂3 ↓ Î) + (Î ↓ ς̂3) ω̂e! (Î ↓ ς̂3)

]
,

where the Lindblad jump operators L̂1 =
√

ε/4ϑ ς̂3 ↓ Î

and L̂2 =
√

ε/4ϑ Î ↓ ς̂3 admit a clear quantum tra-
jectory interpretation: each “jump” corresponds to an
unresolved collinear photon emission from either of the
fermion legs, which induces a stochastic phase-flip. This
leads to an exponential decay of all o!-diagonal terms,

ω̂
ij
e!(t)

ω̂
ij
e!(0)

=






1 i = j (diagonal) ,

e
→ω

ε t
ij = 14, 23, 32, 41 (anti-diagonal) ,

e
→ ω

2ε t else ,

(12)

where i, j are components in the Hf ↓Hf̄ spin space. As
t ↗ ↘, only the diagonal terms survive and the system
becomes a classical mixture of di!erent helicity states.
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leads to a simple phase-flip channel, whose Kraus opera-

5 While our analysis focuses on decoherence from FSR, the for-
malism can be extended to include initial-state radiation (ISR).
Within our factorized framework, ISR modifies the initial e!ec-
tive density matrix, ω̂e!(t = 0), which subsequently evolves due
to FSR. A detailed study of ISR e!ects is left for future work.

0 1 2 3 4 5 6
t = log(Q�/µ)

2

3

4

5

6

7

8

9

10

�

⇥10�2

0.80

0.82

0.84

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.00

C(
� e

�
)

FIG. 4. The evolution of concurrence C(εe!) as a function
of RG scale t for varying coupling strengths ϑ in the range
[0.02, 0.10], assuming C(0) = 1 and Eq. 13 holds. Varying
ϑ illustrates the general coupling dependence of decoherence,
with stronger interactions leading to faster suppression of en-
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1 = p ς̂3 , (10)

where p →
√

(1 ↔ e
→ ω

2ε t)/2. Note that in deriving
Eq. (10) we have ignored the running of ε, in which case
the anomalous dimension φ

P in Eq. (7) is independent of
t. We emphasize that the phase-flip decoherence e!ect
discussed here is dominant in the boosted regime. For
massive fermions produced near the threshold, the bit-
flip and bit-phase-flip channels would be more important
[82], while the phase-flip channel is suppressed.

The dynamics of this channel are equivalently de-
scribed by a Lindblad master equation [106]
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4ϑ

[
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,

where the Lindblad jump operators L̂1 =
√

ε/4ϑ ς̂3 ↓ Î

and L̂2 =
√

ε/4ϑ Î ↓ ς̂3 admit a clear quantum tra-
jectory interpretation: each “jump” corresponds to an
unresolved collinear photon emission from either of the
fermion legs, which induces a stochastic phase-flip. This
leads to an exponential decay of all o!-diagonal terms,

ω̂
ij
e!(t)

ω̂
ij
e!(0)

=






1 i = j (diagonal) ,

e
→ω

ε t
ij = 14, 23, 32, 41 (anti-diagonal) ,

e
→ ω

2ε t else ,

(12)

where i, j are components in the Hf ↓Hf̄ spin space. As
t ↗ ↘, only the diagonal terms survive and the system
becomes a classical mixture of di!erent helicity states.
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corresponding picture of spin decoherence driven by collinear
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malism can be extended to include initial-state radiation (ISR).
Within our factorized framework, ISR modifies the initial e!ec-
tive density matrix, ω̂e!(t = 0), which subsequently evolves due
to FSR. A detailed study of ISR e!ects is left for future work.
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]
,

where the Lindblad jump operators L̂1 =
√

ε/4ϑ ς̂3 ↓ Î
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FIG. 5. The final concurrence Cfinal as a function of angular
resolution ω, assuming C(0) = 1 (initially maximally entan-
gled) and the inequality in Eq. 15 is saturated. As an exam-
ple, the center-of-mass energy is fixed at Q = 125 GeV, the
fermion mass set to mω → 1.777 GeV. The three lines cor-
respond to di!erent coupling strengths: ε = 1/10 (orange),
ε = 1/50 (dark magenta), and ε = 1/137 (dark cyan).

For a large class of cases, it is possible to obtain a com-
pact form for the evolution of the concurrence C(ω̂e!(t))
(see Supplemental Material for definition), or simply C(t).
Assuming the ff̄ pair are produced with opposite helici-
ties, the spin space e!ectively reduces to a 2-dimensional
subspace formed by |+→↑ and |→+↑ (where ± denotes the
sign of the helicity) since the evolution conserves helic-
ity. The corresponding dephasing trajectory on the Bloch
sphere in the {|+→↑ , |→+↑} subspace always points to-
wards (and is perpendicular to) the z-axis, as illustrated
in Fig. 3. In this case, C(t) is simply proportional to the
absolute value of the o!-diagonal term in the 2↓2 density
matrix, and is given by

C(t) = C(0)e→
ω
ε t

, (13)

which is illustrated in Fig. 4. The same also applies if
the ff̄ pair are produced with the same helicity. These
two cases cover many commonly studied processes. For
example, the pair of fermions from Higgs decay h ↔ ff̄

always have the same helicity (and furthermore, they are
always in the Bell state |++↑ + |→→↑[9, 25]) , while for
e
+
e
→ ↔ Z/ε

↑ ↔ ff̄ at tree-level, the fermion pair always
have opposite helicities.

For the most general case, Eq. (13) instead becomes
an inequality

C(t) ↗ C(0)e→
ω
ε t

, (14)

which can be derived from the factorization law in
Ref. [107] (see also Refs. [108, 109]) for the concurrence of
a two-qubit system that undergoes local noisy channels.
Eq. (14) leads to the final concurrence at t = log(Qϑ/m)

to satisfy

Cfinal ↗ C(0)

(
Qϑ

m

)→ω
ε

. (15)

This expression provides a concrete, testable prediction
for entanglement suppression. The crucial feature is the
power-law suppression factor, which arises from the re-
summation of collinear logarithms and directly links the
degree of decoherence to the detector’s angular resolution
(ϑ) and the fermion mass (m). It explicitly shows that
as the ability to resolve nearby photons worsens (larger
ϑ), entanglement is more strongly suppressed, a property
illustrated in Fig. 5.

Summary and outlook. – In this Letter, we have es-
tablished the first systematic framework for calculating
spin decoherence from FSR in high-energy collisions by
unifying SCET with the formalism of open quantum sys-
tems. Our central finding is that the RG evolution of
the fermion spin state constitutes a quantum channel,
where the RG scale evolution drives a Markovian loss of
quantum coherence. We provide an explicit calculation
in QED-like theory, resulting in an analytical formula for
entanglement suppression that connects decoherence di-
rectly to experimental parameters like angular resolution.
This work establishes a systematically improvable EFT
framework for calculating decoherence from radiation.

The generality of this framework opens several impor-
tant avenues for future research. First, the Markovian na-
ture of our result is a direct consequence of the factoriza-
tion assumption, under which the evolutions of the pair
of fermions are independent of each other as well as any
additional final state particles in the process. Non-local
interactions (e.g., due to QCD confinement) could give
rise to important non-Markovian e!ects which require
separate studies. Second, our formalism is generalizable
to QCD, which will be essential for understanding entan-
glement in hadronic final states and may o!er a novel
perspective. It is also important to include subleading-
power soft e!ects and generalize the formalism to pro-
cesses such as heavy quark productions for which the
e!ects of fermion masses are important. Ultimately, this
line of work will provide the tools to transform the com-
plex environment of a particle collider into a controlled
laboratory for studying open quantum systems.
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SUPPLEMENTAL MATERIAL

This Supplemental Material is organized into three parts. First, we outline the construction of the density matrix
and the definition of concurrence as an entanglement measure. Second, we summarize the necessary SCET ingredients,
namely the fragmenting jet functions J P , fragmentation functions DP , and matching coe!cients CP , which enter the
calculation of the density-matrix elements. Finally, we present the construction of Kraus operators and the derivation
of the master equation, which together describe the evolution of the e”ective density matrix. For concreteness, we
illustrate the results with the case where the evolution is governed by QED-like photon radiation.

Production matrix, density matrix, and concurrence

We always work in the helicity basis throughout this Letter. The production matrix R̂ is constructed from helicity
amplitudes as

R̂ =
∑

ωf ,ω→
f ,ωf̄ ,ω

→
f̄

Mωfωf̄ (Mω→
fω

→
f̄ )→ |ωfωf̄ → ↑ω↑

fω
↑
f̄ | , (S-1)

where ωf,f̄ are defined in each fermion’s helicity frame, with the z–axis aligned to its momentum. More explicitly, in
the ff̄ center-of-mass frame, the coordinate system of f is defined with the z-axis along its momentum, ẑ ↓ pf/|pf |
The y-axis is taken perpendicular to the production plane (formed by either the incoming particles, or the heavy
particle ff̄ decay from), and the x-axis completes the right-handed coordinate system, x̂ ↓ ŷ ↔ ẑ. For f̄ , which moves
in the opposite direction, the axes are chosen as {ˆ̄x, ˆ̄y, ˆ̄z} ↓ {x̂, ↗ŷ, ↗ẑ} to maintain a consistent helicity basis for the
bipartite system. Note that our helicity basis is slightly di”erent from the one defined in e.g. Refs. [9, 24, 51], which
uses the same axes for both f and f̄ .

