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Motivation

® Feynman integrals are the backbone of many perturbative computations, even in General Relativity nowadays.

® Current and future experiments produce highly precise data. Thus, high-precision predictions are essential
to compare this data with theory. This typically means higher-loop calculations.
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® We aim to select master integrals that reveal the analytic and transcendental structure of scattering
amplitudes while remaining easy to compute. To compute them, we use the differential equations method.
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Calabi-Yaus @ 5PM

® In the black hole scattering problem at 5PM, we find two distinct K3 surfaces
and two Calabi-Yau three-folds, with one of each appearing at 1SF and 2SF.
These are connected to the following graphs and differential operators.
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Calabi-Yaus @ 5PM

® In total, at 5PM, we found two interesting families containing the Calabi-Yau integrals. At 1SF, this family
contained 232 masters, and at 2SF, 321 masters. We managed to bring both systems into canonical form.
Here, it was crucial to use our canonicalization method in combination with integrand analysis.

1 50 100 150 200 232 P Cy .
: : : : : . il solid=inside diag blocks
441 H
1t o 1 ik transparent=off-diag
e, B CY
4, BN Polylogs
. S Y 2 M~
;)
m.
)
50+ u, 450
#
i,
mc
',
.
%
-
K -
100 F "~ 4100
33T 3333 33 383333
32218 2238 28 Mg ne
150 | ” 1 s 4150
o35.55303 353> -
pout i
e iy
200 1200
s
232} ‘o {232
i
ittt
1 1 | | | 1
1 50 100 150 200 232

11




Calabi-Yaus @ 5PM

® In total, at 5PM, we found two interesting families containing the Calabi-Yau integrals. At 1SF, this family
contained 232 masters, and at 2SF, 321 masters. We managed to bring both systems into canonical form.
Here, it was crucial to use our canonicalization method in combination with integrand analysis.

1SF 25F

1 50 100 150 200 232 g e .
: i : ; ; : il solid=inside diag blocks
1t = 1 i transparent=off-diag
ﬂ,m B CY
m"‘ﬁ it Bl K3
bty BN Polylogs
. e 5 N~y
- ‘
m.
=3
50 a, 150
i
i,
mc
',
.,
>
xa
-
100+ "~ 4100
jeesjtasie] 33 383333
33213 3333 23 mmtusas 11
150 1 o) 4150
o35.53313 3333 - o 4, A, 1 6X 1 6
200} 1200 | sector
232} " {232 b
et
1 1 | | | | o
1 50 100 150 200 232

11




Comments on Results @ 5PV

® Further comments on the two computations:

For the 1SF dissipative, we computed all boundary values analytically.

For the 2SF conservative, we had to modify the boundary prescription (still ongoing debate).
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Comments on Results @ 5PV

® There have already been several checks/comparisons on our results, particularly at 1SF:
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® There have already been several checks/comparisons on our results, particularly at 1SF:
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Check on our result containg

Calabi-Yau periods!




Conclusions

@ Calabi-Yau periods are a natural generalization of elliptic functions to higher dimensions.

0 dim. 1 dim. 2 dim.

sphere torus K3 Calabi-Yau
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Conclusions

@ Calabi-Yau periods are a natural generalization of elliptic functions to higher dimensions.

0 dim. 1 dim. 2 dim.

sphere torus K3 Calabi-Yau

® The black hole scattering example was the most complicated situation in which our canonicalization procedure was
applied yet. We are currently working on even more general cases. Nevertheless, the crucial point is to make the
geometry manifest (mixed Hodge structure) using integrand analysis.

1st-kind 2nd-kind 3rd-kind
(no pole) (double pole) (single pole)
. . : third-kind periods,
periods quasi-periods G-functions
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Conclusions

@ Calabi-Yau periods are a natural generalization of elliptic functions to higher dimensions.

0 dim. 1 dim. 2 dim. 3 dim.

®

sphere torus K3 Calabi-Yau

® The black hole scattering example was the most complicated situation in which our canonicalization procedure was
applied yet. We are currently working on even more general cases. Nevertheless, the crucial point is to make the
geometry manifest (mixed Hodge structure) using integrand analysis.

1st-kind 2nd-kind 3rd-kind
(no pole) (double pole) (single pole)
periods quasi-periods third-kind periods,
G-functions

® Using state-of-the-art perturbation theory techniques originally developed for particle physics, we have computed
the most accurate predictions for black hole scattering (5PM 1SF and 2SF). This was only possible due to the
interplay of advanced IBP programs, the theory of canonical integrals beyond polylogarithms, Calabi-Yau
mathematics, and huge computer resources.
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