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Motivation
๏Feynman integrals are the backbone of many perturba9ve computa9ons, even in General Rela9vity nowadays.

๏Current and future experiments produce highly precise data. Thus, high-precision predic9ons are essen9al 
to compare this data with theory. This typically means higher-loop calcula9ons.
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Canonical Integrals
๏We aim to select master integrals that reveal the analy9c and transcendental structure of scaJering 

amplitudes while remaining easy to compute. To compute them, we use the differen9al equa9ons method.
[Arkani-Hamed et al., 

Henn]
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different types of forms. Therefore, we say that our basis reflects the underlying geometry (mixed Hodge structure).
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๏ New transcendental func9ons that we call G-func9ons are just addi9onal leading singulari9es that have to be removed 
to obtain a canonical integral. If they appear already for , they are generalized third-kind integrals. Otherwise, they 
describe LSs at higher orders in .

ϵ = 0
ϵ
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๏ The advantage of the WQFT approach is that tree-level one-point func9ons solve the classical e.o.m. 

๏ Due to the WQFT Feynman rules tree-level func5ons s5ll contain "loop"-integrals.

graviton 
ver5ces

world line 
ver5ces

only energy conserva5on full four-momentum conserva5on

WORLD LINE VERTICES
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Worldline vertices: 1-graviton & m world-line deflections

Energy conservation on worldline

4.2 Recursive properties

The Feynman rules (4.18), (4.20) and (4.21) satisfy recursive properties:
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In words: a vertex with (n + 1) external zµ particles, and !n+1 = 0, is given by

a derivative with respect to the impact parameter b
µ of the corresponding n-point

vertex. We claim this continues to hold when spin is included, and that eq. (4.23b)

generalizes similarly, regardless of what other external lines are present on the vertex.

In the non-spinning case we confirmed this recursive property using an analytic

expression for the worldline vertices:
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With the inclusion of spin, however, we no longer have such a compact expression

and therefore argue di↵erently.

At the Lagrangian level these properties follow straightforwardly from
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where S
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d⌧ L(i)(⌧) (we are now ignoring the ghosts). The former is true

simply because the Lagrangian L
(i) depends on b

µ
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and z
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only implicitly via x
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i
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This term gives rise to the stress-energy tensor T µ⌫(k) = meik·b��(k · v)vµv⌫ (see e.g.

ref. [85]) which we interpret as a classical source for hµ⌫ . The Feynman rule is

hµ⌫(k)

= �i
m

2mPl

eik·b��(k · v)vµv⌫ , (4.12)

with k outgoing. It is a tadpole: the dotted line represents the worldline, and is

intended only as a visual aid. The linear terms in zµ are
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from which we read o↵ the two-point vertex:
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The energy ! is also taken as outgoing. Finally, to quadratic order in zµ:
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The associated trivalent Feynman vertex is
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While of course the second worldline fluctuation still travels on the worldline, we

draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m2�n
Pl

, it might seem odd that

each of these z-vertices carries only a single power of m�1

Pl
. To rectify this we might

try rescaling zµ ! m�1

Pl
zµ, similar to how we write gµ⌫ = ⌘µ⌫ + m�1

Pl
hµ⌫ for the

graviton. However, we find this operation to be undesirable as it also rescales the

propagator (4.7) to carry an overall m2

Pl
. As we shall see, despite the higher-point

vertices carrying the same overall power of mPl, their appearance at low orders in

the PM expansion is ruled out by the combinatorics of which diagrams we can draw.
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4.2 Recursive properties

The Feynman rules (4.18), (4.20) and (4.21) satisfy recursive properties:
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In ref. [1] (the non-spinning case) the first relationship was generalized to n points:

hµ⌫(k)

z
⇢1(!1)

...

z
⇢n(!n)
z
⇢n+1(0)

=
@

@b⇢n+1

hµ⌫(k)

z
⇢1(!1)

...

z
⇢n(!n)

. (4.24)

In words: a vertex with (n + 1) external zµ particles, and !n+1 = 0, is given by

a derivative with respect to the impact parameter b
µ of the corresponding n-point

vertex. We claim this continues to hold when spin is included, and that eq. (4.23b)

generalizes similarly, regardless of what other external lines are present on the vertex.

In the non-spinning case we confirmed this recursive property using an analytic

expression for the worldline vertices:
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With the inclusion of spin, however, we no longer have such a compact expression

and therefore argue di↵erently.

At the Lagrangian level these properties follow straightforwardly from
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i (⌧) = bµi + vµi ⌧ + zµ(⌧)Background field expansion:

In momentum (energy) space:
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the non-spinning case [? ? ? ? ].
In this Letter we provide the conservative, spin-orbit

contributions to the impulse and spin kick at 4PM ac-
curacy, together with the total scattering angle. These
results provide the basis to refine e↵ective one-body
Hamiltonians and resummed scattering prescriptions for
high-precision gravitational wave physics. Our worldline
quantum field theory (WQFT) hinges on three innova-
tions to the EFT approach for gravitational scattering:
(i) quantizing both the worldline degrees of freedom and
the gravitational field allows for a diagrammatic formula-
tion of the classical perturbation theory yielding the ob-
servables as one-point functions of the worldline or gravi-
tational fields [? ], (ii) capturing the spin of the compact
objects through a supersymmetric worldline theory [? ],
(iii) the Schwinger-Keldysh (in-in) initial value formula-
tion of WQFT that induces the use of retarded propaga-
tors and a causality flow in the diagrammatic expansion
[? ].

Supersymmetric in-in WQFT formalism. — The ef-
fective worldline theory of spinning bodies (Kerr BHs or
NSs) with masses mi and space-time coordinates xµ

i (⌧)
on a general D-dimensional space-time with metric gµ⌫
is described up to quadratic order in spin by an N = 2
supersymmetric worldline theory [? ]. As we are focus-
ing on the spin-orbit (linear-in-spin) dynamics here, the
N = 1 incarnation of this theory will su�ce:
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µ
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⌫
i +i i,a

D a
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D⌧
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+ SEH . (1)

The real anti-commuting vectors  a
i (⌧) are defined in

a flat tangent space using the vierbein eµa and D a
i

D⌧ =

 ̇a
i + ẋµ!µ

ab i,b with the spin-connection !µ
ab (our met-

ric is mostly minus). We work in D = 4� 2✏ dimensions
with SEH the bulk Einstein-Hilbert action including a
gauge-fixing term; the process of dimensional regularisa-
tion, wherein we ultimately send ✏! 0, is aided by only
this part of the full action needing to be lifted to D di-
mensions. The  a

i (⌧) carry the spin degrees of freedom
with the spin tensors Sµ⌫

i = �imi 
µ
i  

⌫
i and the Pauli-

Lubanski vectors Sµ
i = mia

µ
i = 1

2
✏µ⌫⇢�v

⌫
i S

⇢�
i .

We expand the fields around their respective back-
grounds: the metric gµ⌫ = ⌘µ⌫ +hµ⌫ , with  =

p
32⇡G,

and the worldlines

xµ
i (⌧) = bµi +vµi ⌧+zµi (⌧) ,  µ

i (⌧) =  
µ
i + 

0µ
i (⌧) , (2)

where {bµi , v
µ
i , 

µ
i } are the initial (background) param-

eters of the two bodies. Using background symmetries
we set b · vi =  i · vi = 0 where bµ = |b| b̂µ = bµ

2
� bµ

1

is the covariant impact parameter. We also introduce
the Lorentz factor � = v1 · v2 and the relative velocity
v =

p
�2 � 1/�.

Causal observables including radiative e↵ects arise
from the Schwinger-Keldysh (in-in) formalism applied
to WQFT [? ] where one doubles the fields: hµ⌫ !

(h(1)

µ⌫ , h
(2)

µ⌫ ) and Zµ
i ! (Z(1)µ

i , Z(2)µ
i ) introducing the

worldline “super-fields” Zi = {zi, 0
i}. Causal one-point

functions follow from the in-in path integral
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i ]ei(S[{ }(1)

]�S[{ }(2)
]
⇤
)
O , (3)

normalized such that h1i = 1 and with { }
(n) denoting the

(n)’th copy of the doubled fields. The key property we
exploit is that the WQFT tree-level one-point functions

hZ(n)
i i solve the classical equations of motion. Moreover,

the computation of one-point functions of in-in WQFT
reduces to the use of retarded propagators combined with
the standard in-out WQFT Feynman rules [? ]. This
formalism yields an e�cient QFT-based scheme to solve
the classical equations perturbatively.
Conservative observable can in turn be defined by ne-

glecting all interactions between h(1)

µ⌫ and h(2)

µ⌫ . This may
be achieved by using the in-in formalism only for the
worldlines while keeping the in-out formalism for the
gravitons and projecting on the real part of observables [?
? ]. This separation of conservative e↵ects at 4PM has
proven its e�ciency for the non-spinning results [? ? ].
WQFT Feynman rules. — The graviton propagator

in de Donder gauge with Feynman prescription reads

k

µ⌫ ⇢�
=

iPµ⌫;⇢�

k2 + i0+
, (4)
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1

D�2
⌘µ⌫⌘⇢� while the worldline

propagators associated with zµi and  0µ
i read, respectively

!, n
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(
n = 2 for zµi ,

n = 1 for  0µ
i .

(5)

The arrow on the propagators indicates the momentum
or energy flow on the retarded propagators. Importantly,
the Feynman graviton propagators reflect our focus on
conservative observables. Full dissipative results may be
obtained by using retarded propagators instead. The
Feynman vertices of the spinning WQFT to lower multi-
plicities have been exposed in [? ]. The generic worldline
vertex couples n gravitons to m worldline fields and reads
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nX
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of degree 2n+m

◆
(6)

where kµ =
Pn

i=1
kµi is the total outflowing four-

momentum and the dotted outgoing line symbolizes the
background parameters {bµ, vµ, µ

} of Eq. (2). We see
that only energy is conserved on the worldline. The bulk
graviton vertices are generic. At 4PM order we need
the worldline vertices Vn|m above for {n = 1, . . . , 4;m =
0, . . . , 5� n}, and the 3-,4-,5-graviton vertices.
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Worldline vertices: 1-graviton & m world-line deflections

Energy conservation on worldline

4.2 Recursive properties

The Feynman rules (4.18), (4.20) and (4.21) satisfy recursive properties:
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In ref. [1] (the non-spinning case) the first relationship was generalized to n points:
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In words: a vertex with (n + 1) external zµ particles, and !n+1 = 0, is given by

a derivative with respect to the impact parameter b
µ of the corresponding n-point

vertex. We claim this continues to hold when spin is included, and that eq. (4.23b)

generalizes similarly, regardless of what other external lines are present on the vertex.

In the non-spinning case we confirmed this recursive property using an analytic

expression for the worldline vertices:
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With the inclusion of spin, however, we no longer have such a compact expression

and therefore argue di↵erently.

At the Lagrangian level these properties follow straightforwardly from
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where S
(i) + S

(i)

E
=
R
d⌧ L(i)(⌧) (we are now ignoring the ghosts). The former is true

simply because the Lagrangian L
(i) depends on b

µ

i
and z

µ

i
only implicitly via x

µ

i
(⌧) =
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This term gives rise to the stress-energy tensor T µ⌫(k) = meik·b��(k · v)vµv⌫ (see e.g.

ref. [85]) which we interpret as a classical source for hµ⌫ . The Feynman rule is

hµ⌫(k)

= �i
m

2mPl

eik·b��(k · v)vµv⌫ , (4.12)

with k outgoing. It is a tadpole: the dotted line represents the worldline, and is

intended only as a visual aid. The linear terms in zµ are
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from which we read o↵ the two-point vertex:
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The energy ! is also taken as outgoing. Finally, to quadratic order in zµ:
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The associated trivalent Feynman vertex is

hµ⌫(k)
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While of course the second worldline fluctuation still travels on the worldline, we

draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m2�n
Pl

, it might seem odd that

each of these z-vertices carries only a single power of m�1

Pl
. To rectify this we might

try rescaling zµ ! m�1

Pl
zµ, similar to how we write gµ⌫ = ⌘µ⌫ + m�1

Pl
hµ⌫ for the

graviton. However, we find this operation to be undesirable as it also rescales the

propagator (4.7) to carry an overall m2

Pl
. As we shall see, despite the higher-point

vertices carrying the same overall power of mPl, their appearance at low orders in

the PM expansion is ruled out by the combinatorics of which diagrams we can draw.
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4.2 Recursive properties

The Feynman rules (4.18), (4.20) and (4.21) satisfy recursive properties:
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In ref. [1] (the non-spinning case) the first relationship was generalized to n points:
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In words: a vertex with (n + 1) external zµ particles, and !n+1 = 0, is given by

a derivative with respect to the impact parameter b
µ of the corresponding n-point

vertex. We claim this continues to hold when spin is included, and that eq. (4.23b)

generalizes similarly, regardless of what other external lines are present on the vertex.

In the non-spinning case we confirmed this recursive property using an analytic

expression for the worldline vertices:
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With the inclusion of spin, however, we no longer have such a compact expression

and therefore argue di↵erently.

At the Lagrangian level these properties follow straightforwardly from
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where S
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d⌧ L(i)(⌧) (we are now ignoring the ghosts). The former is true

simply because the Lagrangian L
(i) depends on b
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only implicitly via x
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generalizes similarly, regardless of what other external lines are present on the vertex.

In the non-spinning case we confirmed this recursive property using an analytic

expression for the worldline vertices:

hµ⌫(k)

z
⇢1(!1)

...

z
⇢n(!n)

= i
n�1

m e
ik·b
�
�
✓
k · v +

nX

i=1

!i

◆
⇥ (4.25)
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µ
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nX
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nY

j 6=i

k⇢j

!
v
(µ
�
⌫)

⇢i
+

nX

i<j

!i!j

 
nY

l 6=i,j

k⇢l

!
�
(µ

⇢i
�
⌫)

⇢j

!
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With the inclusion of spin, however, we no longer have such a compact expression

and therefore argue di↵erently.

At the Lagrangian level these properties follow straightforwardly from

@L
(i)(⌧)

@b
µ

i

=
@L

(i)(⌧)

@z
µ

i
(⌧)

,
@L

(i)(⌧)

@ µ

i

=
@L

(i)(⌧)

@ 
0µ
i
(⌧)

, (4.26)

where S
(i) + S

(i)

E
=
R
d⌧ L(i)(⌧) (we are now ignoring the ghosts). The former is true

simply because the Lagrangian L
(i) depends on b

µ

i
and z

µ

i
only implicitly via x

µ

i
(⌧) =

17
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i (⌧) = bµi + vµi ⌧ + zµ(⌧)Background field expansion:

In momentum (energy) space:
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the non-spinning case [? ? ? ? ].
In this Letter we provide the conservative, spin-orbit

contributions to the impulse and spin kick at 4PM ac-
curacy, together with the total scattering angle. These
results provide the basis to refine e↵ective one-body
Hamiltonians and resummed scattering prescriptions for
high-precision gravitational wave physics. Our worldline
quantum field theory (WQFT) hinges on three innova-
tions to the EFT approach for gravitational scattering:
(i) quantizing both the worldline degrees of freedom and
the gravitational field allows for a diagrammatic formula-
tion of the classical perturbation theory yielding the ob-
servables as one-point functions of the worldline or gravi-
tational fields [? ], (ii) capturing the spin of the compact
objects through a supersymmetric worldline theory [? ],
(iii) the Schwinger-Keldysh (in-in) initial value formula-
tion of WQFT that induces the use of retarded propaga-
tors and a causality flow in the diagrammatic expansion
[? ].

Supersymmetric in-in WQFT formalism. — The ef-
fective worldline theory of spinning bodies (Kerr BHs or
NSs) with masses mi and space-time coordinates xµ

i (⌧)
on a general D-dimensional space-time with metric gµ⌫
is described up to quadratic order in spin by an N = 2
supersymmetric worldline theory [? ]. As we are focus-
ing on the spin-orbit (linear-in-spin) dynamics here, the
N = 1 incarnation of this theory will su�ce:

S = �

2X

i=1

mi

Z
d⌧


1

2
gµ⌫ ẋ

µ
i ẋ

⌫
i +i i,a

D a
i

D⌧

�
+ SEH . (1)

The real anti-commuting vectors  a
i (⌧) are defined in

a flat tangent space using the vierbein eµa and D a
i

D⌧ =

 ̇a
i + ẋµ!µ

ab i,b with the spin-connection !µ
ab (our met-

ric is mostly minus). We work in D = 4� 2✏ dimensions
with SEH the bulk Einstein-Hilbert action including a
gauge-fixing term; the process of dimensional regularisa-
tion, wherein we ultimately send ✏! 0, is aided by only
this part of the full action needing to be lifted to D di-
mensions. The  a

i (⌧) carry the spin degrees of freedom
with the spin tensors Sµ⌫

i = �imi 
µ
i  

⌫
i and the Pauli-

Lubanski vectors Sµ
i = mia

µ
i = 1

2
✏µ⌫⇢�v

⌫
i S

⇢�
i .

We expand the fields around their respective back-
grounds: the metric gµ⌫ = ⌘µ⌫ +hµ⌫ , with  =

p
32⇡G,

and the worldlines

xµ
i (⌧) = bµi +vµi ⌧+zµi (⌧) ,  µ

i (⌧) =  
µ
i + 

0µ
i (⌧) , (2)

where {bµi , v
µ
i , 

µ
i } are the initial (background) param-

eters of the two bodies. Using background symmetries
we set b · vi =  i · vi = 0 where bµ = |b| b̂µ = bµ

2
� bµ

1

is the covariant impact parameter. We also introduce
the Lorentz factor � = v1 · v2 and the relative velocity
v =

p
�2 � 1/�.

Causal observables including radiative e↵ects arise
from the Schwinger-Keldysh (in-in) formalism applied
to WQFT [? ] where one doubles the fields: hµ⌫ !