In the two-qubit space space Hf ↘ Hf̄ , R̂ admits the Pauli–basis decomposition

R̂ =
3∑

i,j=0

rij ε̂i ↘ ε̂j , (S-2)

where ε̂1,2,3 are the Pauli matrices and ε̂0 = Î, which upon normalization (ϑ̂ = R̂/Tr[R̂]) gives the density matrix

ϑ̂ =
1

4

(
Î↘Î+P

+
i ε̂i ↘ Î+P

↓
j Î↘ε̂j+Cij ε̂i↘ε̂j

)
, (S-3)

as in Eq. 1. For ϑ̂ to represent a valid quantum state, it must be a positive semidefinite (i.e., all eigenvalues are
non-negative), hermitian matrix with unit trace.

To quantify quantum entanglement in the spin state, we use the concurrence C(ϑ) [110]. For a general two-qubit
state ϑ̂, the concurrence is defined as

C(ϑ) = max(0, ω1 ↗ ω2 ↗ ω3 ↗ ω4) , (S-4)

where ωi are the square roots of the eigenvalues of the matrix

ϑ̃ =
≃

ϑ(ε̂y ↘ ε̂y) ϑ
→ (ε̂y ↘ ε̂y)

≃
ϑ, (S-5)

arranged in decreasing order. A concurrence of C = 1 corresponds to a maximally entangled state, while C = 0
indicates a fully separable state.

In many cases it is possible to write the concurrence in a simpler form. A useful case for our study is the so-called
“X” state

ϑ̂X =





ϑ11 0 0 ϑ14

0 ϑ22 ϑ23 0
0 ϑ32 ϑ33 0

ϑ41 0 0 ϑ44



 , (S-6)

where the physical conditions on ϑ̂ imply that
∑4

i=1 ϑii = 1, ϑ
→
ij = ϑji, ϑ22ϑ33 ⇐ |ϑ23|2, and ϑ11ϑ44 ⇐ |ϑ14|2. Its

concurrence can be written as [111]

C(ϑ̂X) = 2 max ( 0, |ϑ23| ↗ ≃
ϑ11ϑ44, |ϑ14| ↗ ≃

ϑ22ϑ33 ) . (S-7)
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where p =
√

(1 → e→!t)/2 and ! = ω/(2ε). As shown in the main paper, the Kraus operators induced by QED photon

radiation are thus K̂(i,j) = K̂
f
i ↑ K̂

f̄
j , with

K̂
f(f̄)
0 =

√
1 → p2 Î , K̂

f(f̄)
1 = p ϑ̂3 . (S-35)

Next, we will derive the master equation. In the derivation of Kraus operators, we only considered the mapping from
t = 0 to a later RG scale Û(t, 0). However, the mapping is defined in any given RG scale interval and is multiplicative

Û(t1, t2) = Û(t1, t0)Û(t0, t2) . (S-36)

This is because of the Markovian assumption of the evolution equations, which can be seen from the definition of the
evolution functions

U
P(t1, t2) = exp

(∫ t2

t1

dt ϖ
P
)

. (S-37)

The Markovian property of the evolution allows us to write down the master equation. It is usually easier to derive
the master equation when the Kraus operators are explicitly known, so here we make use of the QED case as an
example. The e”ective density matrices at t and t + dt are related, up to O(dt), as

ϱe”(t + dt) =
∑

m,n

K̂(m,n)(t + dt, t) ϱ̂e”(t) K̂
†
(m,n)(t + dt, t)

=
(
1 → ω

2ε
dt

)
ϱe”(t) +

1

2

ω

2ε
dt

[
(ϑ̂3 ↑ Î) ϱe”(t) (ϑ̂3 ↑ Î) + (Î ↑ ϑ̂3) ϱe”(t) (Î ↑ ϑ̂3)

]
+ O(dt

2) . (S-38)

Therefore, the master equation can be written as in Eq. 11.
For a given initial (e”ective) density matrix ϱ̂e”(0), the density matrix ϱ̂e”(t) can be obtained by either solving

Eq. 11 or directly applying the Kraus operators in Eq. 10. For a most general density matrix, one obtain

∑

i,j

K(i,j)





ϱ11 ϱ12 ϱ13 ϱ14

ϱ21 ϱ22 ϱ23 ϱ24

ϱ31 ϱ32 ϱ33 ϱ34

ϱ41 ϱ42 ϱ43 ϱ44



K
†
(i,j) =





ϱ11 0 0 0
0 ϱ22 0 0
0 0 ϱ33 0
0 0 0 ϱ44



 + e
→ ω

2ε t





0 ϱ12 ϱ13 0
ϱ21 0 0 ϱ24

ϱ31 0 0 ϱ34

0 ϱ42 ϱ43 0



 + e
→ω

ε t





0 0 0 ϱ14

0 0 ϱ23 0
0 ϱ32 0 0

ϱ41 0 0 0



 ,

(S-39)
where all o”-diagonal terms exhibit exponential decays. This is the direct consequence of the phase-flip channel that
acts locally on each fermion. The concurrence satisfies the inequality in Eq. 14,

C(t) ↓ C(0)e→
ω
ε t

. (S-40)

If ϱ̂e”(0) is described by the “X” state in Eq. S-6, it stays as an “X” state under evolution and the concurrence at
t is given by

C(t) = 2 max

0, e

→ω
ε t |ϱ23| → ↔

ϱ11ϱ44, e
→ω

ε t |ϱ14| → ↔
ϱ22ϱ33


, (S-41)

which also clearly satisfies the inequality Eq. 14. Furthermore, we can easily see that the inequality is saturated if
ϱ̂e”(0) is either in the opposite-helicity form of Eq. S-9 or the same-helicity form of Eq. S-10.

Satisfied for example by:

9

In terms of Pauli decomposition in Eq. S-3, ω̂ is in the “X” state i!

P
±
1 = P

±
2 = 0 , C13 = C23 = C31 = C32 = 0 . (S-8)

Furthermore, if f and f̄ always have opposite helicities (OH), the density matrix (denoted as ω̂OH) reduces to a
2-dimensional subspace formed by |+→↑ and |→+↑ (where ± denotes the sign of the helicity), and its concurrence
takes a even simpler form that can be easily deduced from Eq. S-7,

ω̂OH =





0 0 0 0
0 ω22 ω23 0
0 ω32 ω33 0
0 0 0 0



 , C(ω̂OH) = 2 |ω23| = 2 |ω32| . (S-9)

Similarly, if f and f̄ always have same helicities (SH), the density matrix and concurrence are given by

ω̂SH =





ω11 0 0 ω14

0 0 0 0
0 0 0 0

ω41 0 0 ω44



 , C(ω̂SH) = 2 |ω14| = 2 |ω41| . (S-10)

SCET ingredients

We now present the explicit SCET ingredients entering the factorization formula in Eq. (3), using QED as an
example. Throughout this section the fermion mass ε = m serves as the infrared regulator. We begin with the
one-loop expressions for the functions that appear in the factorized production matrix, and then discuss how the
renormalization group (RG) evolution determines the e!ective production matrix R̂e!.

In Eq. (3), the short-distance contribution R̂hard factorizes into the hard function H(Q, µ), which encodes virtual
corrections, multiplied by the leading-order production matrix R̂LO. In QED, the one-loop results read [95, 97]

H(Q, µ) = 1 +
ϑ

4ϖ

[
→8 log2

(
Q

µ

)
+ 12 log

(
Q

µ

)
→ 16 +

7ϖ
2

3

]
,

S(Qϱ, ς, µ) = 1 +
ϑ

4ϖ

[
→16 log ς log

(
Qϱ

µ

)
→ 8 log2

ς → 2ϖ
2

3

]
. (S-11)

The fragmenting jet functions J P
f are defined from the lightcone correlation function ”:

”ωε =
∑

X

∫
dz dt

2ϖz
e
itn̄·P/z

∏

i

φ

(
ς
2→ n · p̂Xi

n̄ · p̂Xi

)
↓0| ↼n,ω(tn̄) |f(PS) X↑ ↓f(PS) X| ↼̄n,ε(0) |0↑ (S-12)

where f(P, S) denotes the identified fermion with momentum P and spin S, and X labels unresolved collinear radiation
with directions p̂Xi .

The unpolarized, longitudinally, and transversely polarized fragmenting jet functions in Eq. (4) are given by

J U
f (Qς, m) = Tr

[
/̄n

2
”

]
, J L

f (Qς, m) = Tr

[
/̄n

2
↽5”

]
, S

i
→J T

f (Qς, m) = Tr

[
/̄n

2
↽
i
→↽5”

]
, (S-13)

with the transverse spin vector satisfying S
2
→ = →1 and S→ · P = 0. These quantities are formulated in SCET, where

four-momenta are expressed in light-cone coordinates:

p
µ = (p+, p↑, p→) = p+

n̄
µ

2
+ p↑

n
µ

2
+ p

µ
→, (S-14)

with n
µ = (1, 0, 0, 1) and n̄

µ = (1, 0, 0, →1). The gauge-invariant collinear fermion field is

↼n = W
†
n⇀n, with ⇀n =

n/n̄/

4
⇁c, (S-15)
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RG evolution and decoherence, viewed through a Bloch sphere, QED-like theory
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FIG. 3. RG evolution as a phase-flip channel. Left: Bloch-
sphere representation of decoherence in the {|+→↑ , |→+↑}
subspace, with lighter shading indicating reduced spin corre-
lations. |ω+↑ = (|+→↑ + |→+↑)/

↓
2 is a maximally-entangled

state (and so are all points on the equator). Right: The
corresponding picture of spin decoherence driven by collinear
photon emissions (green lines).

