O | i B
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) \
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PosTbocs: ZENO CAPATTI KAAPO SEPANNEN
LUCIEN HUBER MATHIJS FRAAIJE
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PERTURBATIVE EXPANSIONS

<p17 SR 7pn‘S‘Q17 SR 7Qm>

A v

= Lo

2
=
>
3
S 4
O
@)
-

B
0 <
>
0 1 2

Number of additional external particles
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PERTURBATIVE EXPANSIONS

<p17 SR 7pn‘S‘Q17 SR 7Qm>

A v

= NLO
=LO
2
- \'/
C
)
3
Q. 1 {
o)
@)
—1
B R
>
0 1 2

Number of additional external particles
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PERTURBATIVE EXPANSIONS

<p17 SR 7pn‘S‘Q17 SR 7Qm>

R ¥
. ««« = NNNLO (and beyond)
] = NNLO
A" = NLO o M

o ore complicated singularities

e Higher dimensionality

e New (unknown) analytic integrals

—

Loop count

Vv : RV <Q
B < R E RR
0 1 2

Number of additional external particles
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PERTURBATIVE EXPANSIONS

<p17 SR 7pn‘S‘Q17 SR 7Qm>

R ¥
. ««« = NNNLO (and beyond)
= NNLO
A" = NLO o M
=LO

2 [ e Higher dimensionality

*

ore complicated singularities

e New (unknown) analytic integrals

$ A "Numerical Collider” ideally features:

—

Loop count

e Fully numerical approach

e Systematic at all orders

v Rv<<
B < R RR e Applicable to all scatterings
0 1 2

Number of additional external particles

Valentin Hirschi LoopFest XXIV, BNL
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OBSTACLES: INFRARED LIMITS

Cd*pN |M(L)({pz‘})\2 op7...0pa 6" (p1 +...pN)

LO NLO
dd — Z dd — Zg

L0 ((S(4),)))
L1 CCCCLA),)

{} RERR NS,
|13+ CCCCSEA).19,)))
| L4 CCCCS(A). 200




OBSTACLES: INFRARED LIMITS

Cd*pN |M(L)({Pi})\2 op7...0pa 6" (p1 +...pN)

LO NLO NNLO
dd -7 dd—Zqg dd— Zgg

| Lo : ((SC4),),) Lo = ((5(4),),)

12 1 ((C@2,9),),)  (CCH5),),
{} 13 5 (CCCS(4),1),),) e

L4 1 ((C0S(4),2),),) A

[ .. 71 1limits .. ]

| L69 : ((C(C(S5(4),2),5(5)
| L70 : (CCCSCCCSM),5),)
| L71 : (CC(SCC(S(5),d),)

1)5)5)
2),),)
2),),)

b
’




OBSTACLES: INFRARED LIMITS

IME )P 3pt .. 693 8" (b + .. pw)

LO NLO NNLO N3LO
dd =7 dd—Zqg dd— Zgg dd— Zggg

L0 : ((S(H),)),) L0 ((S(4),),) L0 ((5(4),),)
| L1 : (CC(L,9),),) | L1 : ((5(5),),) I L1 : CCSC5),),)
{} L2 - CCC(2.45.53 L2 1 (C4,5),),) | L2 1 ((5(6),),)
) ’ 72 | L3 : ((C(1,4),),) I L3 : ((C(4s5)3)s)
L3 CCCG(4),1),),) | L4 ((C2,4),),) | L4 ((C4,6),),)
4 (e, 2,0,) [ .. 71 limits .. ] [ .. 1396 limits .. ]
| L69 : ((CCC(S(4),2),5(5),),),) I L1394 @ (CCCSCCCSCCCs(6),4),),5),),2),),)
| L70 : (CCCSCCCS(®),5),),2),),) I L1395 : (CCCSCCCSCC(S(5),6),),4),),2),),)
| L71 @ (CCCSCCCS(R),4),),2),),) I L1396 : (CCCSCCCSCCCS(6),5),),4),),2),),)




OBSTACLES: INFRARED LIMITS

IME ({pi})[? 0p1 ... 0p3 6" (01 + ... o)

LO NLO NNLO N3LO
dd =7 dd—Zqg dd— Zgg dd— Zggg

HUBNCOBDD Lo : ((5(H),),) | L0 : ((5(H),),)
| L1 : (CC(1,8),),) L1 2 ((SC5),),) | L1 @ ((5C5),),)
{} | L2 @ (CC(2,4).).) | L2 ((C4,5),),) | L2 1 ((5(6),),)
' 245773 | L3 @ (CC(1,4),),) | L3 @ ((C(4,5),),)
L3 (CC(S(4)’1)’)’) | L4 : ((C(2,4),),) | L4 : ((C(4,06),),)
L4 (CG),2),0,) [ . 71 limits .. ] [ .. 1396 limits .. ]

| L69 : ((CCC(S(4),2),5(5),),),) | L1394 : ((C(SCC(SCC(5(6),4),),5),),2),),)
| L70 ((C(S(C(S(4),5),),2),),) [ L1395 : ((C(S(C(S(C(S(5)16)5)54)5),2)5)5)
| L71 : ((C(S(C(S(S)’4)’)’2)’)’) | L1396 : ((C(S(C(S(C(S(6),5),)’4)’)32)3)3)

On top of :

» RkVkn proliferation of contributions Very challenging at
e Convolution with PDF counterterms and beyond NNLO...
* Growth of number of partonic channels



OBSTACLES: MULTI-LOOPS MES

A || M) 087 0058 (01 + o)

| / ok, - / k)

{Analytical |

MB ({pi})] ~ [({piy, 1kiy)

Tree-level

MG5aMC
[arXiv:1405.0301]

dd — 77 7 uUs
dd — ZZg 35 us

dd — ZZqg 220 ps

Timings



http://arxiv.org/abs/arXiv:1405.0301

OBSTACLES: MULTI-LOOPS MES

A || M) 087 0058 (01 + o)

[ [ o)

{Analytical |

MB ({pi})] ~ [({piy, 1kiy)

Tree-level One-loop

MG5aMC MadLoop
[arXiv:1405.0301] [arXiv:1103.0621]

Timings

dd — 77 7us x102 0.6 ms

dd — ZZyg 35us x103 38 ms
dd — ZZggq 220 us  x104 1200 ms


http://arxiv.org/abs/arXiv:1103.0621
http://arxiv.org/abs/arXiv:1405.0301

OBSTACLES: MULTI-LOOPS MES

A || M) 087 0058 (01 + o)

[ [ o)

{Analytical |

MB ({pi})] ~ [({piy, 1kiy)

Tree-level One-loop Two-loop

Timings MG5aMC MadLoop VVamp
dd — 77 7us x102  0.6ms x108 (O(~1s)
dd — ZZg 35us x105  38ms 7  N/A
dd — ZZgg ~ 220ps  x10¢ 1200ms  N/A


http://arxiv.org/abs/arXiv:1103.0621
http://arxiv.org/abs/arXiv:1405.0301
http://arxiv.org/abs/1503.08835

LOOP INTEGRAND SINGULARITIES

Virtual

Valentin Hirschi LoopFest XXIV, BNL



LOOP INTEGRAND SINGULARITIES

Virtual
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LOOP INTEGRAND SINGULARITIES

2 _>/ dkOdSIZ @p27'uk (% + @) YpUpy
K2(k + Q)?(k + p1)?

Virtual

Valentin Hirschi LoopFest XXIV, BNL



LOOP INTEGRAND SINGULARITIES
0 337, T@zV“% (k_l_@) YpUpq

/dk TF Rk T Q2% + p)?
/d3/2

Virtual

Loop-Tree Duality

o0 i = O LTD /3D rep

:(Qovﬁ)

Valentin Hirschi LoopFest XXIV, BNL



LOOP INTEGRAND SINGULARITIES

0 337, T@zV“% (k_l_@) YuUp,
| @t 20k + QK+ p1)?

Loop-Tree Duality
LTD / 3D rep g
d°k | -»-
J=0"()

Virtual

p1+p2=0Q
=(Q°,0)

Valentin Hirschi LoopFest XXIV, BNL



LOOP INTEGRAND SINGULARITIES

/dk‘odglg Upzry'uk (%_I_ @) Mupl
k2 k+ Q)% (k+ p1)?

Virtual

Loop-Tree Duality

- ==
p1 + ps LTD /3D rep d3k
(@Q°,0)
f=0t)

Valentin Hirschi LoopFest XXIV, BNL



LOOP INTEGRAND SINGULARITIES

/dk‘odglg @pzryuk (% T @) fy,uupl
k2 k4 Q)% (k+ p1)?

Virtual

Loop-Tree Duality

- ==
p1 + ps LTD /3D rep d3k
(@Q°,0)
f=0t)
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LOOP INTEGRAND SINGULARITIES

/dk‘odglg @pzryuk (% T @) fy,uupl
k2 k4 Q)% (k+ p1)?

Loop-Tree Duality
LTD / 3D rep
/ >k
J =0

CLT EQ bE
/d2 / PR )
CFF 8|k|*|k + p1] \k’+!k+p1’—\]01\ WﬂLV‘CJFQ\—QOJrHS

Virtual

Valentin Hirschi LoopFest XXIV, BNL



NTEGRAND S

[\J J[ _(—& hﬁ_—I [LJS

cLT
/f / RPdIR
CFF

eg [Tut -

k— —p1
Integrable singularity

¢ LMB multi-channeling
® Tropical sampling

/dkOdSE Upzry'uk (}é T @) VuUp,

k2(k + Q)*(k + p1)?
Loop-Tree Duality — B
LTD / 3D rep g

/d k| -» —+ - -+ - —

f=dt)
alk|? + blk| + ¢ 1 1
BIE2IE +pi| (k] + [k + 51| = |pi] 1K+ [k + Q| — Q" +1id

Valentin Hirschi

LoopFest XXIV, BNL



NTEGRAND SINGULARITIES

o / 1037 UV E (K + @) vy,
KR+ Q)2 (k +p1)?

