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Motivation: the 0, — O- interference contribution




Motivation

In the inclusive B — X,y decay, the CP-averaged photon-energy spectrum is given by
[1003.5012: Benzke, Lee, Neubert, Paz]
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| nib Z Re|C; (1)Cji ()| Fij (Evys i) + .. Resolved contributions (subleading power corrections)
1<g -
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Motivation

In the inclusive B — X,y decay, the CP-averaged photon-energy spectrum is given by
[1003.5012: Benzke, Lee, Neubert, Paz]
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Current uncertainties of the O, — - interference:

e Estimated contribution ~ [2.6 % , 8.9%] (largest uncertainty)

» Large scale ambiguity ~ 40 % (not included in the above estimates)
[2512.08902: Benzke, Hurth]
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In the inclusive B — X,y decay, the CP-averaged photon-energy spectrum is given by
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Current uncertainties of the O, — - interference:

e Estimated contribution ~ [2.6 % , 8.9%] (largest uncertainty)

» Large scale ambiguity ~ 40 % (not included in the above estimates)
[2512.08902: Benzke, Hurth]

ﬂ NLO analysis and Renormalisation Group Evolution (RGE) will reduce this ambiguity
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Factorisation in Soft Collinear Effective Theory




Factorisation

Factorisation —==— Scale separation —=—=— Perturbative and non-perturbative separation

short-distance physics

QCD mQ perturbative

___________ I p = few X Aqcp

long-distance physics
nonperturbative

Aqcp
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Factorisation at LO

From the LO diagrams of the ©; — O interference: [1003.5012: Benzke, Lee, Neubert, Paz]

we write:

dl'(B — X47v) o< DiSC restr. {i/dllaz <B|7—[Zﬁ(az‘) Heﬂ‘(O)‘B>}

Factorisation theorem:

dl'(B = X)) ~H - JRg7®J

LoopFest, BNL, 27/5/2026 Riccardo Bartocci



Factorisation at LO

[1003.5012: Benzke, Lee, Neubert, Paz]

Factorisation formula at LO:

dl'(B = X))~ H-J® g7 ®.J

dl' ~ R /A dwd (w + )/+Ood ( ) : _1 F me — e F(x) 4$arctan2< : >
~ Re wo (w W W, W1; — —
. P+ . 1917\W, W1, U oy +ie | | iz — 1
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Factorisation at LO

[1003.5012: Benzke, Lee, Neubert, Paz]

Factorisation formula at LO:

dl'(B = X))~ H-J® g7 ®.J

dl' ~ R /A dwd(w + )/+Ood ( ) : _1 F me —ic) F(x) 4$arctan2< : )
~ Re wo (w W W, W1; — —
. P+ . 1917\W, W1, U oy +ie | | iz — 1

Hard function (,u2 ~ mg) at LO ~ 1 (perturbative)
Jet function (,u2 ~ mbAQCD) (perturbative)

Subleading shape function (/42 ~ AZQCD) (non-perturbative)

~ Wb~

“Penguin’-jet function (u* ~ m,\ocp) (perturbative)
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QCD radiative corrections (NLO)

In SCET we can compute the different contributions to the
factorisation theorem individually.

Factorisation formula at NLO:

1

00 ~ A
I0(B - X,7) ~ / du H (us 1) / deon T (w01 1) / Ao T (w; 1) gy (w0, ons 1)
0 >"";\ — o0 . 7z — 00

Additional convolution between hard and penguin jet function
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In SCET we can compute the different contributions to the
factorisation theorem individually.

Factorisation formula at NLO:

0. @)

1 B A
I0(B - X,7) ~ / du H (us 1) / deon T (w01 1) / Ao T (w; 1) gy (w0, ons 1)
0 S e

— 00

Additional convolution between hard and penguin jet function

QCD radiative corrections (NLO)

| HARD FUNCTION >< }> < > <{ |
| [2008.10615: Beneke et al] >< >§< %

| JET FUNCTION |
[0603140: Becher, Neubert] M ﬁ = *fﬁ% 2 M % i

| PENGUIN JET
. FUNCTION THIS TALK
l'i [to appear: RB, Boer, Brune, Hurth]

| SHAPE FUNCTION g TH1S TALK
| [2411.16634: RB, Boer, Hurth)

