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Previous talks on canonical basis:
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 Martin Link

 @Gabriele Fiore

Today:

* Tobias Neumann
* Piotr Bargieta

* Cesare Mella

* Christoph Nega
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Example: One-loop massless box integral

1 D =4 — 2¢
° ° [ ] . . D
> Deflnlthn. Ia1a2a3a4 T /d kDibl DSQ Dg3DZ4
D1 k D4
s=(p1+p2)°, t=(p2+p3)°, p; =0 <
z =5/t k+pr oy | k—p,
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To010
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- Canonical differential equations
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Example: One-loop massless box integral

.« e, e 1 D =4 — 2¢
> DeflnlthnI Ia1a2a3a4 — /deDibl DSQ D§L3 DZ4
D1 k D4
s=(p1+p2)°, t=(p2+p3)°, p; =0 <
z=s/t k4p vy | k—p,
* IBP reduction Toion
= >
= |1 k+p1 +
Ia1a2a3a4 — C’ifi? f — P2 P1 P2 p3
Z 1111

e Canonical differential equations  Henn 13

IBP
. - 0 0
} R g=Tf ~ - .
O.f = Az, e)f > 0,9 =€ A(x)g A= 0 —
—2(1—2¢)  2(1—2¢)
x(x+1) x2(x+1)
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Advantages of the canonical form

* Canonical differential equations

O f = A(x,€)f g=TFf 0.3 = e A(z)g

1) e factorized
g = Ekg(k:) S g»(k):/;lg»(k—l)dx
k=0
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Advantages of the canonical form

» Canonical differential equations  tHenn 13

893]?: A(x,e)f ngf &Ug’:efl(a:)g’

1) € factorized
gzzekg(k) — > §® :/Ag»(k—l)dx
k=0

2) only simple poles = leads to polylogarithms

>_ A ~ Toodt
029 = € Asimpled; G(ay,as,...,a,;T) z/ G(ag,...,an;t),
0 T — aq
~1 0 0 0 0 0 /‘
- 1 1
Asimple — 1+ _02 8 _01 + - (2) (2) (1) multiplies €"* = uniform transcendental weight
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Minimal solvable form

* When can we still solve the DEs in a
straightforward way?

- double poles —— integration by parts

canonical form: 0,G = € Agimple§
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Minimal solvable form

* When can we still solve the DEs in a
straightforward way?

canonical form: 0,G = € Agimple§

- double poles —— integration by parts AT O R ST
00000

- e-dependence decoupled: (* 0 0 0 0\
0f =A@ Of, A& =A%) +eAV (@) + AP (@) +--, AV=[x » 0 0 0

* x x 0 0

\* * Kk % O)

8£Bf1 — 0(6)7
O f2 = ASL 1 + O(e),
O fs = ALY f1 + ALY 2 + O(e),
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Decoupling the E—dependence [Adams, Chaubey, Weinzierl,"17]

* Factorize Picard-Fuchs operator

>

S

I
* ok ok ok oF
* ok ok ok
* ok o ot ot
* ok ok ot ot
* ok ok ot ot

(0)
1

1+ibm8;?

m=1

0, f0 = Az &) f10) —> 0=

maple

polylogarithmic: = [(8; + B1)(9s + Rg) - (9 + Ra)] /1"

lower triangular, A40) —
—R; on diagonal

X X X% X% X
* X X XX O
* X XX O O
x X O O O
x> O O O O
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Decoupling the e—dependence [Adams, Chaubey, Weinzierl,"17]