The full process in our EFT framework can be un-
derstood through a RG-evolution picture. It unfolds
in three stages: At short distances (t = 0), an entan-
gled fermion pair is created, described by an e!ective
production matrix, R̂e!. The system then evolves to a
macroscopic scale t under the influence of an evolution
operator, Û(t, 0), which accounts for the decoherence in-
duced by environmental interactions. Finally, the mea-
surement is described by the measurement operator, M̂ ,
which projects the evolved state onto the Hilbert space
of the observed final-state particles.5

Example. – To illustrate our framework, we apply it to
the spin states of a fermion pair (ff̄) produced at a high
energy collider. Here we do not make any assumption
on the hard scattering process that produces the fermion
pair, but instead work with the most general initial den-
sity matrix, ω̂e!(t = 0). The spin state of each fermion
evolves by emitting unresolved collinear radiation, which
we assume to be described by a QED-like theory with a
generic coupling ε → g

2
/(4ϑ). The hard scale Q is set

to the center-of-mass energy of the fermion pair, while
the fermion mass serves as the infrared regulator, ϖ = m

with m ↑ Q. The RG evolution of ω̂e!(t) from t = 0 to
t = log (Qϱ/m) defines a quantum channel.

The form of this channel is dictated by the underlying
QED-like interactions in the boosted regime, which con-
serve helicity but not transverse spin [104, 105] . Work-
ing in the helicity basis (see Supplemental Material), this
leads to a simple phase-flip channel, whose Kraus opera-

5 While our analysis focuses on decoherence from FSR, the for-
malism can be extended to include initial-state radiation (ISR).
Within our factorized framework, ISR modifies the initial e!ec-
tive density matrix, ω̂e!(t = 0), which subsequently evolves due
to FSR. A detailed study of ISR e!ects is left for future work.
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FIG. 4. The evolution of concurrence C(εe!) as a function
of RG scale t for varying coupling strengths ϑ in the range
[0.02, 0.10], assuming C(0) = 1 and Eq. 13 holds. Varying
ϑ illustrates the general coupling dependence of decoherence,
with stronger interactions leading to faster suppression of en-
tanglement.

tors are K̂(i,j) = K̂
f
i ↓ K̂

f̄
j , with

K̂
f(f̄)
0 =

√
1 ↔ p2 Î , K̂

f(f̄)
1 = p ς̂3 , (10)

where p →
√

(1 ↔ e
→ ω

2ε t)/2. Note that in deriving
Eq. (10) we have ignored the running of ε, in which case
the anomalous dimension φ

P in Eq. (7) is independent of
t. We emphasize that the phase-flip decoherence e!ect
discussed here is dominant in the boosted regime. For
massive fermions produced near the threshold, the bit-
flip and bit-phase-flip channels would be more important
[82], while the phase-flip channel is suppressed.

The dynamics of this channel are equivalently de-
scribed by a Lindblad master equation [106]

dω̂e!

dt
= ↔ ε

2ϑ
ω̂e! (11)

+
ε

4ϑ

[
(ς̂3 ↓ Î) ω̂e! (ς̂3 ↓ Î) + (Î ↓ ς̂3) ω̂e! (Î ↓ ς̂3)

]
,

where the Lindblad jump operators L̂1 =
√

ε/4ϑ ς̂3 ↓ Î

and L̂2 =
√

ε/4ϑ Î ↓ ς̂3 admit a clear quantum tra-
jectory interpretation: each “jump” corresponds to an
unresolved collinear photon emission from either of the
fermion legs, which induces a stochastic phase-flip. This
leads to an exponential decay of all o!-diagonal terms,

ω̂
ij
e!(t)

ω̂
ij
e!(0)

=






1 i = j (diagonal) ,

e
→ω

ε t
ij = 14, 23, 32, 41 (anti-diagonal) ,

e
→ ω

2ε t else ,

(12)

where i, j are components in the Hf ↓Hf̄ spin space. As
t ↗ ↘, only the diagonal terms survive and the system
becomes a classical mixture of di!erent helicity states.

In the OH production case, the spin space is effectively 2-dimensional spanned by

| + − ⟩ and  | − + ⟩

Density matrix can be visualized by a Bloch sphere. 
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The full process in our EFT framework can be un-
derstood through a RG-evolution picture. It unfolds
in three stages: At short distances (t = 0), an entan-
gled fermion pair is created, described by an e!ective
production matrix, R̂e!. The system then evolves to a
macroscopic scale t under the influence of an evolution
operator, Û(t, 0), which accounts for the decoherence in-
duced by environmental interactions. Finally, the mea-
surement is described by the measurement operator, M̂ ,
which projects the evolved state onto the Hilbert space
of the observed final-state particles.5

Example. – To illustrate our framework, we apply it to
the spin states of a fermion pair (ff̄) produced at a high
energy collider. Here we do not make any assumption
on the hard scattering process that produces the fermion
pair, but instead work with the most general initial den-
sity matrix, ω̂e!(t = 0). The spin state of each fermion
evolves by emitting unresolved collinear radiation, which
we assume to be described by a QED-like theory with a
generic coupling ε → g

2
/(4ϑ). The hard scale Q is set

to the center-of-mass energy of the fermion pair, while
the fermion mass serves as the infrared regulator, ϖ = m

with m ↑ Q. The RG evolution of ω̂e!(t) from t = 0 to
t = log (Qϱ/m) defines a quantum channel.

The form of this channel is dictated by the underlying
QED-like interactions in the boosted regime, which con-
serve helicity but not transverse spin [104, 105] . Work-
ing in the helicity basis (see Supplemental Material), this
leads to a simple phase-flip channel, whose Kraus opera-

5 While our analysis focuses on decoherence from FSR, the for-
malism can be extended to include initial-state radiation (ISR).
Within our factorized framework, ISR modifies the initial e!ec-
tive density matrix, ω̂e!(t = 0), which subsequently evolves due
to FSR. A detailed study of ISR e!ects is left for future work.
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tors are K̂(i,j) = K̂
f
i ↓ K̂

f̄
j , with
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f(f̄)
0 =

√
1 ↔ p2 Î , K̂

f(f̄)
1 = p ς̂3 , (10)

where p →
√

(1 ↔ e
→ ω

2ε t)/2. Note that in deriving
Eq. (10) we have ignored the running of ε, in which case
the anomalous dimension φ

P in Eq. (7) is independent of
t. We emphasize that the phase-flip decoherence e!ect
discussed here is dominant in the boosted regime. For
massive fermions produced near the threshold, the bit-
flip and bit-phase-flip channels would be more important
[82], while the phase-flip channel is suppressed.

The dynamics of this channel are equivalently de-
scribed by a Lindblad master equation [106]

dω̂e!
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ω̂e! (11)

+
ε

4ϑ

[
(ς̂3 ↓ Î) ω̂e! (ς̂3 ↓ Î) + (Î ↓ ς̂3) ω̂e! (Î ↓ ς̂3)

]
,

where the Lindblad jump operators L̂1 =
√

ε/4ϑ ς̂3 ↓ Î

and L̂2 =
√

ε/4ϑ Î ↓ ς̂3 admit a clear quantum tra-
jectory interpretation: each “jump” corresponds to an
unresolved collinear photon emission from either of the
fermion legs, which induces a stochastic phase-flip. This
leads to an exponential decay of all o!-diagonal terms,
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ω̂
ij
e!(0)

=



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where i, j are components in the Hf ↓Hf̄ spin space. As
t ↗ ↘, only the diagonal terms survive and the system
becomes a classical mixture of di!erent helicity states.
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FIG. 5. The final concurrence Cfinal as a function of angular
resolution ω, assuming C(0) = 1 (initially maximally entan-
gled) and the inequality in Eq. 15 is saturated. As an exam-
ple, the center-of-mass energy is fixed at Q = 125 GeV, the
fermion mass set to mω → 1.777 GeV. The three lines cor-
respond to di!erent coupling strengths: ε = 1/10 (orange),
ε = 1/50 (dark magenta), and ε = 1/137 (dark cyan).

For a large class of cases, it is possible to obtain a com-
pact form for the evolution of the concurrence C(ω̂e!(t))
(see Supplemental Material for definition), or simply C(t).
Assuming the ff̄ pair are produced with opposite helici-
ties, the spin space e!ectively reduces to a 2-dimensional
subspace formed by |+→↑ and |→+↑ (where ± denotes the
sign of the helicity) since the evolution conserves helic-
ity. The corresponding dephasing trajectory on the Bloch
sphere in the {|+→↑ , |→+↑} subspace always points to-
wards (and is perpendicular to) the z-axis, as illustrated
in Fig. 3. In this case, C(t) is simply proportional to the
absolute value of the o!-diagonal term in the 2↓2 density
matrix, and is given by

C(t) = C(0)e→
ω
ε t

, (13)

which is illustrated in Fig. 4. The same also applies if
the ff̄ pair are produced with the same helicity. These
two cases cover many commonly studied processes. For
example, the pair of fermions from Higgs decay h ↔ ff̄

always have the same helicity (and furthermore, they are
always in the Bell state |++↑ + |→→↑[9, 25]) , while for
e
+
e
→ ↔ Z/ε

↑ ↔ ff̄ at tree-level, the fermion pair always
have opposite helicities.