Riccardo Bartocci
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Renormalisation of the shape function g,




The subleading shape function

The subleading shape function is given by the forward matrix element between two B-meson states

1 dr . dt . _ _
— W1 T —wt Bv O f Bv
2M g 2T 27 c (Bu|Or7(t,7)| Bu)

917(w7 W1, :u) —

where the operator is defined as

Or7(t,7) = (hySn)_(tn) #(S}S7), (0) ivang (S§ gsGPSr)., (ri) (Sthy) ., (0)

T
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The subleading shape function
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The subleading shape function
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The subleading shape function

The subleading shape function is given by the forward matrix element between two B-meson states

1 dr — W1 T at —iwl | 13 D
g17(w,wi; 1) = oM 5 /%6/1 %6 <<Bv|017(t77“)|3v>

_ _ Related to n Related to n
where the operator is defined as

Or7(t,7) = (hySn)_(tn) #(S}S7), (0) ivang (S§ gsGPSr)., (ri) (Sthy) ., (0)

T

1, 1, a lo, v, b 1, 1, a

@}/;@?’ N
k! = X——= [ L’ S

One gluon from G%

e Two gluons from Gsaﬁ e Two gluons from Gsaﬁ and one from 5, ;
« One gluon from G* and one from S « One gluon from G* and two from S
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The subleading shape function
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Renormalisation of the subleading shape function

We compute QCD corrections, employing the previous Feynman rules, calculating the following diagrams:

~5 —& <4

[2411.16634: RB, Boer, Hurth]

e SR -

(d) (e) (f)
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Renormalisation of the subleading shape function

We compute QCD corrections, employing the previous Feynman rules, calculating the following diagrams:

e ii? <~

. . 2411.16634: RB, Boer, Hurth
Possible mixing of @ and w, [ ]

£ @, o
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Renormalisation of the subleading shape function

We compute QCD corrections, employing the previous Feynman rules, calculating the following diagrams:

e ii <~

. . 2411.16634: RB, Boer, Hurth
Possible mixing of @ and w, [ ]

A G« I

. . g CA
For the anomalous dimension we get:  mi7(w,wi, o' wisp) = — {CF O(wi = wi)m(w,w's p) + == 6w = ) ymlwr, wi; u)}

LoopFest, BNL, 27/5/2026 Riccardo Bartocci



Renormalisation of the subleading shape function

We compute QCD corrections, employing the previous Feynman rules, calculating the following diagrams:

e ii <~

. . 2411.16634: RB, Boer, Hurth
Possible mixing of @ and w, [ ]

A G« I

S / / C / /
For the anomalous dimension we get:  7i7(w, w1, W', wysp) = %{CF 0(w1 — wy)yn(w,w’s p) + 7’4 0(w — w')ya(wi,wy; u)}
/ :LLQ 2w / /
Vi (w1, wis p) = lnw—l O(w1 —wy) —Re H(wy,wy) + )2 0(w1)0(w) —wi) —0(—w1)0(w1 —wy)] DEFINITION
| ) | 00 _ / o) _ {  Plus-distribution:
Yn(w,w's ) = <1n % - 1) O(w —w') —20(w) [w/(((i/ _(:))] +w —20(-w) [ E:i — L:U)] -

Modified distributions:

| [ oo £ = [/ (@) - 86 f0) |
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Renormalisation of the subleading shape function

We compute QCD corrections, employing the previous Feynman rules, calculating the following diagrams:

e ii <~

. . 2411.16634: RB, Boer, Hurth
Possible mixing of @ and w, [ ]

A G« I

O C4

For the anomalous dimension we get:  77(w,wi,w’,wis p) = 7{CF O(wi = wi)m(w,w's p) + == 6w = ) ymlwr, wi; u)}

RGE solution:

A / 00

dw dw' 17

917(w7w1;lu) :/ / UT(L17)((U,(U/;,M,/L0)/ == U( )(wlawll;:ua MO) 917(("/7("}/1;:“0)
w W W o’e | 1‘

“Factorisation” of two light-cones
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The exclusive counterpart

In exclusive decays, such as B, , — yy, analogous soft functions appear

+00 +00 =
2FB (1) mB/ dwy / dws exp [—i(wiT1 + waT2)] Pa (Wi, wa, ) = (0/(GsSn)(11n) (S} S7)(0) (S§ gs G Sa)(12n) 7 fiy' s (Shhy)(0)| By)

— OO — OO

[2312.15439: Huang et al.]