. . x * x * *

* Factorize Picard-Fuchs operator Pk ok % %

AQ = % % * * *

n *x X X X*x X%

8, F0 = A0z ) f — 0= |1+ Z Dy O 1(0) r % . x %
maple m

polylogarithmic: = [(0z + R1)(0z + R2) ... (0 + Ry)] 1(0) x 00 0 0

. . . * x 0 0 0

* Normalize to remove diagonals  lower triangular, 2 40— |+« 0 0

—R; on diagonal x *x % * 0

Jz;i = ¢~ J =k fi x Kk Kk x x

0O 0 0 0 O

* 0 0 0 0

A9 =1%x « 0 0 0

* * x 0 0

* *x x x 0

29.05.2026 Christoph Dlapa 6/13



Decoupling the E—dependence [Adams, Chaubey, Weinzierl,"17]

o o *x X X*x *x %
* Factorize Picard-Fuchs operator Kok ox ox %
AQ = % % * * *
n *x X X X*x X%
8, F0 = A0z ) f — 0= |1+ Z Dy O 1(0) r % . x %
maple m
polylogarithmic: = [0z + R1)(0z + R2) ... (0 + Ry)] 1(0) 000 0
* x« 0 0 0
* Normalize to remove diagonals  lower triangular, 2 40—} « « 0 0
—R; on diagonal x % x % 0
Jz;i = ¢/ daR Ji * Kk *x Kk %
* Why not solve from here? o
. IBP to remove double poles costly P R
. . - 0) _
- many terms in e-recursion required S
* *x x x 0

- canonical form makes function space manifest
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Removing A"

[Gorges et al., ‘23, Duhr et al., '25]

29.05.2026

o O

8|~

? .
Az, e) = AV () +eAD(2) + 24P () —> 0,7 = € Asimpled
( e(14+62%+a*)  4e(142¢) C12¢2(1-2?) \
(1—z)x(14+x)(14+x2) x x(14x2)
A — _w _ 2e(1—2?) 12ex
— (14x22)? z(1+a2) él—l—x2)2
\ 1— 2 14-2¢ B 3€ :134—|—6x2—|—1) /
4o (14+x2) x (1—x)x(14+x)(14+x2)
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RemOVing A (O) [Gorges et al., ‘23, Duhr et al., '25]

Example: 6,7=A@&of, A, e = AQ®@) +eAD () + 243 (z) L 85— ¢ Aunnnd
- O x) — ) ) ’ - xd — € Agsimpled
O O O ( 6(1+6$2+ZC4) L 46(1+2€) o 1262(1—33‘2) \
. (1—z)x(14+x)(14+x2) x x(14x2)
A0) — (a2 0 0f, A . _ 2¢(1-z?) 12¢x
1—g 1 (14x2)? z(1+z?) 1+22)?
4x(1+x?) T 1—g2 142¢ 3eéx4+6x2—|—1) /
\ 4x(1+x2) 7 - (A—2)z(1+x)(1+22)

- Step 1: Remove double poles

1 0 0 o 0 0 0
T=| sz - O — AG) e = 01 (1) 0
0 0 1 ~iz z U

29.05.2026 Christoph Dlapa 7 /13



RemOVing A (O) [Gorges et al., ‘23, Duhr et al., '25]

Example: 6,7=A@&of, A, e = AQ®@) +eAD () + 243 (z) L 85— ¢ Aunnnd
- O x) — ) ) ’ - xd — € Agsimpled
0 0 0 ( e(1+62°+a*)  4e(142¢) C12¢2(1-2?) \
. (1—z)z(1+z)(1+x2) % z(1l+x2)
A0) — (a2 0 0f, A . _ 2¢(1-z?) 12¢x
1—g 1 (14x2)? z(1+z?) 1+22)?
4x(1+x?) T 1—g2 142¢ 3eéx4+6x2—|—1)
\ 4x(1+x2) 7 - (1—x)x(1+x)(1+x2))

- Step 1: Remove double poles

1 0 0 . 0 0 O
T=|-31%s 1 O — AQ = 000
0 0 1 i 3z U
- Step 2: Remove linear dependence 4, s, — é <_% n f2) + O(e)
1 0 0 0 0 0
T=1|[1 1 0 —> A =10 0 o0
0 0 1 0 2 0
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RemOVing A (O) [Gorges et al., ‘23, Duhr et al., '25]

'R . . ? .
Example: 6,7=4@z of Ao =49  (2)+eAD (@) + AP (2) —> 8,7 = ¢ Agimp1ed
- Step 1: Remove double poles

simple
- Step 2: Remove linear dependence 9, fs = (—% + f2> (e),

1 0 0 0
-] e
0 0 1 0

8|
_|_
Q

o O O
8O O
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RemOVing A (O) [Gorges et al., ‘23, Duhr et al., '25]