For the most general case, Eq. (13) instead becomes
an inequality

C(t) ↗ C(0)e→
ω
ε t

, (14)

which can be derived from the factorization law in
Ref. [107] (see also Refs. [108, 109]) for the concurrence of
a two-qubit system that undergoes local noisy channels.
Eq. (14) leads to the final concurrence at t = log(Qϑ/m)

to satisfy

Cfinal ↗ C(0)

(
Qϑ

m

)→ω
ε

. (15)

This expression provides a concrete, testable prediction
for entanglement suppression. The crucial feature is the
power-law suppression factor, which arises from the re-
summation of collinear logarithms and directly links the
degree of decoherence to the detector’s angular resolution
(ϑ) and the fermion mass (m). It explicitly shows that
as the ability to resolve nearby photons worsens (larger
ϑ), entanglement is more strongly suppressed, a property
illustrated in Fig. 5.

Summary and outlook. – In this Letter, we have es-
tablished the first systematic framework for calculating
spin decoherence from FSR in high-energy collisions by
unifying SCET with the formalism of open quantum sys-
tems. Our central finding is that the RG evolution of
the fermion spin state constitutes a quantum channel,
where the RG scale evolution drives a Markovian loss of
quantum coherence. We provide an explicit calculation
in QED-like theory, resulting in an analytical formula for
entanglement suppression that connects decoherence di-
rectly to experimental parameters like angular resolution.
This work establishes a systematically improvable EFT
framework for calculating decoherence from radiation.

The generality of this framework opens several impor-
tant avenues for future research. First, the Markovian na-
ture of our result is a direct consequence of the factoriza-
tion assumption, under which the evolutions of the pair
of fermions are independent of each other as well as any
additional final state particles in the process. Non-local
interactions (e.g., due to QCD confinement) could give
rise to important non-Markovian e!ects which require
separate studies. Second, our formalism is generalizable
to QCD, which will be essential for understanding entan-
glement in hadronic final states and may o!er a novel
perspective. It is also important to include subleading-
power soft e!ects and generalize the formalism to pro-
cesses such as heavy quark productions for which the
e!ects of fermion masses are important. Ultimately, this
line of work will provide the tools to transform the com-
plex environment of a particle collider into a controlled
laboratory for studying open quantum systems.
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FIG. 5. The final concurrence Cfinal as a function of angular
resolution ω, assuming C(0) = 1 (initially maximally entan-
gled) and the inequality in Eq. 15 is saturated. As an exam-
ple, the center-of-mass energy is fixed at Q = 125 GeV, the
fermion mass set to mω → 1.777 GeV. The three lines cor-
respond to di!erent coupling strengths: ε = 1/10 (orange),
ε = 1/50 (dark magenta), and ε = 1/137 (dark cyan).

For a large class of cases, it is possible to obtain a com-
pact form for the evolution of the concurrence C(ω̂e!(t))
(see Supplemental Material for definition), or simply C(t).
Assuming the ff̄ pair are produced with opposite helici-
ties, the spin space e!ectively reduces to a 2-dimensional
subspace formed by |+→↑ and |→+↑ (where ± denotes the
sign of the helicity) since the evolution conserves helic-
ity. The corresponding dephasing trajectory on the Bloch
sphere in the {|+→↑ , |→+↑} subspace always points to-
wards (and is perpendicular to) the z-axis, as illustrated
in Fig. 3. In this case, C(t) is simply proportional to the
absolute value of the o!-diagonal term in the 2↓2 density
matrix, and is given by

C(t) = C(0)e→
ω
ε t

, (13)

which is illustrated in Fig. 4. The same also applies if
the ff̄ pair are produced with the same helicity. These
two cases cover many commonly studied processes. For
example, the pair of fermions from Higgs decay h ↔ ff̄

always have the same helicity (and furthermore, they are
always in the Bell state |++↑ + |→→↑[9, 25]) , while for
e
+
e
→ ↔ Z/ε

↑ ↔ ff̄ at tree-level, the fermion pair always
have opposite helicities.

For the most general case, Eq. (13) instead becomes
an inequality

C(t) ↗ C(0)e→
ω
ε t

, (14)

which can be derived from the factorization law in
Ref. [107] (see also Refs. [108, 109]) for the concurrence of
a two-qubit system that undergoes local noisy channels.
Eq. (14) leads to the final concurrence at t = log(Qϑ/m)

to satisfy

Cfinal ↗ C(0)

(
Qϑ

m

)→ω
ε

. (15)

This expression provides a concrete, testable prediction
for entanglement suppression. The crucial feature is the
power-law suppression factor, which arises from the re-
summation of collinear logarithms and directly links the
degree of decoherence to the detector’s angular resolution
(ϑ) and the fermion mass (m). It explicitly shows that
as the ability to resolve nearby photons worsens (larger
ϑ), entanglement is more strongly suppressed, a property
illustrated in Fig. 5.

Summary and outlook. – In this Letter, we have es-
tablished the first systematic framework for calculating
spin decoherence from FSR in high-energy collisions by
unifying SCET with the formalism of open quantum sys-
tems. Our central finding is that the RG evolution of
the fermion spin state constitutes a quantum channel,
where the RG scale evolution drives a Markovian loss of
quantum coherence. We provide an explicit calculation
in QED-like theory, resulting in an analytical formula for
entanglement suppression that connects decoherence di-
rectly to experimental parameters like angular resolution.
This work establishes a systematically improvable EFT
framework for calculating decoherence from radiation.

The generality of this framework opens several impor-
tant avenues for future research. First, the Markovian na-
ture of our result is a direct consequence of the factoriza-
tion assumption, under which the evolutions of the pair
of fermions are independent of each other as well as any
additional final state particles in the process. Non-local
interactions (e.g., due to QCD confinement) could give
rise to important non-Markovian e!ects which require
separate studies. Second, our formalism is generalizable
to QCD, which will be essential for understanding entan-
glement in hadronic final states and may o!er a novel
perspective. It is also important to include subleading-
power soft e!ects and generalize the formalism to pro-
cesses such as heavy quark productions for which the
e!ects of fermion masses are important. Ultimately, this
line of work will provide the tools to transform the com-
plex environment of a particle collider into a controlled
laboratory for studying open quantum systems.
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Small decoherence in QED, as expected.  
Resolution play an essential role. 



Soft radiation decoherence.
Carney, Chaurette, Neuenfeld, Semenoff, 2017
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Reference: Carney, Chaurette, Neuenfeld, Semeno!, ’17 PRL.

”Unobserved soft photons decohere nearly all outgoing momentum superpositions of charged
particles.”

Setup

• Decoherence of hard particles.

• Energy resolution Er < E.

• Soft photons b, Hard particles ω.

Incoming state: |ω→
Outgoing state: |out→ = S|ω→ =

∑
ω,b Sωb,ε|εb→

Trace out the soft bosons (photons) b to get the reduced density operator for outgoing

hard particles:

ϑred =

∑

ω,ω→,b

Sωb,εS
→
ω→b,ε|ε→↑ε

↑
| (31)

Leading Power Soft Factorization Theorem

Sωb,ε = Sω,εFω,ε(ϖ) (32)

with the soft factor:

Fω,ε(ϖ) =
∑

n↓ε,ω

ϱnenpµnς
→
µ,±(k)

pn · k ↓ iϱn0
(33)

where:

• Sum runs over all incoming (ω) and outgoing (ε) hard particles.

• ϱn = ↓1 for incoming, +1 for outgoing.
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Soft factor

Tracing out soft radiation: 
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Real Corrections

For pµn = mnvµn:

Ãωω→,ε = →

∑

n→ε,ω

∑

n→→ε,ω→

enen→ωnωn→

8ε2
ϑ↑1
nn→ ln

(
1 + ϑnn→

1→ ϑnn→

)
(34)

where ϑnn→ =

√
1→

1
(vn·vn→ )2

(cusp velocity).

Virtual Corrections

Aω,ε = →

∑

n,m→ε,ω

enemωnωm
8ε2

ϑ↑1
nm ln

(
1 + ϑnm

1→ ϑnm

)
(35)

Resulting Density Matrix Element

The matrix element ϖωω→ scales as:

ϖωω→ = Sω,εS
↓
ω→,ε

(
E

ϱ

)Ãωω→,ε
(
ϱ

Q

)Aω,ε/2+Aω→,ε/2

(36)

where E is the soft scale, Q is the hard scale, and ϱ is the IR regulator.

As ϱ ↑ 0, the terms that survive are those where the total exponent is zero:

!Aωω→,ε =
Aω,ε

2
+

Aω→,ε

2
→ Ãωω→,ε ↓ Aω→,ω ↔ 0 (37)

Proof of Positivity

We can write Aω,ε as an integral over angular directions q̂:

Aω,ε = →
1

2(2ε)3

∫
dq̂ tµ(q̂)tµ(q̂)

†
(38)

where the current is tµ(q̂) =
∑

n
enϑnv

µ
n

vn·nq
.