- Loop-Tree Duality —
1+ po LTD / 3D rep S
C (@) /dgk > + - 1o —

f=d")

cLT Eg b]g | ,

/d2 / |k,|2d|k,| CI,‘ |_) +_}| ‘;I_C _ _ _ _ _ —) 1 |
CFF B|k[2lk +pil |kl + |k +pil —[pil [k|+[k+ Q] —Q°+1

eg [Tut -

k— —m k| — oo
Integrable singularity UV singularity
¢ LMB multi-channeling ® Local BPHZ
® Tropical sampling ® Scheme matching
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NTEGRAND SINGULARITIES

o / 1037 UV E (K + @) vy,
k2(k + Q)2 (k + p1)?

e Loop-Tree Duality — _
1+ po LTD / 3D rep S
Z(Qﬁ’o) /d3k A + > —+ - =

f=0"()

0% o [T pgpap WA L 1

CcFF Bkl +pi| |kl +|k+pi] = Ipi| |k + |k + Q] —Q°+i6

eg [Tut -

Sy =
k— —p1 k| — o0 k— —api x €0, 1]
Integrable singularity UV singularity IR singularity
¢ LMB multi-channeling ® Local BPHZ ® Loop IR counterterms
® Tropical sampling ® Scheme matching ® Local Unitarity / KLN

Valentin Hirschi LoopFest XXIV, BNL



NTEGRAND SINGULARITIES

Virtual /dkOdSE /Up2ryluk (}é—l_@) /,L/U’pl
Rk + Q)2 (k +p1)?
o Loop-Tree Duality ]
p1+ D2 LTD / 3D rep .
:(QO,O) /dgk -p— - —|— -p—- —I— - - —
f=0"a)
CLT E2 b_’
/d2 / Fpap AL rbMre 1 1
CFF 8|kI%lk +p1| |kl + |k +pi] = |p1| [k +k+Q]-Q°+1d

eg [Tut -

0 ((k +Q)%)

. . el
6 (k%)
k — —p1 k| — oo k— —ap; x € ]0,1] k| — Q°/2
Integrable singularity UV singularity IR singularity Threshold singularity
¢ LMB multi-channeling ® Local BPHZ ® Loop IR counterterms ® Contour deformation
® Tropical sampling ® Scheme matching ® Local Unitarity / KLN ® Threshold subtraction

Valentin Hirschi LoopFest XXIV, BNL 5



SINGULAR SURFACES IN MINKOWSKI SPACE

/d4k !
k2 (k —p1)*(k — p1 — p2)”
kO

% ]CQZO

The integrand Is singular along each of the coloured surface

. : : | S. Weinzierl & al, arxiv: 1006.4609 |
Contour deformation in 4D very difficult: [ W. Gong. Z. Nagy, D.Soper, arxiv: 0812.3686



https://arxiv.org/pdf/1006.4609
https://arxiv.org/pdf/0812.3686

SINGULAR SURFACES IN MINKOWSKI SPACE
1

d*k
/ kz(k—m)Q(k—pl —P2)2
kO

*. (k_p1)2:() 2
. kQ — 0

k-

The integrand Is singular along each of the coloured surface
[ S. Weinzierl & al, arxiv: 1006.4609 |

Contour deformation in 4D very difficult: [\ Gong. 7. Nagy, D.Soper, arxiv: 0812.3686 |



https://arxiv.org/pdf/1006.4609
https://arxiv.org/pdf/0812.3686

SINGULAR SURFACES IN MINKOWSKI SPACE

1
d*k
/ kz(k—m)Q(k—pl —P2)2

% ]CQZO

The integrand Is singular along each of the coloured surface

. : : | S. Weinzierl & al, arxiv: 1006.4609 |
Contour deformation in 4D very difficult: [ W. Gong. Z. Nagy, D.Soper, arxiv: 0812.3686



https://arxiv.org/pdf/1006.4609
https://arxiv.org/pdf/0812.3686

SINGULAR SURFACES OF THE LTD REPRESENTATION

Analytically integrate over the loop energies using Cauchy's theorem (LTD):
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Analytically integrate over the loop energies using Cauchy's theorem (LTD):

_pt N 5(617;2)@(61?)




SINGULAR SURFACES OF THE LTD REPRESENTATION

Analytically integrate over the loop energies using Cauchy's theorem (LTD):
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SINGULAR SURFACES OF THE LTD REPRESENTATION

Analytically integrate over the loop energies using Cauchy's theorem (LTD):

NS 5(617;2)@(61?)




SINGULAR SURFACES OF THE LTD REPRESENTATION

Analytically integrate over the loop energies using Cauchy's theorem (LTD):

_pt N 5(617;2)@(61?)

* Integration along 3D euclidian thick lines
* Deformation only needed on < » |

(k—pl —p2)2 =0
k.

piz >0 Ve

7



SINGULAR SURFACES OF THE LTD REPRESENTATION

Analytically integrate over the loop energies using Cauchy's theorem (LTD):

NS 5(617;2)@(61?)

* Integration along 3D euclidian thick lines
* Deformation only needed on < » |

(k—pl —p2)2 =0
k.

piz >0 Ve

7



THE THREE-DIMENSIONAL REPS. ZOO

Applying LTD to a two-loop double-triangle: one residue per spanning tree

o OS] D28

R

Interplay of momentum conservation and causal prescription is key to obtain the energy flow

 Distributional identities: [ Bierenbaum, Catani, Draggiotis, Rodrigo, arxiv: 1007.0194 ]
* Averaging procedure: | Runkel, Scor, Vesga, Weinzierl, arxiv: 1902.02135 |

e |terative Procedure; | Capatti, VH, Kermanschah, Ruijl, arxiv: 1906.06138 ]

. Manifestly causal: | Capatti, VH, Kermanschah, Pelloni, Ruijl, arxiv: 2009.05509 ]
e Cross-Free Family | Capatti, arxiv: 2211.09653 |

Codes : [ https://github.com/apelloni/cLTD ]
[ https://bitbucket.org/wjtorresb/lotty 1 [ gammaloop ]

Valentin Hirschi LoopFest XXIV, BNL


https://github.com/apelloni/cLTD
https://bitbucket.org/wjtorresb/lotty

LOCAL UNITARITY

Real-emission (R) / : A [005(37)]
0

Virtual (V) / s [_g ]
0 Y

LoopFest XXIV, BNL



LOCAL UNITARITY

Real-emission (R) /O ' [COS;@] > /O L {cosx(x) = }

<

Virtual (V) / s [_g ]
0 Y

<

LoopFest XXIV, BNL



LOCAL UNITARITY

1
Real-emission (R) / dr [COS aj ] > / dr [COS __}
0
Finte at x =0 |

® |ntegral performed numerically

® Need to design complicated counterterms

Virtual (V) / v dy [_ﬂ]
0 Y

Valentin Hirschi LoopFest XXIV, BNL



LOCAL UNITARITY

Real-emission (R) / 1 dr [COS aj ] > / dr [COS __}
0

X

Finte at x =0 |

® |ntegral performed numerically

® Need to design complicated counterterms

Virtual (V) /010 dy [—%] > /010 Y [_%] +/01 o Eﬁ]

Valentin Hirschi LoopFest XXIV, BNL



LOCAL UNITARITY

1
Real-emission (R) / dr [COS aj ] > / dr [COS __}
0
Finte at x =0 |

® |ntegral performed numerically

e Need to design complicated counterterms

Virtual (V) /10 dy [_ﬂ] > v dy [_g] 4 /1 dx [l]
0 Y e Y Be X

>  A+legle) +B - loglo)

® |ntegral performed analytically

® No universal nor systematic solution

Valentin Hirschi LoopFest XXIV, BNL



LOCAL UNITARITY

Real-emission (R) Virtual (V)

Valentin Hirschi LoopFest XXIV, BNL



LOCAL UNITARITY

Real-emission (R) Virtual (V) Local Unitarity (LU)
“Localised KILN-cancellations”

/Oldx [Coi(x)] + /Olody P%} > /Oloda: [COSx(x)@(lm)_e;x

Valentin Hirschi LoopFest XXIV, BNL



LOCAL UNITARITY

Real-emission (R) Virtual (V) Local Unitarity (LU)
“Localised KILN-cancellations”

X X

e R P

O\
}—\
Qs
=
1
()
@)
SHPEN
=
| — |
+
CN
H
o
Q.

® Direct cancellation of divergences: no regulator Finite at x =0

Valentin Hirschi LoopFest XXIV, BNL



LOCAL UNITARITY

Real-emission (R) Virtual (V) Local Unitarity (LU)
“Localised KILN-cancellations”

e R P

X X

c\
}—\
Q.
)
1
()
o
SHPES
=
1
+
O\
'—\
o
Q.

® Direct cancellation of divergences: no regulator Finite at x =0

e Very simplified example: applying the idea to QFT Is a very challenging

[ Capatti, VH, Kermanschah, Ruijl, arxiv: 1906.06138 | [ Capatti, VH, Kermanschah, Pelloni, Ruijl, arxiv: 1912.09291 ]

[ Capatti, VH, Kermanschah, Pelloni, Ruijl, arxiv: 2009.05509 ] [ Capatti, VH, Pelloni, Ruijl, arxiv: 2010.01068 |
[ Capatti, VH, Ruijl, arxiv: 2203.11038 |

Valentin Hirschi LoopFest XXIV, BNL


https://arxiv.org/abs/2010.01068
https://arxiv.org/pdf/2203.11038

LOCAL UNITARITY: A CONCEPTUAL SHIFT

(normal) J— ase-Space
0'7*_%&?— /H(Ph p){+€+‘ﬁg‘|‘“€

2




LOCAL UNITARITY: A CONCEPTUAL SHIFT
2

(normal) — ase-Space
= e | o

(LU)
O- 7 JE—
y* —dd




LOCAL UNITARITY: A CONCEPTUAL SHIFT
2

(normal) —_— ase-space
(LU) |
32z =yl

Z / nghase—space)

c€{RRR,RRV,RVV,...} io=

truncated

[R-subtraction numerical d = 4 analytic d =4 — 2¢




LOCAL UNITARITY: A CONCEPTUAL SHIFT
2

(normal) —_— ase-space
(LU) |
32z =yl

Z / nghase—space)

c€{RRR,RRV,RVV,...} io=

truncated
[R-subtraction numerical d = 4 analytic d =4 — 2¢
Nsupergraphs ,
Z /H g(LU) numerical d = 4
J NO [R-subtraction




LoCAL UNITARITY: THE ROLE OF LTD

o 6T (120~ ((1 = k)*)o~ ((k — Q)?)

Simple and easy-to-follow proceeding show-casing Local Unitarity: [ Capatti, arxiv: 2110.15662 |

Valentin Hirschi LoopFest XXIV, BNL



https://arxiv.org/pdf/2110.15662

LoCAL UNITARITY: THE ROLE OF LTD

x 6T(1%) 67 ((1 — Q)?) o ((k — Q)?)