7 ~
(z) + EA(l)(gj) 4 6214(2)(5,;) —> 0,7 = € Asimpled

—

|9) le: F Al _ 400
LXaIple: o.f=A(Z,e)f, A(z,e)=A

simple

- Step 1: Remove double poles
- Step 2: Remove linear dependence 8, fs :%

B 0 0 0
S —  Af=1{0 0 0
0 0 1 p 01
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RemOVing A (O) [Gorges et al., ‘23, Duhr et al., '25]

7 .
(z) + eA(l)(a:) + 62A(2)(:1:) —> 0,9 = € Agimpled

—

|9) le: F Al _ 400
LXaIple: o.f=A(Z,e)f, A(z,e)=A

simple

- Step 1: Remove double poles
- Step 2: Remove linear dependence 8, fs :%

00 0 0 0
i E — 7 Agpe=[0 00

- Step 3: Rescale simple poles by €  9:fs = —f2 + Ole),
O

f2:€f2 —> Opfz = —fo+

- Step 4: Apply transformations on full matrix

0 0 0
F=Tf —— Az, e)=A0(x)+0O(e), A0 — 0 0 0)
48z _16(14az*) 0
(1422)2 x(1+x2)2
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RemOVing A (O) [Gorges et al., ‘23, Duhr et al., '25]

? _
(z) + EA(l)(gj) 4 6214(2)(33) —> 0,7 = € Asimpled

—

Example: o,7= 4@ of, A, =aQ

simple

- Step 1: Remove double poles
- Step 2: Remove linear dependence 0. f; :i

B 0 0 0
F=fz 1Y - AéiOr)nle:OOO
0 0 1 e = 01

z iterate
- Step 3: Rescale simple poles by €  9:fs = %fa + O(e),
fo=efs —> Oz f3 = gfz + O(e)
- Step 4: Apply transformations on full matrix o o o
f: Tf —— Az, e) = A9(z) + O(e), J0) _ (289: _16(?4—:1:4) g)
T+a?)? 2(11a?)?
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? _
(z) + eA(l)(a:) + 62A(2)(a:) —> 0,9 = € Agimpled

—

Example: o,7= 4@ of, A, =aQ

simple

- Step 1: Remove double poles
- Step 2: Remove linear dependence 9, fs = i (—— + f2> + O(e),

} 0 0 0 0 0
T — 4 1 O - AéiOr)nple — O O O
vl 0 + 0 iterate

- Step 3: Rescale simple poles by €  ufs = —_f2+ Ole),
fo=efs —> Opfz=—f2+0O

- Step 4: Apply transformations on full matrix

~

0 0 O
F=Tf —— Az, e) =A%)+ 0(e), 21(0)( 0 0 o)
0 O
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RemOVing A (O) [Gorges et al., ‘23, Duhr et al., '25]

? .
(z) + eA(l)(a:) + 62A(2)(a:) —> 0,9 = € Agimpled

—

Example: o,7= 4@ of, A, =aQ

simple

- Step 1: Remove double poles
- Step 2: Remove linear dependence 9, fs = i (—— + f2> + O(e),

} 0 0 0 0 0
T — 4 1 O - AéiOr)nple — O O O
vl 0 + 0 iterate

- Step 3: Rescale simple poles by €  ufs = —_f2+ Ole),
fo=efs —> Opfz=—f2+0O

- Step 4: Apply transformations on full matrix

~

~ 3 3 3 0 0 O
f — Tf — A(CB, 6) — A(O) (33) + 0(6)7 A = (O 0 O)
0 0 O
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RemOVing d()uble poles in A(l) CANONICA: [Meyer, "17]