Define two unit normalized, mutually orthogonal, purely spatial vectors perpendicular to

the photon direction nq: ς1(q̂) and ς2(q̂). Due to charge conservation
∑

enωn = 0, we have

t · nq = 0. Thus we can decompose:

tµ = C1(q̂)ς
µ
1(q̂) + C2(q̂)ς

µ
2(q̂) (39)

Then:

Aω,ε =
1

2(2ε)3

∫
dq̂

(
|C1(q̂)|

2
+ |C2(q̂)|

2
)
↔ 0 (40)
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real emission
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Ãωω→,ε = →

∑

n→ε,ω

∑

n→→ε,ω→

enen→ωnωn→

8ε2
ϑ↑1
nn→ ln

(
1 + ϑnn→

1→ ϑnn→

)
(34)

where ϑnn→ =

√
1→

1
(vn·vn→ )2

(cusp velocity).

Virtual Corrections

Aω,ε = →

∑

n,m→ε,ω

enemωnωm
8ε2

ϑ↑1
nm ln

(
1 + ϑnm

1→ ϑnm

)
(35)

Resulting Density Matrix Element

The matrix element ϖωω→ scales as:

ϖωω→ = Sω,εS
↓
ω→,ε

(
E

ϱ
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positive.

Decoherence effect important as IR cutoff λ ≪ E < Q

Applications to collider signal? Decohere momentum entanglement?



Future directions
General question: for potential application of 
measuring entanglement, how important is the 
decoherence effect  

Apply this to a broader range of observables: discord, 
etc. 

More complicated (more relevant cases), such as QCD 
and hadronic collisions. 

Decoherence beyond spin correlations: momentum, etc.



Future directions
More general question: How does quantum 
entanglement help us?  

Testing quantum mechanics? Probably not 

Help with discovering new physics? Some SMEFT 
studies, not obvious.  

Different from “pure kinematics”, should have something 
new to say. Need to think harder.
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Example: QED

2

Soft-Collinear E!ective Theory (SCET) [88–92] with the
tools of open quantum systems, we factorize the process
into three stages. At short distances, the fermion pair is
created, described by a production density matrix. The
system then evolves from the production scale to a lower
energy scale relevant for the measurement, with the evo-
lution governed by an evolution operator that accounts
for decoherence from environmental interactions. Finally,
the projection of the evolved state onto the Hilbert space
of the observed particles is included in the measurement
operator, which provides a direct link to experimental
spin observables.

A central result of our work is the demonstration that
the renormalization group (RG) evolution of the density
matrix constitutes a quantum channel, which governs a
Markovian flow of quantum information from the hard
interaction scale down to the measurement scale. This
provides a novel physical interpretation of RG flow as the
engine of decoherence. In addition, our approach makes
the notion of “unresolved radiation” precise by incorpo-
rating explicit detector resolution parameters, allowing
for a direct connection between experimental capabilities
and the preservation of quantum coherence.

As a concrete application, we compute the Kraus oper-
ators and quantum master equation for a pair of fermions
produced in the high energy scattering process, which
then undergoes QED-like radiation. Our all-order calcu-
lation reveals a measurable suppression of entanglement
via an RG equation driven by collinear radiation. This
decoherence is driven not by time evolution as in many
atomic, molecular, and optical (AMO) systems, but by
the renormalization group flow from the hard produc-
tion energy down to the measurement scale, which often
spans many orders of magnitude (e.g. from TeV to sub-
MeV). Although demonstrated here in QED, the frame-
work is readily generalizable to QCD, which o!ers a sys-
tematically improvable prediction for entanglement loss
in hadronic final states.
Open system and decoherence. – To quantify the loss

of entanglement, we model the produced fermion pair as
an open quantum system. The initial spin state, gener-
ated by the short-distance hard scattering, is described
by a bipartite density matrix ω̂hard(Q, µ). This matrix
includes contributions from the leading-order (LO) pro-
cess and its virtual corrections with the same spin states.
After applying a standard multiplicative renormalization
scheme to regularize both ultraviolet (UV) and infrared
(IR) divergences, ω̂hard necessarily depends on the hard
scale Q and the renormalization scale µ. In general, it
can be decomposed as

ω̂hard(Q, µ) =
1

4

(
Î→Î+P

+
i ε̂i → Î+P

→
j Î→ε̂j+Cij ε̂i→ε̂j

)
,

(1)

where Î is the 2↑2 identity matrix, ε̂i are the Pauli ma-
trices, and summation over repeated indices is implied.

The coe”cients P
±
i and Cij are functions of the kine-

matic variables. P
+
i and P

→
j denote the components of

the polarization vectors of the particle and antiparticle,
respectively. The correlation matrix Cij = Tr[ω̂ ε̂i → ε̂j ]
encodes the spin correlations between the two subsystems
along directions i and j.

Through soft and collinear emissions, the fermion pair
becomes entangled with an environment consisting of un-
observed FSR. Tracing over these environmental degrees
of freedom induces a non-unitary evolution of the fermion
spin state [82]. This physical process is described by a
quantum channel, E , which maps the initial density ma-
trix to a final, mixed state: ω̂final = E(ω̂hard). Accord-
ing to the Kraus representation theorem [93, 94], any
such trace-preserving, completely positive map can be
expressed as

E(ω̂) =
∑

ω

Kωω̂K
†
ω, (2)

where the Kraus operators {Kω} satisfy the closure re-
lation

∑
ω K

†
ωKω = Î. This formalism provides a rigor-

ous description of the information loss arising from the
system-environment interaction, allowing us to precisely
calculate the e!ects of decoherence.

EFT framework. – To compute the Kraus operators
for the decoherence channel, we use SCET to systemat-
ically factorize the dynamics of the fermion pair system
from its radiative environment. We define a fermion jet

in analogy with Sterman-Weinberg jets [95]: an event is
classified as a two-fermion final state if the total energy of
all radiation outside two cones of half-angle ϑ around the
fermion momentum axes is less than Qϖ, where ϑ specifies
the angular resolution, and ϖ controls the allowed out-
of-cone energy. This definition provides a precise physi-
cal regulator, isolating the unresolved collinear radiation
within the cones as the environment responsible for de-
coherence.2 This jet definition allows us to apply the
factorization theorems of SCET. In the limit ϖ, ϑ ↓ 1,
the production matrix R̂ (from which the spin density
matrix is obtained via normalization, ω̂ = R̂/Tr[R̂]) fac-
torizes as3

R̂ =S(Qϖ, ϑ, µ)Ĵf (Qϑ, ϱ, µ)R̂hard(Q, µ)Ĵf̄ (Qϑ, ϱ, µ). (3)

Here, ϱ is an infrared regulator for collinear singularities.
The factorization and relevant scales are shown in Fig. 2.
The soft function S accounts for large-angle soft radia-

2 Other regulators, such as jet vetoes or event shapes, share similar
factorization structures despite their di!erent precise definitions.
Hence, we expect they lead to similar results.

3 In this work, we have neglected the factorization structure for
non-global logarithms [96], since it is irrelevant to the decoher-
ence we are interested in. A complete factorization theorem can
be derived via including the multi-Wilson structures [97].
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Î→Î+P
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→
j Î→ε̂j+Cij ε̂i→ε̂j

)
,

(1)
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calculate the e!ects of decoherence.

EFT framework. – To compute the Kraus operators
for the decoherence channel, we use SCET to systemat-
ically factorize the dynamics of the fermion pair system
from its radiative environment. We define a fermion jet

in analogy with Sterman-Weinberg jets [95]: an event is
classified as a two-fermion final state if the total energy of
all radiation outside two cones of half-angle ϑ around the
fermion momentum axes is less than Qϖ, where ϑ specifies
the angular resolution, and ϖ controls the allowed out-
of-cone energy. This definition provides a precise physi-
cal regulator, isolating the unresolved collinear radiation
within the cones as the environment responsible for de-
coherence.2 This jet definition allows us to apply the
factorization theorems of SCET. In the limit ϖ, ϑ ↓ 1,
the production matrix R̂ (from which the spin density
matrix is obtained via normalization, ω̂ = R̂/Tr[R̂]) fac-
torizes as3

R̂ =S(Qϖ, ϑ, µ)Ĵf (Qϑ, ϱ, µ)R̂hard(Q, µ)Ĵf̄ (Qϑ, ϱ, µ). (3)

Here, ϱ is an infrared regulator for collinear singularities.
The factorization and relevant scales are shown in Fig. 2.
The soft function S accounts for large-angle soft radia-

2 Other regulators, such as jet vetoes or event shapes, share similar
factorization structures despite their di!erent precise definitions.
Hence, we expect they lead to similar results.

3 In this work, we have neglected the factorization structure for
non-global logarithms [96], since it is irrelevant to the decoher-
ence we are interested in. A complete factorization theorem can
be derived via including the multi-Wilson structures [97].
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In terms of Pauli decomposition in Eq. S-3, ω̂ is in the “X” state i!

P
±
1 = P

±
2 = 0 , C13 = C23 = C31 = C32 = 0 . (S-8)

Furthermore, if f and f̄ always have opposite helicities (OH), the density matrix (denoted as ω̂OH) reduces to a
2-dimensional subspace formed by |+→↑ and |→+↑ (where ± denotes the sign of the helicity), and its concurrence
takes a even simpler form that can be easily deduced from Eq. S-7,

ω̂OH =





0 0 0 0
0 ω22 ω23 0
0 ω32 ω33 0
0 0 0 0



 , C(ω̂OH) = 2 |ω23| = 2 |ω32| . (S-9)

Similarly, if f and f̄ always have same helicities (SH), the density matrix and concurrence are given by

ω̂SH =





ω11 0 0 ω14

0 0 0 0
0 0 0 0

ω41 0 0 ω44



 , C(ω̂SH) = 2 |ω14| = 2 |ω41| . (S-10)

SCET ingredients

We now present the explicit SCET ingredients entering the factorization formula in Eq. (3), using QED as an
example. Throughout this section the fermion mass ε = m serves as the infrared regulator. We begin with the
one-loop expressions for the functions that appear in the factorized production matrix, and then discuss how the
renormalization group (RG) evolution determines the e!ective production matrix R̂e!.