Simple and easy-to-follow proceeding show-casing Local Unitarity: [ Capatti, arxiv: 2110.15662 |

Valentin Hirschi LoopFest XXIV, BNL



https://arxiv.org/pdf/2110.15662

LOCALITY UNITARITY
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 |

This pairwise cancellation pattern holds at all orders, and for all threshold

—— = Cutkosky cut —— = threshold singularity

cancels

‘O:OIOIOIOIOIOI’; &

Valentin Hirschi, CERIN Local Unitarity
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LOCALITY UNITARITY
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 |

This pairwise cancellation pattern holds at all orders, and for all threshold

—— = Cutkosky cut —— = threshold singularity

&00000

cancels

‘O:OIOIOIOIOIOI";

0"'0'.‘10"'.'0{0’

cancels
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LOCALITY UNITARITY
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 |

This pairwise cancellation pattern holds at all orders, and for all threshold

—— = Cutkosky cut —— = threshold singularity

&00000

cancels

‘O:OIOIOIOIOIOI";

0"'0'.‘10"'.'0{0’

cancels

cancels

Valentin Hirschi, CERIN Local Unitarity
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LOCALITY UNITARITY
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 |

This pairwise cancellation pattern holds at all orders, and for all threshold

Valentin Hirschi, CERIN Local Unitarity


https://arxiv.org/abs/2010.01068

APPLICATIONS

Valentin Hirschi LoopFest XXIV, BNL



GENERIC COMPUTATIONAL FRAMEWORK

To accommodate the many applications, on top of collider simulations

Collider:

pp — VV (V) @NNLO

[ D.Kermanschah, M. Vicini,
C. Anastasiou, & al.]

pp — tt @ NLO
[ Z. Capatti, L. Huber, & al.]

pp — |[high-mult] @ NLO
[ S. Pozzorini, G. Bertolotti, & al.]

Valentin Hirschi LoopFest XXIV, BNL



GENERIC COMPUTATIONAL FRAMEWORK

To accommodate the many applications, on top of collider simulations

Collider:

pp — VV (V) @NNLO

[ D.Kermanschah, M. Vicini,
C. Anastasiou, & al.] Neutron stars EoS

pp — tt @ NLO
[ Z. Capatti, L. Huber, & al.]

pp — |[high-mult] @ NLO
[ S. Pozzorini, G. Bertolotti, & al.]

[ Karkkainen & al.: 2501.17921 |
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GENERIC COMPUTATIONAL FRAMEWORK

To accommodate the many applications, on top of collider simulations

Collider: H(a)

pp — VV (V) @ NNLO g E E‘

[ D.Kermanschah, M. Vicini, .
C. Anastasiou, & al ] Neutron stars EoS Fermi gas

pp — tt @ NLO
[ Z. Capatti, L. Huber, & al.]

pp — |[high-mult] @ NLO
[ S. Pozzorini, G. Bertolotti, & al.]

[ Karkkainen & al.: 2501.17921 ] [ R. Beane & al.: 2407.20168 |
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GENERIC COMPUTATIONAL FRAMEWORK

To accommodate the many applications, on top of collider simulations

Collider: H(a) -

pp — VV (V) @NNLO

[ D.Kermanschah, M. Vicini, .
C. Anastasiou, & al.] Neutron stars EoS Fermi gas EFT for Large Scale Structure

pp — tt @ NLO
[ Z. Capatti, L. Huber, & al.]

pp — |[high-mult] @ NLO
[ S. Pozzorini, G. Bertolotti, & al.]

[ Karkkainen & al.: 2501.17921 ] [ R. Beane & al.: 2407.20168 | [ Anastasiou & al.: 2212.07421 |
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GENERIC COMPUTATIONAL FRAMEWORK

To accommodate the many applications, on top of collider simulations

Collider: H(a) -

E /\
pp — VV (V) @NNLO

[ D.Kermanschah, M. Vicini, .
C. Anastasiou, & al.] Neutron stars EoS Fermi gas EFT for Large Scale Structure

pp — tt @ NLO
[ Z. Capatti, L. Huber, & al.]

pp — |[high-mult] @ NLO
[ S. Pozzorini, G. Bertolotti, & al.]

[ Karkkainen & al.: 2501.17921 ] [ R. Beane & al.: 2407.20168 | [ Anastasiou & al.: 2212.07421 |

Gravitational waves from classical limit of loops
[ Emil & al.: 2104.04510 ]

Valentin Hirschi LoopFest XXIV, BNL



GENERIC COMPUTATIONAL FRAMEWORK

To accommodate the many applications, on top of collider simulations

Collider: H(a) -

pp — VV (V) @NNLO

[ D.Kermanschah, M. Vicini, .
C. Anastasiou, & al.] Neutron stars EoS Fermi gas EFT for Large Scale Structure

pp — tt @ NLO
[ Z. Capatti, L. Huber, & al.]

pp — |[high-mult] @ NLO
[ S. Pozzorini, G. Bertolotti, & al.]

[ Karkkainen & al.: 2501.17921 ] [ R. Beane & al.: 2407.20168 | [ Anastasiou & al.: 2212.07421 |

)
N
.
.
N
D
.
'
.
: —_—
' —
g
'
’
’
v
.
.
.
.
.

bubble

Gravitational waves from classical limit of loops  "RFDiagMC" for high-Tc superconductivity
[ Emil & al.: 2104.04510 ] [ Ferrero & al.: 2501.19118 |
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NUMERICAL RESULTS

[ Z. Capatti, VH, B. Ruijl, arxiv: 2203.11038 ]
VWe have computed the following fixed-order processes with Local Unitarity:

O ete” = v — 47 pel(J1) distribution o ~* — j7 inclusive
2' eTe — Y — 779 semi-inclusive 2' ,"y* — tt inclusive

ete” — Y — tth (semi-)inclusive
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NUMERICAL RESULTS

[ Z. Capatti, VH, B. Ruijl, arxiv: 2203.11038 ]
VWe have computed the following fixed-order processes with Local Unitarity:

ete” — v —j5 pelJ1) distribution o ~* — j7 inclusive
eTe” — v — jjj semi-inclusive >
ete” — Y — tth (semi-)inclusive
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NUMERICAL RESULTS

[ Z. Capatti, VH, B. Ruijl, arxiv: 2203.11038 ]

VWe have computed the following fixed-order processes with Local Unitarity:
ete” = v — 47 pe(J1) distribution ~* — j7 inclusive

eTe” =y — jjj semi-inclusive A" — tt inclusive
ete — Y — tth (semi-)inclusive ,



https://arxiv.org/pdf/2203.11038

IN ULTRA PERIPHERAL COLLISIONS (UPC)
AT HADRON COLLIDERS

VY=Y a9y = QQ

[ Ajjath, Ekta, Fraaije, VH, H.S.Shao arxiv: 1007.0194 ]

[ Capatti, Fraaije, VH, Huber, Ruijl, H.S.Shao arxiv: 2312.16956 ]
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NNLO QCD WITH LOCAL UNITARITY

D, D1 Y4l P1
~A— — z&, > g —
NN!.Q: nh, nf | 1 | {
2 x 10 distinct FS graphs
:/.)V\J < < 5\/_\/_\; v\_/;/\d < é < bv_v_\;
Do Do Do Do
GL370 x 8 GL162 x 2 GL402 x 1
P P
-_)
- m B
NINLO : non-singlet 2 2
1 14 distinct FS graphs GL218 x 8 GL152 x 4 GL372 x 8

Valentin Hirschi, U. Bern Local Unitarity



NNLO QCD WITH LOCAL UNITARITY

Reminder: when you see:

Think:

All cuts included !

Valentin Hirschi, U. Bern Local Unitarity



NNLO QCD WITH LOCAL UNITARITY

GL168 x 4 GL172 x 4

—h —_ —_
NNLO: singlets P2 P2 P
4 distinct FS graphs
GL208 x 8 GL380 x 2
Py P1 D1 D1
A — — Sl
AVAVAV AV ONNNN
Bad!
NINLO : singlets with ISR excluded
P>

>

Valentin Hirschi, U. Bern Local Unitarity



NNLO QCD WITH LOCAL UNITARITY

What about the singlet contributions ?

Corresponds to: 7YY — 94

Keep to avoid threshold regularisation!

vy — tttt
Corresponds to: Y7y And subtract it back, computed as with MadGraph!

Safe to remove! B
[t cannot intersect with vy — tt cuts!

Y. el = QQ,QQ9) = D aclyy — QQ,QQy,g9)

Géeclass C Gé€class C LU

- D oclrr—99) .

Géeclass C

-

MG5  AMC

Valentin Hirschi, U. Bern Local Unitarity



RESULTS:

Individual forward scattering graph contributions at u, = mz as a function of Vs

GL262 - 1.00
GL274 o o
GL258 .E
GL88 o e 7)
GL268 -
n
GL94 g
GL82 - 0.75 z
ol222 ] C
Q
Q
| || 2
— -0.50 (@
>
GL208 4 :
3
N | I}
GL370 .
- X
025 X
S
GL380 o £
I — _C
St162 - =
-0.00 O
GL402 o I —
ks
N
GL218 o — —
GL168 4 m
-—0.25 &
—
GL172 5
9L15:1 - S
GL372 A c
T c
G286 <
- —0.50 -5
>
Q
T
+J
c
075 O
| e <
GL160 _— =
O
GL288 (D
' ' ’ ; -1.00
Inclusive cross-section for yy - tt (u, = mz), with n,=5 and ny(m;) =1
109 4
10—1 4
5 107
Q
‘E‘ +Ag(NNLO QCD)
103 { —w= —Ag(NNLOQCD) . - ]
I ~a
—— Ag(NLO QCD) ,
...... Ag!{LO QCD)
1074 4 :
_Ao(smglet)
—— Total
1073 ; I : |
107 10° 10 102 103

Vs —2m; [GeV]
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MODULAR CODES FOR MAXIMUM FLEXIBILITY

’}/LOOp User-friendly | ow-level ~ Opeﬂ—SOUI”CG CAS / Compller "’

Components often distributed independently as sub-crates on:

https://github.com/alphal00p/gammaloop/tree/main/crates /XXX

* Fast and flexible numerator algebra -> SPENsO

Valentin Hirschi LoopFest XXIV, BNL
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MODULAR CODES FOR MAXIMUM FLEXIBILITY

’}/LOOp User-friendly | ow-level ~ Opeﬂ—SOUI”CG CAS / Compller "’

Components often distributed independently as sub-crates on:

https://github.com/alphal00p/gammaloop/tree/main/crates /XXX

* Fast and flexible numerator algebra -> SPENsO

spenso / idenso

* Diagram generation and manipulations - feyngen

through gammaloop CLI only / linnet
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MODULAR CODES FOR MAXIMUM FLEXIBILITY

’}/LOOp User-friendly | ow-level ~ Opeﬂ—SOUI”CG CAS / Compller "’

Components often distributed independently as sub-crates on:

https://github.com/alphal00p/gammaloop/tree/main/crates /XXX

* Fast and flexible numerator algebra -> SPENsO

spenso / idenso

* Diagram generation and manipulations - feyngen

through gammaloop CLI only / linnet

* Analytical vacuum integrals - vakint

single-scale vaccuum integrals
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https://github.com/alphal00p/gammaloop/tree/main/crates/linnet
https://github.com/alphal00p/gammaloop/tree/main/crates/vakint
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MODULAR CODES FOR MAXIMUM FLEXIBILITY

TIJ‘ B ﬁ @ @Symbohca

’}/LOOp User-friendly | ow-level ~ Opeﬂ—SOUI”CG CAS / Compller "’