(h(1)

µ⌫ , h
(2)

µ⌫ ) and Zµ
i ! (Z(1)µ

i , Z(2)µ
i ) introducing the

worldline “super-fields” Zi = {zi, 0
i}. Causal one-point

functions follow from the in-in path integral

hOi :=

Z
D[h(1,2)

µ⌫ , Z(1,2)µ
i ]ei(S[{ }(1)

]�S[{ }(2)
]
⇤
)
O , (3)

normalized such that h1i = 1 and with { }
(n) denoting the

(n)’th copy of the doubled fields. The key property we
exploit is that the WQFT tree-level one-point functions

hZ(n)
i i solve the classical equations of motion. Moreover,

the computation of one-point functions of in-in WQFT
reduces to the use of retarded propagators combined with
the standard in-out WQFT Feynman rules [? ]. This
formalism yields an e�cient QFT-based scheme to solve
the classical equations perturbatively.
Conservative observable can in turn be defined by ne-

glecting all interactions between h(1)

µ⌫ and h(2)

µ⌫ . This may
be achieved by using the in-in formalism only for the
worldlines while keeping the in-out formalism for the
gravitons and projecting on the real part of observables [?
? ]. This separation of conservative e↵ects at 4PM has
proven its e�ciency for the non-spinning results [? ? ].
WQFT Feynman rules. — The graviton propagator

in de Donder gauge with Feynman prescription reads

k

µ⌫ ⇢�
=

iPµ⌫;⇢�

k2 + i0+
, (4)

with Pµ⌫;⇢� := ⌘µ(⇢⌘�)⌫ �
1

D�2
⌘µ⌫⌘⇢� while the worldline

propagators associated with zµi and  0µ
i read, respectively

!, n
!µ ⌫ =

�i⌘µ⌫

mi(! + i0+)n

(
n = 2 for zµi ,

n = 1 for  0µ
i .

(5)

The arrow on the propagators indicates the momentum
or energy flow on the retarded propagators. Importantly,
the Feynman graviton propagators reflect our focus on
conservative observables. Full dissipative results may be
obtained by using retarded propagators instead. The
Feynman vertices of the spinning WQFT to lower multi-
plicities have been exposed in [? ]. The generic worldline
vertex couples n gravitons to m worldline fields and reads

Vn|m =

k

!1

...

!m

⇠

mn eik·b�

✓
k · v +

nX

i=1

!i

◆
⇥

⇥

✓
polynomial in !i, kj
of degree 2n+m

◆
(6)

where kµ =
Pn

i=1
kµi is the total outflowing four-

momentum and the dotted outgoing line symbolizes the
background parameters {bµ, vµ, µ

} of Eq. (2). We see
that only energy is conserved on the worldline. The bulk
graviton vertices are generic. At 4PM order we need
the worldline vertices Vn|m above for {n = 1, . . . , 4;m =
0, . . . , 5� n}, and the 3-,4-,5-graviton vertices.
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E.g. three-point vertices:

1.7 Feynman rules for perturbative quantum gravity 17

One indeed verifies that I↵�,�� P��,⇢ = �↵(⇢�
�
)

. The graviton self-interaction vertices
take an involved structure due to a proliferation of indices. Exemplary we exhibit the
three-graviton vertex [7]

µ
1↵ ⌫ 2

�

⇢
3
�

= i
p

G sym[

�
1
2 P3(k1 · k2⌘µ↵⌘⌫�⌘⇢�) �

1
2 P6(k1⌫k1�⌘µ↵⌘⇢�) +

1
2 P3(k1 · k2⌘µ⌫⌘↵�⌘⇢�)

+ P6(k1 · k2⌘µ↵⌘⌫⇢⌘��) + 2P3(k1⌫k1�⌘µ↵⌘�⇢) � P3(k1�k2µ⌘↵⌫⌘⇢�)

+ P3(k1⇢k2�⌘µ⌫⌘↵�) + P6(k1⇢k1�⌘µ⌫⌘↵�) � 2P6(k1⌫k2�⌘�µ⌘↵⇢)

+ 2P3(k1⌫k2µ⌘�⇢⌘�↵) � 2P3(k1 · k2⌘⌫↵⌘⇢�⌘µ�)] , (1.77) {3gravitonvertex}{3gravitonvertex}

with the symbol Pn denoting the symmetrisation in the index blocks (k1µ↵, k2⌫�, k3⇢�)
associated with the three legs and resulting in n distinct terms.

The higher point vertices take a schematic structure as

⇠
p

G
2
k2 , ⇠

p
G

3
k2

⇠
p

G
4
k2 , . . . (1.78) {gravitonvertexscaling}{gravitonvertexscaling}

Through the Fadeev-Popov procedure one also picks up a ghost sector. The local
symmetry transformation are now the general coordinate transformations given in
eq. (1.71). Hence, the gravity ghosts carry a vector index: b⌫(x) and b̄µ(x). The ghost
contribution to the Lagrangian takes the form

LGH = �b̄µ(
�Gµ

�⇠⌫
)b⌫ . (1.79)

From the de Donder gauge fixing function of eq. (1.73) one deduces the di�erential
operator in the ghost sector


�Gµ

�⇠⌫
= ⌘µ⌫@

2+(@⇢hµ⌫@⇢+@⇢h⌫⇢@µ+@⇢(@⌫hµ⇢)�@µh⌫⇢@⇢� 1
2@µ(@⌫h)) , (1.80)

where the first term gives rise to the kinetic term of the ghost fields yielding the
propagator

↵ � =
i ⌘↵�

p2 + i0
. (1.81)

The remaining terms yield a graviton-ghost-anti-ghost interaction vertex

↵ �

⌫µ
(1.82)

However, ghosts will play no rôle in the modern approaches to scattering amplitudes
developed in this book. Therefore we do not need to spell out this involved vertex
here.
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Four-momentum conservation in bulk  δ4(∑ p)
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⇠
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Gk2

2

Highly involved structures!  Emerge from Einstein-Hilbert action.
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Black Hole Scattering

3

in the physical observable within the conservative sector
at G5 [53]. Similar intriguing cancellations occur in quan-
tum field theory computations [54, 55]. Furthermore, CY
n-fold periods have a transcendentality degree [45, 56] in-
creasing with their dimension n. This leads to the impor-
tant question of what classes of transcendental functions
appear in physical observables in perturbation theory.
Before our work, no physical observables were known that
feature CY n-fold periods for n → 3. One expects that
our findings and the methods described below will have
significant implications for high-precision predictions in
particle physics as well.

In this article, we report on a new landmark result
of the QFT-based classical general relativity program
by providing complete scattering observables of a binary
black hole (or neutron star) encounter up to fifth order in
the weak-field expansion (G5), and sub-leading order in
the symmetric mass ratio ω = m1m2/(m1 + m2)2. This
encounter is depicted in Fig. 1, and involves two black
holes scattering with a deflection angle ε and radiating
gravitational waves with total energy Erad. We describe
the black holes as point particles, an approximation valid
as long as their separation b is large compared to their
intrinsic sizes, i.e. their Schwarzschild radii 2Gmi/c2 —
the weak gravitational field region. Consequently, the
G expansion is really an expansion in the dimensionless
quantity GM/bc2 with total mass M = m1+m2. The two
scattering observables ε and Erad, the latter depending
on CY3 periods, can be used to calibrate gravitational
waveform models.

The gravitationally interacting two-body system is
governed by an action comprised of two worldlines, cou-
pled to the gravitational Einstein-Hilbert term:

S = ↑m1c

∫
ds1 ↑ m2c

∫
ds2 ↑

c3

16ϑG

∫
d4x

↓
↑g R[g] .

(1)

Variation of this action gives rise to the Einstein and
geodesic equations. To explain our notation: the proper
time intervals dsi =

√
gµω ẋµ

i ẋω
i dϖ give rise to the fol-

lowed trajectories xµ
i (ϖ) (µ = 0, 1, 2, 3) of the i’th black

hole, parametrized by a time parameter ϖ (a dot symbol-
izes a ϖ derivative). The spacetime metric gµω(x) yields
the curvature scalar R[g] and g = det(gµω).

We calculate the change in four-momentum of each
body over the course of scattering, !pµ

i , known as the
impulse. With the momentum of each body given by
pµ

i = miẋ
µ
i , the impulse is simply the di”erence between

the momentum at late and early times:

!pµ
i = pµ

i (ϖ ↔ +↗) ↑ pµ
i (ϖ ↔ ↑↗) (2)

= G!p(1)µ
i + G2!p(2)µ

i + · · · + G5!p(5)µ
i + · · · .

The initial momentum of each black hole is given by its
mass times initial velocity: pµ

i (ϖ ↔ ↑↗) = miv
µ
i . Work-

ing in a weak gravitational field region we have series
expanded order-by-order in Newton’s constant. With
results up to G4 already determined [33, 35, 36], and

the conservative (non-radiating) part of G5 derived by
some of the current authors [53], here we extract the
subleading-in-ω G5 component from which we will also
derive the scattering angle ε and radiated energy flux
Erad. Note that ω tends to zero for m1 ↘ m2 and vice
versa.

Our calculation is performed using Worldline QFT
(WQFT) [11, 57], wherein a Worldline E”ective Field
Theory action is used to represent the black holes as
point particles [25, 28]. This allows us to re-interpret
this classical physics problem as one of drawing and cal-
culating perturbative Feynman diagrams — see Fig. 5.
The WQFT’s main benefit for classical physics computa-
tions is a clean separation between classical and quantum
e”ects. In this language, gravitons (wavy lines) and de-
flection modes (solid lines) are the quantized excitations
of the metric gµω and trajectories xµ

i . These particles’
momenta and energies are unfixed, and must be inte-
grated over. The key principle being exploited here is
that tree-level one-point functions, given by a sum of
diagrams with a single outgoing line and no internally
closed loops, solve the classical equations of motion [58].
We recursively generated the graphs to be computed at
the fifth order in G, yielding a total of 426 diagrams.
These diagrams directly translate to mathematical ex-
pressions, Feynman integrals, by way of Feynman rules
derived from the action (1) — see Fig. 6.

The resulting Feynman integrals are a staple of pertur-
bative QFT. Individual Feynman integrals, which may
diverge in four spacetime dimensions, are treated by
working in D dimensions so that divergences appear as
(D ↑ 4)→1 poles. Finiteness of our results in the limit
D ↔ 4, i.e. the cancellation of all intermediate diver-
gences, then provides a useful consistency check. Our
calculation of the impulse calls for the evaluation of mil-
lions of Feynman integrals, which may have at most 13
propagators of the kinds seen in Fig. 6. To evaluate them
we generate linear integration-by-parts (IBP) identities
which reduces the problem to one solving a large system
of linear equations. The task was nevertheless enormous,
and consumed around 300,000 core hours on HPC clus-
ters.

Our task is ultimately to determine expressions for a
basis of 236+232 master integrals, that split under par-
ity (vµ

i ↔ ↑vµ
i ) into two distinct sectors. From these,

all other integrals may be expressed as linear combi-
nations using the IBP identities. To do so, we exploit
the integrals’ non-trivial dependence on only a single
variable x: it derives from the relativistic boost factor
ϱ = 1/

√
1 ↑ (v/c)2 = v1 · v2/c2 for the initial relative

velocity v of the two black holes, via ϱ = (x + x→1)/2.
Rather than attempt a direct integration, we may there-
fore set up two systems of di”erential equations in x (even
and odd parity) as

d

dx
ςI(x, D) = M̂(x, D) ςI(x, D) . (3)

The integrals to be computed are grouped into vectors ςI,

๏We want to compute the change of momentum at 5PM ( ).𝒪(G5)

2

q →

(a) (b) (c) (d) (e) (f) (g)

q →

(h) (i) (j) (k) (l) (m)

FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: Planar P (a-g), extended planar PX1 (h-i) and PX2
(j), and the non-planar NP (k-m). Solid lines denote worldline propagators, (vi · ω + i0+)→1, wavy lines graviton propagators,

(ω2 + i0+)→1, and the dotted lines may be interpreted as a cut worldline propagator, ε
→(ω · vi). In that sense, the top-level

sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction

2

q →
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q →

(h) (i) (j) (k) (l) (m)

FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: Planar P (a-g), extended planar PX1 (h-i) and PX2
(j), and the non-planar NP (k-m). Solid lines denote worldline propagators, (vi · ω + i0+)→1, wavy lines graviton propagators,

(ω2 + i0+)→1, and the dotted lines may be interpreted as a cut worldline propagator, ε
→(ω · vi). In that sense, the top-level

sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ
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)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction
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in the physical observable within the conservative sector
at G5 [53]. Similar intriguing cancellations occur in quan-
tum field theory computations [54, 55]. Furthermore, CY
n-fold periods have a transcendentality degree [45, 56] in-
creasing with their dimension n. This leads to the impor-
tant question of what classes of transcendental functions
appear in physical observables in perturbation theory.
Before our work, no physical observables were known that
feature CY n-fold periods for n → 3. One expects that
our findings and the methods described below will have
significant implications for high-precision predictions in
particle physics as well.

In this article, we report on a new landmark result
of the QFT-based classical general relativity program
by providing complete scattering observables of a binary
black hole (or neutron star) encounter up to fifth order in
the weak-field expansion (G5), and sub-leading order in
the symmetric mass ratio ω = m1m2/(m1 + m2)2. This
encounter is depicted in Fig. 1, and involves two black
holes scattering with a deflection angle ε and radiating
gravitational waves with total energy Erad. We describe
the black holes as point particles, an approximation valid
as long as their separation b is large compared to their
intrinsic sizes, i.e. their Schwarzschild radii 2Gmi/c2 —
the weak gravitational field region. Consequently, the
G expansion is really an expansion in the dimensionless
quantity GM/bc2 with total mass M = m1+m2. The two
scattering observables ε and Erad, the latter depending
on CY3 periods, can be used to calibrate gravitational
waveform models.

The gravitationally interacting two-body system is
governed by an action comprised of two worldlines, cou-
pled to the gravitational Einstein-Hilbert term:

S = ↑m1c

∫
ds1 ↑ m2c

∫
ds2 ↑

c3

16ϑG

∫
d4x

↓
↑g R[g] .

(1)

Variation of this action gives rise to the Einstein and
geodesic equations. To explain our notation: the proper
time intervals dsi =

√
gµω ẋµ

i ẋω
i dϖ give rise to the fol-

lowed trajectories xµ
i (ϖ) (µ = 0, 1, 2, 3) of the i’th black

hole, parametrized by a time parameter ϖ (a dot symbol-
izes a ϖ derivative). The spacetime metric gµω(x) yields
the curvature scalar R[g] and g = det(gµω).

We calculate the change in four-momentum of each
body over the course of scattering, !pµ

i , known as the
impulse. With the momentum of each body given by
pµ

i = miẋ
µ
i , the impulse is simply the di”erence between

the momentum at late and early times:

!pµ
i = pµ

i (ϖ ↔ +↗) ↑ pµ
i (ϖ ↔ ↑↗) (2)

= G!p(1)µ
i + G2!p(2)µ

i + · · · + G5!p(5)µ
i + · · · .

The initial momentum of each black hole is given by its
mass times initial velocity: pµ

i (ϖ ↔ ↑↗) = miv
µ
i . Work-

ing in a weak gravitational field region we have series
expanded order-by-order in Newton’s constant. With
results up to G4 already determined [33, 35, 36], and

the conservative (non-radiating) part of G5 derived by
some of the current authors [53], here we extract the
subleading-in-ω G5 component from which we will also
derive the scattering angle ε and radiated energy flux
Erad. Note that ω tends to zero for m1 ↘ m2 and vice
versa.

Our calculation is performed using Worldline QFT
(WQFT) [11, 57], wherein a Worldline E”ective Field
Theory action is used to represent the black holes as
point particles [25, 28]. This allows us to re-interpret
this classical physics problem as one of drawing and cal-
culating perturbative Feynman diagrams — see Fig. 5.
The WQFT’s main benefit for classical physics computa-
tions is a clean separation between classical and quantum
e”ects. In this language, gravitons (wavy lines) and de-
flection modes (solid lines) are the quantized excitations
of the metric gµω and trajectories xµ

i . These particles’
momenta and energies are unfixed, and must be inte-
grated over. The key principle being exploited here is
that tree-level one-point functions, given by a sum of
diagrams with a single outgoing line and no internally
closed loops, solve the classical equations of motion [58].
We recursively generated the graphs to be computed at
the fifth order in G, yielding a total of 426 diagrams.
These diagrams directly translate to mathematical ex-
pressions, Feynman integrals, by way of Feynman rules
derived from the action (1) — see Fig. 6.

The resulting Feynman integrals are a staple of pertur-
bative QFT. Individual Feynman integrals, which may
diverge in four spacetime dimensions, are treated by
working in D dimensions so that divergences appear as
(D ↑ 4)→1 poles. Finiteness of our results in the limit
D ↔ 4, i.e. the cancellation of all intermediate diver-
gences, then provides a useful consistency check. Our
calculation of the impulse calls for the evaluation of mil-
lions of Feynman integrals, which may have at most 13
propagators of the kinds seen in Fig. 6. To evaluate them
we generate linear integration-by-parts (IBP) identities
which reduces the problem to one solving a large system
of linear equations. The task was nevertheless enormous,
and consumed around 300,000 core hours on HPC clus-
ters.