— — ? ~
O.Ff= A, o) f, Az, e) = eAD(2) + AP () + ... —>  0,5=€AY) g
] . . . 1
Split off simple poles: AW (z) =44 |+ AL .
1 16 12(13—=?)
75 7 (1—x)x(1+x)
AL L= 1 2(3—2” _ 36
srple (14z)x(14x) (1—x)x(14x) (1—z)x(14+x)
1 0 3(3+x?)
Az (1—x)x(1+x)
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RemOVing d()uble poles in A(l) CANONICA: [Meyer, "17]

? -
0.f = A(Z,€) f, Az, e) = eAV (z) + AP (z) + . .. —> 0,0 = eAéilr)npleg’
- Split off simple poles: A®(z)=AaL) | +al)
- Transformation: T =1+ er®
A=T7YAT, — 8,T1),
— € (Agilr?aple + Agﬁ))uble R anTl(l)) + 0(62)
1 16 12(13—=?)
75 7 (1—x)x(1+x)
1) 1 2(3—-a?) . 36
simple (A+z)z(1+z) (A—x)z(1+z) (1—:c):1:(21—|—:c)
1 0 3(3+x?)
Az (1—x)x(1+x)
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? -
O.Ff= A, o) f, Az, e) = eAD(2) + AP () + ... —>  0,5=€AY) g
- Split off simple poles: A®(z)=AaL) | +al)
- Transformation: T =1+ er®
A=T7 (AT, — 0, Th),
— € (Agilr?aple + Agﬁ))uble R anTl(l)) + 0(62)
E—— Tl(l) — /Aét)ubledx + Cl _1 _ 16 (12(1)3zm2))
x 75 l—x)x(l+x
1) 1 2(3—-a?) . 36
simple (A+z)z(1+z) (A—x)z(1+z) (1—:c):1:(21—|—:c)
1 0 3(3+x?)
Az (1—x)x(1+x)
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RemOVing A(Q) CANONICA: [Meyer, '17]

? .
+e2AP) () + ... —>  Gpf=eAY 1oJ

simp

Ouf = A(Z, € f, Az, €) = eAV

simple

- Split off simple poles: A®(z) =42 + 4%

simple
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CANONICA: [Meyer, "17]

Removing A

? -
0.f = A@Z,e)f,  Alz,e) =eAf) o+ AP (@) + ... —>  0,5=€AY) g
- Split off simple poles: A®(z) =42 +a2
. Transformation: Ty =1+ 27
A=T; AT, — 0,T>),
— EAéilr)nple + 62 (Agr)nple + A((i%))uble - 8$T2(2>) + O(€3>
Christoph Dlapa 10 /13
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CANONICA: [Meyer, "17]

Removing A

? -

0.f = A@Z,e)f,  Alz,e) =eAf) o+ AP (@) + ... —>  0,5=€AY) g
- Split off simple poles: A®(z) =42 +a2
. Transformation: Ty =1+ 27

A=T; AT, — 0,T>),

— EAéilr)nple + 62 (Agr)nple + A((i%))uble - 8$T2(2>) + O(€3>
T2(2) — ‘/14((120)ub1edaj T 02
Christoph Dlapa 10 /13
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CANONICA: [Meyer, "17]

Removing A4
0.f = A@Z,e)f,  Alz,e) =eAf) o+ AP (@) + ... L 0,5 = € AY) .G

- Split off simple poles: A®(z) =42 +a2
. Transformation: Ty =1+ 27
A=T; AT, — 0,T>),

4+ €2 (A(Q) 4 A(z) _ 890T2(2>) T O(€3>

simple double

— T2(2) — ‘/14((120)ub1edaj + 02

o Addltl()nauy require Aggﬂple(C’l) — () ——> constraints on C
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CANONICA: [Meyer, "17]

Removing A4

?