LoopFest, BNL, 27/5/2026 Riccardo Bartocci



The exclusive counterpart

In exclusive decays, such as B, , — yy, analogous soft functions appear

+00 +00 =
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[2312.15439: Huang et al.]

With few modifications to the previous computation, we get the anomalous dimension

_ < ()
Ce(w, wi, ', w)s 1) = D% (w,w’) + Th(wi, w)) + =~ 2 AH (w, ' )AH (wi, )

™ 4 T

“mixing”: spoil of factorisation theorem?
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In exclusive decays, such as B, , — yy, analogous soft functions appear

+00 +00 =
2FB (1) mB/ dwy / dws exp [—i(wiT1 + waT2)] Pa (Wi, wa, ) = (0/(GsSn)(11n) (S} S7)(0) (S§ gs G Sa)(12n) 7 fiy' s (Shhy)(0)| By)

— OO — OO

[2312.15439: Huang et al.]

With few modifications to the previous computation, we get the anomalous dimension

_ < ()
Ce(w, wi, ', w)s 1) = D% (w,w’) + Th(wi, w)) + =~ 2 AH (w, ' )AH (wi, )

™ 4 T

“mixing”: spoil of factorisation theorem?

However, it must be interpreted as a distribution on the space of jet functions!

+00 d +00 d
/ - / - AH(w,w)AH (wi,w;) =0

oo w—10 J_ o wy + 10

Due to the location of the poles, this “mixing” term vanishes saving factorisation and making the evolution factorised again.

[2411.16634: RB, Boer, Hurth]

LoopFest, BNL, 27/5/2026 Riccardo Bartocci


https://arxiv.org/pdf/2411.16634

Zox

Two-loop “penguin’-jet function and pole cancellation




The “penguin”-jet function at NLO

The “penguin’-jet function is extracted from the anti-hard collinear region of b — syg. __
[to appear: RB, Boer, Hurth]

LO
Y g 7 8
R A
b s b )

LO contains charm-loop, therefore
NLO is a two-loop amplitude
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The “penguin”-jet function at NLO

The “penguin’-jet function is extracted from the anti-hard collinear region of b — syg. __
[to appear: RB, Boer, Hurth]

LO NLO
RS R ™ RN RN RN
Y 8 Y 8
" T oL bl X
c c c c (A) (B) (C) (G.1) (G.2) (H)
R RN ™ m ™
SN 2R Yy
(D) (E) (F) (L.1) (L2)

LO contains charm-loop, therefore
NLO is a two-loop amplitude
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The “penguin”-jet function at NLO

The “penguin’-jet function is extracted from the anti-hard collinear region of b — syg. __
[to appear: RB, Boer, Hurth]

LO NLO
N " N
Y 8 Y 8
R .
c c c c (A) (B) (C)
" g .
P
(D) (E) (F)

LO contains charm-loop, therefore  Diagrams A-F: contain only one region
NLO is a two-loop amplitude
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The “penguin”-jet function at NLO

The “penguin’-jet function is extracted from the anti-hard collinear region of b — syg. __
[to appear: RB, Boer, Hurth]

LO

™y R ™y R R

Y
Y 8 Y 8
R . Q }2\
c c c c (A) (B) (C) (G.1) (G.2) (H)
Q Q NP . .
NN 1R R 2 G 2
(F) | (1.2)

%
“ﬁi

(D) (1.1)
LO contains charm-loop, therefore  Diagrams A-F: contain only one region
NLO is a two-loop amplitude e Diagrams G-I: expansion of external leg propagator (linear propagators)
g Y
Additional complication:
1 N _ . ZEWUZMQ —2Eu =k, — 2E,

(B - X~ | duH (s [ i [ do i) g

“ ’ b S
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Computation of the “penguin”-jet function at NLO