Our task is ultimately to determine expressions for a
basis of 236+232 master integrals, that split under par-
ity (vµ

i ↔ ↑vµ
i ) into two distinct sectors. From these,

all other integrals may be expressed as linear combi-
nations using the IBP identities. To do so, we exploit
the integrals’ non-trivial dependence on only a single
variable x: it derives from the relativistic boost factor
ϱ = 1/

√
1 ↑ (v/c)2 = v1 · v2/c2 for the initial relative

velocity v of the two black holes, via ϱ = (x + x→1)/2.
Rather than attempt a direct integration, we may there-
fore set up two systems of di”erential equations in x (even
and odd parity) as

d

dx
ςI(x, D) = M̂(x, D) ςI(x, D) . (3)

The integrals to be computed are grouped into vectors ςI,

๏We want to compute the change of momentum at 5PM ( ).𝒪(G5)

2

q →

(a) (b) (c) (d) (e) (f) (g)

q →

(h) (i) (j) (k) (l) (m)

FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: Planar P (a-g), extended planar PX1 (h-i) and PX2
(j), and the non-planar NP (k-m). Solid lines denote worldline propagators, (vi · ω + i0+)→1, wavy lines graviton propagators,

(ω2 + i0+)→1, and the dotted lines may be interpreted as a cut worldline propagator, ε
→(ω · vi). In that sense, the top-level

sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction

2
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q →

(h) (i) (j) (k) (l) (m)

FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: Planar P (a-g), extended planar PX1 (h-i) and PX2
(j), and the non-planar NP (k-m). Solid lines denote worldline propagators, (vi · ω + i0+)→1, wavy lines graviton propagators,

(ω2 + i0+)→1, and the dotted lines may be interpreted as a cut worldline propagator, ε
→(ω · vi). In that sense, the top-level

sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction

self-force expansion
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in the physical observable within the conservative sector
at G5 [53]. Similar intriguing cancellations occur in quan-
tum field theory computations [54, 55]. Furthermore, CY
n-fold periods have a transcendentality degree [45, 56] in-
creasing with their dimension n. This leads to the impor-
tant question of what classes of transcendental functions
appear in physical observables in perturbation theory.
Before our work, no physical observables were known that
feature CY n-fold periods for n → 3. One expects that
our findings and the methods described below will have
significant implications for high-precision predictions in
particle physics as well.

In this article, we report on a new landmark result
of the QFT-based classical general relativity program
by providing complete scattering observables of a binary
black hole (or neutron star) encounter up to fifth order in
the weak-field expansion (G5), and sub-leading order in
the symmetric mass ratio ω = m1m2/(m1 + m2)2. This
encounter is depicted in Fig. 1, and involves two black
holes scattering with a deflection angle ε and radiating
gravitational waves with total energy Erad. We describe
the black holes as point particles, an approximation valid
as long as their separation b is large compared to their
intrinsic sizes, i.e. their Schwarzschild radii 2Gmi/c2 —
the weak gravitational field region. Consequently, the
G expansion is really an expansion in the dimensionless
quantity GM/bc2 with total mass M = m1+m2. The two
scattering observables ε and Erad, the latter depending
on CY3 periods, can be used to calibrate gravitational
waveform models.

The gravitationally interacting two-body system is
governed by an action comprised of two worldlines, cou-
pled to the gravitational Einstein-Hilbert term:

S = ↑m1c

∫
ds1 ↑ m2c

∫
ds2 ↑

c3

16ϑG

∫
d4x

↓
↑g R[g] .

(1)

Variation of this action gives rise to the Einstein and
geodesic equations. To explain our notation: the proper
time intervals dsi =

√
gµω ẋµ

i ẋω
i dϖ give rise to the fol-

lowed trajectories xµ
i (ϖ) (µ = 0, 1, 2, 3) of the i’th black

hole, parametrized by a time parameter ϖ (a dot symbol-
izes a ϖ derivative). The spacetime metric gµω(x) yields
the curvature scalar R[g] and g = det(gµω).

We calculate the change in four-momentum of each
body over the course of scattering, !pµ

i , known as the
impulse. With the momentum of each body given by
pµ

i = miẋ
µ
i , the impulse is simply the di”erence between

the momentum at late and early times:

!pµ
i = pµ

i (ϖ ↔ +↗) ↑ pµ
i (ϖ ↔ ↑↗) (2)

= G!p(1)µ
i + G2!p(2)µ

i + · · · + G5!p(5)µ
i + · · · .

The initial momentum of each black hole is given by its
mass times initial velocity: pµ

i (ϖ ↔ ↑↗) = miv
µ
i . Work-

ing in a weak gravitational field region we have series
expanded order-by-order in Newton’s constant. With
results up to G4 already determined [33, 35, 36], and

the conservative (non-radiating) part of G5 derived by
some of the current authors [53], here we extract the
subleading-in-ω G5 component from which we will also
derive the scattering angle ε and radiated energy flux
Erad. Note that ω tends to zero for m1 ↘ m2 and vice
versa.

Our calculation is performed using Worldline QFT
(WQFT) [11, 57], wherein a Worldline E”ective Field
Theory action is used to represent the black holes as
point particles [25, 28]. This allows us to re-interpret
this classical physics problem as one of drawing and cal-
culating perturbative Feynman diagrams — see Fig. 5.
The WQFT’s main benefit for classical physics computa-
tions is a clean separation between classical and quantum
e”ects. In this language, gravitons (wavy lines) and de-
flection modes (solid lines) are the quantized excitations
of the metric gµω and trajectories xµ

i . These particles’
momenta and energies are unfixed, and must be inte-
grated over. The key principle being exploited here is
that tree-level one-point functions, given by a sum of
diagrams with a single outgoing line and no internally
closed loops, solve the classical equations of motion [58].
We recursively generated the graphs to be computed at
the fifth order in G, yielding a total of 426 diagrams.
These diagrams directly translate to mathematical ex-
pressions, Feynman integrals, by way of Feynman rules
derived from the action (1) — see Fig. 6.

The resulting Feynman integrals are a staple of pertur-
bative QFT. Individual Feynman integrals, which may
diverge in four spacetime dimensions, are treated by
working in D dimensions so that divergences appear as
(D ↑ 4)→1 poles. Finiteness of our results in the limit
D ↔ 4, i.e. the cancellation of all intermediate diver-
gences, then provides a useful consistency check. Our
calculation of the impulse calls for the evaluation of mil-
lions of Feynman integrals, which may have at most 13
propagators of the kinds seen in Fig. 6. To evaluate them
we generate linear integration-by-parts (IBP) identities
which reduces the problem to one solving a large system
of linear equations. The task was nevertheless enormous,
and consumed around 300,000 core hours on HPC clus-
ters.

Our task is ultimately to determine expressions for a
basis of 236+232 master integrals, that split under par-
ity (vµ

i ↔ ↑vµ
i ) into two distinct sectors. From these,

all other integrals may be expressed as linear combi-
nations using the IBP identities. To do so, we exploit
the integrals’ non-trivial dependence on only a single
variable x: it derives from the relativistic boost factor
ϱ = 1/

√
1 ↑ (v/c)2 = v1 · v2/c2 for the initial relative

velocity v of the two black holes, via ϱ = (x + x→1)/2.
Rather than attempt a direct integration, we may there-
fore set up two systems of di”erential equations in x (even
and odd parity) as

d

dx
ςI(x, D) = M̂(x, D) ςI(x, D) . (3)

The integrals to be computed are grouped into vectors ςI,
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FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: Planar P (a-g), extended planar PX1 (h-i) and PX2
(j), and the non-planar NP (k-m). Solid lines denote worldline propagators, (vi · ω + i0+)→1, wavy lines graviton propagators,

(ω2 + i0+)→1, and the dotted lines may be interpreted as a cut worldline propagator, ε
→(ω · vi). In that sense, the top-level

sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction
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sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction

self-force expansion

0SF: 63 diagrams
(simple)
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in the physical observable within the conservative sector
at G5 [53]. Similar intriguing cancellations occur in quan-
tum field theory computations [54, 55]. Furthermore, CY
n-fold periods have a transcendentality degree [45, 56] in-
creasing with their dimension n. This leads to the impor-
tant question of what classes of transcendental functions
appear in physical observables in perturbation theory.
Before our work, no physical observables were known that
feature CY n-fold periods for n → 3. One expects that
our findings and the methods described below will have
significant implications for high-precision predictions in
particle physics as well.

In this article, we report on a new landmark result
of the QFT-based classical general relativity program
by providing complete scattering observables of a binary
black hole (or neutron star) encounter up to fifth order in
the weak-field expansion (G5), and sub-leading order in
the symmetric mass ratio ω = m1m2/(m1 + m2)2. This
encounter is depicted in Fig. 1, and involves two black
holes scattering with a deflection angle ε and radiating
gravitational waves with total energy Erad. We describe
the black holes as point particles, an approximation valid
as long as their separation b is large compared to their
intrinsic sizes, i.e. their Schwarzschild radii 2Gmi/c2 —
the weak gravitational field region. Consequently, the
G expansion is really an expansion in the dimensionless
quantity GM/bc2 with total mass M = m1+m2. The two
scattering observables ε and Erad, the latter depending
on CY3 periods, can be used to calibrate gravitational
waveform models.

The gravitationally interacting two-body system is
governed by an action comprised of two worldlines, cou-
pled to the gravitational Einstein-Hilbert term:

S = ↑m1c

∫
ds1 ↑ m2c

∫
ds2 ↑

c3

16ϑG

∫
d4x

↓
↑g R[g] .

(1)

Variation of this action gives rise to the Einstein and
geodesic equations. To explain our notation: the proper
time intervals dsi =

√
gµω ẋµ

i ẋω
i dϖ give rise to the fol-

lowed trajectories xµ
i (ϖ) (µ = 0, 1, 2, 3) of the i’th black

hole, parametrized by a time parameter ϖ (a dot symbol-
izes a ϖ derivative). The spacetime metric gµω(x) yields
the curvature scalar R[g] and g = det(gµω).

We calculate the change in four-momentum of each
body over the course of scattering, !pµ

i , known as the
impulse. With the momentum of each body given by
pµ

i = miẋ
µ
i , the impulse is simply the di”erence between

the momentum at late and early times:

!pµ
i = pµ

i (ϖ ↔ +↗) ↑ pµ
i (ϖ ↔ ↑↗) (2)

= G!p(1)µ
i + G2!p(2)µ

i + · · · + G5!p(5)µ
i + · · · .

The initial momentum of each black hole is given by its
mass times initial velocity: pµ

i (ϖ ↔ ↑↗) = miv
µ
i . Work-

ing in a weak gravitational field region we have series
expanded order-by-order in Newton’s constant. With
results up to G4 already determined [33, 35, 36], and

the conservative (non-radiating) part of G5 derived by
some of the current authors [53], here we extract the
subleading-in-ω G5 component from which we will also
derive the scattering angle ε and radiated energy flux
Erad. Note that ω tends to zero for m1 ↘ m2 and vice
versa.

Our calculation is performed using Worldline QFT
(WQFT) [11, 57], wherein a Worldline E”ective Field
Theory action is used to represent the black holes as
point particles [25, 28]. This allows us to re-interpret
this classical physics problem as one of drawing and cal-
culating perturbative Feynman diagrams — see Fig. 5.
The WQFT’s main benefit for classical physics computa-
tions is a clean separation between classical and quantum
e”ects. In this language, gravitons (wavy lines) and de-
flection modes (solid lines) are the quantized excitations
of the metric gµω and trajectories xµ

i . These particles’
momenta and energies are unfixed, and must be inte-
grated over. The key principle being exploited here is
that tree-level one-point functions, given by a sum of
diagrams with a single outgoing line and no internally
closed loops, solve the classical equations of motion [58].
We recursively generated the graphs to be computed at
the fifth order in G, yielding a total of 426 diagrams.
These diagrams directly translate to mathematical ex-
pressions, Feynman integrals, by way of Feynman rules
derived from the action (1) — see Fig. 6.

The resulting Feynman integrals are a staple of pertur-
bative QFT. Individual Feynman integrals, which may
diverge in four spacetime dimensions, are treated by
working in D dimensions so that divergences appear as
(D ↑ 4)→1 poles. Finiteness of our results in the limit
D ↔ 4, i.e. the cancellation of all intermediate diver-
gences, then provides a useful consistency check. Our
calculation of the impulse calls for the evaluation of mil-
lions of Feynman integrals, which may have at most 13
propagators of the kinds seen in Fig. 6. To evaluate them
we generate linear integration-by-parts (IBP) identities
which reduces the problem to one solving a large system
of linear equations. The task was nevertheless enormous,
and consumed around 300,000 core hours on HPC clus-
ters.

Our task is ultimately to determine expressions for a
basis of 236+232 master integrals, that split under par-
ity (vµ

i ↔ ↑vµ
i ) into two distinct sectors. From these,

all other integrals may be expressed as linear combi-
nations using the IBP identities. To do so, we exploit
the integrals’ non-trivial dependence on only a single
variable x: it derives from the relativistic boost factor
ϱ = 1/

√
1 ↑ (v/c)2 = v1 · v2/c2 for the initial relative

velocity v of the two black holes, via ϱ = (x + x→1)/2.
Rather than attempt a direct integration, we may there-
fore set up two systems of di”erential equations in x (even
and odd parity) as

d

dx
ςI(x, D) = M̂(x, D) ςI(x, D) . (3)

The integrals to be computed are grouped into vectors ςI,
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FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: Planar P (a-g), extended planar PX1 (h-i) and PX2
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→(ω · vi). In that sense, the top-level

sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction

2

q →

(a) (b) (c) (d) (e) (f) (g)

q →

(h) (i) (j) (k) (l) (m)

FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: Planar P (a-g), extended planar PX1 (h-i) and PX2
(j), and the non-planar NP (k-m). Solid lines denote worldline propagators, (vi · ω + i0+)→1, wavy lines graviton propagators,

(ω2 + i0+)→1, and the dotted lines may be interpreted as a cut worldline propagator, ε
→(ω · vi). In that sense, the top-level

sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction

self-force expansion

0SF: 63 diagrams
(simple)

1SF: 363 diagrams
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in the physical observable within the conservative sector
at G5 [53]. Similar intriguing cancellations occur in quan-
tum field theory computations [54, 55]. Furthermore, CY
n-fold periods have a transcendentality degree [45, 56] in-
creasing with their dimension n. This leads to the impor-
tant question of what classes of transcendental functions
appear in physical observables in perturbation theory.
Before our work, no physical observables were known that
feature CY n-fold periods for n → 3. One expects that
our findings and the methods described below will have
significant implications for high-precision predictions in
particle physics as well.

In this article, we report on a new landmark result
of the QFT-based classical general relativity program
by providing complete scattering observables of a binary
black hole (or neutron star) encounter up to fifth order in
the weak-field expansion (G5), and sub-leading order in
the symmetric mass ratio ω = m1m2/(m1 + m2)2. This
encounter is depicted in Fig. 1, and involves two black
holes scattering with a deflection angle ε and radiating
gravitational waves with total energy Erad. We describe
the black holes as point particles, an approximation valid
as long as their separation b is large compared to their
intrinsic sizes, i.e. their Schwarzschild radii 2Gmi/c2 —
the weak gravitational field region. Consequently, the
G expansion is really an expansion in the dimensionless
quantity GM/bc2 with total mass M = m1+m2. The two
scattering observables ε and Erad, the latter depending
on CY3 periods, can be used to calibrate gravitational
waveform models.

The gravitationally interacting two-body system is
governed by an action comprised of two worldlines, cou-
pled to the gravitational Einstein-Hilbert term:

S = ↑m1c

∫
ds1 ↑ m2c

∫
ds2 ↑

c3

16ϑG

∫
d4x

↓
↑g R[g] .

(1)

Variation of this action gives rise to the Einstein and
geodesic equations. To explain our notation: the proper
time intervals dsi =

√
gµω ẋµ

i ẋω
i dϖ give rise to the fol-

lowed trajectories xµ
i (ϖ) (µ = 0, 1, 2, 3) of the i’th black

hole, parametrized by a time parameter ϖ (a dot symbol-
izes a ϖ derivative). The spacetime metric gµω(x) yields
the curvature scalar R[g] and g = det(gµω).

We calculate the change in four-momentum of each
body over the course of scattering, !pµ

i , known as the
impulse. With the momentum of each body given by
pµ

i = miẋ
µ
i , the impulse is simply the di”erence between

the momentum at late and early times:

!pµ
i = pµ

i (ϖ ↔ +↗) ↑ pµ
i (ϖ ↔ ↑↗) (2)

= G!p(1)µ
i + G2!p(2)µ

i + · · · + G5!p(5)µ
i + · · · .

The initial momentum of each black hole is given by its
mass times initial velocity: pµ

i (ϖ ↔ ↑↗) = miv
µ
i . Work-

ing in a weak gravitational field region we have series
expanded order-by-order in Newton’s constant. With
results up to G4 already determined [33, 35, 36], and

the conservative (non-radiating) part of G5 derived by
some of the current authors [53], here we extract the
subleading-in-ω G5 component from which we will also
derive the scattering angle ε and radiated energy flux
Erad. Note that ω tends to zero for m1 ↘ m2 and vice
versa.

Our calculation is performed using Worldline QFT
(WQFT) [11, 57], wherein a Worldline E”ective Field
Theory action is used to represent the black holes as
point particles [25, 28]. This allows us to re-interpret
this classical physics problem as one of drawing and cal-
culating perturbative Feynman diagrams — see Fig. 5.
The WQFT’s main benefit for classical physics computa-
tions is a clean separation between classical and quantum
e”ects. In this language, gravitons (wavy lines) and de-
flection modes (solid lines) are the quantized excitations
of the metric gµω and trajectories xµ

i . These particles’
momenta and energies are unfixed, and must be inte-
grated over. The key principle being exploited here is
that tree-level one-point functions, given by a sum of
diagrams with a single outgoing line and no internally
closed loops, solve the classical equations of motion [58].
We recursively generated the graphs to be computed at
the fifth order in G, yielding a total of 426 diagrams.
These diagrams directly translate to mathematical ex-
pressions, Feynman integrals, by way of Feynman rules
derived from the action (1) — see Fig. 6.

The resulting Feynman integrals are a staple of pertur-
bative QFT. Individual Feynman integrals, which may
diverge in four spacetime dimensions, are treated by
working in D dimensions so that divergences appear as
(D ↑ 4)→1 poles. Finiteness of our results in the limit
D ↔ 4, i.e. the cancellation of all intermediate diver-
gences, then provides a useful consistency check. Our
calculation of the impulse calls for the evaluation of mil-
lions of Feynman integrals, which may have at most 13
propagators of the kinds seen in Fig. 6. To evaluate them
we generate linear integration-by-parts (IBP) identities
which reduces the problem to one solving a large system
of linear equations. The task was nevertheless enormous,
and consumed around 300,000 core hours on HPC clus-
ters.