Components often distributed independently as sub-crates on:

https://github.com/alphal00p/gammaloop/tree/main/crates /XXX

* Fast and flexible numerator algebra - SPeEnso
spenso / idenso
* Diagram generation and manipulations - feyngen
through gammaloop CLI only / linnet
* Analytical vacuum integrals - vakint
single-scale vaccuum integrals
* Topology-informed momentum sampling —> momtrop

tropical sampling with momentum space integrals

Valentin Hirschi LoopFest XXIV, BNL
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MODULAR CODES FOR MAXIMUM FLEXIBILITY

TIJ‘ B ﬁ @ @Symbohca

’}/LOOp User-friendly | ow-level ~ Opeﬂ—SOUI”CG CAS / Compller "’

Components often distributed independently as sub-crates on:

https://github.com/alphal00p/gammaloop/tree/main/crates /XXX

* Fast and flexible numerator algebra - SPeEnso
spenso / idenso

* Diagram generation and manipulations - feyngen

through gammaloop CLI only / linnet
* Analytical vacuum integrals - vakint
single-scale vaccuum integrals
* Topology-informed momentum sampling —> momtrop
tropical sampling with momentum space integrals
« Neural multi-channel importance sampling =9 MadNIS

T. Heimel & al tool tailored to gammaBoard

Valentin Hirschi LoopFest XXIV, BNL
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MODULAR CODES FOR MAXIMUM FLEXIBILITY

m B P @ @Symbohca

’}/LOOp User-friendly | ow-level ~ Open—source CAS / Compller "’

Components often distributed independently as sub-crates on:

https://github.com/alphal00p/gammaloop/tree/main/crates /XXX

* Fast and flexible numerator algebra - SPeEnso
spenso / idenso

* Diagram generation and manipulations - feyngen

through gammaloop CLI only / linnet
* Analytical vacuum integrals - vakint
single-scale vaccuum integrals
* Topology-informed momentum sampling —> momtrop
tropical sampling with momentum space integrals
« Neural multi-channel importance sampling =9 MadNIS

T. Heimel & al tool tailored to gammaBoard

* Monte-Carlo integration harness / dashboard = GammaBoard

Full generic: use it!

Valentin Hirschi LoopFest XXIV, BNL
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THE LOOPFEST 2020 CHALLENGE

LOOPFESTXX My interpretation

P1 P3
> —>—
.m«v x15
> —
P2 P4

| % |5 fishnet was the closest shot then

No the easiest... [Broadhurst,Davydychev:1705.03545]

[Basso,Dixon:1705.03545]

Valentin Hirschi LoopFest XXIV, BNL



THE LOOPFEST 2026 CHALLENGE

(PFEST 20«?5 ng\interpretation
;

, L

Drawn using linnet (within typst)

Now more doable! v (po +p1) = ¥ (P2 + p3)v(pa)Y(P5)7(P6)

>-point vector fusion through top loop !

Valentin Hirschi LoopFest XXIV, BNL
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THE LOOPFEST 2026 CHALLENGE

Two-loop >-point challenge diagram Two-loop >-point challenge diagram
digraph BNL ({
num = "1";
overall factor = "1";
overall:factor evaluated = "1";

projector = "vBér(O,spenso::bis(4,hedge(0)))
u(l,spenso: :bis(4,hedge(1)))
v(2,spenso: :bis (4 ,hedge(2)))

v(Ps) :
e* (py) t /WM/ ‘\fﬁﬂ%) ext

ext

v M va(m)

e (py1)

S wWhPRr PR
OOl dWN

)
>*
=
=
<
=
T
vV V
e,

1A dot (A

SJosJdJWNo WL
I
VvV
OUTO®dJWNO

ubar (3, spenso: :bis (4,hedge(3))
ebar (4,spenso: :mink (4 ,hedge (4)
ebar (5, spenso: :mink (4 ,hedge (5)
ebar (6, spenso: :mink (4,hedge (6)

)
))
))
)"

[style=invis]
-> 0:0 [id=0 particle="e+"];
-> 0:1 [id=1 particle="e-"];

-> ext [id=2 particle="mu+"];
-> ext [id=3 particle="mu-"];
-> ext [id=4 particle="a'"];
-> ext [id=5 particle="a"];
-> ext [id=6 particle="a'"];

[id=10
[id=11
[id=12
[id=13
[id=14
[id=15
[id=16

[id=7 particle="a"];
[id=8 particle="a"];

[id=9 particle="t" 1lmb id=0];

particle="t"];
particle="t"];
particle="t"];
particle="t"];
particle="t"];
particle="t"];
particle="g" 1lmb_id=1];

format documentation

Valentin Hirschi LoopFest XXIV, BNL


https://wiki.alphaloop.ch/en/gammaLoop/input_graphs

THE LOOPFEST 2026 DEMO
https://gammaloop.hirschi.lu

Welcome to the LoopFest
XXIV demo

Use the live GammaLoop demo tools below to monitor distributed runs, generate graph
data, or continue the challenge workflow.

9

2

$ o

: v P

Tt o
"
" .‘ N
4}‘4 NS
é -
- =
t _~
t Ay - 9 -
2 '?"/
Gammaboard Feynmangraph (WIP) Gammaloop Challenge
Monitor and control distributed Monte Generate and inspect Feynman graph Enter the LoopFest challenge ratios
Carlo integration runs. data with the local Gammaloop and check the generated result.
backend.
Open board
Open graph tool

Gammaloop source on GitHub FeynmanGraph source on GitHub
Gammaboard source on GitHub (credits: Elijah Cavan) Open challenge

Valentin Hirschi LoopFest XXIV, BNL


https://gammaloop.hirschi.lu/

Valentin Hirschi

THE LOOPFEST 2026 DEMO

https://gammaloop.hirschi.lu/board

~,

OARD

Real-time Monte C u
RUNS MANAGEMENT PERFORMANCE LOGS SETTINGS

- ted 1 |

sct Ru
gammaloop_bnl_r4_demo paused | completed samples 1,100,000

Task Queue
Name State Kind
accumulator completed set_accumulator
havana-train completed sample
sample completed sample

Selected Run TOML

gammalo p_bnl_r4_dem

Selected Task Output

Sample Progress

1,000,000 / 1,000,000

Failure

Selected Task TOML

sample

Operator mode LOG OUT

COPY RUN TOML NEW RUN

Show child runs

o T

CLONE RUN ADD TASK
Goal Completed
0
100,000 100,000
1,000,000 1,000,000
N v

Estimate Summary

Real Mean

1,100,000

(7.661 £ 0.034) x 1071% (0.443%)

» Full precision (164)

(3.2700 & 0.0039) x 10~'* (0.119%)

> Full prec

@ uvncertainty =O=y

Imag Mean

Imaginary Mean

1.5488

(—2.544 £ 0.036) x 107'° (1.399%)
»

ull precision (164)

RESET JSON V(
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https://gammaloop.hirschi.lu/

Valentin Hirschi

THE LOOPFEST 2026 DEMO

https://gammaloop.hirschi.lu/challenge

The LoopFest XXIV Challenge

Challenge Rules

0x926fAdDBCDBCc63f4565a610d203a
9b9DITADfbSF

See it on etherscan

Enter the four complex-valued ratios with real and imaginary parts separated. Each entry must use a signed two-
significant-digit form such as -0.31, +0.20, or 2.3.

R1/RO R2/RO R3/RO R4/RO
Real Real Real Real
-4.8 +2.2 -1.2 -017
Imaginary Imaginary Imaginary Imaginary
+0.20 +5.5 +3.4 +0.34

Allowed forms: -0.31, +0.31, 0.31, -2.3, or 2.3.

INCORRECT

PASSPHRASE

m48p20p22p55m12p34m17p34

PUBLIC KEY

0x04e0e971dad42841d9977c06cebd23b32790a804b5afb3ec5dca5320ca5bal5da50ab840322719971709fe66180e18474efbd93784c¢
e984fc7a32055e47c036Te2c

PRIVATE KEY

0x3a24a869a6c2f5633eaa%a243ed59bab1162d02eb73e60968794d6cal83bb6de

ETHEREUM ADDRESS

0x1e7bd@b21758calbact69146c1631f609a7931da
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LOOP-TREE DUALITY
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(ONE)-LOOP TREE DUALITY MOCK-UP

—+ 00 1 1 1
| = dﬂfF(x) F(x):xQ—I—AQZEQ—I—BQZCQ‘FCQ

1 1 1
= (2= Ai)(z + A) (x— Bi)(z 1 Bi) (x — Ci)(z + C)
(Assumptions — {4 > 0,B > 0,C > 0})

Cauchy: (R(z*) =Res(F,z =z"))

I = (—2mi)[R(4i) + R(Bi) + R(C1)]

What does it correspond to for a one-loop integral?



(ONE-)LOOP TREE DUALITY

!

1 1

k2 — M2 +i0  (k0)2 — ||2 — M2 + 6
1

(1o~ i 5) (1 + e a2




(ONE-)LOOP TREE DUALITY

!

1 1

k2 — M2 +i0  (k0)2 — ||2 — M2 + 6
1

(ko _ \/|12\2 + M2 — 7;5> (ko + \/yEP + M2 — 7;5)

Pole selected for each propagator




(ONE-)LOOP TREE DUALITY

!

1 1

k2 — M2 +i0  (k0)2 — ||2 — M2 + 6
1

(ko _ \/|12|2 + M2 — 7;5> (ko + \/yEP + M2 — w)

Pole selected for each propagator

Analogous |-loop triangle case:

\N=0(¢)0(q})

M
P1
(& —p)” D Y
pi +r5 2D 4
I R - 0 T D E4 o DA
. by
— (k —p1— p2)




(ONE-)LOOP TREE DUALITY
1 1

k2 — M2 +i0  (k0)2 — ||2 — M2 + 6
1

(kO _ \/|/2’|2 + M2 — i5) (ko + \/UZP + M2 — z’é)

Pole selected for each propagator

Analogous |-loop triangle case:

\N=0(¢)0(q})

General |-loop case:
[ Catani & al., arxiv:0804.3170 ]




MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

Using partial fractioning, H-surfaces can be algebraically canceled:

q2

P1 -

91 YP2 = —1 - dko 9 0 9
211 Jp (kO +p?)2 — EF (K% 4 pY)? — E5 (K° + p3)? — Ej3

1 1 1 LTD

p3 q3
i
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

Using partial fractioning, H-surfaces can be algebraically canceled:

q2

P1 -

91 YP2 = —1 - dko 9 0 9
211 Jp (kO +p?)2 — EF (K% 4 pY)? — E5 (K° + p3)? — Ej3

1 1 1 LTD

p3 q3
i

il 1 1 1
2E, (Br —p) +p9)2 — EF (B —pY +p3)? — E3
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

Using partial fractioning, H-surfaces can be algebraically canceled:

q2

—

P1
¢ 1 0 1 1 1 L TD

Yp2 — —— dk 5 575 ; - e . . _— =
) o2t Jp (KO 4+ pY)2 — EF (K° +p3)% — E5 (KO +p3)? — E3

E
T 1 1 !