Initial amplitude
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Computation of the “penguin”-jet function at NLO

Initial amplitude

Anti-hard-collinear amplitude

1=

~4e S k_k *
QQSQUCFM4 / / D hc)LV 27 ; fﬁ(kv) 2

< o (ky) 1 1 ‘
{ 9
5L (k:+k:) 0 Mk ky + D202 1+ N -
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Computation of the “penguin”-jet function at NLO

Initial amplitude

u-dependent delta function

k. 2F., 1 1
olu——| = —
2F., 2mi \ky —2E,u—i0 ky —2E u+1i0
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Computation of the “penguin”-jet function at NLO

Initial amplitude

IBP reduction

1 1 1 1 1
D{2 s 2 B 2 g 2 B 2 B
" +i0 (I+k,)"+i0 (k+ky)"+i0 (I—ky)"+i0 (k—1)"+10
1 1 1
: : —, 0l k. —2E u(u :
(k—k)?+i0 k> +i0 n-1+i0 (k. = 2By ))}
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Computation of the “penguin”-jet function at NLO

Initial amplitude

DE in canonical form
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Computation of the “penguin”-jet function at NLO

Initial amplitude

Set initial condition

J'du 5(k, — 2E ) g\é _ 5;5
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Pole cancellation

Hard function

IR
All the poles cancell \
e Non-trivial crosscheck of the
uv

calculations.
e Reliability of factorisation — \/AQCDmb Jet functlon Penguin jet function

framework. \ /

Shape function

B AQCD
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Summary and outlook

Why NLO?
The O, — O interference has the largest
uncertainty.
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Summary and outlook

Why NLO? Factorisation theorem
The O, — O, interference has the largest In SCET, the decay rate factorises into four
uncertainty. functions.
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Summary and outlook

Why NLO?
The O, — O interference has the largest
uncertainty.

RGE of g, and beyond

The RGE of the g5 has been fully computed
offering key insights into these di-light-cone

soft functions.

LoopFest, BNL, 27/5/2026

Factorisation theorem

In SCET, the decay rate factorises into four
functions.
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Summary and outlook

Why NLO? Factorisation theorem
The O, — O, interference has the largest In SCET, the decay rate factorises into four

uncertainty. functions.

RGE of ¢,;, and beyond Two-loop “penguin”-jet function

LR NG R G ERI EEN SRR T (WA ool *COomputed in the massless case proving

offering key insights into these di-light-cone [GGEASEUESIEE]) |
soft functions. *Future work: Full pheno analysis
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Summary and outlook

Why NLO? Factorisation theorem
The O, — O, interference has the largest In SCET, the decay rate factorises into four

uncertainty. functions.

RGE of ¢,;, and beyond Two-loop “penguin”-jet function

LR NG R G ERI EEN SRR T (WA ool *COomputed in the massless case proving

offering key insights into these di-light-cone [GGEASEUESIEE]) |
soft functions. *Future work: Full pheno analysis

Thank you for your attention!
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Back up slides



RG evolution of the shape function

Given the previous anomalous dimension, the RG equation can be solved using the Mellin transform method.

A dw’

917(%001;#) — /
w

oo dw’
U”r(bl’?)(w?w/;uau())/ —1U£17)(w1,w/1;ﬂ, Ho) g17(w’, wi; o)

W —w oo|w/1| "

“Factorisation” of two light-cones

LoopFest, BNL, 27/5/2026 Riccardo Bartocci



RG evolution of the shape function

Given the previous anomalous dimension, the RG equation can be solved using the Mellin transform method.