Our task is ultimately to determine expressions for a
basis of 236+232 master integrals, that split under par-
ity (vµ

i ↔ ↑vµ
i ) into two distinct sectors. From these,

all other integrals may be expressed as linear combi-
nations using the IBP identities. To do so, we exploit
the integrals’ non-trivial dependence on only a single
variable x: it derives from the relativistic boost factor
ϱ = 1/

√
1 ↑ (v/c)2 = v1 · v2/c2 for the initial relative

velocity v of the two black holes, via ϱ = (x + x→1)/2.
Rather than attempt a direct integration, we may there-
fore set up two systems of di”erential equations in x (even
and odd parity) as

d

dx
ςI(x, D) = M̂(x, D) ςI(x, D) . (3)

The integrals to be computed are grouped into vectors ςI,

๏We want to compute the change of momentum at 5PM ( ).𝒪(G5)

2

q →

(a) (b) (c) (d) (e) (f) (g)

q →

(h) (i) (j) (k) (l) (m)

FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: Planar P (a-g), extended planar PX1 (h-i) and PX2
(j), and the non-planar NP (k-m). Solid lines denote worldline propagators, (vi · ω + i0+)→1, wavy lines graviton propagators,

(ω2 + i0+)→1, and the dotted lines may be interpreted as a cut worldline propagator, ε
→(ω · vi). In that sense, the top-level

sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction

2

q →

(a) (b) (c) (d) (e) (f) (g)

q →

(h) (i) (j) (k) (l) (m)

FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: Planar P (a-g), extended planar PX1 (h-i) and PX2
(j), and the non-planar NP (k-m). Solid lines denote worldline propagators, (vi · ω + i0+)→1, wavy lines graviton propagators,

(ω2 + i0+)→1, and the dotted lines may be interpreted as a cut worldline propagator, ε
→(ω · vi). In that sense, the top-level

sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction

self-force expansion

0SF: 63 diagrams
(simple)

1SF: 363 diagrams

2SF: 641 diagrams
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in the physical observable within the conservative sector
at G5 [53]. Similar intriguing cancellations occur in quan-
tum field theory computations [54, 55]. Furthermore, CY
n-fold periods have a transcendentality degree [45, 56] in-
creasing with their dimension n. This leads to the impor-
tant question of what classes of transcendental functions
appear in physical observables in perturbation theory.
Before our work, no physical observables were known that
feature CY n-fold periods for n → 3. One expects that
our findings and the methods described below will have
significant implications for high-precision predictions in
particle physics as well.

In this article, we report on a new landmark result
of the QFT-based classical general relativity program
by providing complete scattering observables of a binary
black hole (or neutron star) encounter up to fifth order in
the weak-field expansion (G5), and sub-leading order in
the symmetric mass ratio ω = m1m2/(m1 + m2)2. This
encounter is depicted in Fig. 1, and involves two black
holes scattering with a deflection angle ε and radiating
gravitational waves with total energy Erad. We describe
the black holes as point particles, an approximation valid
as long as their separation b is large compared to their
intrinsic sizes, i.e. their Schwarzschild radii 2Gmi/c2 —
the weak gravitational field region. Consequently, the
G expansion is really an expansion in the dimensionless
quantity GM/bc2 with total mass M = m1+m2. The two
scattering observables ε and Erad, the latter depending
on CY3 periods, can be used to calibrate gravitational
waveform models.

The gravitationally interacting two-body system is
governed by an action comprised of two worldlines, cou-
pled to the gravitational Einstein-Hilbert term:

S = ↑m1c

∫
ds1 ↑ m2c

∫
ds2 ↑

c3

16ϑG

∫
d4x

↓
↑g R[g] .

(1)

Variation of this action gives rise to the Einstein and
geodesic equations. To explain our notation: the proper
time intervals dsi =

√
gµω ẋµ

i ẋω
i dϖ give rise to the fol-

lowed trajectories xµ
i (ϖ) (µ = 0, 1, 2, 3) of the i’th black

hole, parametrized by a time parameter ϖ (a dot symbol-
izes a ϖ derivative). The spacetime metric gµω(x) yields
the curvature scalar R[g] and g = det(gµω).

We calculate the change in four-momentum of each
body over the course of scattering, !pµ

i , known as the
impulse. With the momentum of each body given by
pµ

i = miẋ
µ
i , the impulse is simply the di”erence between

the momentum at late and early times:

!pµ
i = pµ

i (ϖ ↔ +↗) ↑ pµ
i (ϖ ↔ ↑↗) (2)

= G!p(1)µ
i + G2!p(2)µ

i + · · · + G5!p(5)µ
i + · · · .

The initial momentum of each black hole is given by its
mass times initial velocity: pµ

i (ϖ ↔ ↑↗) = miv
µ
i . Work-

ing in a weak gravitational field region we have series
expanded order-by-order in Newton’s constant. With
results up to G4 already determined [33, 35, 36], and

the conservative (non-radiating) part of G5 derived by
some of the current authors [53], here we extract the
subleading-in-ω G5 component from which we will also
derive the scattering angle ε and radiated energy flux
Erad. Note that ω tends to zero for m1 ↘ m2 and vice
versa.

Our calculation is performed using Worldline QFT
(WQFT) [11, 57], wherein a Worldline E”ective Field
Theory action is used to represent the black holes as
point particles [25, 28]. This allows us to re-interpret
this classical physics problem as one of drawing and cal-
culating perturbative Feynman diagrams — see Fig. 5.
The WQFT’s main benefit for classical physics computa-
tions is a clean separation between classical and quantum
e”ects. In this language, gravitons (wavy lines) and de-
flection modes (solid lines) are the quantized excitations
of the metric gµω and trajectories xµ

i . These particles’
momenta and energies are unfixed, and must be inte-
grated over. The key principle being exploited here is
that tree-level one-point functions, given by a sum of
diagrams with a single outgoing line and no internally
closed loops, solve the classical equations of motion [58].
We recursively generated the graphs to be computed at
the fifth order in G, yielding a total of 426 diagrams.
These diagrams directly translate to mathematical ex-
pressions, Feynman integrals, by way of Feynman rules
derived from the action (1) — see Fig. 6.

The resulting Feynman integrals are a staple of pertur-
bative QFT. Individual Feynman integrals, which may
diverge in four spacetime dimensions, are treated by
working in D dimensions so that divergences appear as
(D ↑ 4)→1 poles. Finiteness of our results in the limit
D ↔ 4, i.e. the cancellation of all intermediate diver-
gences, then provides a useful consistency check. Our
calculation of the impulse calls for the evaluation of mil-
lions of Feynman integrals, which may have at most 13
propagators of the kinds seen in Fig. 6. To evaluate them
we generate linear integration-by-parts (IBP) identities
which reduces the problem to one solving a large system
of linear equations. The task was nevertheless enormous,
and consumed around 300,000 core hours on HPC clus-
ters.

Our task is ultimately to determine expressions for a
basis of 236+232 master integrals, that split under par-
ity (vµ

i ↔ ↑vµ
i ) into two distinct sectors. From these,

all other integrals may be expressed as linear combi-
nations using the IBP identities. To do so, we exploit
the integrals’ non-trivial dependence on only a single
variable x: it derives from the relativistic boost factor
ϱ = 1/

√
1 ↑ (v/c)2 = v1 · v2/c2 for the initial relative

velocity v of the two black holes, via ϱ = (x + x→1)/2.
Rather than attempt a direct integration, we may there-
fore set up two systems of di”erential equations in x (even
and odd parity) as

d

dx
ςI(x, D) = M̂(x, D) ςI(x, D) . (3)

The integrals to be computed are grouped into vectors ςI,
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FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: Planar P (a-g), extended planar PX1 (h-i) and PX2
(j), and the non-planar NP (k-m). Solid lines denote worldline propagators, (vi · ω + i0+)→1, wavy lines graviton propagators,

(ω2 + i0+)→1, and the dotted lines may be interpreted as a cut worldline propagator, ε
→(ω · vi). In that sense, the top-level

sectors have 13 propagators, and red graviton propagators may go on-shell. Finally, q
µ is the total momentum transfer.

minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction
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the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ
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↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
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lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
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ditions p2
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employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ
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2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction

self-force expansion

0SF: 63 diagrams
(simple)

1SF: 363 diagrams

2SF: 641 diagrams

๏The computa5on can be further divided into two types: dissipa9ve and conserva9ve.

Conserva9ve:Dissipa9ve:

retarded worldline propagators (in-in) 
retarded graviton propagators (in-in)
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!pµ1 +!pµ2 = Pµ
rad →= 0

<latexit sha1_base64="cuDB4CQO2lBkQdBbpkOmqkRH0mI="></latexit>

!pµ1 +!pµ2 = 0

retarded worldline propagators (in-in) 
Feynman graviton propagators (in-out) 
only take the real and even velocity part
ongoing debates on how to properly 
define the conserva5ve part

physical result
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in the physical observable within the conservative sector
at G5 [53]. Similar intriguing cancellations occur in quan-
tum field theory computations [54, 55]. Furthermore, CY
n-fold periods have a transcendentality degree [45, 56] in-
creasing with their dimension n. This leads to the impor-
tant question of what classes of transcendental functions
appear in physical observables in perturbation theory.
Before our work, no physical observables were known that
feature CY n-fold periods for n → 3. One expects that
our findings and the methods described below will have
significant implications for high-precision predictions in
particle physics as well.

In this article, we report on a new landmark result
of the QFT-based classical general relativity program
by providing complete scattering observables of a binary
black hole (or neutron star) encounter up to fifth order in
the weak-field expansion (G5), and sub-leading order in
the symmetric mass ratio ω = m1m2/(m1 + m2)2. This
encounter is depicted in Fig. 1, and involves two black
holes scattering with a deflection angle ε and radiating
gravitational waves with total energy Erad. We describe
the black holes as point particles, an approximation valid
as long as their separation b is large compared to their
intrinsic sizes, i.e. their Schwarzschild radii 2Gmi/c2 —
the weak gravitational field region. Consequently, the
G expansion is really an expansion in the dimensionless
quantity GM/bc2 with total mass M = m1+m2. The two
scattering observables ε and Erad, the latter depending
on CY3 periods, can be used to calibrate gravitational
waveform models.

The gravitationally interacting two-body system is
governed by an action comprised of two worldlines, cou-
pled to the gravitational Einstein-Hilbert term:

S = ↑m1c

∫
ds1 ↑ m2c

∫
ds2 ↑

c3

16ϑG

∫
d4x

↓
↑g R[g] .

(1)

Variation of this action gives rise to the Einstein and
geodesic equations. To explain our notation: the proper
time intervals dsi =

√
gµω ẋµ

i ẋω
i dϖ give rise to the fol-

lowed trajectories xµ
i (ϖ) (µ = 0, 1, 2, 3) of the i’th black

hole, parametrized by a time parameter ϖ (a dot symbol-
izes a ϖ derivative). The spacetime metric gµω(x) yields
the curvature scalar R[g] and g = det(gµω).

We calculate the change in four-momentum of each
body over the course of scattering, !pµ

i , known as the
impulse. With the momentum of each body given by
pµ

i = miẋ
µ
i , the impulse is simply the di”erence between

the momentum at late and early times:

!pµ
i = pµ

i (ϖ ↔ +↗) ↑ pµ
i (ϖ ↔ ↑↗) (2)

= G!p(1)µ
i + G2!p(2)µ

i + · · · + G5!p(5)µ
i + · · · .

The initial momentum of each black hole is given by its
mass times initial velocity: pµ

i (ϖ ↔ ↑↗) = miv
µ
i . Work-

ing in a weak gravitational field region we have series
expanded order-by-order in Newton’s constant. With
results up to G4 already determined [33, 35, 36], and

the conservative (non-radiating) part of G5 derived by
some of the current authors [53], here we extract the
subleading-in-ω G5 component from which we will also
derive the scattering angle ε and radiated energy flux
Erad. Note that ω tends to zero for m1 ↘ m2 and vice
versa.

Our calculation is performed using Worldline QFT
(WQFT) [11, 57], wherein a Worldline E”ective Field
Theory action is used to represent the black holes as
point particles [25, 28]. This allows us to re-interpret
this classical physics problem as one of drawing and cal-
culating perturbative Feynman diagrams — see Fig. 5.
The WQFT’s main benefit for classical physics computa-
tions is a clean separation between classical and quantum
e”ects. In this language, gravitons (wavy lines) and de-
flection modes (solid lines) are the quantized excitations
of the metric gµω and trajectories xµ

i . These particles’
momenta and energies are unfixed, and must be inte-
grated over. The key principle being exploited here is
that tree-level one-point functions, given by a sum of
diagrams with a single outgoing line and no internally
closed loops, solve the classical equations of motion [58].
We recursively generated the graphs to be computed at
the fifth order in G, yielding a total of 426 diagrams.
These diagrams directly translate to mathematical ex-
pressions, Feynman integrals, by way of Feynman rules
derived from the action (1) — see Fig. 6.

The resulting Feynman integrals are a staple of pertur-
bative QFT. Individual Feynman integrals, which may
diverge in four spacetime dimensions, are treated by
working in D dimensions so that divergences appear as
(D ↑ 4)→1 poles. Finiteness of our results in the limit
D ↔ 4, i.e. the cancellation of all intermediate diver-
gences, then provides a useful consistency check. Our
calculation of the impulse calls for the evaluation of mil-
lions of Feynman integrals, which may have at most 13
propagators of the kinds seen in Fig. 6. To evaluate them
we generate linear integration-by-parts (IBP) identities
which reduces the problem to one solving a large system
of linear equations. The task was nevertheless enormous,
and consumed around 300,000 core hours on HPC clus-
ters.

Our task is ultimately to determine expressions for a
basis of 236+232 master integrals, that split under par-
ity (vµ

i ↔ ↑vµ
i ) into two distinct sectors. From these,

all other integrals may be expressed as linear combi-
nations using the IBP identities. To do so, we exploit
the integrals’ non-trivial dependence on only a single
variable x: it derives from the relativistic boost factor
ϱ = 1/

√
1 ↑ (v/c)2 = v1 · v2/c2 for the initial relative

velocity v of the two black holes, via ϱ = (x + x→1)/2.
Rather than attempt a direct integration, we may there-
fore set up two systems of di”erential equations in x (even
and odd parity) as

d

dx
ςI(x, D) = M̂(x, D) ςI(x, D) . (3)

The integrals to be computed are grouped into vectors ςI,
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minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:
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ε +zµ
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(ε) , gµω = ϑµω +
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32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:
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In this Letter we compute the unknown even-in-velocity
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2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ
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48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
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by gravitational radiation. This is commonly achieved
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agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.
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tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
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grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [23, 95]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [15, 23, 46–
48, 55, 56, 95], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [23]. A subtle point
is how to define a conservative sector of the truly dissi-
pative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due to
momentum (and angular momentum) being carried away

by gravitational radiation. This is commonly achieved
[31, 32, 36, 46, 55, 57, 95] by employing Feynman prop-
agators (in-out) for the gravitons and retarded propaga-
tors on the worldline (in-in) [48, 100], taking the part
real and even in velocity v in the end. We initially also
follow this prescription, which amounts to projecting out
certain parts of the integrals.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [95]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, PX1, PX2, NP), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and the
two “extended planar” families (PX1, PX2) capture the
possibility of one (h–i) or two (j) crossings of the graviton
propagators.

The non-planar (NP) family, associated with top-
sectors (k–m), captures the e”ect of non-linear memory
[101–104]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — Our IBP reduc-
tion was performed using KIRA 3.0 [105–108]. This was
the computational bottleneck of the calculation, consum-
ing ⇐ 3 ⇒ 106 core hours on a high-performance clus-
ter — an order of magnitude larger than 1SF [23, 95].
Yet this number masks the true complexity of the 2SF
problem, which required two key additional technical im-
provements:

1. The use of symmetry relations in the IBP reduction
specific to the conservative setup led to a reduction

self-force expansion

0SF: 63 diagrams
(simple)

1SF: 363 diagrams

2SF: 641 diagrams

๏The computa5on can be further divided into two types: dissipa9ve and conserva9ve.

Conserva9ve:Dissipa9ve:

retarded worldline propagators (in-in) 
retarded graviton propagators (in-in)

<latexit sha1_base64="3uQXsiJqYnS/CzaF91zC0ruIUW8="></latexit>

!pµ1 +!pµ2 = Pµ
rad →= 0

<latexit sha1_base64="cuDB4CQO2lBkQdBbpkOmqkRH0mI="></latexit>

!pµ1 +!pµ2 = 0

retarded worldline propagators (in-in) 
Feynman graviton propagators (in-out) 
only take the real and even velocity part
ongoing debates on how to properly 
define the conserva5ve part

physical result

We discuss today:  
5PM 1SF dissipa9ve  
5PM 2SF conserva9ve [4]

[5]
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Calabi-Yaus @ 5PM
๏ In the black hole scaBering problem at 5PM, we find two dis9nct K3 surfaces 

and two Calabi-Yau three-folds, with one of each appearing at 1SF and 2SF. 
These are connected to the following graphs and differen9al operators.

<latexit sha1_base64="N+9vOy7JoXESm95KLyWd/1FzhsQ="></latexit>

v1 · v2 = ω = (x + 1/x)/2, ε = x ϑx
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v1 · v2 = ω = (x + 1/x)/2, ε = x ϑx
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(CY3)

CY3
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LCY3 = (ω → 1)4 → x4(ω + 1)4

Hadamard product:

Symmetric square:
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LLeg = ω2 → x(ω + 1/2)2
<latexit sha1_base64="guHMwM4tIS0ah4q9/CXtjqIYz8I="></latexit>

LK3 = Sym2(LLeg)

K3

5PM-1SF:

(K3.1)
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LK3 = ω3 → 2x2 (
2 + 4ω + 3ω2 + ω3)

+
ω3)

+ x4(2 + ω)3

[AESZ]
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(CY3’)

(K3’)

K3

CY3

LK3 =
(
1 → 34x2 + x4

)
ω3

→ 6x2
(
17 → x2

)
ω2

→ 12(3 → x)(3 + x)x2ω → 8
(
5 → x2

)
x2 ,

Apery operator [Apery, Zagier]

singularity structure crucial

L
(4)

2
=ω4→230z3(ω + 1

2
)4→24z(192ω4+128ω3+112ω2

+48ω + 7)+214z2(192ω4+256ω3+208ω2+64ω+7)
(17)

again Hadamard product [AESZ, van Straten]

1SF 2SF
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Calabi-Yaus @ 5PM
๏ In total, at 5PM, we found two interes9ng families containing the Calabi-Yau integrals. At 1SF, this family 

contained 232 masters, and at 2SF, 321 masters. We managed to bring both systems into canonical form. 
Here, it was crucial to use our canonicaliza9on method in combina9on with integrand analysis.

