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30 PDFs vs. DAS cw ke

* Collinear PDFs: the probability distribution of a single parton within a hadron (inclusive processes)

Drell-Yan

* Distribution Amplitudes (DAs): the probability distribution amplitude of partons during the
creation or annihilation of a hadron (Exclusive process)
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W+ From Exclusive Processes to Meson DAs cw2&e

* QCD factorization: a simple example

Yy'm e

__________

F,,+sx = hard scattering kernels ® light-cone distribution amplitudes

« Experiment: limited clean processes — model-dependent extraction

» Lattice QCD: first-principles complementary input
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»° From Exclusive Processes to Meson DAs cv2&

* QCD factorization: a simple example

s =
s
pert. non-pert.
F, The definition of light-cone DA

. Experi  Wm(PH)ou(z) = f %E”’P*ﬁ‘<ﬂ|&1(0>w+%wm,g—)wz(a—w(f’))-

» Lattice Not directly calculable on a Euclidean lattice!
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=W Perturbative matching in LaMET e«

X.D. Ji, PRL 110 (2013)

» Large momentum effective theory (LaMET): x0b.Ji'et al, Rev.Mod.Phys. 93 (2021)

T (temporal)

: . = Lorentz boost . ,
equal-time correlation h > light-cone correlation h

* Perturbative matching: z (spatial)

L (spatial)

Quasi-LF correlation LF correlation

Rz, A) = [ dadB C(a, B, #?22) h(a, B, 1) + O(Adcpz?, M222); A = zP,

matching coefTicient Power correction
o A§ep Acp M2 MZ2
Bu(0P,) = [y dy €00y, P by (o) +0(222, 2o WM}

Quasi-DA LCDA
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=W Perturbative matching in LaMET e«

. X.D. Ji, PRL 110 (2013)
» Large momentum effective theroy (LaMET): x0b.Ji'et al, Rev.Mod.Phys. 93 (2021)

T (temporal)

_ Lorentz boost
equal-time correlation h > light-cone correlation h
. 1 ino* z (spatial)
Perturbative matching: fraton
Quasi-LF correlation LF correlation

h(z, 1) =
4 Precise extractions of LCDA: control of lattice artifacts and

improvement of perturbative calculations.
See Tobias’ s talk
¢ (x,P,) -« Higher-order studies mainly focus on PDFs.  Chen Wang, Zhu PRI 126 (2021);

: Li, Ma, Qiu, PRL 126 (2021);
Quasi-DA Cheng et al, PRL 134 (2025).
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W0 Workflow of this work c~«-

1
RR(2, A, 1) = f dadBC(a, B, 22, u)h(a, B, A ) + A,
0

]_| ....................... e ﬁ ....................... - 1S .

Correlation function Feynman diagrams Results in
in coordinate space at NNLO coordinate space

h(z, 1)= (0|1(0)¥*1sW(0, 2)tpa(z) |7 (P))
! U @sssssssansanssssansanss :\ E I Wfsssssssassasassasssasss ' 4 .
Numerical test Matching in the Fourier transform into
state-of-the-art momentum space
scheme

1
¢(x, p) :/.;. dy C(z,y, pn)o(y, ) + h.t.
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w0 Feynman diagrams at NNLO e«

X

The conjugate diagrams are not shown,
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w0 (Calculation details: an example cv-2&-

—p2+1l+ 1 —pa2 . Feynmal’l amplitUde

0 (o) [ [ E e, e B U
Eﬂ')-g'LE (—p2 + l12)? (Pl'l‘h)z (p1 —12)2" 13(11 + 12)?

- Making a substitution: 1§ »>—id% , 1§ >—id2,

. y C —ip]1 B ; a g led Oy 3 ¥ g Tal
-ig'C3 (Cr = ) e rpryrad | dud (<o - i0g, - 10241~ 108)0% + 05
0

/ ddﬂ dd-'fz i(ly-2y+12-22) }
J (2m)24 (py — 12)%(py + U1)2(—p2 + l12)?13(1l + 52)1 31:_3,22:_1@:
e

typical integral

Jlg =

z{&pl—adpgj-zlez[{f—i—?ﬂpl+pr2].(32—azl}[_zfaa/,r o (Zz e ﬂ21)2]1+2E

F(—l—?f)/ dadBdydr atT
4142 (47yd [, (a@)'e
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w0 (Calculation details: an example o~

dU et (<) T(df2—n), .,
Useful formulas for J;, f @i T = R T (—z2)n=d/2
/ d_ett _ (S)TD(n—d/241/2) [dIE e, ( 1 )“-%
(2m)? 2] (@m) 5 T(n) o \B2
\\\‘K ﬁe—iﬁz l)ﬂ F(1/2 - ﬂ') ( )a—le
2 2 4o /7T (a)
% fdlfdlé e—ta1li+iazl3 - I(- n+d+l)[ a1
(2m)? (5)? + (13))"~¢  4r~4nl(n - d)

Then applying the partial derivative to the typical integral ];,.
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w0 Full matching coefficient c«-%

* Appropriate change of variables and integrating over the remaining Feynman parameters:

. : MB and MBcreate, HypExp
f dadfdydrdu{..} e’ [+

0

1
e f dadf et @1+BPD2{g(1 —a —B) f1(a, B) +O(a + B —1) fa(ax, B)}
0

+  Conjugate diagram: C(a < B,z €) e =i (@P1+fp2)2

All diagrams added:

1 4 - - z
Ca(a, Bz, €) = 8(x)5(B) +a® (Ec;f e 1 e f’is“) +aB

CR('I! B,Z) = ZHSZU'V (zﬂ ® CB(“’J B,Z,E))

Braun et. al., JHEP 07 (2020)

V.M.
V. M. Braun et. al., JHEP 03 (2016)
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W Full matching coefficient c~&-

Cis(@, B, u?z?) = 8 (@)8 (B) +a,(u) (Cy1L + Cyp) +af(u) (CoL% + CyyL+Cyp) L=

F. Yao, Y. Ji and J. H. Zhang, JHEP 11 (2023)

In[u?72]

PolyLog structures: Li, [«], Li, [, Li, [], Li, [B], Li, [« — B], Li, [ﬁ ,... n=123

ap

Three color structures: Cg C,, sz, Cr Bo

Displayed in a plus function: C1®[a, 8] + C2P[a],8(B) + C3P[B]..8(a) + C4P) 5 ()5 (B)

Two physical regions: 0(1 —a — ), 0(a+ 5 — 1)

<\,
2

e

1
- .

Fei Yao (BNL) LoopFest XXIV | Brookhaven MNational Laboratory | May 28, 2026

10



w0 Full matching coefficient ¢~

Cas(e, B, 1°z°) = 8§ ()8 (B) +ag(u) (C11L + Cyp) + a5 (i) (CzoL* + Ca1L + Cz9) L = In[u?z?]

highly non-trivial check.

Cross check I Cross check II
Recursive relation: Reduction to helicity PDF case (forward
' limit):
* G2 =5C11®(C11 — Bo); gl 2 o
o €5 =C1o®(Ca1 — Bo) — (Zor — 23} [} da [ dB 8(«’ — a — B)Cys(a, B, u222)

Poles are completely cancelled whichisa | which is consistent with Ref. [Z. Y. Li, Y. Q.

Ma and J. W. Qiu, PRL 126 (2021)].

& Itis directly applicable to nonsinglet quark unpolarized and helicity GPDs as well.
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3o Momentum space matching coefficient e~

, 1 dd i (v ua?
Taking p; =% P.p;=(1-0)P  CO@ypP,) =y dr [Tei &% 6@ (1,555
(h(x,¥,1/P2) x <0< (h3(x,y,4/P;) x <0<y
¥ y
ho(x,y,#/Pz) 0<x <y +a2(u) ha(x,y,0/P;) 0<x<y
ho(x,y,u/P;) y<x<1 °° ha(x,y,1/P;) y<x<1
\hi(x,y,u/P,) ¥ <1<x (hs3(x,y,u/P,) ¥y<1<x

= a(u)

Quasi-LF correlation hy Step |

C(a, B, u*z)

Radyushkin, PRD 100 (2019)
Step |

Pseudo-DA C(xt,y, u%z?)

di 1 a v 7
E@O(r,y,u?zt) = [—e it [rda [ diel @HADLEC (0, B, u%7) Quasi-DA C(x,y, u/P,)

s 32(#) fl(TJyJP'ZZZ) e T < ik i az(ﬂ) fz(r,y,yzzz) ? e e |
e T,y,p222) 0<1 < : e =
1(T, Y, 1°z%) 9 4 SbD Lz e e
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¥ Numerical test in coordinate space c«ege

Coordinate-space kernel: C.(a, B, 1°z*) =5 small-z region

Asymptotic model: ¢(x) = 6x (1 —x)

. . 1 —i (1—a— f (i
Light-cone correlation: h't(a, B,A) = [, dx e ™ G ¥ MG gy
4=2 GeV, z=0.2 fm

— NLO
== NLO+NNLO

0.10f

0.05|

Scale variation: GeV

NNLO scale dependence. 0.00!

NNLO correction: - of the NLO correction.

~0.05/

Dgiis. Al Lo 200 ane D
.
Y. Ji, F. Yao, and J. H. Zhang, arXiv:2504.09367
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¥ Numerical test in momentum space cx2¢=

* Momentum space kernel: C, (x,y, 1, P,) .

* Input: lattice quasi—-DA data at a - 0, P, = 2.15 GeV from [J. Hua, F. Yao et.al. (LPC), PRL 129 (2022)].

+ Light-cone DAs: $,(xP,) = [, dy C (x,¥, 1, P,) ¢ (%, W)

« NNLO correction: ~

« NNLO band is

of the NLO correction.

narrower

 Endpoint regions are excluded
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Y. Ji, F. Yao, and J. H. Zhang, arXiv:2504.09367
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¥ Summary and outlook o=

e

essential bridge

Result
NNLO for meson DAs | reduced scale dependence / improved precision >

Importance
Systematic higher-order matching framework

Outlook
Beyond PDFs and DAs | toward more observables (unpol. and polarized GPDs)

Thank you!
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