In Eq. (3), the short-distance contribution R̂hard factorizes into the hard function H(Q, µ), which encodes virtual
corrections, multiplied by the leading-order production matrix R̂LO. In QED, the one-loop results read [95, 97]

H(Q, µ) = 1 +
ϑ

4ϖ

[
→8 log2

(
Q

µ

)
+ 12 log

(
Q

µ

)
→ 16 +

7ϖ
2

3

]
,

S(Qϱ, ς, µ) = 1 +
ϑ

4ϖ

[
→16 log ς log

(
Qϱ

µ

)
→ 8 log2

ς → 2ϖ
2

3

]
. (S-11)

The fragmenting jet functions J P
f are defined from the lightcone correlation function ”:

”ωε =
∑

X

∫
dz dt

2ϖz
e
itn̄·P/z

∏

i

φ

(
ς
2→ n · p̂Xi

n̄ · p̂Xi

)
↓0| ↼n,ω(tn̄) |f(PS) X↑ ↓f(PS) X| ↼̄n,ε(0) |0↑ (S-12)

where f(P, S) denotes the identified fermion with momentum P and spin S, and X labels unresolved collinear radiation
with directions p̂Xi .

The unpolarized, longitudinally, and transversely polarized fragmenting jet functions in Eq. (4) are given by

J U
f (Qς, m) = Tr

[
/̄n

2
”

]
, J L

f (Qς, m) = Tr

[
/̄n

2
↽5”

]
, S

i
→J T

f (Qς, m) = Tr

[
/̄n

2
↽
i
→↽5”

]
, (S-13)

with the transverse spin vector satisfying S
2
→ = →1 and S→ · P = 0. These quantities are formulated in SCET, where

four-momenta are expressed in light-cone coordinates:

p
µ = (p+, p↑, p→) = p+

n̄
µ

2
+ p↑

n
µ

2
+ p

µ
→, (S-14)

with n
µ = (1, 0, 0, 1) and n̄

µ = (1, 0, 0, →1). The gauge-invariant collinear fermion field is

↼n = W
†
n⇀n, with ⇀n =

n/n̄/

4
⇁c, (S-15)
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where ωc is the collinear fermion field and Wn is the collinear Wilson line:

Wn(x) = exp

[
ie

∫ 0

→↑
ds n̄ · Ac(x + sn̄)

]
. (S-16)

Combining real and virtual contributions yields the one-loop polarized fragmenting jet functions,

J P
f (Qε, m) = 1 +

ϑ

4ϖ

[
4 log2

(
Qε

µ

)
→ 6 log

(
Qε

µ

)
→ ϖ

2

6
+ 7 + j

P
]

, (S-17)

with j
U = 1, j

L = →1, and j
T = 1→ 2 log(Qε/m). From these expressions, one can directly verify the RG consistency

of the production matrix R̂ in Eq. (3).
The fragmenting jet operators can be decomposed into the product of a matching operator and a fragmentation

operator, Ĵ(Qε, ϱ, µ) = Ĉ(Qε, µ)D̂(ϱ, µ), where Ĉ(Qε, µ) and D̂(ϱ, µ) are defined in the same manner as in Eq. (4),
with matching coe!cients CP and polarized fragmentation functions DP replacing the polarized fragmenting jet
functions. The fragmentation functions are defined analogously to the fragmenting jet functions but without the cone
constraint. At one loop, the first Mellin moments of the fragmentation functions are

DP
f = 1 +

ϑ

4ϖ
d
P

, with d
U = 0, d

L = →2, d
T = →2 log(µ/m). (S-18)

The one-loop matching coe!cients then follow from CP(1)
f = J P(1)

f → DP(1)
f , yielding

C U
f = C L

f = 1 +
ϑ

4ϖ

[
4 log2

(
Qε

µ

)
→ 6 log

(
Qε

µ

)
→ ϖ

2

6
+ 8

]
, (S-19)

C T
f = 1 +

ϑ

4ϖ

[
4 log2

(
Qε

µ

)
→ 8 log

(
Qε

µ

)
→ ϖ

2

6
+ 8

]
. (S-20)

We now turn to the RG evolution. For µ > Qε, the evolution is spin–independent and thus does not a”ect
decoherence in spin space. By contrast, for µ <↑ Qε the DGLAP evolution arises from collinear emission and becomes
spin–dependent. The fragmentation functions evolve according to the DGLAP equation in Mellin space:

d

d ln µ
DP

f (m, µ) = ς
P DP

f (m, µ), (S-21)

with anomalous dimensions

ς
U = ς

L = 0, ς
T = → ϑ

2ϖ
. (S-22)

This implies the evolution functions U
U = U

L = 1 and U
T = e

→!t with # = ϑ/(2ϖ). As a consequence of RG
consistency, the e”ective production matrix R̂e”(µ) evolves according to Eq. (6).

Construction of Kraus operators and master equation

The evolution of the e”ective production matrix R̂e”(t) is given by Eq. 6. More explicitly, with all the spin indices,
we have

R̂e”(t)ωω̄,εε̄ = Ûf (t, 0)ε0ω,ω0ε Ûf̄ (t, 0)ε̄0ω̄,ω̄0ε̄ R̂e”(0)ω0ω̄0,ε0ε̄0
, (S-23)

where ϑ, φ (ϑ̄, φ̄) are the spin indices for f (f̄) and a summation over repeated spin indices is implied. Note that, as
in Eq. S-2, a general production matrix can be decomposed in the spin space Hf ↓ Hf̄ as

R̂ωω̄,εε̄ =
3∑

i,j=0

ςij ↼̂
i
ωε ↼̂

j
ω̄ε̄

. (S-24)

The initial spins are labeled with an additional subscript 0 (corresponding to t = 0) and are summed over in Eq. S-23.
We will now drop the label (t, 0) in the evolution operators Ûf and Ûf̄ since the information is already contained in
the spin indices.

10

where ωc is the collinear fermion field and Wn is the collinear Wilson line:

Wn(x) = exp

[
ie

∫ 0

→↑
ds n̄ · Ac(x + sn̄)

]
. (S-16)

Combining real and virtual contributions yields the one-loop polarized fragmenting jet functions,

J P
f (Qε, m) = 1 +

ϑ

4ϖ

[
4 log2

(
Qε

µ

)
→ 6 log

(
Qε

µ

)
→ ϖ

2

6
+ 7 + j

P
]

, (S-17)

with j
U = 1, j

L = →1, and j
T = 1→ 2 log(Qε/m). From these expressions, one can directly verify the RG consistency

of the production matrix R̂ in Eq. (3).
The fragmenting jet operators can be decomposed into the product of a matching operator and a fragmentation
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In terms of Pauli decomposition in Eq. S-3, ω̂ is in the “X” state i!

P
±
1 = P

±
2 = 0 , C13 = C23 = C31 = C32 = 0 . (S-8)

Furthermore, if f and f̄ always have opposite helicities (OH), the density matrix (denoted as ω̂OH) reduces to a
2-dimensional subspace formed by |+→↑ and |→+↑ (where ± denotes the sign of the helicity), and its concurrence
takes a even simpler form that can be easily deduced from Eq. S-7,

ω̂OH =





0 0 0 0
0 ω22 ω23 0
0 ω32 ω33 0
0 0 0 0



 , C(ω̂OH) = 2 |ω23| = 2 |ω32| . (S-9)

Similarly, if f and f̄ always have same helicities (SH), the density matrix and concurrence are given by

ω̂SH =





ω11 0 0 ω14

0 0 0 0
0 0 0 0

ω41 0 0 ω44



 , C(ω̂SH) = 2 |ω14| = 2 |ω41| . (S-10)

SCET ingredients

We now present the explicit SCET ingredients entering the factorization formula in Eq. (3), using QED as an
example. Throughout this section the fermion mass ε = m serves as the infrared regulator. We begin with the
one-loop expressions for the functions that appear in the factorized production matrix, and then discuss how the
renormalization group (RG) evolution determines the e!ective production matrix R̂e!.

In Eq. (3), the short-distance contribution R̂hard factorizes into the hard function H(Q, µ), which encodes virtual
corrections, multiplied by the leading-order production matrix R̂LO. In QED, the one-loop results read [95, 97]

H(Q, µ) = 1 +
ϑ

4ϖ

[
→8 log2

(
Q

µ

)
+ 12 log

(
Q

µ

)
→ 16 +

7ϖ
2

3

]
,

S(Qϱ, ς, µ) = 1 +
ϑ

4ϖ

[
→16 log ς log

(
Qϱ

µ

)
→ 8 log2

ς → 2ϖ
2

3

]
. (S-11)

The fragmenting jet functions J P
f are defined from the lightcone correlation function ”:

”ωε =
∑

X

∫
dz dt

2ϖz
e
itn̄·P/z

∏

i

φ

(
ς
2→ n · p̂Xi

n̄ · p̂Xi

)
↓0| ↼n,ω(tn̄) |f(PS) X↑ ↓f(PS) X| ↼̄n,ε(0) |0↑ (S-12)

where f(P, S) denotes the identified fermion with momentum P and spin S, and X labels unresolved collinear radiation
with directions p̂Xi .