K3: 

CY3:
(CY3’)

(K3’)

1SF 2SF
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Comments on Results @ 5PM
๏Further comments on the two computa5ons:

๏ For the 1SF dissipa9ve, we computed all boundary values analy9cally.

๏ For the 2SF conserva9ve, we had to modify the boundary prescrip9on (s5ll ongoing debate).
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Comments on Results @ 5PM
๏Further comments on the two computa5ons:

๏ For the 1SF dissipa9ve, we computed all boundary values analy9cally.

๏ For the 2SF conserva9ve, we had to modify the boundary prescrip9on (s5ll ongoing debate).

We fixed bounadry values by imposing cancella9ons of - and 
kinema9cal singulari9es. Due to the analy9c form of our result, it 
was quite easy to analyze the kinema9cal singularity at .

ϵ

γ = 3

-prescrip9on(γ − 3)

5

region there are only two boundary integrals appearing:

I(M)
1 = , I(M)

2 = , (8)

where the red dots indicate squared graviton propaga-
tors. Intriguingly, imposing the cancellation of the ω = 3
singularity along with maintaining the ε-pole cancellation
between the potential and tail regions determines their
results up to a single undetermined coe!cient cM :

I(M)
1 =

1

15(8ϑ)4ε
+ O(ε0) , I(M)

2 = →
5 cM

6(8ϑ)4ε2
+ O(ε→1).

(9)

However, a calculation for the Feynman i0+ prescription

yields an ε→4 pole for I(M)
2 which breaks finiteness of

the final result through a ε→2 pole and a (ω → 3)→15/2

divergence.
Hence, we need to redefine the conservative prescrip-

tion in such a fashion that the following three conditions
are met: (i) cancellation of dimensional regulator poles,
(ii) cancellation of (ω→3)-divergence and (iii) time reflec-
tion symmetry. Such a prescription would provide Eq. (9)
with a given cM . Interestingly, we observe that evaluat-

ing I(M)
1,2 with retarded propagators pointing towards the

middle point provides such a prescription – that we term
“ω-3” – and leads to the value cM = 1, together with
a finite impulse, see supplementary material for details.
Yet, we acknowledge that the physical motivation for this
prescription is opaque and may not capture all conserva-
tive e”ects. We leave it to future work to elucidate this
important question.

Function space. — The final function space includes
the K3 period ϖK3(x), its derivative ϖ↑

K3(x), and up to
three times iterated integrals

I[ϱ1, ..., ϱn; x] =

∫
x

1
dx↑ ϱ1(x

↑) I[ϱ2, ..., ϱn; x↑] , (10)

where the integration kernels ϱi(x) are selected from the
set
{

1

x
,

1

1 + x2
,

1 + x

x(x → 1)
,

→1 + x

x(x + 1)
,

1 → x2

x + x2 + x3
,

1 → x2

x → x2 + x3
,

→1 + x2

x + x3
,
(1 + x2) ϖK3(x)

x
,

1

x r(x) ϖK3(x)

}
(11)

with the square root r(x) =
↑

→1 + 34x2 → x4. The nor-
malised K3 period is chosen to have an even velocity ex-
pansion (1+x2)ϖK3(x) = 1+ 15v

2

32 + 351v
4

1024 +O(v6). Even
though we encounter CY3 varieties in the DEs, the in-
tegrals associated with this geometry drop out after IBP
reduction of the full integrand in D-dimensions and do
not contribute to the final result.

Results. — The scattering angle ςcons follows from
the impulse using |#pµ

i,cons| = 2p↓ sin(ςcons/2). Here

p↓ = m1m2

√
ω2 → 1/E, the total (conserved) energy is

<latexit sha1_base64="ctluSik94Y5S+4BpiGE3DuipyWI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVE9S8OKxgq2FJpbNdtMu3WzC7kQopX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHbZNkmvEWS2SiOyE1XArFWyhQ8k6qOY1DyR/C0c3Mf3ji2ohE3eM45UFMB0pEglG0kl/zUcTcEM99rPXKFbfqzkFWiZeTCuRo9spffj9hWcwVMkmN6XpuisGEahRM8mnJzwxPKRvRAe9aqqjdFEzmN0/JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+bYXQVTIRKM+SKLRZFmSSYkFkApC80ZyjHllCmhb2VsCHVlKGNqWRD8JZfXiXti6pXr9bvapXGdR5HEU7gFM7Bg0towC00oQUMUniGV3hzMufFeXc+Fq0FJ585hj9wPn8AloeQvg==</latexit>
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At the 5PM-2SF order, the potential region is by con-
struction not sensitive to the i0+ prescription, and eval-
uating the tail region using Feynman propagators indeed
cancels the ✏-pole coming from the potential region. Yet
it leaves the novel singularity at � = 3 intact that can
only be cancelled from the memory region, which in turn
should not introduce new ✏-poles. In fact, in the memory
region, there are only two boundary integrals appearing:

I(M)
1 = , I(M)

2 = , (8)

where the red dots indicate squared graviton propaga-
tors. Intriguingly, imposing the cancellation of the � = 3
singularity along with maintaining the ✏-pole cancella-
tion between the potential and tail regions determines
their results up to a single undetermined coe�cient cM

to be[Gustav: I would change the way we identify
these coe�cients][Jan: no way that would require
new TABLES 2 + 3][Mathias: I really think that
the simplest would be I2 = cM/⇡4✏2].

I(M)
1 =

1

61440⇡4✏
+ O(✏0) ,

I(M)
2 = �

5 cM

24576⇡4✏2
+ O(✏�1).

(9)

However, a calculation for the Feynman i0+ prescription

yields an ✏�4 pole for I(M)
2 which breaks finiteness of

the final result through a ✏�2 pole and a (� � 3)�15/2

divergence.
Hence, we need to redefine the conservative PM-i0+

prescription in such a fashion that the following three
conditions are met: (i) cancellation of dimensional reg-
ulator poles, (ii) cancellation of (� � 3)-divergence and
(iii) time reflection symmetry. Such a prescription would
provide Eq. (9) with a given cM .

Interestingly, we observe that evaluating I1,2 with re-
tarded propagators pointing towards the middle point
provides such a conservative PM-i0+ prescription – that
we term “�-3” – and leads to the value cM = 1 and
a finite impulse, see supplementary material for details.
Yet, we acknowledge that the physical motivation for this
prescription is opaque and may not capture all conserva-
tive e↵ects. We leave it to future work to elucidate this
important question.

Function space. — The final function space includes
the K3 period $K3(x), its derivative $0

K3(x), and up to
three times iterated integrals

I['1, ..., 'n; x] =

Z
x

1
dx0 '1(x

0) I['2, ..., 'n; x0] , (10)

where the integration kernels 'i(x) are selected from the
set
⇢
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FIG. 4: The 5PM-2SF contribution to the scattering

angle, ✓(5,2)
cons (�): Potential and memory contributions

both diverge for � ! 3. These divergences cancel for
the full result if one uses Eq. (9) irrespective of the
value of cM , which is set to 1 for the memory plot.

[Jan: Improve plot]

with the square root r(x) =
p

�1 + 34x2 � x4. The nor-
malised K3 period is chosen to have an even velocity ex-
pansion (1+x2)$K3(x) = 1+ 15v

2

32 + 351v
4

1024 +O(v6). Even
though we encounter CY3 varieties in the DEs, the in-
tegrals associated with this geometry drop out after IBP
reduction of the full integrand in D-dimensions and do
not contribute to the final result.

Results. — The scattering angle ✓cons follows from
the impulse using |�pµ

i,cons| = 2p1 sin(✓cons/2). Here

p1 = m1m2

p
�2 � 1/E, the total (conserved) energy is

E = M
p

1 + 2⌫(� � 1) and the total mass is M = m1 +
m2, with ⌫ = m1m2/M2 the symmetric mass ratio. The
scattering angle is given in PM expansion as

✓cons =
E

M

X

m�1

b m�1
2 cX

s=0

✓
GM

|b|

◆m

⌫s✓(m,s)
cons (�) , (12)

where s counts the SF order. Our main result is the
5PM-2SF contribution

✓(5,2)
cons =

36X

k=1

ck(�)fk(�) , (13)

where fk(�) are the 36 linear combinations of iterated
integrals discussed in the previous section and ck(�) are
polynomials in � and

p
�2 � 1 = �v, see the tables in

the supplementary material. We present all our analyti-
cal results in the accompanying Zenodo [145] submission,
sorted into the three regions.

Checks. — Our 5PM angle agrees in the low-velocity
v =

p
�2 � 1/� ! 0 limit with the scattering angle up to

4PN order [146–149]. Up to 5PN order with the memory
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FIG. 4: The 5PM-2SF contribution to the scattering

angle, ς(5,2)
cons (ω): Potential and memory contributions

both diverge for ω ↓ 3. These divergences cancel for
the full result if one uses Eq. (9) irrespective of the

value of cM , which is set to 1 for this plot.

E = M
√

1 + 2φ(ω → 1) and the total mass is M = m1 +
m2, with φ = m1m2/M2 the symmetric mass ratio. The
scattering angle is given in PM expansion as

ςcons =
E

M

∑

m↔1

↗ m→1
2 ↘∑

s=0

(
GM

|b|

)m

φsς(m,s)
cons (ω) , (12)

where s counts the SF order. Our main result is the
5PM-2SF contribution

ς(5,2)
cons =

36∑

k=1

ck(ω)fk(ω) , (13)

where fk(ω) are the 36 linear combinations of iterated
integrals discussed in the previous section and ck(ω) are
polynomials in ω and

√
ω2 → 1 = ωv, see the tables in

the supplementary material. We present all our analyti-
cal results in the accompanying Zenodo [146] submission,
sorted into the three regions.

Checks. — Our 5PM angle agrees in the low-velocity
v =

√
ω2 → 1/ω ↓ 0 limit with the scattering angle up to

4PN order [147–151]. Up to 5PN order with the memory
contribution using (9) in square brackets we find

ς(5,2)
cons =

2

5v6
+

53

5v4
+

(
45341

360
→

41ϑ2

12

)
1

v2
+

46629199

15120

+

[
64 cM

5
→

11456

135

]
→

221597ϑ2

720
+

2816 log[2v]

45
+ O(v2) .

(14)

Our O(v0) result confirms a conjecture on the ϑ2 5PN
contributions being purely potential [151, 152], while our
rational tail contribution at this order agrees with the
5PN tail contribution of Ref. [153] based on Ref. [102].
Restricting to the potential region we agree with the very
recent low-velocity expanded result for the scattering an-
gle of Ref. [99]. Finally, the discontinuity of the scattering
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Comments on Results @ 5PM
๏Further comments on the two computa5ons:

๏ For the 1SF dissipa9ve, we computed all boundary values analy9cally.

๏ For the 2SF conserva9ve, we had to modify the boundary prescrip9on (s5ll ongoing debate).

We fixed bounadry values by imposing cancella9ons of - and 
kinema9cal singulari9es. Due to the analy9c form of our result, it 
was quite easy to analyze the kinema9cal singularity at .

ϵ

γ = 3

-prescrip9on(γ − 3)

5

region there are only two boundary integrals appearing:

I(M)
1 = , I(M)

2 = , (8)

where the red dots indicate squared graviton propaga-
tors. Intriguingly, imposing the cancellation of the ω = 3
singularity along with maintaining the ε-pole cancellation
between the potential and tail regions determines their
results up to a single undetermined coe!cient cM :

I(M)
1 =

1

15(8ϑ)4ε
+ O(ε0) , I(M)

2 = →
5 cM

6(8ϑ)4ε2
+ O(ε→1).

(9)

However, a calculation for the Feynman i0+ prescription

yields an ε→4 pole for I(M)
2 which breaks finiteness of

the final result through a ε→2 pole and a (ω → 3)→15/2

divergence.
Hence, we need to redefine the conservative prescrip-

tion in such a fashion that the following three conditions
are met: (i) cancellation of dimensional regulator poles,
(ii) cancellation of (ω→3)-divergence and (iii) time reflec-
tion symmetry. Such a prescription would provide Eq. (9)
with a given cM . Interestingly, we observe that evaluat-

ing I(M)
1,2 with retarded propagators pointing towards the

middle point provides such a prescription – that we term
“ω-3” – and leads to the value cM = 1, together with
a finite impulse, see supplementary material for details.
Yet, we acknowledge that the physical motivation for this
prescription is opaque and may not capture all conserva-
tive e”ects. We leave it to future work to elucidate this
important question.

Function space. — The final function space includes
the K3 period ϖK3(x), its derivative ϖ↑

K3(x), and up to
three times iterated integrals

I[ϱ1, ..., ϱn; x] =

∫
x

1
dx↑ ϱ1(x

↑) I[ϱ2, ..., ϱn; x↑] , (10)

where the integration kernels ϱi(x) are selected from the
set
{

1

x
,

1

1 + x2
,

1 + x

x(x → 1)
,

→1 + x

x(x + 1)
,

1 → x2

x + x2 + x3
,

1 → x2

x → x2 + x3
,

→1 + x2

x + x3
,
(1 + x2) ϖK3(x)

x
,

1

x r(x) ϖK3(x)

}
(11)

with the square root r(x) =
↑

→1 + 34x2 → x4. The nor-
malised K3 period is chosen to have an even velocity ex-
pansion (1+x2)ϖK3(x) = 1+ 15v

2

32 + 351v
4

1024 +O(v6). Even
though we encounter CY3 varieties in the DEs, the in-
tegrals associated with this geometry drop out after IBP
reduction of the full integrand in D-dimensions and do
not contribute to the final result.

Results. — The scattering angle ςcons follows from
the impulse using |#pµ

i,cons| = 2p↓ sin(ςcons/2). Here

p↓ = m1m2

√
ω2 → 1/E, the total (conserved) energy is
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5

At the 5PM-2SF order, the potential region is by con-
struction not sensitive to the i0+ prescription, and eval-
uating the tail region using Feynman propagators indeed
cancels the ✏-pole coming from the potential region. Yet
it leaves the novel singularity at � = 3 intact that can
only be cancelled from the memory region, which in turn
should not introduce new ✏-poles. In fact, in the memory
region, there are only two boundary integrals appearing:

I(M)
1 = , I(M)

2 = , (8)

where the red dots indicate squared graviton propaga-
tors. Intriguingly, imposing the cancellation of the � = 3
singularity along with maintaining the ✏-pole cancella-
tion between the potential and tail regions determines
their results up to a single undetermined coe�cient cM

to be[Gustav: I would change the way we identify
these coe�cients][Jan: no way that would require
new TABLES 2 + 3][Mathias: I really think that
the simplest would be I2 = cM/⇡4✏2].

I(M)
1 =

1

61440⇡4✏
+ O(✏0) ,

I(M)
2 = �

5 cM

24576⇡4✏2
+ O(✏�1).

(9)

However, a calculation for the Feynman i0+ prescription

yields an ✏�4 pole for I(M)
2 which breaks finiteness of

the final result through a ✏�2 pole and a (� � 3)�15/2

divergence.
Hence, we need to redefine the conservative PM-i0+

prescription in such a fashion that the following three
conditions are met: (i) cancellation of dimensional reg-
ulator poles, (ii) cancellation of (� � 3)-divergence and
(iii) time reflection symmetry. Such a prescription would
provide Eq. (9) with a given cM .

Interestingly, we observe that evaluating I1,2 with re-
tarded propagators pointing towards the middle point
provides such a conservative PM-i0+ prescription – that
we term “�-3” – and leads to the value cM = 1 and
a finite impulse, see supplementary material for details.
Yet, we acknowledge that the physical motivation for this
prescription is opaque and may not capture all conserva-
tive e↵ects. We leave it to future work to elucidate this
important question.

Function space. — The final function space includes
the K3 period $K3(x), its derivative $0

K3(x), and up to
three times iterated integrals

I['1, ..., 'n; x] =

Z
x

1
dx0 '1(x

0) I['2, ..., 'n; x0] , (10)

where the integration kernels 'i(x) are selected from the
set
⇢

1

x
,

1

1 + x2
,

1 + x

x(x � 1)
,

�1 + x

x(x + 1)
,

1 � x2

x + x2 + x3
,

1 � x2

x � x2 + x3
,

�1 + x2

x + x3
,
(1 + x2) $K3(x)

x
,

1

x r(x) $K3(x)

�
(11)
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FIG. 4: The 5PM-2SF contribution to the scattering

angle, ✓(5,2)
cons (�): Potential and memory contributions

both diverge for � ! 3. These divergences cancel for
the full result if one uses Eq. (9) irrespective of the
value of cM , which is set to 1 for the memory plot.

[Jan: Improve plot]

with the square root r(x) =
p

�1 + 34x2 � x4. The nor-
malised K3 period is chosen to have an even velocity ex-
pansion (1+x2)$K3(x) = 1+ 15v

2

32 + 351v
4

1024 +O(v6). Even
though we encounter CY3 varieties in the DEs, the in-
tegrals associated with this geometry drop out after IBP
reduction of the full integrand in D-dimensions and do
not contribute to the final result.

Results. — The scattering angle ✓cons follows from
the impulse using |�pµ

i,cons| = 2p1 sin(✓cons/2). Here

p1 = m1m2

p
�2 � 1/E, the total (conserved) energy is

E = M
p

1 + 2⌫(� � 1) and the total mass is M = m1 +
m2, with ⌫ = m1m2/M2 the symmetric mass ratio. The
scattering angle is given in PM expansion as

✓cons =
E

M

X

m�1

b m�1
2 cX

s=0

✓
GM

|b|

◆m

⌫s✓(m,s)
cons (�) , (12)

where s counts the SF order. Our main result is the
5PM-2SF contribution

✓(5,2)
cons =

36X

k=1

ck(�)fk(�) , (13)

where fk(�) are the 36 linear combinations of iterated
integrals discussed in the previous section and ck(�) are
polynomials in � and

p
�2 � 1 = �v, see the tables in

the supplementary material. We present all our analyti-
cal results in the accompanying Zenodo [145] submission,
sorted into the three regions.