2k (Ey —p) 4+ p3)?2 — E3 (E1 —pY + p3)? — E3



https://arxiv.org/abs/2009.05509

MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

Using partial fractioning, H-surfaces can be algebraically canceled:

q2
—
P1
D PR Y 1 1 1 =
N omi Jg " R0+ 997 = BF (K0 + p8)? — B3 (K0 + p)? — E
93
il 1 1 1
2F, (B —p? +p5)% — B3 (E1 —pY +p3)* — B3
—_— | 1 1 1
) 53 (B, — pY +pY)2 — E? 25 (B2 —py +p5)? — E3

B 1 1 1
I —
_+< C(Bs—pY +p9)? — E? (B3 —pd+p)? — E3 2F;
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

Using partial fractioning, H-surfaces can be algebraically canceled:

q2
P1 —
91 YypP2 — L dko 1 1 1 LT_D
| g, ZmiJe (RO pY)? = B (RO p3)? — B (RO 4 )t - B
T 1
B | 1 1 1
W | (Ey — pg + pY)? — EX 2F5 (Ey — p% + p2)2 — E2

B 1 1 1
I —
_+< C(Bs—pY +p9)? — E? (B3 —pd+p)? — E3 2F;
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

Using partial fractioning, H-surfaces can be algebraically canceled:

q2
o

1 1 1 1 LTD
vpo = — | dK©°

C2mi Jg o (RO +p0)? - ER (RO +p5)? — B (KO +p5)° — EY

q

qs3

1
B 1
O 2L,

—<'\+ . |

P1
P3
g

B 1 1 1
I —
_+< C(Bs—pY +p9)? — E? (B3 —pd+p)? — E3 2E;
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

. . . , | 11/ 1 1
Using partial fractioning , H-surfaces can be algebraically canceled: —— 2 oy (x — Tt y)
T 1 1 1
\i 2E, (Er —pY +1p3)* — B3 (By —pl +p5)* — E3

_<+ | 1 1 1
 (By—pY +p0)2 — E? 21 (Ey — pY +pY)2 — E3
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

. . L 1 1 1 1
Using partial fractioning , H-surfaces can be algebraically canceled: —— whabm ( )

:U—y_x—l—y
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

. . L 1 1 1 1
Using partial fractioning , H-surfaces can be algebraically canceled: —— whabm ( )

x—y_x—l—y
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

. . L 1 1 1 1
Using partial fractioning , H-surfaces can be algebraically canceled: —— whabm ( )

x—y_x—l—y
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

| i joni 1 1 1 1
Using partial fractioning , H-surfaces can be algebraically canceled: R, ( _ )

rT—Y Tty
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

. . L 1 1 1 1
Using partial fractioning , H-surfaces can be algebraically canceled: —— whabm ( )

x—y_x—l—y

1 1 1 1 1 1
> _|_
20y 2buy <E1 — P+ — By (By —pl +15)° — B By —p§ + 1} — E <E2pg+pg)2E§>

11 Ey + Eo — p1 — p2 + 2p3 Manifestly divergence-free at :
.0 0\2 _ 12 — .0 0\2 _ 12 = -
2B 2E>  ((E1—pj +p3)° — E3) ((E2 — p3 +p5)* — E3) Ez(k) _ El(k’) i p(z) . p(i



https://arxiv.org/abs/2009.05509

(TWO-)LLOOP TREE DUALITY MOCK-UP

!

+ 00 +00 1 1 1
R B B e err t ey e o e e

@)

Integrate x first: I = (—27773)/ dy [

— OO




(TWO-)LOOP TREE DUALITY MOCK-UP

oo oo 1 1 1
:/OO dx/oo dy(:c—Ai)(x+Ai) (y — Bi)(y + Bi) (x +y — Ci)(x + y + C1)

@)

Integrate x first: I = (—27773)/ dy [

— OO

1 1 1

O(4)

24i (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + C4)




(TWO-)LOOP TREE DUALITY MOCK-UP

+ 00 +00 1 1 1
1= /oo d“’/oo e~ A + A) (y — Bi)(y + Bi) (z +y— Ci)(a + y + OV

Integrate x first: I = (—27773)/ dy [

1 1 1
24i (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + C4)

1 1 1

=4k

—2Ai (y — Bi)(y + Bi) (Ai 4+ y — C4)(Ai + y + C4)




(TWO=-)LOOP TREE DUALITY MOCK-UP

+ 00 +00 1 1 1
1= /oo d“'/oo e~ A + A) (y — Bi)(y + Bi) (z +y— Ci)(a + y + OV

Integrate x first: I = (—27773)/ dy [

1 1 1

24i (y — Bi)(y + Bi) (Ai+y_ C)(Ai 1y 10
+ 1 1 1 O(—A)
—2Ai (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + (1)
+ : : Llo(s(ci - y)

(Ci —y — Ai)(Ci —y + Ai) (y — Bi)(y + Bi) 204




(TWO=-)LOOP TREE DUALITY MOCK-UP

+ 00 +00 1 1 1
1= /oo dw/oo e~ A + A) (y — Bi)(y + Bi) (z +y— Ci)(a + y + OV

Integrate x first: I = (—27773)/ dy [

1 1 1

24i (y — Bi)(y + Bi) (Ai +y — C)(Ai Ty 1 Ci)
q (y- Bz‘)l(y T Bi) (i +y — Cz')l(Az' TG R
iy Ai)l(Ci — T A (y Bz’)l(y T Bi) 56310 1)
T oy Az’)l(—Cz' —y+ Ai) (y — Bi)l(y + Bi) _21(;2-@(%[—0@' ~y)) |



(TWO=-)LOOP TREE DUALITY MOCK-UP

+ 00 +00 1 1 1
1= /oo dw/oo e~ A + A) (y — Bi)(y + Bi) (z +y— Ci)(a + y + OV

Integrate x first: I = (—27773)/ dy [

1 1 1 @E/j
24i (y —Bi)(y + Bi) (Ai t gy O)(AityrCi)
+ = : : @??4)
—2A4i (y — Bi)(y + Bi) (Ai+y — Ci)(Ai + y + Ci) ~
1 1 B i
T Cimy—A)Ci—y+ Ai) (y— Bi)(y + Bi) Yo AN
1 1 1 - .
* (—Ci —y — Ai)(—Ci — y + Ai) (y — Bi)(y + Bi) 0 OS¢ ) }



(TWO=-)LOOP TREE DUALITY MOCK-UP

+ 00 +00 1 1 1
1= /oo dw/oo e~ A + A) (y — Bi)(y + Bi) (z +y— Ci)(a + y + OV

Integrate x first: I = (—27mj)/ dy [

1 1 | @E/j
24i (y —Bi)(y + Bi) (Ai t gy O)(AityrCi)
+ = : : @??4)
—2A4i (y — Bi)(y + Bi) (Ai+y — Ci)(Ai + y + Ci) ~
1 1 1 (\Ei_
T Cimy—A)Ci—y+ Ai) (y— Bi)(y + Bi) 77 kst L
1 1 1 - E.
* (—Ci —y — Ai)(—Ci — y + Ai) (y — Bi)(y + Bi) o0 ASTET=) }



(TWO-)LOOP TREE DUALITY MOCK-UP

+ 00 +00 1 1 1
1= /oo d“’/oo e~ A + A) (y — Bi)(y + Bi) (z +y— Ci)(a + y + OV

Integrate x first: I = (—27773)/ dy [

1 1 1
24i (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + C4)

1 1 1
+

(Ci —y — Ai)(Ci —y + Ai) (y — Bi)(y + Bi) 204




(TWO-)LOOP TREE DUALITY MOCK-UP

+ 00 +00 1 1 1
1= /oo d“’/oo e~ A + A) (y — Bi)(y + Bi) (z +y— Ci)(a + y + OV

Integrate x first: [ = (—2mi) / dy [
1 1 1
: : : : N7 : (+1, 0, 0)
2Ai (y — Bi)(y + Bi) (At +y — C1)(Ai +y + C)
1 1 1
+ ( 0, 0,+1)

(Ci —y — Ai)(Ci —y + Ai) (y — Bi)(y + Bi) 204




oo oo 1 1 1
X \ / (@ A+ 49) (y = By + Bi) (= +y — C)(@ +y + 00

Integrate x first: I = (—27773)/ dy [

1 1 1
2A1 (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + C1)
1 1 1 }

a4k

(Ci —y — Ai)(Ci — y + Ai) (y — Bi)(y + Bi) 2Ci




oo oo 1 1 1
o \ / e A9tz + A1) RN (R S Gy ey

Integrate x first: I = (—27773)/ dy [

1 1 1
24i (y — Bi)(y + Bi) (Ai +y — Ci)(Ai +y + Ci)
1 1 1 }

a4k

(Ci —y — Ai)(Ci — y + Ai) (y — Bi)(y + Bi) 2Ci

Integrate y then: I = (—277@')2[




oo oo 1 1 1
\ " et AT BT Rty CoEtyt o)

Integrate x first: I = (—27773)/ dy [

1 1 1
24i (y — Bi)(y + Bi) (Ai +y — Ci)(Ai +y + Ci)

1 1 1
(Ci —y — Ai)(Ci — y + Ai) (y — Bi)(y + Bi) 2Ci }

Integrate y then: [ = (—277@')2[
I 1 1

a4k

2Ai 2Bi (Ai + Bi — C%)(Ai + Bi + Ci)




oo oo 1 1 1
\ " et AT BT Rty CoEtyt o)

OO

Integrate x first: [ = (—2m1) / dy [
1 1 I
241 (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + Ci)
+ 1 1 1
(Ci—y— Ai)(Ci —y+ A7) (y — Bi)(y + Bt) 2C% }
Integrate y then: [ = (—27?@')2[
I 1 1
2A1 2B1 (Ai + Bi — C7)( At + Bi + Ci)
1 1 1
+ ; O(C — A)

2Ai (Ci — Ai — Bi)(Ci — Ai + Bi) 2Ci




oo oo 1 1 1
\ _ Ao+ A44) (BN e ry = GOy Ch

@)

Integrate x first: I = (—27773)/ dy [

1 1 1
241 (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + Ci)

1 1 1
(Ci —y — Ai)(Ci —y + Ad) (y — Bi)(y + Bi) 201 }

Integrate y then: [ = (—27?@')2[

a4k

11 1
2Ai 2Bi (Ai + Bi — Ci)(Ai + Bi + Ci)
1 1 1
+ . O(C — A)