The unpolarized, longitudinally, and transversely polarized fragmenting jet functions in Eq. (4) are given by

J U
f (Qς, m) = Tr

[
/̄n

2
”

]
, J L

f (Qς, m) = Tr

[
/̄n

2
↽5”

]
, S

i
→J T

f (Qς, m) = Tr

[
/̄n

2
↽
i
→↽5”

]
, (S-13)

with the transverse spin vector satisfying S
2
→ = →1 and S→ · P = 0. These quantities are formulated in SCET, where

four-momenta are expressed in light-cone coordinates:

p
µ = (p+, p↑, p→) = p+

n̄
µ

2
+ p↑

n
µ

2
+ p

µ
→, (S-14)

with n
µ = (1, 0, 0, 1) and n̄

µ = (1, 0, 0, →1). The gauge-invariant collinear fermion field is

↼n = W
†
n⇀n, with ⇀n =

n/n̄/

4
⇁c, (S-15)
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4
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where ωc is the collinear fermion field and Wn is the collinear Wilson line:

Wn(x) = exp

[
ie

∫ 0

→↑
ds n̄ · Ac(x + sn̄)

]
. (S-16)

Combining real and virtual contributions yields the one-loop polarized fragmenting jet functions,

J P
f (Qε, m) = 1 +

ϑ

4ϖ

[
4 log2

(
Qε

µ

)
→ 6 log

(
Qε

µ

)
→ ϖ

2

6
+ 7 + j

P
]

, (S-17)

with j
U = 1, j

L = →1, and j
T = 1→ 2 log(Qε/m). From these expressions, one can directly verify the RG consistency

of the production matrix R̂ in Eq. (3).
The fragmenting jet operators can be decomposed into the product of a matching operator and a fragmentation

operator, Ĵ(Qε, ϱ, µ) = Ĉ(Qε, µ)D̂(ϱ, µ), where Ĉ(Qε, µ) and D̂(ϱ, µ) are defined in the same manner as in Eq. (4),
with matching coe!cients CP and polarized fragmentation functions DP replacing the polarized fragmenting jet
functions. The fragmentation functions are defined analogously to the fragmenting jet functions but without the cone
constraint. At one loop, the first Mellin moments of the fragmentation functions are
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We now turn to the RG evolution. For µ > Qε, the evolution is spin–independent and thus does not a”ect
decoherence in spin space. By contrast, for µ <↑ Qε the DGLAP evolution arises from collinear emission and becomes
spin–dependent. The fragmentation functions evolve according to the DGLAP equation in Mellin space:
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with anomalous dimensions
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This implies the evolution functions U
U = U

L = 1 and U
T = e

→!t with # = ϑ/(2ϖ). As a consequence of RG
consistency, the e”ective production matrix R̂e”(µ) evolves according to Eq. (6).

Construction of Kraus operators and master equation

The evolution of the e”ective production matrix R̂e”(t) is given by Eq. 6. More explicitly, with all the spin indices,
we have

R̂e”(t)ωω̄,εε̄ = Ûf (t, 0)ε0ω,ω0ε Ûf̄ (t, 0)ε̄0ω̄,ω̄0ε̄ R̂e”(0)ω0ω̄0,ε0ε̄0
, (S-23)

where ϑ, φ (ϑ̄, φ̄) are the spin indices for f (f̄) and a summation over repeated spin indices is implied. Note that, as
in Eq. S-2, a general production matrix can be decomposed in the spin space Hf ↓ Hf̄ as

R̂ωω̄,εε̄ =
3∑

i,j=0

ςij ↼̂
i
ωε ↼̂

j
ω̄ε̄

. (S-24)

The initial spins are labeled with an additional subscript 0 (corresponding to t = 0) and are summed over in Eq. S-23.
We will now drop the label (t, 0) in the evolution operators Ûf and Ûf̄ since the information is already contained in
the spin indices.
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We now turn to the RG evolution. For µ > Qε, the evolution is spin–independent and thus does not a”ect
decoherence in spin space. By contrast, for µ <↑ Qε the DGLAP evolution arises from collinear emission and becomes
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The initial spins are labeled with an additional subscript 0 (corresponding to t = 0) and are summed over in Eq. S-23.
We will now drop the label (t, 0) in the evolution operators Ûf and Ûf̄ since the information is already contained in
the spin indices.

10

where ωc is the collinear fermion field and Wn is the collinear Wilson line:

Wn(x) = exp

[
ie

∫ 0

→↑
ds n̄ · Ac(x + sn̄)

]
. (S-16)

Combining real and virtual contributions yields the one-loop polarized fragmenting jet functions,

J P
f (Qε, m) = 1 +

ϑ

4ϖ

[
4 log2

(
Qε

µ

)
→ 6 log

(
Qε

µ

)
→ ϖ

2

6
+ 7 + j

P
]

, (S-17)

with j
U = 1, j

L = →1, and j
T = 1→ 2 log(Qε/m). From these expressions, one can directly verify the RG consistency

of the production matrix R̂ in Eq. (3).
The fragmenting jet operators can be decomposed into the product of a matching operator and a fragmentation
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We now turn to the RG evolution. For µ > Qε, the evolution is spin–independent and thus does not a”ect
decoherence in spin space. By contrast, for µ <↑ Qε the DGLAP evolution arises from collinear emission and becomes
spin–dependent. The fragmentation functions evolve according to the DGLAP equation in Mellin space:
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The initial spins are labeled with an additional subscript 0 (corresponding to t = 0) and are summed over in Eq. S-23.
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We now turn to the RG evolution. For µ > Qε, the evolution is spin–independent and thus does not a”ect
decoherence in spin space. By contrast, for µ <↑ Qε the DGLAP evolution arises from collinear emission and becomes
spin–dependent. The fragmentation functions evolve according to the DGLAP equation in Mellin space:
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This implies the evolution functions U
U = U
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→!t with # = ϑ/(2ϖ). As a consequence of RG
consistency, the e”ective production matrix R̂e”(µ) evolves according to Eq. (6).
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The initial spins are labeled with an additional subscript 0 (corresponding to t = 0) and are summed over in Eq. S-23.
We will now drop the label (t, 0) in the evolution operators Ûf and Ûf̄ since the information is already contained in
the spin indices.

10

where ωc is the collinear fermion field and Wn is the collinear Wilson line:

Wn(x) = exp

[
ie

∫ 0

→↑
ds n̄ · Ac(x + sn̄)

]
. (S-16)

Combining real and virtual contributions yields the one-loop polarized fragmenting jet functions,

J P
f (Qε, m) = 1 +

ϑ

4ϖ

[
4 log2

(
Qε

µ

)
→ 6 log

(
Qε

µ

)
→ ϖ

2

6
+ 7 + j

P
]

, (S-17)

with j
U = 1, j

L = →1, and j
T = 1→ 2 log(Qε/m). From these expressions, one can directly verify the RG consistency

of the production matrix R̂ in Eq. (3).
The fragmenting jet operators can be decomposed into the product of a matching operator and a fragmentation
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We now turn to the RG evolution. For µ > Qε, the evolution is spin–independent and thus does not a”ect
decoherence in spin space. By contrast, for µ <↑ Qε the DGLAP evolution arises from collinear emission and becomes
spin–dependent. The fragmentation functions evolve according to the DGLAP equation in Mellin space:
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This implies the evolution functions U
U = U

L = 1 and U
T = e

→!t with # = ϑ/(2ϖ). As a consequence of RG
consistency, the e”ective production matrix R̂e”(µ) evolves according to Eq. (6).

Construction of Kraus operators and master equation
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The initial spins are labeled with an additional subscript 0 (corresponding to t = 0) and are summed over in Eq. S-23.
We will now drop the label (t, 0) in the evolution operators Ûf and Ûf̄ since the information is already contained in
the spin indices.
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We now turn to the RG evolution. For µ > Qε, the evolution is spin–independent and thus does not a”ect
decoherence in spin space. By contrast, for µ <↑ Qε the DGLAP evolution arises from collinear emission and becomes
spin–dependent. The fragmentation functions evolve according to the DGLAP equation in Mellin space:
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This implies the evolution functions U
U = U

L = 1 and U
T = e

→!t with # = ϑ/(2ϖ). As a consequence of RG
consistency, the e”ective production matrix R̂e”(µ) evolves according to Eq. (6).
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The initial spins are labeled with an additional subscript 0 (corresponding to t = 0) and are summed over in Eq. S-23.
We will now drop the label (t, 0) in the evolution operators Ûf and Ûf̄ since the information is already contained in
the spin indices.
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⇢̂hard(Q, µ)

FIG. 2. Schematic representation of factorization, the scale
separation, and the RG flow in our calculation. Note that we
choose Qω > Qε for illustrative purposes only.

tion. At the leading power in ω, soft emissions are spin-
independent and thus do not induce decoherence [98–
100]. The fragmenting jet operators, Ĵf(f̄), project the
hard scattering state onto the Hilbert space of the ob-
served particles, which is defined via the light-cone corre-
lator of fermion fields ! →

∑
X↑0|ε|fX↓↑fX|ε̄|0↓. This

e”ectively traces over unobserved collinear radiation, and
induces decoherence for the entangled spin system. Ex-
plicitly, Ĵ can be decomposed in a basis of spin operators
[101, 102]

Ĵ =
1

2

[
J U

Î↔Î+J L
ϑ̂z↔ϑ̂z+J T (ϑ̂x↔ϑ̂x+ϑ̂y↔ϑ̂y)

]
, (4)

where the coe#cients, J P
, P = U, L, T , are the unpolar-

ized, longitudinally, and transversely polarized fragment-
ing jet functions, respectively. The detailed derivations
are provided in the Supplemental Material.