Checks. — Our 5PM angle agrees in the low-velocity
v =

p
�2 � 1/� ! 0 limit with the scattering angle up to

4PN order [146–149]. Up to 5PN order with the memory
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FIG. 4: The 5PM-2SF contribution to the scattering

angle, ς(5,2)
cons (ω): Potential and memory contributions

both diverge for ω ↓ 3. These divergences cancel for
the full result if one uses Eq. (9) irrespective of the

value of cM , which is set to 1 for this plot.

E = M
√

1 + 2φ(ω → 1) and the total mass is M = m1 +
m2, with φ = m1m2/M2 the symmetric mass ratio. The
scattering angle is given in PM expansion as

ςcons =
E

M

∑

m↔1

↗ m→1
2 ↘∑

s=0

(
GM

|b|

)m

φsς(m,s)
cons (ω) , (12)

where s counts the SF order. Our main result is the
5PM-2SF contribution

ς(5,2)
cons =

36∑

k=1

ck(ω)fk(ω) , (13)

where fk(ω) are the 36 linear combinations of iterated
integrals discussed in the previous section and ck(ω) are
polynomials in ω and

√
ω2 → 1 = ωv, see the tables in

the supplementary material. We present all our analyti-
cal results in the accompanying Zenodo [146] submission,
sorted into the three regions.

Checks. — Our 5PM angle agrees in the low-velocity
v =

√
ω2 → 1/ω ↓ 0 limit with the scattering angle up to

4PN order [147–151]. Up to 5PN order with the memory
contribution using (9) in square brackets we find

ς(5,2)
cons =

2

5v6
+

53

5v4
+

(
45341

360
→

41ϑ2

12

)
1

v2
+

46629199

15120

+

[
64 cM

5
→

11456

135

]
→

221597ϑ2

720
+

2816 log[2v]

45
+ O(v2) .

(14)

Our O(v0) result confirms a conjecture on the ϑ2 5PN
contributions being purely potential [151, 152], while our
rational tail contribution at this order agrees with the
5PN tail contribution of Ref. [153] based on Ref. [102].
Restricting to the potential region we agree with the very
recent low-velocity expanded result for the scattering an-
gle of Ref. [99]. Finally, the discontinuity of the scattering

๏ At 1SF dissipa9ve, the Calabi-Yau three-fold periods survive in the final result for the radiated energy. [5]
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Comments on Results @ 5PM
๏Further comments on the two computa5ons:

๏ For the 1SF dissipa9ve, we computed all boundary values analy9cally.

๏ For the 2SF conserva9ve, we had to modify the boundary prescrip9on (s5ll ongoing debate).

We fixed bounadry values by imposing cancella9ons of - and 
kinema9cal singulari9es. Due to the analy9c form of our result, it 
was quite easy to analyze the kinema9cal singularity at .

ϵ

γ = 3

-prescrip9on(γ − 3)

5

region there are only two boundary integrals appearing:

I(M)
1 = , I(M)

2 = , (8)

where the red dots indicate squared graviton propaga-
tors. Intriguingly, imposing the cancellation of the ω = 3
singularity along with maintaining the ε-pole cancellation
between the potential and tail regions determines their
results up to a single undetermined coe!cient cM :

I(M)
1 =

1

15(8ϑ)4ε
+ O(ε0) , I(M)

2 = →
5 cM

6(8ϑ)4ε2
+ O(ε→1).

(9)

However, a calculation for the Feynman i0+ prescription

yields an ε→4 pole for I(M)
2 which breaks finiteness of

the final result through a ε→2 pole and a (ω → 3)→15/2

divergence.
Hence, we need to redefine the conservative prescrip-

tion in such a fashion that the following three conditions
are met: (i) cancellation of dimensional regulator poles,
(ii) cancellation of (ω→3)-divergence and (iii) time reflec-
tion symmetry. Such a prescription would provide Eq. (9)
with a given cM . Interestingly, we observe that evaluat-

ing I(M)
1,2 with retarded propagators pointing towards the

middle point provides such a prescription – that we term
“ω-3” – and leads to the value cM = 1, together with
a finite impulse, see supplementary material for details.
Yet, we acknowledge that the physical motivation for this
prescription is opaque and may not capture all conserva-
tive e”ects. We leave it to future work to elucidate this
important question.

Function space. — The final function space includes
the K3 period ϖK3(x), its derivative ϖ↑

K3(x), and up to
three times iterated integrals

I[ϱ1, ..., ϱn; x] =

∫
x

1
dx↑ ϱ1(x

↑) I[ϱ2, ..., ϱn; x↑] , (10)

where the integration kernels ϱi(x) are selected from the
set
{

1

x
,

1

1 + x2
,

1 + x

x(x → 1)
,

→1 + x

x(x + 1)
,

1 → x2

x + x2 + x3
,

1 → x2

x → x2 + x3
,

→1 + x2

x + x3
,
(1 + x2) ϖK3(x)

x
,

1

x r(x) ϖK3(x)

}
(11)

with the square root r(x) =
↑

→1 + 34x2 → x4. The nor-
malised K3 period is chosen to have an even velocity ex-
pansion (1+x2)ϖK3(x) = 1+ 15v

2

32 + 351v
4

1024 +O(v6). Even
though we encounter CY3 varieties in the DEs, the in-
tegrals associated with this geometry drop out after IBP
reduction of the full integrand in D-dimensions and do
not contribute to the final result.

Results. — The scattering angle ςcons follows from
the impulse using |#pµ

i,cons| = 2p↓ sin(ςcons/2). Here

p↓ = m1m2

√
ω2 → 1/E, the total (conserved) energy is
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5

At the 5PM-2SF order, the potential region is by con-
struction not sensitive to the i0+ prescription, and eval-
uating the tail region using Feynman propagators indeed
cancels the ✏-pole coming from the potential region. Yet
it leaves the novel singularity at � = 3 intact that can
only be cancelled from the memory region, which in turn
should not introduce new ✏-poles. In fact, in the memory
region, there are only two boundary integrals appearing:

I(M)
1 = , I(M)

2 = , (8)

where the red dots indicate squared graviton propaga-
tors. Intriguingly, imposing the cancellation of the � = 3
singularity along with maintaining the ✏-pole cancella-
tion between the potential and tail regions determines
their results up to a single undetermined coe�cient cM

to be[Gustav: I would change the way we identify
these coe�cients][Jan: no way that would require
new TABLES 2 + 3][Mathias: I really think that
the simplest would be I2 = cM/⇡4✏2].

I(M)
1 =

1

61440⇡4✏
+ O(✏0) ,

I(M)
2 = �

5 cM

24576⇡4✏2
+ O(✏�1).

(9)

However, a calculation for the Feynman i0+ prescription

yields an ✏�4 pole for I(M)
2 which breaks finiteness of

the final result through a ✏�2 pole and a (� � 3)�15/2

divergence.
Hence, we need to redefine the conservative PM-i0+

prescription in such a fashion that the following three
conditions are met: (i) cancellation of dimensional reg-
ulator poles, (ii) cancellation of (� � 3)-divergence and
(iii) time reflection symmetry. Such a prescription would
provide Eq. (9) with a given cM .

Interestingly, we observe that evaluating I1,2 with re-
tarded propagators pointing towards the middle point
provides such a conservative PM-i0+ prescription – that
we term “�-3” – and leads to the value cM = 1 and
a finite impulse, see supplementary material for details.
Yet, we acknowledge that the physical motivation for this
prescription is opaque and may not capture all conserva-
tive e↵ects. We leave it to future work to elucidate this
important question.

Function space. — The final function space includes
the K3 period $K3(x), its derivative $0

K3(x), and up to
three times iterated integrals

I['1, ..., 'n; x] =

Z
x

1
dx0 '1(x

0) I['2, ..., 'n; x0] , (10)

where the integration kernels 'i(x) are selected from the
set
⇢

1

x
,

1

1 + x2
,

1 + x

x(x � 1)
,

�1 + x

x(x + 1)
,

1 � x2

x + x2 + x3
,

1 � x2

x � x2 + x3
,

�1 + x2

x + x3
,
(1 + x2) $K3(x)

x
,

1

x r(x) $K3(x)

�
(11)
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FIG. 4: The 5PM-2SF contribution to the scattering

angle, ✓(5,2)
cons (�): Potential and memory contributions

both diverge for � ! 3. These divergences cancel for
the full result if one uses Eq. (9) irrespective of the
value of cM , which is set to 1 for the memory plot.

[Jan: Improve plot]

with the square root r(x) =
p

�1 + 34x2 � x4. The nor-
malised K3 period is chosen to have an even velocity ex-
pansion (1+x2)$K3(x) = 1+ 15v

2

32 + 351v
4

1024 +O(v6). Even
though we encounter CY3 varieties in the DEs, the in-
tegrals associated with this geometry drop out after IBP
reduction of the full integrand in D-dimensions and do
not contribute to the final result.

Results. — The scattering angle ✓cons follows from
the impulse using |�pµ

i,cons| = 2p1 sin(✓cons/2). Here

p1 = m1m2

p
�2 � 1/E, the total (conserved) energy is

E = M
p

1 + 2⌫(� � 1) and the total mass is M = m1 +
m2, with ⌫ = m1m2/M2 the symmetric mass ratio. The
scattering angle is given in PM expansion as

✓cons =
E

M

X

m�1

b m�1
2 cX

s=0

✓
GM

|b|

◆m

⌫s✓(m,s)
cons (�) , (12)

where s counts the SF order. Our main result is the
5PM-2SF contribution

✓(5,2)
cons =

36X

k=1

ck(�)fk(�) , (13)

where fk(�) are the 36 linear combinations of iterated
integrals discussed in the previous section and ck(�) are
polynomials in � and

p
�2 � 1 = �v, see the tables in

the supplementary material. We present all our analyti-
cal results in the accompanying Zenodo [145] submission,
sorted into the three regions.

Checks. — Our 5PM angle agrees in the low-velocity
v =

p
�2 � 1/� ! 0 limit with the scattering angle up to

4PN order [146–149]. Up to 5PN order with the memory
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FIG. 4: The 5PM-2SF contribution to the scattering

angle, ς(5,2)
cons (ω): Potential and memory contributions

both diverge for ω ↓ 3. These divergences cancel for
the full result if one uses Eq. (9) irrespective of the

value of cM , which is set to 1 for this plot.

E = M
√

1 + 2φ(ω → 1) and the total mass is M = m1 +
m2, with φ = m1m2/M2 the symmetric mass ratio. The
scattering angle is given in PM expansion as

ςcons =
E

M

∑

m↔1

↗ m→1
2 ↘∑

s=0

(
GM

|b|

)m

φsς(m,s)
cons (ω) , (12)

where s counts the SF order. Our main result is the
5PM-2SF contribution

ς(5,2)
cons =

36∑

k=1

ck(ω)fk(ω) , (13)

where fk(ω) are the 36 linear combinations of iterated
integrals discussed in the previous section and ck(ω) are
polynomials in ω and

√
ω2 → 1 = ωv, see the tables in

the supplementary material. We present all our analyti-
cal results in the accompanying Zenodo [146] submission,
sorted into the three regions.

Checks. — Our 5PM angle agrees in the low-velocity
v =

√
ω2 → 1/ω ↓ 0 limit with the scattering angle up to

4PN order [147–151]. Up to 5PN order with the memory
contribution using (9) in square brackets we find

ς(5,2)
cons =

2

5v6
+

53

5v4
+

(
45341

360
→

41ϑ2

12

)
1

v2
+

46629199

15120

+

[
64 cM

5
→

11456

135

]
→

221597ϑ2

720
+

2816 log[2v]

45
+ O(v2) .

(14)

Our O(v0) result confirms a conjecture on the ϑ2 5PN
contributions being purely potential [151, 152], while our
rational tail contribution at this order agrees with the
5PN tail contribution of Ref. [153] based on Ref. [102].
Restricting to the potential region we agree with the very
recent low-velocity expanded result for the scattering an-
gle of Ref. [99]. Finally, the discontinuity of the scattering

๏ At 1SF dissipa9ve, the Calabi-Yau three-fold periods survive in the final result for the radiated energy. [5]

๏ At 2SF conserva9ve, only the K3 periods appear in the scaBering angle. [4, Bern et al.]
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Comments on Results @ 5PM
๏There have already been several checks/comparisons on our results, par5cularly at 1SF:

SCATTERING ANGLE: COMPARISON TO NUMERICAL RELATIVITY [Long, Pfeiffer, Kidder, Scheel, 2511.10196]
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FIG. 3. Scattering angle ω as a function of symmetric mass
ratio ε at fixed ϑ = 1.0200 and ϖ = 4.8000. The points repre-
sent the SpEC data and the lines correspond to the extracted
SF expansion of Eq. (14) using the best-estimate coe!cients
in Eqs. (15)–(16) and the known 0SF term. The known 0SF
term (dotted black line) and the zero mass limit (thin verti-
cal line) are shown for reference. The lower panel shows the
di”erence between the data and the best-estimate fits.

shows the numerical data and the SF fits using the known
geodesic value and the best estimate values with the
shading representing the uncertainty in the fit. As can
be seen, the 1SF fit is a good representation of the data
at low ω but the deviation grows to → 1→ at equal masses.
The 2SF fit is a significant improvement over the 1SF fit
and remains within the error bars across the full range
of mass ratios. This demonstrates that NR data can be
used not only to validate perturbative results but also to
determine new coe!cients, providing a non-perturbative
route to infer higher-order information.

IV. POST-MINKOWSKIAN REGIME

The PM expansion of the scattering angle is given by

ε =
↑∑

n=1

ϑnPM

(
GM

b

)n

, (17)

where ϑnPM is the nth order PM contribution to the scat-
tering angle and we have restored Newton’s constant G
for clarity. The state-of-the-art results are at 5PM(1SF)
which contain all information up to G4 [1] as well as the
contributions up to order ω at G5 [8, 9]. In addition, as
the ω0 contributions are purely geodesic, we have these
contributions for all orders in G.

Here we seek to utilize SpEC’s ability to simulate sys-
tems with large impact parameters to validate state-of-

100

200

300

�
[d

eg
]

1PM

2PM

3PM

4PM

5PM(1SF)

SpEC

10 15 20 25 30 35
b/M

�3

�2

�1

0

�
�

� S
p
E
C
[d

eg
]

30 35

�0.1

0.0

FIG. 4. Scattering angle ω as a function of impact param-
eter b at fixed # = 1.02264 and q = 1. The points represent
the SpEC data and the lines represent the analytic PM pre-
dictions. The vertical dotted lines show the first confirmed
capture from SpEC. The bottom panel shows the di”erence
between the data and PM predictions with the inset showing
a zoomed-in view of the weak-field region. The SpEC errors
are too small to be seen on the scale of the main plot, but can
be resolved in the inset.

the-art PM calculations. The simulations used here cover
impact parameters b ↑ [10.2, 37.4]M (including 9 new
simulations with b ↓ 18.7M) at fixed ” = 1.02264 and
q = 1. Figure 4 shows the scattering angle ε as a function
of impact parameter b along with the PM predictions at
various orders. As can be seen, the NR results agree well
with the PM predictions at large b (weak field) and de-
viate more significantly at small b (strong field) where
the PM expansion does not capture the divergent be-
havior of the scattering angle near the scatter-capture
separatrix. The lower panel of Figure 4 shows the dif-
ference between the NR results and the PM predictions.
The inset of the lower panel shows that the state-of-the-
art 5PM(1SF) prediction agrees with the NR results to
within the error bars for b ↭ 35M with the 4PM predic-
tion agreeing within the error bars for b → 37M . This
provides a strong validation of both the NR simulations
and the PM calculations in the weak-field regime.

Another informative way to visualize the agreement
between NR and PM is to plot the NR results with suc-
cessive PM orders subtracted o#, as shown in Figure 5.
If there is agreement, each set of points should tend to-
wards the corresponding PM prediction with increasing
b. As can be seen, the NR results agree well with the
PM predictions at each order, providing a strong valida-
tion between the NR and PM calculations. One interest-
ing observation is that when subtracting the 5PM(1SF)
term, the points appear to follow a trend of → 1/b6 at
large b. This suggests that the next order term, 6PM,

2

and angular momentum to extract high-order SF contri-
butions. In Sec. IV we compare a new set of weak-field
NR simulations of varying impact parameter at fixed en-
ergy and mass ratio to PM calculations, finding good
agreement. We conclude in Sec. V with a summary of
our findings and provide an outlook.

Notation

In this work, we use natural geometrized units with
G = c = 1. Our setup consists of two non-spinning BHs
with masses m1 and m2 with m1 → m2. We denote the
total mass, mass ratio, and symmetric mass ratio by

M = m1 + m2, q =
m1

m2
, ω =

m1m2

M2
. (1)

We use rescaled versions of the Arnowitt-Deser-Misner
(ADM) energy and angular momentum, EADM and
JADM, defined by

! =
EADM

M
=

√
1 + 2ω(ε ↑ 1), ϑ =

JADM

m1m2
, (2)

where ε is the relative Lorentz factor,

ε =
!2M2 ↑ m2

1 ↑ m2
2

2m1m2
. (3)

We define the impact parameter as

b =
ϑ !√
ε2 ↑ 1

M. (4)

II. NUMERICAL RELATIVITY SIMULATIONS

This work uses the Spectral Einstein Code
(SpEC) [43], a multi-domain spectral code for solv-
ing the general relativistic initial value and evolution
problem for BBH systems. The numerical techniques
are summarized in Refs. [44–46]. In particular, SpEC
evolves a first-order representation of the generalized
harmonic evolution system [47] using a multi-domain
spectral method [48–51]. The outer boundary uses
constraint-preserving boundary conditions [47, 52, 53]
with (approximately) no incoming gravitational ra-
diation. Black hole (BH) excision is used inside the
apparent horizons [49–51, 54]. The elliptic solver of
SpEC [55, 56] utilizes the extended conformal-thin
sandwich (XCTS) approach [57–59].