0.f = A@Z,e)f,  Alz,e) =eAf) o+ AP (@) + ... —>  0,5=€AY) g

- Split off simple poles: A®(z) =42 +a2
. Transformation: Ty =1+ 27
A=T; AT, — 0,T>),

4+ €2 (A(Q) 4 A(z) _ 890T2(2>) T O(€3>

simple double
— T2(2) — ‘/14((120)ub1edaj + 02
o Addltl()nauy require Aggﬂple(C’l) — () ——> constraints on C

- At each step check it 4+Y(cy,...,c,_1) =0 has a solution for the Cj
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Beyond Polylogarithms (elliptic, Calabi-Yau)

 Most important differences:
- rational factorization not possible
0= [((% +Ry)... (02 + R;10: + Rio) ... (0 + Rn)} 1(0) [Adams, Chaubey, Weinzierl, "17]
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 Most important differences:
- rational factorization not possible

0= [((% +Ry)... (02 + R;10: + Rio) ... (0 + Rn)} 1(0) [Adams, Chaubey, Weinzierl, "17]
- elliptic / Calabi-Yau:
0 equivalent to ,
0= [B(x)ewaneaco‘n—lex - HxQO] 1( )7 9:1c — xax Semi—simple part [Duhretal, "25, ..]
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Beyond Polylogarithms (elliptic, Calabi-Yau)

 Most important differences:
- rational factorization not possible

0= [((% +Ry)... (02 + R;10: + Rio) ... (0 + Rn)} 1(0) [Adams, Chaubey, Weinzierl, "17]
- elliptic / Calabi-Yau:
equivalent to )
0 = [5(37)9:190%9390471,—19 0 040] (0) 0. = 20, quiv [Duhr et al., '25, ...]

semi-simple part
- example: three—loop banana integrals

. . 5 - . B 1+ 8« 2(5 —+ 32£L') 2
complete elliptic integral: o= [%2(1 T e Rl sy et Sy A K

[ J ; °
new functions: . / 21— 82)*(1 + 82) i
YT 22(1 + 42)2(1 + 162)2
p [Pogel, Wang, Weinzierl, '22]

1

“ /\/1+4x) 1+ 16x) ¢ 740

29.05.2026 Christoph Dlapa 11 /13




Benchmarks (on the maximal cut)

_/—/ Geometry Masters Runtime [s]
1 3\ 4PM MPL 6 112
o 4 tt+4 * elliptic 3 7
A — > 2Lbox (2m) * elliptic 4 9
’ T 4 3L ice cone 2 x elliptic 5 5
B R 2L, banana (1m) elliptic 2 1
3L banana (1m) K3 3 11
4L, banana (1m) CY3 4 94
A 4PM K3 3 4
5PM 2SF K3 9 52
5PM 2SF CY3 5 2450
*univariate slice
Christoph Dlapa 12 /13



Summary

e Algorithm:

29.05.2026

minimal solvable form)

canonical form

df =dA(e) [ |

A0) —

X X X X O
X X X O O
* X O O O

Christoph Dlapa

x> O O O O

O O O O O

dg = edA

(1)

simple g

l

[Adams, Chaubey, Weinzierl, "17]
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Summary

e Algorithm:

minimal solvable form)

canonical form

df = dA(e) f |

- Remove A

= remove A A© =
— pUSh Aélr?aple Aéilfilple
(1)

- Remove Adouble

. Remove A(™>1D .

(n>1)
= remove Aj. i

(n>1)
simple

— fix C; by demanding A

29.05.2026

X X X X O
X X X O O
* X O O O
x> O O O O
O O O O O

=0

Christoph Dlapa

dg = edA

A (1)

simple

l

[Adams, Chaubey, Weinzierl,

[Gorges et al., '23, Duhr et al.,

CANONICA: [Meyer, "17]

"17]

'25]

13 /13



Summary

. minimal solvable form] canonical form
* Algorithm: 15— cd A 7
df dA( ) f J g = ¢ simple 9
. Remove A9 0000 0
* 0 0 0 O
= remove A((iO) " AO — 1%« x 0 0 0 [Adams, Chaubey, Weinzierl, '17]
ou e
= ushA() A(.l) :::28
P S(lin)ple simple
" Remove Adouble [Gorges et al,, 23, Duhr et al., 25]
. Remove A(™>1D .

CANONICA: [Meyer, "17]
—> remove double

(n>1) _ g

simple

= fix C; by demanding A

 Coming soon: paper, Mathematica package, more benchmarks
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