A dw’ 17 > dwll (17)

/ / / /

gr7(w,wi; ) :/ / Uf(z, )(W7w§/ﬁ»lt0)/ — Up (w1, wi; iy o) g17(w', Wi po)
w W W — 00 |w1|

“Factorisation” of two light-cones

RGE for the function /-

| — = 1GeV

0.3- ]

i - ' = 2GeV ic

All order properties of g, are preserved in the RGE: ; O f T e, T

. : : 0.2} — = 2GeV, analytla_

e 2.7 isreal (from PT invariance) = |
O 0.1}
., The function hi7 = /dw gi7 Is even (from HQET 3? OOE

| E \V/

trace formalism) 0]
02|

2 —1 0 1 2

wl[GeV]

[2411.16634: RB, BOer, Hurth]
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https://arxiv.org/pdf/2411.16634

Distribution definition

Plus-distribution:

[l oo @) = [ [ () - F@)

Modified distributions:
[ L Jege f&) = [l 1] (1) - 0() (@)

H-distributions:

w; 0w — w;) O(w; —wl)
F>(wi,w,§) _ w/ (w/z w) —|— (w w/z)
Pl N e
w; O(w; —wh) 0w, —w;)
F<(wi,w7’;) _ / ( /z) _|_ ( ,z )
_wi(wi_wi)_+ L W W g
(e —w) "
G~ (wi,w:) = (w; + w!) /(wz/ wi) — im0 (w; — w;)
Wy (wi _wi)_ i
(s — W)
G<(wi,w7’;) — (wi —l—wz) ,(Cd wZ? +7,775(wz —wg)
Wy (w’i _wi)_ i

Hi(w;,w!) = 9(::w7;)F>(<) (Wi, wh) +9(Iwi)G<(>) (wj, w?)

1 1
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Basics for RGE

C’)(ba’re) (w, w1) /dw /dwl Hw, wr, W, Wl ) (’)(ren) (w,w1; 1)

d
g17(w,wi; 1) / dw’ / dw y17(w, wi, W', whs p) grr(w’, wis p)
dln p
dz
’)/17(00,(,01,(4}/,&)1, /dw /dwl U wduihw W1 Iu) Zl71((:‘>7@17w/7w/1;/ﬁ)
n i
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Bottom-meson soft function renormalisation

as [ | U 1 U i\
ro = 2 |or (ot = 5 )+ Ca (I 2+ 5m) | Blen = wh)blion — ) = CoH(or, )l - )
w N
— CaH, (wo,w5)d(w1 —wi) +Cy (w—;> 60(w2)0(wh — wa) — B(—w2)B(ws — wh)] d(w1 —wy) + Al'g ¢
L E% Iy I\ . L / Iy Iy . o /
Al'g = . Hoy (w1, wy) — Ho (w1, wy) — 2im0(w1 — wy)] [Hoy (w2, wy) — H- (w2, wy) — 2im0(we — wy)]
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Full evolution functions

The final result for the RGE reads:

A / 0O /
dw dw
g17(w, wi p) = / ——— U7 (w,w’;u,uo)/ |w,1‘ U™ (wr, wls s o) g17(w', s o)
w — 00 1 o
2V4+2vEa 2a
€ HO
U7g17) (w,w’; Ly M()) — F(—ZOJ) (CU/ o w)

! ~1 1, a1/2
717 W, _ _ Vi+2yga: [ MO Jo(-aL2 : :
i w6 s o) = — e ) VO el

\

1 N
o, S (alTW> O(—7)L(1+ a1)L(3+ ar)(—7) T2 F1(1 4+ a1, 3+ a1,3;7) ¢

/

With the Meijer-G functions defined as:

o (a Z) _ /ﬁzn [[;2 0 —n) [T;=: T(A —a; +n)
Db 2 g=m+1 ['(1 - bj + 1) §:n+1 F(aj )
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Mellin space transform and equations

The Mellin transform reads:

917(%6«21; M) — 9(w)91>7(w7w1; M) T ‘9(—W)91<7(w7w1; M)

. dw N\
gr7 (0, wi; p) :/o — (—) g7 (—w, wi; 1)

W W
. dw [N\
gi=(n, w1 p) =/ — (—) gi7(w, wi; @)
0 W W

Applying this to the RG equations we get for the non-abelian part:

d ~ >

asC' 4 . .
B 27 {[H_l—m +H, +2H1_p, + 28771] 91>7(w7 s p) = P(=n) (L 4-m) gl<7(w’ ' ,LL)}
and
d <
(dlnu 771) gr7(w, n1; 1)
asCy ~ < e
B 2T {[H_l—m - H771 -+ 2H1—771 T 28771] 917(“}7 s ,LL) - F(_nl)r(l T 771) 917(w’ o 'u)}
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