SpEC was recently adapted to perform accurate simu-
lations of hyperbolic encounters. These changes included
modifications to the initial data routines, to account for
larger separations and velocities, as well as the adaptive
mesh refinement procedure during the evolution. Details
of these modifications can be found in Refs. [14, 60].

In this study we analyze the observables from 23 simu-
lations previously presented in Ref. [14], combined with 9
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FIG. 1. Trajectories of equal-mass black-hole scattering
scenarios with ! = 1.02264 and impact parameters b =
[37.4, 30.4, 23.4, 17.1, 12.8, 11.1]M . Shown are the Cartesian
components of the separation vector between the centers of
the BHs, rotated such that the incoming path is aligned with
the x-axis. The b = 17.1M (red) trajectory corresponds to
the largest impact parameter previously studied at this en-
ergy [14, 24, 26, 28].

new equal-mass simulations at fixed ! = 1.02264 deeper
in the weak field (impact parameters ϑ → 8 corresponding
to b → 18.7M). A subset of the equal-mass simulations
are shown in Figure 1. The rest of this section is dedi-
cated to summarizing the details of the simulations per-
formed and our procedure for extracting the scattering
angle from the data.

A. Simulations

The setup of all simulations used here is exactly as
detailed in Sec. II of Ref. [14], to summarize:

Each simulation is specified by the parameters of the
BHs (masses and spins) combined with parameters that
determine the trajectories of the binary, notably the
ADM energy and angular momentum, EADM and JADM,
as well as the initial separation D0 = 250M . In order
to evolve this system, we solve for initial data on the
first slice of the evolution. The SpEC initial data rou-
tine [55, 56] performs a root-finding procedure over ad-
ditional parameters to achieve the desired system. This
includes those that control the initial position and ve-
locity of the BHs as well as the conformal metric, trace
of the extrinsic curvature and their time-derivatives and
the boundary conditions at the BH horizons and spatial
infinity. As discussed in Ref. [14], we can achieve high
accuracy in the desired values of the masses, spins, ADM
energy and angular momentum, etc., with relative errors
↭ 10→5, ensuring that the results here are not a”ected
by uncertainty in the initial parameters.

The evolution starts with the BHs at Cartesian coor-
dinates ϖcA ↓ (D0/(1 + q), 0, 0) and ϖcB ↓ (↑D0 q/(1 +
q), 0, 0), corresponding to the center-of-mass frame (GR
corrections cause small deviations relative to these New-

Trajectories:

Parameters:
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v = 0.296c
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FIG. 6. Comparison of the energy absorbed by the horizon
between SF and PM for v→ = 0.35. All the data is scaled
by the b7 behaviour of the leading PM result – see Eq. (14).
After subtracting the PM result the residual scales as b↑8. I
fit the residual as described in the main text and then further
subtract the fitted b↑8 term to find a residual that scales as
b↑9.

6PM-3PN curve lying close to the 5PM residual, it is not
su!ciently close to the full 6PM result that I observe a
b→7 fall o” in the residual (not shown).

Next I turn to the comparison for the horizon absorp-
tion. Here only the leading PM term is known, which
enters at 7PM order – see Eq. (14). After subtracting
this term from my SF data I find the residual scales
as b→8, as expected — see Fig. 6 for an example with
v↑ = 0.35. As I only have the leading term to compare
with, the residual does not come as close the numerical
noise in my data (and the numerical noise appears to be
less – compare the infinity and horizon mode spectra in
left and right panels of Fig. 3, respectively). As such,
I am able to fit the residual to a function of the form
a8b→8 + a9b→9 + a10b→10 + a11b→11 where the ak are con-
stants that are fitted for. After further subtracting my
fitted value of a8b→8 I find the residual cleanly scales as
b→9. In future work it should be straightforward to tab-
ulate the coe!cients of the 8PM and 9PM absorption up
to reasonably large value of v↑.

I conclude this comparison section with a first com-
parison of the radiated energy between SF and NR. To
the best of my knowledge, the only published results for
the radiated energy from NR simulations of hyperbolic
is presented in Ref. [46]. That work studies equal mass
binaries with v↓1 = v↓2 → 0.209. Using Eq. (4), this corre-
sponds to a relative velocity of v↑ = 0.4. The NR simu-
lations in Ref. [46] are parameterized in terms the initial
energy and angular momentum of the orbit. Following
Ref. [48], I use Eq. (7) to compute the corresponding im-
pact parameter.3 The results of the comparison between

3 Note that using Eq. (7) results in di!erent values of b from the
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FIG. 7. Comparison of the radiated energy to infinity with
NR and PM for v→/c = 0.4. The NR data comes from the
equal mass binary simulations presented in Ref. [46] The ver-
tical, dashed line shows the location of the critical orbit in
the self-force limit. The self-force result will diverge as bSFcrit is
approached but the NR data diverges at a smaller value of b
as the critical orbit in the NR simulations is shifted from the
SF value by higher order in the mass ratio corrections. The
NR data appears to attaching quite smoothly to the SF data
suggesting that, away from the critical orbit, higher-order in
the mass ratio corrections are small. The solid curves show
the PM results, where I have also included a fit to the 6PM
coe!cient made to the SF data after subtracting the 5PM
result.

NR and SF calculations for the radiated energy are given
in Fig. 7. In order to make the comparison I make the
substitution m1ω2 ↑ Mε2+O(ε3) in the formula for the
self-force total radiated energy.

VII. CONCLUSIONS

In this work I made a RWZ frequency domain calcu-
lation of the gravitational radiation for a body moving
along a hyperbolic orbit of a non-spinning black hole.
The main result is presented in Fig. 5 where I show agree-
ment for the energy radiated to infinity with the latest
5PM-1SF results [28] in the weak-field for initial veloc-
ities as high as v↑ = 0.7. I also found agreement with
the leading-order PM calculation of the energy absorbed
by the black hole and can estimate the coe!cients of the
currently unknown higher-order terms – see Fig. 6. Fi-
nally, I made comparisons with PN results, and a simple
PN-PM hybrid model – see Fig. 4, and made a first com-
parison with numerical relativity data in Fig. 7.
The are many future directions that could build upon

this work. The code is also able to compute the radiated
angular momentum, but this computation and compar-
ison of those results with PM, PN, and NR is left for

ones tabulated in Table I of Ref. [46] as they use a di!erent
definition of the impact parameter.

Checks the CY3’s!
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FIG. 5. (Left panel) Comparison of the total radiated energy between SF and PM for v→/c = 0.35. After subtracting each PM
order I find the residual has the expected scaling. In particular, after subtracting all highest known term (5PM) the residuals
scales as b↑6. For a reference b↑6 curve I plot the 6PM-3PN result of Cho. Although the coe!cient of this curve is close to
the residual with 5PM, the residual with the 6PM-3PN result (not shown) does not scale as b↑7 across the range of b values
plotted. (Right panel) The same as the left panel but for v→/c = 0.7. There is some noise in the residual with the 5PM result
but the scaling follows the b↑6 reference curve. This noise stems from the need to include many more (ω,m)-modes for this high
velocity orbit, and the high-ω modes have significantly more noise in their frequency spectrum – see the left panel of Fig. 3.

VI. COMPARISON BETWEEN SF, PN, PM
AND NR

In this section I make comparisons between my SF re-
sults with those from PN, PM, and NR. Throughout I
will plot adimensionalized quantities, e.g., unless stated
otherwise !E→

→ !E→/(m1ω2). I focus on hyperbolic
orbits here but also provide results and comparison for
parabolic orbits in Appendix A. I will also focus on the
total radiated energy, but my code computes the total
radiated angular momentum as well.

First I present comparisons for the total radiated en-
ergy for orbits with a fixed periastron radius as a func-
tion of v→. In Fig. 4 I show comparisons with PN, PM
and the 4PM-1PN hybrid model from Sec. II C for an
orbit with rmin = 100m1. At low velocities the PN se-
ries accurately captures the SF data, but this agreement
deteriorates rapidly as the velocity of the orbit increases.
By constrast the the PM series accurately captures the
SF data for large velocities (the largest I consider here
is v→ = 0.45) but becomes less accurate for low veloc-
ities. For this fixed periastron comparison this break-
down of the PM series for low velocities occurs because
the weak-field criteria (9) is no longer satisfied at low ve-
locity, e.g., for rmin = 100m1 and v→ = 0.15 the value of
m1/(v2→b) ↑ 0.32. The comparison with the 4PM-1PN
hybrid model in Fig. 4 improves both the low velocity and
higher velocity results and as such significantly outper-
forms the 4PM results. At low velocity the improvement
stems from incorporating an approximation to the 3PN
result (through 7PM order).

The results in Fig. 4 demonstrate agreement with the
PM results I observe that after subtracting each PM or-
der the residual is subdominant. An even stronger test

can be made if one can show that the residual scales in
the expected way. This is challenging to show in the fixed
periastron radius comparison but as Eq. 13 suggests fix-
ing v→ and varying b will be more illuminating. This is
because although the dependence on v→ in Eq. 13 can
be extremely complicated, the dependence on b is simply
such that after subtracting a PM result at order k we
expect the residual to scale as b↑(k+1).

In Fig. 5 I show the comparison for the total radiated
energy between my SF data and the PM for v→ = 0.35
and v→ = 0.7. In both cases, after I subtract each PM
order I find the residual scales as expected. Crucially,
after I subtract the recent 5PM results, I find the resid-
ual scales as b↑6 (though I note there is some numerical
noise in the 5PM residual for v→ = 0.7). The 3PM and
4PM have been confirmed by multiple calculations from
di”erent groups and they also agree at low velocities with
the relevant PN expansions. Similarly, the 5PM result is
found to the agree with PN expansions for small v→. To
the best of my knowledge, the results presented here are
the first time that the PM results have been tested at high
velocity against an independent calculation. The agree-
ment I observe builds further confidence in the both PM
and SF results. The agreement with 5PM is especially
satisfying due to the extremely complicated dependence
of the 5PM coe#cient on v→.

In Fig. 5 the coe#cient of the reference b↑6 curve comes
from the 6PM-3PN result of Cho [31]. This result ap-
pears to be quite close to the numerical residual. This is
not unexpected as we see from Fig. 1 that the 3PN results
capture the 3PM, 4PM and 5PM results quite well up to
surprising large velocities. It is reasonable to extrapolate
that a similar level of agreement would be found at 6PM
order, and indeed the data supports this. Despite the
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FIG. 5. (Left panel) Comparison of the total radiated energy between SF and PM for v→/c = 0.35. After subtracting each PM
order I find the residual has the expected scaling. In particular, after subtracting all highest known term (5PM) the residuals
scales as b↑6. For a reference b↑6 curve I plot the 6PM-3PN result of Cho. Although the coe!cient of this curve is close to
the residual with 5PM, the residual with the 6PM-3PN result (not shown) does not scale as b↑7 across the range of b values
plotted. (Right panel) The same as the left panel but for v→/c = 0.7. There is some noise in the residual with the 5PM result
but the scaling follows the b↑6 reference curve. This noise stems from the need to include many more (ω,m)-modes for this high
velocity orbit, and the high-ω modes have significantly more noise in their frequency spectrum – see the left panel of Fig. 3.

VI. COMPARISON BETWEEN SF, PN, PM
AND NR

In this section I make comparisons between my SF re-
sults with those from PN, PM, and NR. Throughout I
will plot adimensionalized quantities, e.g., unless stated
otherwise !E→

→ !E→/(m1ω2). I focus on hyperbolic
orbits here but also provide results and comparison for
parabolic orbits in Appendix A. I will also focus on the
total radiated energy, but my code computes the total
radiated angular momentum as well.

First I present comparisons for the total radiated en-
ergy for orbits with a fixed periastron radius as a func-
tion of v→. In Fig. 4 I show comparisons with PN, PM
and the 4PM-1PN hybrid model from Sec. II C for an
orbit with rmin = 100m1. At low velocities the PN se-
ries accurately captures the SF data, but this agreement
deteriorates rapidly as the velocity of the orbit increases.
By constrast the the PM series accurately captures the
SF data for large velocities (the largest I consider here
is v→ = 0.45) but becomes less accurate for low veloc-
ities. For this fixed periastron comparison this break-
down of the PM series for low velocities occurs because
the weak-field criteria (9) is no longer satisfied at low ve-
locity, e.g., for rmin = 100m1 and v→ = 0.15 the value of
m1/(v2→b) ↑ 0.32. The comparison with the 4PM-1PN
hybrid model in Fig. 4 improves both the low velocity and
higher velocity results and as such significantly outper-
forms the 4PM results. At low velocity the improvement
stems from incorporating an approximation to the 3PN
result (through 7PM order).

The results in Fig. 4 demonstrate agreement with the
PM results I observe that after subtracting each PM or-
der the residual is subdominant. An even stronger test

can be made if one can show that the residual scales in
the expected way. This is challenging to show in the fixed
periastron radius comparison but as Eq. 13 suggests fix-
ing v→ and varying b will be more illuminating. This is
because although the dependence on v→ in Eq. 13 can
be extremely complicated, the dependence on b is simply
such that after subtracting a PM result at order k we
expect the residual to scale as b↑(k+1).

In Fig. 5 I show the comparison for the total radiated
energy between my SF data and the PM for v→ = 0.35
and v→ = 0.7. In both cases, after I subtract each PM
order I find the residual scales as expected. Crucially,
after I subtract the recent 5PM results, I find the resid-
ual scales as b↑6 (though I note there is some numerical
noise in the 5PM residual for v→ = 0.7). The 3PM and
4PM have been confirmed by multiple calculations from
di”erent groups and they also agree at low velocities with
the relevant PN expansions. Similarly, the 5PM result is
found to the agree with PN expansions for small v→. To
the best of my knowledge, the results presented here are
the first time that the PM results have been tested at high
velocity against an independent calculation. The agree-
ment I observe builds further confidence in the both PM
and SF results. The agreement with 5PM is especially
satisfying due to the extremely complicated dependence
of the 5PM coe#cient on v→.

In Fig. 5 the coe#cient of the reference b↑6 curve comes
from the 6PM-3PN result of Cho [31]. This result ap-
pears to be quite close to the numerical residual. This is
not unexpected as we see from Fig. 1 that the 3PN results
capture the 3PM, 4PM and 5PM results quite well up to
surprising large velocities. It is reasonable to extrapolate
that a similar level of agreement would be found at 6PM
order, and indeed the data supports this. Despite the

38

[Warbuton]



13

Comments on Results @ 5PM
๏There have already been several checks/comparisons on our results, par5cularly at 1SF:

SCATTERING ANGLE: COMPARISON TO NUMERICAL RELATIVITY [Long, Pfeiffer, Kidder, Scheel, 2511.10196]
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FIG. 3. Scattering angle ω as a function of symmetric mass
ratio ε at fixed ϑ = 1.0200 and ϖ = 4.8000. The points repre-
sent the SpEC data and the lines correspond to the extracted
SF expansion of Eq. (14) using the best-estimate coe!cients
in Eqs. (15)–(16) and the known 0SF term. The known 0SF
term (dotted black line) and the zero mass limit (thin verti-
cal line) are shown for reference. The lower panel shows the
di”erence between the data and the best-estimate fits.

shows the numerical data and the SF fits using the known
geodesic value and the best estimate values with the
shading representing the uncertainty in the fit. As can
be seen, the 1SF fit is a good representation of the data
at low ω but the deviation grows to → 1→ at equal masses.
The 2SF fit is a significant improvement over the 1SF fit
and remains within the error bars across the full range
of mass ratios. This demonstrates that NR data can be
used not only to validate perturbative results but also to
determine new coe!cients, providing a non-perturbative
route to infer higher-order information.

IV. POST-MINKOWSKIAN REGIME

The PM expansion of the scattering angle is given by

ε =
↑∑

n=1

ϑnPM

(
GM

b

)n

, (17)

where ϑnPM is the nth order PM contribution to the scat-
tering angle and we have restored Newton’s constant G
for clarity. The state-of-the-art results are at 5PM(1SF)
which contain all information up to G4 [1] as well as the
contributions up to order ω at G5 [8, 9]. In addition, as
the ω0 contributions are purely geodesic, we have these
contributions for all orders in G.

Here we seek to utilize SpEC’s ability to simulate sys-
tems with large impact parameters to validate state-of-
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FIG. 4. Scattering angle ω as a function of impact param-
eter b at fixed # = 1.02264 and q = 1. The points represent
the SpEC data and the lines represent the analytic PM pre-
dictions. The vertical dotted lines show the first confirmed
capture from SpEC. The bottom panel shows the di”erence
between the data and PM predictions with the inset showing
a zoomed-in view of the weak-field region. The SpEC errors
are too small to be seen on the scale of the main plot, but can
be resolved in the inset.

the-art PM calculations. The simulations used here cover
impact parameters b ↑ [10.2, 37.4]M (including 9 new
simulations with b ↓ 18.7M) at fixed ” = 1.02264 and
q = 1. Figure 4 shows the scattering angle ε as a function
of impact parameter b along with the PM predictions at
various orders. As can be seen, the NR results agree well
with the PM predictions at large b (weak field) and de-
viate more significantly at small b (strong field) where
the PM expansion does not capture the divergent be-
havior of the scattering angle near the scatter-capture
separatrix. The lower panel of Figure 4 shows the dif-
ference between the NR results and the PM predictions.
The inset of the lower panel shows that the state-of-the-
art 5PM(1SF) prediction agrees with the NR results to
within the error bars for b ↭ 35M with the 4PM predic-
tion agreeing within the error bars for b → 37M . This
provides a strong validation of both the NR simulations
and the PM calculations in the weak-field regime.

Another informative way to visualize the agreement
between NR and PM is to plot the NR results with suc-
cessive PM orders subtracted o#, as shown in Figure 5.
If there is agreement, each set of points should tend to-
wards the corresponding PM prediction with increasing
b. As can be seen, the NR results agree well with the
PM predictions at each order, providing a strong valida-
tion between the NR and PM calculations. One interest-
ing observation is that when subtracting the 5PM(1SF)
term, the points appear to follow a trend of → 1/b6 at
large b. This suggests that the next order term, 6PM,

2

and angular momentum to extract high-order SF contri-
butions. In Sec. IV we compare a new set of weak-field
NR simulations of varying impact parameter at fixed en-
ergy and mass ratio to PM calculations, finding good
agreement. We conclude in Sec. V with a summary of
our findings and provide an outlook.