In the limit Qϖ ↗ ϱ, we perform a further factor-
ization via an operator product expansion to isolate
the physics at di”erent scales. The fragmenting jet
operators can be decomposed into the product of the
matching operator and the fragmentation operator as
Ĵ(Qϖ, ϱ, µ) = Ĉ(Qϖ, µ)D̂(ϱ, µ). This allows us to define
a scale-dependent e”ective production matrix,

R̂e!(µ) ↘S(Qω, ϖ, µ)Ĉf (Qϖ, µ)R̂hard(Q, µ)Ĉf̄ (Qϖ, µ), (5)

which absorbs all components from the hard scale to the
factorization scale. Substituting it into Eq. 3, the full
production matrix is R̂ = D̂f (ϱ, µ) R̂e!(µ) D̂f̄ (ϱ, µ).

A key insight of the EFT framework is that its RG
consistency governs the evolution of the spin system.
Specifically, the requirement that the full production ma-
trix be independent of the arbitrary factorization scale
(dR̂/dµ = 0) imposes a powerful constraint on the evo-

lution equation of R̂e!(µ). Introducing the RG flow pa-
rameter, t ↘ log(Qϖ/µ), the RG solution of the e”ective
production matrix reads

R̂e!(t) = Ûf (t, 0) R̂e!(0) Ûf̄ (t, 0) , (6)

where the evolution operators Ûf (t, 0) and Ûf̄ (t, 0) are
decomposed as the same as Eq. (4) (see Supplemental
Material). The decomposition coe#cients are the polar-
ized evolution functions,

U
P(t, 0) = exp

(∫ t

0
dt ς

P
)

, (7)

where ς
P ↘ ω

εP
P
ff is the anomalous dimension defined

via the first Mellin moment of the Altarelli-Parisi split-
ting function. Here, we consider only a single type of
branching with small-angle emission and ignore the sub-
leading e”ects from the o”-diagonal contribution in the
flavor space. Eq. (6) shows the evolution of the e”ec-
tive production matrix as a function of t (starting from
t = 0), during which decoherence occurs. From the evolu-
tion operators Ûf (t, 0) and Ûf̄ (t, 0), we can construct the
explicit Kraus operators, {Kω}, for the corresponding
quantum channel. This formalism transforms the cal-
culation of decoherence into the one of RG evolution,
where the anomalous dimensions directly determine the
strength and nature of the information loss. Further-
more, the dynamical map is multiplicative, allowing us
to write a di”erential equation characterizing the open
system dynamics, namely the quantum master equation
[94, 103].

The final stage of the process is the projection of
the evolved spin state onto a definite experimental out-
come. The spin-dependent di”erential cross section is
given by the trace of the full production matrix against
the measurement projectors for the final-state fermions,
P̂f(f̄) = (Î + Sf(f̄) · ω̂)/2 [60, 102],

dϑ(Sf ,Sf̄ ) → Tr
[
P̂f ↔ P̂f̄ R̂

]
. (8)

By defining spin-dependent measurement operators
M̂f(f̄)(Sf(f̄)) ↘ D̂f(f̄)P̂f(f̄), the cross section takes the
form

dϑ(Sf ,Sf̄ ) → Tr
[
M̂f (Sf , t) R̂e!(t) M̂f̄ (Sf̄ , t)

]
, (9)

where we used the fact that the production matrix is fac-
torized. In Eq. (9), physics at di”erent scales is cleanly
separated: all the e”ects of decoherence from collinear ra-
diation are encapsulated in the evolution of the e”ective
production matrix, R̂e!, while the IR physics of the final-
state projection is contained entirely within the measure-
ment operators, M̂ .4

4 In practice, fermion spins are usually reconstructed from their
decay products. This is formally included in M̂ . Such recon-
structions rely on theoretical assumptions, which we do not ad-
dress here.
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FIG. 2. Schematic representation of factorization, the scale
separation, and the RG flow in our calculation. Note that we
choose Qω > Qε for illustrative purposes only.

tion. At the leading power in ω, soft emissions are spin-
independent and thus do not induce decoherence [98–
100]. The fragmenting jet operators, Ĵf(f̄), project the
hard scattering state onto the Hilbert space of the ob-
served particles, which is defined via the light-cone corre-
lator of fermion fields ! →

∑
X↑0|ε|fX↓↑fX|ε̄|0↓. This

e”ectively traces over unobserved collinear radiation, and
induces decoherence for the entangled spin system. Ex-
plicitly, Ĵ can be decomposed in a basis of spin operators
[101, 102]

Ĵ =
1

2

[
J U

Î↔Î+J L
ϑ̂z↔ϑ̂z+J T (ϑ̂x↔ϑ̂x+ϑ̂y↔ϑ̂y)

]
, (4)

where the coe#cients, J P
, P = U, L, T , are the unpolar-

ized, longitudinally, and transversely polarized fragment-
ing jet functions, respectively. The detailed derivations
are provided in the Supplemental Material.

In the limit Qϖ ↗ ϱ, we perform a further factor-
ization via an operator product expansion to isolate
the physics at di”erent scales. The fragmenting jet
operators can be decomposed into the product of the
matching operator and the fragmentation operator as
Ĵ(Qϖ, ϱ, µ) = Ĉ(Qϖ, µ)D̂(ϱ, µ). This allows us to define
a scale-dependent e”ective production matrix,

R̂e!(µ) ↘S(Qω, ϖ, µ)Ĉf (Qϖ, µ)R̂hard(Q, µ)Ĉf̄ (Qϖ, µ), (5)

which absorbs all components from the hard scale to the
factorization scale. Substituting it into Eq. 3, the full
production matrix is R̂ = D̂f (ϱ, µ) R̂e!(µ) D̂f̄ (ϱ, µ).

A key insight of the EFT framework is that its RG
consistency governs the evolution of the spin system.
Specifically, the requirement that the full production ma-
trix be independent of the arbitrary factorization scale
(dR̂/dµ = 0) imposes a powerful constraint on the evo-

lution equation of R̂e!(µ). Introducing the RG flow pa-
rameter, t ↘ log(Qϖ/µ), the RG solution of the e”ective
production matrix reads

R̂e!(t) = Ûf (t, 0) R̂e!(0) Ûf̄ (t, 0) , (6)

where the evolution operators Ûf (t, 0) and Ûf̄ (t, 0) are
decomposed as the same as Eq. (4) (see Supplemental
Material). The decomposition coe#cients are the polar-
ized evolution functions,

U
P(t, 0) = exp

(∫ t

0
dt ς

P
)

, (7)

where ς
P ↘ ω

εP
P
ff is the anomalous dimension defined

via the first Mellin moment of the Altarelli-Parisi split-
ting function. Here, we consider only a single type of
branching with small-angle emission and ignore the sub-
leading e”ects from the o”-diagonal contribution in the
flavor space. Eq. (6) shows the evolution of the e”ec-
tive production matrix as a function of t (starting from
t = 0), during which decoherence occurs. From the evolu-
tion operators Ûf (t, 0) and Ûf̄ (t, 0), we can construct the
explicit Kraus operators, {Kω}, for the corresponding
quantum channel. This formalism transforms the cal-
culation of decoherence into the one of RG evolution,
where the anomalous dimensions directly determine the
strength and nature of the information loss. Further-
more, the dynamical map is multiplicative, allowing us
to write a di”erential equation characterizing the open
system dynamics, namely the quantum master equation
[94, 103].

The final stage of the process is the projection of
the evolved spin state onto a definite experimental out-
come. The spin-dependent di”erential cross section is
given by the trace of the full production matrix against
the measurement projectors for the final-state fermions,
P̂f(f̄) = (Î + Sf(f̄) · ω̂)/2 [60, 102],

dϑ(Sf ,Sf̄ ) → Tr
[
P̂f ↔ P̂f̄ R̂

]
. (8)

By defining spin-dependent measurement operators
M̂f(f̄)(Sf(f̄)) ↘ D̂f(f̄)P̂f(f̄), the cross section takes the
form

dϑ(Sf ,Sf̄ ) → Tr
[
M̂f (Sf , t) R̂e!(t) M̂f̄ (Sf̄ , t)

]
, (9)

where we used the fact that the production matrix is fac-
torized. In Eq. (9), physics at di”erent scales is cleanly
separated: all the e”ects of decoherence from collinear ra-
diation are encapsulated in the evolution of the e”ective
production matrix, R̂e!, while the IR physics of the final-
state projection is contained entirely within the measure-
ment operators, M̂ .4

4 In practice, fermion spins are usually reconstructed from their
decay products. This is formally included in M̂ . Such recon-
structions rely on theoretical assumptions, which we do not ad-
dress here.
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�P ⌘ ↵

⇡
PP
ff

1st Mellin moment of splitting function
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⇢̂e↵(t) = Ûf (t, 0)⇢̂e↵(0)Ûf̄ (t, 0)