2Ai (Ci — Ai — Bi)(Ci — Ai + Bi) 2Ci

~ lim O(8|k| — d]l]) =777
0—0

|



oo oo 1 1 1
\ " et AT BT Rty CoEtyt o)

OO

Integrate x first: [ = (—2m1) / dy [
1 | T
241 (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + Ci)
1 1 1
+ (Ci —y — Ai)(Ci —y + Ai) (y — Bi)(y + Bi) 2Ci }
Integrate y then: [ = (—27?@')2[
1 1 1
2Ai 2Bi (Ai + Bi — Ci)(Ai + Bi + C4)
1 1 1
* 54 (Ci — Ai — Bi)(Ci — Ai + Bi) 2C1 O - 4)
N 1 1 o(C — A)

2A4i (Ci — Ai — Bi)(Ci — Ai + Bi) 2Ci




oo oo 1 1 1
I/?f?/@é””fm@fmﬂk*”@+5”@f%*w@+%”m )

@)

Integrate x first: I = (—27773)/ dy [

1 1 1
241 (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + Ci)

1 1 1
(Ci —y — Ai)(Ci —y + Ad) (y — Bi)(y + Bi) 201 }

Integrate y then: [ = (—27?@')2[

a4k

11 )
2Ai 2Bi (Ai + Bi — Ci)(Ai + Bi + Ci)
1 1 1
T 94 (Ci— A~ Bi)(Ci— Ai+ By aci D¢ A
1 1 1
- o(C — A
247 (Ci— Ai — Bi)(Ci— Ai+ By aci ¢ Y
1 1 1

—2A4i (Ai + Ci — Bi)(Ai + Ci + Bi) 2Ci

|




oo oo 1 1 1
\ " At Ay BT Bty eyt oy

@)

Integrate x first: I = (—27773)/ dy [

1 1 1
241 (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + Ci)

1 1 1
(Ci —y — Ai)(Ci —y + Ad) (y — Bi)(y + Bi) 201 }

Integrate y then: [ = (—27?@')2[

a4k

1 1 1
2Ai 2Bi (Ai + Bi — Ci)(Ai + Bi + C4)
1 1 1
+ 2A1 (Ci — Ai — B1)(Ci — Ai + Bi) 2C" O(C - 4)
1 1 1
- oO(C - A
2A4i (Ci — Ai — Bi)(Ci — Ai + Bi) 2C% ( ) | :
- ! ! | (-1, 0,+1) |
—2Ai (Ai + Ci — Bi)(A4i + Ci + Bi) 2Ci |
+ ! e } L ( 0,+41,+1) ]
(Ci — Bi — Ai)(Ci — Bi + Ai) 2Bi 2Ci e ]



oo oo 1 1 1
\ _ Ao+ A44) (BN e ry = GOy Ch

Integrate x first: [ = (—2m1) / dy [
1 1 . 1
24i (y — Bi)(y + Bi) (Ai +y — Ci)(Ai +y + Ci)
+ 1 1 1
(Ci—y— Ai)(Ci —y+ A7) (y — Bi)(y + Bt) 2C% }
Integrate y then: [ = (—277@')2[
I 1 1

2Ai 2Bi (Ai + Bi — C%)(Ai + Bi + Ci)

e

>y

1 1 1 |
—2A4i (Ai + Ci — Bi)(Ai + Ci + Bi) 2Ci
1 1 1
(Ci — Bi — Ai)(Ci — Bi + Ai) 2Bi 2C' ]

R
A

.|.

1 ( 0,+1,+1) |



oo oo 1 1 1
\ _ Ao+ A44) (BN e ry = GOy Ch

Integrate x first: [ = (—2m1) / dy [
1 1 . 1
24i (y — Bi)(y + Bi) (Ai +y — Ci)(Ai +y + Ci)
+ 1 1 1
(Ci—y— Ai)(Ci —y+ A7) (y — Bi)(y + Bt) 2C% }
Integrate y then: [ = (—277@')2[
I 1 1

2Ai 2Bi (Ai + Bi — Ci)(4i + Bi + Ci)

e

>y

“—34i (Ai + Ci — Bi)(Ai + Ci + Bi) 2Ci
. 1 1 1
(Ci — Bi — A3)(Ci — Bi + Ai) 2Bi 2C% ]

1 ( 0,+1,+1) |



oo oo 1 1 1
\ " et AT BT Rty CoEtyt o)

Integrate x first: I = (—27773)/ dy [
1 1 . 1
241 (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + Ci)
+ 1 1 1
(Ci—y— Ai)(Ci —y+ A7) (y — Bi)(y + Bt) 2C% }
Integrate y then: [ = (—27?@')2[

1 1 1
2Ai 2Bi (Ai + Bi — C%)(Ai + Bi + Ci)

: ! ! L (-1, 0,+1) |
24i (Ai+ Ci — Bi)(Ai + Ci + Bi) 2Ci ;
1 1 1

+ } ((0,41,+1) |
(Ci — Bi — Ai)(Ci — Bi+ Ai) 2Bi 2Ci b ]



too oo 1 1 1
\ C ANt A b Bl Bi) ey~ Oty 0D

@)

Integrate x first: I = (—27773)/ dy [

1 1 1
241 (y — Bi)(y + Bi) (Ai +y — Ci)(Ai + y + Ci)

1 1 1
(Ci —y — Ai)(Ci —y + Ad) (y — Bi)(y + Bi) 201 }

a4k

Integrate y then: [ = (—27?@')2[

1 1 1
2Ai 2Bi (Ai + Bi — Ci)(Ai + Bi + Ci)
1 1 1
—2A4i (Ai + Ci — Bi)(Ai + Ci + Bi) 2Ci
1 1 1
(Ci — Bi — Ai)(Ci — Bi + Ai) 2Bi 2Ci ]

.l.

1 ( 0,+1,+1) |

The signs of the residues selected are non-trivial !



MULTI-LOOP TREE DUALITY

[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 |

Analogous sunrise case:

(k* —m} +1i6)~*
A N A AN
+ R(-1, 0,+1)
W + R( 0,+1,+1) |

Now, what about beyond two-loop and arbitrary topologies !

e Distributional identities: [ Bierenbaum, Catani, Draggiotis, Rodrigo, arxiv: 1007.0194 ]

* Averaging procedure: [ Runkel, Scér, Vesga, Weinzierl, arxiv: 1902.02135 ]

* [terative procedure: [ Capatti, VH, Kermanschah, Ruijl, arxiv: 1906.06138 |
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We iteratively apply the residue theorem:

43k 1 N
/H 3ZReSb Resp|[f] = T35 T D,

beB

b
1€b ice\b {q =0, Ej}jeb
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[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 |

We iteratively apply the residue theorem:

—

d3k; 1 N
(2ﬂ)33éReSb[f]’ Resp[f] = 725 1] D

O_~br.1.
1€b ice\b {qj =0, Ej}jen

g=1
Key characteristics:

O A single residue per spanning-tree of the graph, with a common sign.
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We iteratively apply the residue theorem:

= - d3Ej , 1 N
/Jl;[l (2ﬂ)3éReSb[f]0 Resb[f] = H QEZ' H Dz'

i€b ice\b {Q?:J}DEJ' }ij
Key characteristics:

O A single residue per spanning-tree of the graph, with a common sign.

& No surviving Heaviside factors, all identically simplify to zero or one.
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[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 |

We iteratively apply the residue theorem:

N - d3Ej , 1 N
/31;[1 (2“)3éReSb[f]0 Resb[f] = H QEZ' H Dz'

i€b ice\b {Q?:U?EEJ }ij
Key characteristics:

O A single residue per spanning-tree of the graph, with a common sign.
& No surviving Heaviside factors, all identically simplify to zero or one.

v Verified explicitly up to six loops.
v Also valid for complex momenta'and masses.

Algorithmic determination of the cut-structure (7;-’

Given a: - loop momentum basis
- choice of complex contour closure (upper or lower)
- ordering in the integration of loop momenta energies

we can compute the cut structure signs for any multi-loop topology.

]LCredits to S.Weinzierl
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[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 ]

Three-loop example (showcasing the irrelevance of external momenta).

gat+p
q1+Dp qgs +p
qi qs gL = k‘l S1 = ( 17 07 O)
q2 = k2 S2 = ( 0, 1, 0)
p vy 42 v 43 p qs = ks S3 — ( 0, O, 1)
qs = k1 — ko sa =( 1,—-1, 0)
g1 qs gs = k1 — k2 — k3 ss=( 1,—-1,-1)
54 qa

(a) Original diagram. (b) Reduced diagram. (c) Momenta and signatures.
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Three-loop example (showcasing the irrelevance of external momenta).
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(c) Momenta and signatures.



MULTI-LOOP TREE DUALITY

[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 ]

Three-loop example (showcasing the irrelevance of external momenta).

Q4jp
q1+p g5 + P
an 4 q = ki s1=( 1, 0, 0)
” = o os ko mI(0 0D
ga = k1 — k2 sa=( 1,—1, 0)
O g5 gs = k1 — ko — ks ss =( 1,—1,—1)
g g
(a) Original diagram. (b) Reduced diagram. (c) Momenta and signatures.
b=
Zi=(1 L1 0 0),
o=( 1,-1, 0, 0,-1),
¥3=( 1, 0, 1,—1, 0),
4=(1, 0, 1, 0,-1),
¥s=( 1, 0, 0, 1,-1),
¢=( 0, 1, 1, 1, 0),
;=(0, 1, 1, 0, 1),
s=( 0, 1, 0, 1,—1)]
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[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 ]

Three-loop example (showcasing the irrelevance of external momenta).

gat+p
q1+p gs + D
q1 75 q = k1 si=( 1, 0, 0)
p y 42 RE p Zi z . k3 :2 ig 8: (1): ?g
ga = k1 — k2 sa=( 1,—-1, 0)
5] g5 g5 = k1 — ko — k3 ss =( 1,—1,—-1)
¢a g4
(a) Original diagram. (b) Reduced diagram. (c) Momenta and signatures.
b __
7= |
=015 .5
Yo=(_1,-1,
¥3=( 1, 0,
¥a=( 1, 0,
¥s=( 1, 0,
¥¢=1( 0, 1,
:=( 0, 1,
¥s=( 0, 1,
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[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 ]

Three-loop example (showcasing the irrelevance of external momenta).

g4 jp
q1+p g5 + P
7 g5 q = k1 si=( 1, 0, 0)
p Y22 AE p Ziz . k3 :z ig 8: (1): ?g
gs = k1 — ks ss=( 1,—1, 0)
a gs G =k —ky—ks  ss=( 1,-1,—1)
G ¢a
(a) Original diagram. (b) Reduced diagram. (c) Momenta and signatures.
b _
95 = [
=(_1, 1, 1, Ex. of an invalid
Yo =(1,21, | | spanning tree:
¥3=( 1, 0,
¥a=( 1, 0,
¥s=( 1, 0,
¥¢=1( 0, 1,
:=( 0, 1,
¥s=( 0, 1,
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The sunrise again, with more details:
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The sunrise again, with more details:

—~ I=(2m)?[  Rr@1,+1, 0)
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- O)ko: \/E2+m%—z‘5 ( .)2 / dSE de 1 1 1
+ r+ ’ —1 + —
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lO:\/ﬁ—i—m%—i(S

—
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The sunrise again, with more details:

L I =(2mi)?]  R(+1,+1, 0)
M + R(-1, 0,+1)
W + R( 0,+1,+1) |

- O)kO: \/E2+m%—i5 ( ’)2 / dSE de 1 1 1
+1,+1, —1 + A —
(2m)7 ( 2\/k2+m1 252\/12+m2—25A As

lO:\/ﬁ+m%—i5

—

A5 (k1) :+k0+l0+p0:\/(E+f+ﬁ)2+m§—z'5

:@P/EQ+W§—i@\/ﬁwLm%—i5+p°@\/(E+f+@2+m§—i5

identical signs :bounded ellipsoid-like surface requiring deformation: E-surfaces
otherwise : unbounded hyperboloid-like surface dual-cancelling: H-surfaces
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The sunrise again, with more details:

L I =(2mi)?]  R(+1,+1, 0)
M + R(-1, 0,+1)
W + R( 0,+1,+1) |

- O)ko\/lg%tm%ié( )2/ dSE de 1 1 1

+1,+1, —1 + A —
0 = /It +m? —id (2m)7 ( 2\/k2+m1 252\/12+m2—25A As
Aét(k,f):—|—k0—|—l0—|—p0::\/(E+f+ﬁ)2+m§—i5

:@P/EQ+W§—i@\/ﬁwLm%—i5+p°@\/(E+f+@2+m§—i5

identical signs :bounded ellipsoid-like surface requiring deformation: E-surfaces
otherwise : unbounded hyperboloid-like surface dual-cancelling' H-surfaces

For Euclidean kinematics (p? <0): (on-shell energes: E;( \/k2 +m2 —1id )

E-surface has no solution = no non-integrable singularity = no deformation needed



MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

The cLTD representation is closely related to Time Ordered Perturbation Theory

2k, (E1 —pY +p9)? — E5 (Ey —pY +p3)? — E3
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

The cLTD representation is closely related to Time Ordered Perturbation Theory

I 1 1 —1 —1

D

: I 1 1 —1 —1

|dentical !

\ A T 2E, 2B, 2B -+ ¢% + (E1 + BE5) —¢) + (E1 + EB5)
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

The cLTD representation is closely related to Time Ordered Perturbation Theory

I 1 1 —1 —1

D

= 1 1 1 ~1 .
- ' |
V& 2F, 2E 2F5 —q% + ¢S + (Ey + Es) —¢ + (B, + Es) [dentical !

In general however, no one-to-one correspondence. cLTD has fewer terms.
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MULTI-LOOP TREE DUALITY: CLTD

[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

VWe give a completely general and algorithmic construction of cLTD:

Loop momentum Input Nopt =0 Nopt=1000
basis signatures o Ny tfﬁl‘i’g N, N, tf;:]n)
wk | [3209]
1—-1 0 O 1
o 9719 Ll | 22851 159964 | 10.2 3’515 3’520 7.5
0 0 1 0 2
e S I
-0 i}
11 0 0 "2
k] oo 0 1 0 0 T
R R L | 85’535 598752 | 154.7 21351 20°944 87
k3t ka 0 0 1 0 2
o 0O 0 0 1 1
0 0-1-1 -2-
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MULTI-LOOP TREE DUALITY: CLTD
[ Capatti, VH, Pelloni, Kermanschah, Ruijl, arxiv:2009.05509 ]

cLTD completely cures numerical stability issue in the UV region:

10—30 10_18

LTD f64 — —
‘ L%%Dflfgésl —_— LTD f128 ——
cLTD_ f64 —— cLTD f64 ——
cLTD f128 —— 10-2 cLTD f128 ——
10-%2
10—22
& &
= 1074 &
Qo —24
? aygy = 20 -cg 10 — 1
"g = ayv =
< IR = © e —
&0 —36 ob 10-26 IR
2w 2
z E
10-2
10-3
10-% !
S LTD_f64/cLTD_f128 - 1 g " LTD f64/cLTD f128-1 ——
_ c . - — =
S LTD f128/cLTD f128-1 —— | & 198 LTD f128/cLTD 125 - 1 ——
g 10 cLTD_f64/cLTD f128-1 —— | O cLTD_ f64/cLTD_f128 -1 ——
= 5=
T T
© 10-12 2 10
. r— +
= S
= 1071 g 10 16
- 1072 10° 10° 1010 1073 10° 10° 1010
A A
T 71 T Stability of the 2x2 fishnet 4- Stability of a 2-loop 6-point in-
(a) loop integral with a constant (b) tegral with the rank-2 numera-
<1 4 numerator set to 1. tor (k1 + k2) - p1 + k1 - ke.
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THRESHOLD REGULARISATION

Valentin Hirschi LoopFest XXIV, BNL



SINGULAR SURFACES - 2D ELLIPSOIDS

4100

> General one-loop ellipsoid expression:




DEFORMING AROUND SINGULAR 2D-ELLIPSOIDS

Deformation: kK — k — 1K

Causal prescription imposes: K - 7ig,, > 0
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DEFORMING AROUND SINGULAR 2D-ELLIPSOIDS

How to construct such a field? For example for this case:
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patti, VH, Kermanschah, Pelloni,
[ arxiv:1906.06138 ]
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DEFORMING AROUND SINGULAR 2D-ELLIPSOIDS

How to construct such a field? For example for this case:
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DEFORMING AROUND SINGULAR 2D-ELLIPSOIDS

But then what if there is no point in the inside of all ellipsoids ( Box4E example ) !
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DEFORMING AROUND SINGULAR 2D-ELLIPSOIDS

But then what if there is no point in the inside of all ellipsoids ( Box4E example ) !
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DEFORMING AROUND SINGULAR 2D-ELLIPSOIDS

But then what if there is no point in the inside of all ellipsoids ( Box4E example ) !
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THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION

.['D._Kermanschah, arXiv : 2110.06869 ]
CEv+ By —p) R E -l -
Coph=(2,0) 1 1 |
2|k| — 2 \/kg+k,g—1
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THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION

[ D.<Kermanschah, arXiv : 2110.06869 ]
| Ert Ey—pl R+ k-] -
- pi'=(2,0) 1 1 00 9 1 1

= = X L dzd
2“6’—2 \/k%+k§_1 5_l>%l+ . L yw2x2+y2+1\/x2+y2—1ii5

=1F21
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THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION

[ D._Kermanschah, arXiv : 2110.06869 ]
| Ert Ey—pl R+ k-] -
- pi'=(2,0) 1 1 00 9 1 1

= = i dzd —172i
2|k| — 2 \/kg+k§—1 T N = o /= pr B I S A
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THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION

[ D. Kermanschah, arXiv : 2110.06869 ]
| Ev+Ey—pl k| + k=5 - pY

L opr=20) 1 1 ' 00 9 1 1
= | lim dxdy =1F2i

oot Jooe TRty 1 /e 42— 1£16
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THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION
.['D.<Kermanschah, arXiv : 2110.06869 ]
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’ 4 /wd 1 1 Q/Hﬂd 1 1
o 1im — r _ r
50+ 7 | Jo P24+1)1—r+id  Ji_a (1)2+1)1—r+id



https://arxiv.org/abs/2110.06869

THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION
.['D._Kermanschah, arXiv : 2110.06869 ]
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THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION
.['D.<Kermanschah, arXiv : 2110.06869 ]
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THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION
.['D.<Kermanschah, arXiv : 2110.06869 ]
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LLocal threshold counterterm
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0 =0 can be taken safely !
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THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION
.['D.<Kermanschah, arXiv : 2110.06869 ]
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Integrated threshold counterterm
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THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION
.['D._Kermanschah, arXiv : 2110.06869 ]
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Easy to compute since Principal Value 1s zero by construction
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THRESHOLD SUBTRACTION INSTEAD OF DEFORMATION

[ D. Kermanschah, arXiv : 2110.06869 ]

A4 1 20
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UV SUBTRACTION

Valentin Hirschi LoopFest XXIV, BNL



LOCALISED RENORMALISATION

[ Capatti, VH, Ruijl, arxiv : 2203.11038 | [ BPHZ refs. ]

R(F) — Z F\S*HZW), Z(y)K( Z V\S*HZ(’Y,))

Sew () ~eSs SEW ()\y v €S



https://arxiv.org/pdf/2203.11038.pdf
https://inspirehep.net/literature/55117

LOCALISED RENORMALISATION

[ Capatti, VH, Ruijl, arxiv : 2203.11038 | [ BPHZ refs. ]

R( ~ 000 m>= > Tas= ][]z, Z(W)K< > V\S*HZ(W’))

Sew () ~eSs SEW ()\y v €S
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LOCALISED RENORMALISATION

[ Capatti, VH, Ruijl, arxiv : 2203.11038 | [ BPHZ refs. ]

Sew (T) vES SeW (v)\vy v'eS

R<F=m m): Z F\S*HZ(V), Z@)]{( Z V\S*HZW))

g

UV subgraphs : T — 3
B kL D v kD

dod (”}/4) = 2 B
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LOCALISED RENORMALISATION

[ Capatti, VH, Ruijl, arxiv : 2203.11038 | [ BPHZ refs. ]

R( =m@m>: Y T\s«][z(), 2 K( W\S*HZ(WI))
Sew (T) vES SeW (v)\vy v'eS

UV subgraphs : T — . 3
dod (’}/{1’2,3}) =0 71 = m@ 72 = @m 73 = oo pos 74 = m<@m
dod (v4) = 2 ° — g °
R(F) — ' - K(Vl)*r\’)/l - K(’VQ)*F\’YQ - (73 «['\Y3 = K(’M)*I‘\fm

+ K(K(Vl)*l“\%) + K(K(’Yz)*l“\%) + K(K(’Ys)*l“\%)
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LOCALISED RENORMALISATION

[ Capatti, VH, Ruijl, arxiv : 2203.11038 | [ BPHZ refs. ]

R( = oov m>= Y, TASx]]2(v), 2 = K( > W\S*HZ(WI))

Sew (T) vES SeW (v)\vy v'eS

UV subgraphs : — — : :
dod (’}/{1’2,3}) =0 71 =m@ 72 = @m 73 = WSQW‘ 74 = m<@m
dod (v4) = 2 ° — g °
R(I) = T - K)o\ - KO2Io2 = KOs)T\s = K1)\

+ K(K(Vl)*P\’h) + K( (’72)*]_“\72) + K(K(’Ys)*l“\%)