Notation

In this work, we use natural geometrized units with
G = c = 1. Our setup consists of two non-spinning BHs
with masses m1 and m2 with m1 → m2. We denote the
total mass, mass ratio, and symmetric mass ratio by

M = m1 + m2, q =
m1

m2
, ω =

m1m2

M2
. (1)

We use rescaled versions of the Arnowitt-Deser-Misner
(ADM) energy and angular momentum, EADM and
JADM, defined by

! =
EADM

M
=

√
1 + 2ω(ε ↑ 1), ϑ =

JADM

m1m2
, (2)

where ε is the relative Lorentz factor,

ε =
!2M2 ↑ m2

1 ↑ m2
2

2m1m2
. (3)

We define the impact parameter as

b =
ϑ !√
ε2 ↑ 1

M. (4)

II. NUMERICAL RELATIVITY SIMULATIONS

This work uses the Spectral Einstein Code
(SpEC) [43], a multi-domain spectral code for solv-
ing the general relativistic initial value and evolution
problem for BBH systems. The numerical techniques
are summarized in Refs. [44–46]. In particular, SpEC
evolves a first-order representation of the generalized
harmonic evolution system [47] using a multi-domain
spectral method [48–51]. The outer boundary uses
constraint-preserving boundary conditions [47, 52, 53]
with (approximately) no incoming gravitational ra-
diation. Black hole (BH) excision is used inside the
apparent horizons [49–51, 54]. The elliptic solver of
SpEC [55, 56] utilizes the extended conformal-thin
sandwich (XCTS) approach [57–59].

SpEC was recently adapted to perform accurate simu-
lations of hyperbolic encounters. These changes included
modifications to the initial data routines, to account for
larger separations and velocities, as well as the adaptive
mesh refinement procedure during the evolution. Details
of these modifications can be found in Refs. [14, 60].

In this study we analyze the observables from 23 simu-
lations previously presented in Ref. [14], combined with 9
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FIG. 1. Trajectories of equal-mass black-hole scattering
scenarios with ! = 1.02264 and impact parameters b =
[37.4, 30.4, 23.4, 17.1, 12.8, 11.1]M . Shown are the Cartesian
components of the separation vector between the centers of
the BHs, rotated such that the incoming path is aligned with
the x-axis. The b = 17.1M (red) trajectory corresponds to
the largest impact parameter previously studied at this en-
ergy [14, 24, 26, 28].

new equal-mass simulations at fixed ! = 1.02264 deeper
in the weak field (impact parameters ϑ → 8 corresponding
to b → 18.7M). A subset of the equal-mass simulations
are shown in Figure 1. The rest of this section is dedi-
cated to summarizing the details of the simulations per-
formed and our procedure for extracting the scattering
angle from the data.

A. Simulations

The setup of all simulations used here is exactly as
detailed in Sec. II of Ref. [14], to summarize:

Each simulation is specified by the parameters of the
BHs (masses and spins) combined with parameters that
determine the trajectories of the binary, notably the
ADM energy and angular momentum, EADM and JADM,
as well as the initial separation D0 = 250M . In order
to evolve this system, we solve for initial data on the
first slice of the evolution. The SpEC initial data rou-
tine [55, 56] performs a root-finding procedure over ad-
ditional parameters to achieve the desired system. This
includes those that control the initial position and ve-
locity of the BHs as well as the conformal metric, trace
of the extrinsic curvature and their time-derivatives and
the boundary conditions at the BH horizons and spatial
infinity. As discussed in Ref. [14], we can achieve high
accuracy in the desired values of the masses, spins, ADM
energy and angular momentum, etc., with relative errors
↭ 10→5, ensuring that the results here are not a”ected
by uncertainty in the initial parameters.

The evolution starts with the BHs at Cartesian coor-
dinates ϖcA ↓ (D0/(1 + q), 0, 0) and ϖcB ↓ (↑D0 q/(1 +
q), 0, 0), corresponding to the center-of-mass frame (GR
corrections cause small deviations relative to these New-

Trajectories:

Parameters:
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RADIATED ENERGY: COMPARISON TO SEMI-NUMERICAL SELF-FORCE [Warbuton, 2512.02274]
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FIG. 6. Comparison of the energy absorbed by the horizon
between SF and PM for v→ = 0.35. All the data is scaled
by the b7 behaviour of the leading PM result – see Eq. (14).
After subtracting the PM result the residual scales as b↑8. I
fit the residual as described in the main text and then further
subtract the fitted b↑8 term to find a residual that scales as
b↑9.

6PM-3PN curve lying close to the 5PM residual, it is not
su!ciently close to the full 6PM result that I observe a
b→7 fall o” in the residual (not shown).

Next I turn to the comparison for the horizon absorp-
tion. Here only the leading PM term is known, which
enters at 7PM order – see Eq. (14). After subtracting
this term from my SF data I find the residual scales
as b→8, as expected — see Fig. 6 for an example with
v↑ = 0.35. As I only have the leading term to compare
with, the residual does not come as close the numerical
noise in my data (and the numerical noise appears to be
less – compare the infinity and horizon mode spectra in
left and right panels of Fig. 3, respectively). As such,
I am able to fit the residual to a function of the form
a8b→8 + a9b→9 + a10b→10 + a11b→11 where the ak are con-
stants that are fitted for. After further subtracting my
fitted value of a8b→8 I find the residual cleanly scales as
b→9. In future work it should be straightforward to tab-
ulate the coe!cients of the 8PM and 9PM absorption up
to reasonably large value of v↑.

I conclude this comparison section with a first com-
parison of the radiated energy between SF and NR. To
the best of my knowledge, the only published results for
the radiated energy from NR simulations of hyperbolic
is presented in Ref. [46]. That work studies equal mass
binaries with v↓1 = v↓2 → 0.209. Using Eq. (4), this corre-
sponds to a relative velocity of v↑ = 0.4. The NR simu-
lations in Ref. [46] are parameterized in terms the initial
energy and angular momentum of the orbit. Following
Ref. [48], I use Eq. (7) to compute the corresponding im-
pact parameter.3 The results of the comparison between

3 Note that using Eq. (7) results in di!erent values of b from the
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FIG. 7. Comparison of the radiated energy to infinity with
NR and PM for v→/c = 0.4. The NR data comes from the
equal mass binary simulations presented in Ref. [46] The ver-
tical, dashed line shows the location of the critical orbit in
the self-force limit. The self-force result will diverge as bSFcrit is
approached but the NR data diverges at a smaller value of b
as the critical orbit in the NR simulations is shifted from the
SF value by higher order in the mass ratio corrections. The
NR data appears to attaching quite smoothly to the SF data
suggesting that, away from the critical orbit, higher-order in
the mass ratio corrections are small. The solid curves show
the PM results, where I have also included a fit to the 6PM
coe!cient made to the SF data after subtracting the 5PM
result.

NR and SF calculations for the radiated energy are given
in Fig. 7. In order to make the comparison I make the
substitution m1ω2 ↑ Mε2+O(ε3) in the formula for the
self-force total radiated energy.

VII. CONCLUSIONS

In this work I made a RWZ frequency domain calcu-
lation of the gravitational radiation for a body moving
along a hyperbolic orbit of a non-spinning black hole.
The main result is presented in Fig. 5 where I show agree-
ment for the energy radiated to infinity with the latest
5PM-1SF results [28] in the weak-field for initial veloc-
ities as high as v↑ = 0.7. I also found agreement with
the leading-order PM calculation of the energy absorbed
by the black hole and can estimate the coe!cients of the
currently unknown higher-order terms – see Fig. 6. Fi-
nally, I made comparisons with PN results, and a simple
PN-PM hybrid model – see Fig. 4, and made a first com-
parison with numerical relativity data in Fig. 7.
The are many future directions that could build upon

this work. The code is also able to compute the radiated
angular momentum, but this computation and compar-
ison of those results with PM, PN, and NR is left for

ones tabulated in Table I of Ref. [46] as they use a di!erent
definition of the impact parameter.

Checks the CY3’s!
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FIG. 5. (Left panel) Comparison of the total radiated energy between SF and PM for v→/c = 0.35. After subtracting each PM
order I find the residual has the expected scaling. In particular, after subtracting all highest known term (5PM) the residuals
scales as b↑6. For a reference b↑6 curve I plot the 6PM-3PN result of Cho. Although the coe!cient of this curve is close to
the residual with 5PM, the residual with the 6PM-3PN result (not shown) does not scale as b↑7 across the range of b values
plotted. (Right panel) The same as the left panel but for v→/c = 0.7. There is some noise in the residual with the 5PM result
but the scaling follows the b↑6 reference curve. This noise stems from the need to include many more (ω,m)-modes for this high
velocity orbit, and the high-ω modes have significantly more noise in their frequency spectrum – see the left panel of Fig. 3.

VI. COMPARISON BETWEEN SF, PN, PM
AND NR

In this section I make comparisons between my SF re-
sults with those from PN, PM, and NR. Throughout I
will plot adimensionalized quantities, e.g., unless stated
otherwise !E→

→ !E→/(m1ω2). I focus on hyperbolic
orbits here but also provide results and comparison for
parabolic orbits in Appendix A. I will also focus on the
total radiated energy, but my code computes the total
radiated angular momentum as well.

First I present comparisons for the total radiated en-
ergy for orbits with a fixed periastron radius as a func-
tion of v→. In Fig. 4 I show comparisons with PN, PM
and the 4PM-1PN hybrid model from Sec. II C for an
orbit with rmin = 100m1. At low velocities the PN se-
ries accurately captures the SF data, but this agreement
deteriorates rapidly as the velocity of the orbit increases.
By constrast the the PM series accurately captures the
SF data for large velocities (the largest I consider here
is v→ = 0.45) but becomes less accurate for low veloc-
ities. For this fixed periastron comparison this break-
down of the PM series for low velocities occurs because
the weak-field criteria (9) is no longer satisfied at low ve-
locity, e.g., for rmin = 100m1 and v→ = 0.15 the value of
m1/(v2→b) ↑ 0.32. The comparison with the 4PM-1PN
hybrid model in Fig. 4 improves both the low velocity and
higher velocity results and as such significantly outper-
forms the 4PM results. At low velocity the improvement
stems from incorporating an approximation to the 3PN
result (through 7PM order).

The results in Fig. 4 demonstrate agreement with the
PM results I observe that after subtracting each PM or-
der the residual is subdominant. An even stronger test

can be made if one can show that the residual scales in
the expected way. This is challenging to show in the fixed
periastron radius comparison but as Eq. 13 suggests fix-
ing v→ and varying b will be more illuminating. This is
because although the dependence on v→ in Eq. 13 can
be extremely complicated, the dependence on b is simply
such that after subtracting a PM result at order k we
expect the residual to scale as b↑(k+1).

In Fig. 5 I show the comparison for the total radiated
energy between my SF data and the PM for v→ = 0.35
and v→ = 0.7. In both cases, after I subtract each PM
order I find the residual scales as expected. Crucially,
after I subtract the recent 5PM results, I find the resid-
ual scales as b↑6 (though I note there is some numerical
noise in the 5PM residual for v→ = 0.7). The 3PM and
4PM have been confirmed by multiple calculations from
di”erent groups and they also agree at low velocities with
the relevant PN expansions. Similarly, the 5PM result is
found to the agree with PN expansions for small v→. To
the best of my knowledge, the results presented here are
the first time that the PM results have been tested at high
velocity against an independent calculation. The agree-
ment I observe builds further confidence in the both PM
and SF results. The agreement with 5PM is especially
satisfying due to the extremely complicated dependence
of the 5PM coe#cient on v→.

In Fig. 5 the coe#cient of the reference b↑6 curve comes
from the 6PM-3PN result of Cho [31]. This result ap-
pears to be quite close to the numerical residual. This is
not unexpected as we see from Fig. 1 that the 3PN results
capture the 3PM, 4PM and 5PM results quite well up to
surprising large velocities. It is reasonable to extrapolate
that a similar level of agreement would be found at 6PM
order, and indeed the data supports this. Despite the

11

60 80 100 120

5.×10-8
1.×10-7

5.×10-7
1.×10-6

5.×10-6
1.×10-5

FIG. 5. (Left panel) Comparison of the total radiated energy between SF and PM for v→/c = 0.35. After subtracting each PM
order I find the residual has the expected scaling. In particular, after subtracting all highest known term (5PM) the residuals
scales as b↑6. For a reference b↑6 curve I plot the 6PM-3PN result of Cho. Although the coe!cient of this curve is close to
the residual with 5PM, the residual with the 6PM-3PN result (not shown) does not scale as b↑7 across the range of b values
plotted. (Right panel) The same as the left panel but for v→/c = 0.7. There is some noise in the residual with the 5PM result
but the scaling follows the b↑6 reference curve. This noise stems from the need to include many more (ω,m)-modes for this high
velocity orbit, and the high-ω modes have significantly more noise in their frequency spectrum – see the left panel of Fig. 3.

VI. COMPARISON BETWEEN SF, PN, PM
AND NR

In this section I make comparisons between my SF re-
sults with those from PN, PM, and NR. Throughout I
will plot adimensionalized quantities, e.g., unless stated
otherwise !E→

→ !E→/(m1ω2). I focus on hyperbolic
orbits here but also provide results and comparison for
parabolic orbits in Appendix A. I will also focus on the
total radiated energy, but my code computes the total
radiated angular momentum as well.

First I present comparisons for the total radiated en-
ergy for orbits with a fixed periastron radius as a func-
tion of v→. In Fig. 4 I show comparisons with PN, PM
and the 4PM-1PN hybrid model from Sec. II C for an
orbit with rmin = 100m1. At low velocities the PN se-
ries accurately captures the SF data, but this agreement
deteriorates rapidly as the velocity of the orbit increases.
By constrast the the PM series accurately captures the
SF data for large velocities (the largest I consider here
is v→ = 0.45) but becomes less accurate for low veloc-
ities. For this fixed periastron comparison this break-
down of the PM series for low velocities occurs because
the weak-field criteria (9) is no longer satisfied at low ve-
locity, e.g., for rmin = 100m1 and v→ = 0.15 the value of
m1/(v2→b) ↑ 0.32. The comparison with the 4PM-1PN
hybrid model in Fig. 4 improves both the low velocity and
higher velocity results and as such significantly outper-
forms the 4PM results. At low velocity the improvement
stems from incorporating an approximation to the 3PN
result (through 7PM order).

The results in Fig. 4 demonstrate agreement with the
PM results I observe that after subtracting each PM or-
der the residual is subdominant. An even stronger test

can be made if one can show that the residual scales in
the expected way. This is challenging to show in the fixed
periastron radius comparison but as Eq. 13 suggests fix-
ing v→ and varying b will be more illuminating. This is
because although the dependence on v→ in Eq. 13 can
be extremely complicated, the dependence on b is simply
such that after subtracting a PM result at order k we
expect the residual to scale as b↑(k+1).

In Fig. 5 I show the comparison for the total radiated
energy between my SF data and the PM for v→ = 0.35
and v→ = 0.7. In both cases, after I subtract each PM
order I find the residual scales as expected. Crucially,
after I subtract the recent 5PM results, I find the resid-
ual scales as b↑6 (though I note there is some numerical
noise in the 5PM residual for v→ = 0.7). The 3PM and
4PM have been confirmed by multiple calculations from
di”erent groups and they also agree at low velocities with
the relevant PN expansions. Similarly, the 5PM result is
found to the agree with PN expansions for small v→. To
the best of my knowledge, the results presented here are
the first time that the PM results have been tested at high
velocity against an independent calculation. The agree-
ment I observe builds further confidence in the both PM
and SF results. The agreement with 5PM is especially
satisfying due to the extremely complicated dependence
of the 5PM coe#cient on v→.

In Fig. 5 the coe#cient of the reference b↑6 curve comes
from the 6PM-3PN result of Cho [31]. This result ap-
pears to be quite close to the numerical residual. This is
not unexpected as we see from Fig. 1 that the 3PN results
capture the 3PM, 4PM and 5PM results quite well up to
surprising large velocities. It is reasonable to extrapolate
that a similar level of agreement would be found at 6PM
order, and indeed the data supports this. Despite the
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Check on our result containg 
Calabi-Yau periods!
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Conclusions
๏Calabi-Yau periods are a natural generaliza9on of ellip9c func9ons to higher dimensions.
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Conclusions
๏Calabi-Yau periods are a natural generaliza9on of ellip9c func9ons to higher dimensions.
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1st-kind 2nd-kind 3rd-kind
(no pole) (double pole) (single pole)

periods quasi-periods third-kind periods, 
G-func5ons

๏The black hole scaJering example was the most complicated situa9on in which our canonicaliza5on procedure was 
applied yet. We are currently working on even more general cases. Nevertheless, the crucial point is to make the 
geometry manifest (mixed Hodge structure) using integrand analysis.



14

Conclusions
๏Calabi-Yau periods are a natural generaliza9on of ellip9c func9ons to higher dimensions.

sphere torus Calabi-YauK3

0 dim. 1 dim. 2 dim. 3 dim.

…

๏Using state-of-the-art perturba9on theory techniques originally developed for par5cle physics, we have computed 
the most accurate predic9ons for black hole scaJering (5PM 1SF and 2SF). This was only possible due to the 
interplay of advanced IBP programs, the theory of canonical integrals beyond polylogarithms, Calabi-Yau 
mathema9cs, and huge computer resources.

1st-kind 2nd-kind 3rd-kind
(no pole) (double pole) (single pole)

periods quasi-periods third-kind periods, 
G-func5ons

๏The black hole scaJering example was the most complicated situa9on in which our canonicaliza5on procedure was 
applied yet. We are currently working on even more general cases. Nevertheless, the crucial point is to make the 
geometry manifest (mixed Hodge structure) using integrand analysis.
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