What Is the operator K(7) ¢ Anything we want ! so long as it:

* Locally cancels UV divergences of 7Y, even in the presence of nestings

* Yields results iIimmediately renormalised in the chosen scheme (MS + OS)

* Minimal analytics: at most single-scale all-massive vacuum integrals
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LOCAL RENORMALISATION OPERATOR K
Our solution: K(’Y) D= T(”Y)

T(”Y) : = Local CT :Taylor expansion around the “UV point” up to dod(7)
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LOCAL RENORMALISATION OPERATOR K
Our solution: K(’Y) D= T(”Y)

T(”Y) : = Local CT :Taylor expansion around the “UV point” up to dod(7)

N’Yl(k7p17p27m)
((k=p1)? —m? )(k*)( (k+p2)? —m?*)

Vi\ : N, (k, \p1, Apa, Am)

(k= Ap1)? = miy — A2 (m? —miy))(k? — miy ) (K + Ap2)? —miy — A2 (m? —miy) )




LOCAL RENORMALISATION OPERATOR K
Our solution: K(’Y) D= T(”Y)

T(”Y) : = Local CT :Taylor expansion around the “UV point” up to dod(7)

V] = N’Yl(k7p17]927m)
((k—=p1)2—m*)(k*)( (k+p2)*—m?*)
’Yf\ . N, (k, Ap1, Apa, Am)

B (k — Ap1)? —miyy, — A2(m2 — miy)) (k2 — miy ) (B + Ap2)? — miyy — A2 (m? — miy) )

1 &
T(V) = Taod(y) (WA) =D E@V\ , To(%) = (f;k ek O>3 ~ @




LOCAL RENORMALISATION OPERATOR K
Our solution: K(’Y) = T(”Y) - [T] (7)

T(”Y) : = Local CT :Taylor expansion around the “UV point” up to dod(7)

V] = N’Yl(k7p17]927m)
((k=p1)? =m? )(E2)((k +p2)? —m?)
’Yf\ . N, (ky Apt1, Apa, Am)
T (k= Ap1)? =iy — A2 (M2 — i) (B2 = m ) ((k + Ap2)? — miy — A2 (m? = miyy) )
dod(v)
\ 1 d7 N (k,0,0,0

T(”Y) Taod (’7 ) = Z ﬁwT\ | To(’yl) = (kQ( — )>3 ~ @

j=0 A=0 uv

T](7): = Integrated CT, [T](71) = (%ZZE)E [ a2 @ Z3




LOCAL RENORMALISATION OPERATOR K
Our solution: K(’Y) = T(”Y) - [T] (7) + 5M_S+OS (’7)

T(”Y) : = Local CT :Taylor expansion around the “UV point” up to dod(7)

N’Yl(k7p17anm)
((k—=p1)?—m?)( k> )((k+p2)* —m?)

’Yf\ . N, (ky Apt1, Apa, Am)
(k= Ap1)? —miy = A2 (m? = miy)) (k2 — miy ) ((k + Ap2)? — miyy — A2 (m? —mgy) )

dod(v)
A 1 d N (k,
=T ()= 2 b )= e (]
€ 400

[T] (’Y) = Integrated CT [T](’Vl) = <47Tg"2“,m> /d4_2€k = ) ope"

X R lisation CT MS\._1c T >k

_ Renormalisation _ . _
0 (’Y) N In scheme X ’ ( o ) K, K(%) Zake




R-OPERATOR UNFOLDING

- _ g
: with UV :
P — 000 § [oJo] 1: § 2 -_ E == 000 000 4: 000 E 000
<> subgraphs | m{_ ! _>W '3 Q ! <>
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+T2(TO(71)*F\71) +T2(TO(72)*F\W2) +T2(TO(73)*F\73) + K terms
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R-OPERATOR UNFOLDING

- g
with UV
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The four different k/
types of UV Iimits e
are now finite !
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+T(To(1) ) + TT.(02)+T\2) +T.(To(9)+T\3) + KK terms

[, m  k finite
k,l — oo ,m finite
kE.l,m — oo

lmm

0000000000

The four different k/
types of UV Imits s
are now finite !




LOCALITY UNITARITY: RAISED PROPAGATORS
[ Capatti, VH, Ruijl, arxiv : 2203.11038 ]

In LU, we cannot consider truncated amplitudes only :

( Traditional Cutkosky rule
3 _ 0’ = E(p))
Rl

BF) = /5 + m?

/

would not apply here !
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LOCALITY UNITARITY: RAISED PROPAGATORS
[ Capatti, VH, Ruijl, arxiv : 2203.11038 ]

In LU, we cannot consider truncated amplitudes only :

Traditional Cutkosky rule

LA 0 = E®p))
TL = TR

E@) = /|5 +m?

would not apply here !

So consider this Cutkosky cut as a higher-order residue -p> Generalised cutting rule
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LOCALITY UNITARITY: RAISED PROPAGATORS
[ Capatti, VH, Ruijl, arxiv : 2203.11038 ]

This is well understood for raised loop propagators,
but for raised external propagators of supergraphs, there are subtleties
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| Capatti, VH, Ruijl, arxiv : 2203.11038 |

This is well understood for raised loop propagators,
but for raised external propagators of supergraphs, there are subtleties

o 6 [p) — E(
Derivatives can act on each other because: P3 = q — P1 — P2

o W [p) — E(p1 )16 [ph — E(p2)10P[¢° —pl —p5 — E(tpi) — E(tps))
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This is well understood for raised loop propagators,
but for raised external propagators of supergraphs, there are subtleties

Derivatives can act on each other because: P3 = q — P1 — P2

. 5(1)[52 — E(p1)]6P[pd — E(p3)]6®[¢° —p1 ps — E(tpi) — E(tps))
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This is well understood for raised loop propagators,
but for raised external propagators of supergraphs, there are subtleties

Derivatives can act on each other because: P3 = q — P1 — P2

o 6V [pY — B(pi )]0 [ph — B(p2)16P[d° —pi —p3 — E(tpi) — E(tpz)]
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LOCALITY UNITARITY: RAISED PROPAGATORS
| Capatti, VH, Ruijl, arxiv : 2203.11038 |

This is well understood for raised loop propagators,
but for raised external propagators of supergraphs, there are subtleties

o 8 [pY — E(p1))6® [p — E(p3)]6®) [p} — E(p3)]

Derivatives can act on each other because: P3 = q — P1 — P2

o 6V [pY — B(pi )]0 [ph — B(p2)16P[d° —pi —p3 — E(tpi) — E(tpz )]

Use multivariate dual numbers (auto- dlﬁ‘erentlaUOH) in order to efficiently
compute amplitude derivatives of G and Grin p2 and ¢ ('in this example )
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SPURIOUS SOFT SINGULARITIES

[ Capatti, VH, Ruijl, arxiv : 2203.11038 ]

For p =0

1 thisinduces a spurious
v Soft divergence whose

(P°) cancellation has nothing
to do with KLN!

G X

Only beyond NLO (needs a soft propagator dressed with a self-energy correction)

1 1
At the integrated level, we have mug}x X — (pQg“” _ pupu) —
D D
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SPURIOUS SOFT SINGULARITIES

[ Capatti, VH, Ruijl, arxiv : 2203.11038 ]

For p =0

1 thisinduces a spurious
v Soft divergence whose

(P°) cancellation has nothing
to do with KLN!

G X

Only beyond NLO (needs a soft propagator dressed with a self-energy correction)

1 1
At the integrated level, we have mug}x X — (pQg“” _ pupu) —
D D

but not at the local level; we must introduce spurious soft counterterms :

soft_dod ()

i ) Toana(N)m 5

7=0

[71=0

A=0
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COMBINED UV AND SPURIOUS IR FOREST

Fureka moment:

* Remarkably, we always have : soft_dod = UV _dod — 1
* Spurious soft expansion also valid as UV counter term.
* Spurious soft IR forest similar to the one produced by the R-operation

so that we can combine the UV and spurious soft subtraction as one !

Tdod ?Tdod + 1dod—1 — Tdodd dod—1]

until we realised that we had just re-invented the wheel: [ J. H. Lowenstein, 1976 |




COMBINED UV AND SPURIOUS IR FOREST

Fureka moment:

* Remarkably, we always have : soft_dod = UV _dod — 1
* Spurious soft expansion also valid as UV counter term.
* Spurious soft IR forest similar to the one produced by the R-operation

so that we can combine the UV and spurious soft subtraction as one !
Laod = Ldod + Ldod—1 — Ldod? dod—1]

until we realised that we had just re-invented the wheel: [ J. H. Lowenstein, 1976 |

Novelty though: automatic renormalisation of fermion masses in the OS scheme:

ros+ <E=£L‘—> . (1 -+ ’}/O)Z(p — :ZOS) , pOS — (m, O, O, O)

{ Implying that our local UV |
} counterterm T°° automatically 1
{ senerates the OS mass
' renormalisation counterterm ! §
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LOCALITY UNITARITY

We convert the four-dimensional Minkowski loop integration measure
into a three-dimensional Euclidean phase-space measure:

d3p
2|p]

——=d*ko(1] + |5 — @ — Qo)

D k




LOCALITY UNITARITY

We convert the four-dimensional Minkowski loop integration measure
into a three-dimensional Euclidean phase-space measure:

dg_’ 4 d3pd3
o ROUA + 17 =1 = Qo) >SS (71 + 17— a1 - Qo

SR O




LOCALITY UNITARITY

We convert the four-dimensional Minkowski loop integration measure
into a three-dimensional Euclidean phase-space measure:

d3q4 dgpdg
gl RO+ 17— 1= Qo) =SB (i + 17— a1~ Qo

SR O

But the measure Is not yet fully aligned:

B 4”>_ :
%‘ — /dgkdgﬁ (6(E1 + E2 — Qo) fvirt + 0(E1 + E3 + Es — Qo) freal)
By %

Eo




LOCALITY UNITARITY

We convert the four-dimensional Minkowski loop integration measure
into a three-dimensional Euclidean phase-space measure:

d344 dgpdg
gl RO+ 17— 1= Qo) =SB (i + 17— a1~ Qo

S A

But the measure Is not yet fully aligned:

B 4‘>. :
%‘ — /dgkdgﬁ (6(EB71 + B2 — Qo) fvirt + 0(E1 + E3 + Es — Qo) freal)
By %

e (K, P) e (k, P)

Eo

( on-shell energies: E;( \/k2 +m?2 —id )

64






CAUSAL FLOW

The measure now differs only in the delta enforcing on shell energy conservation

4ﬂ> ~ 0(E1 + E2 — Qo)
<P

~ 0(E1 + E3s+ E5 — Qo)

Objective: find a common variable to solve both deltas.
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CAUSAL FLOW

The measure now differs only in the delta enforcing on shell energy conservation

4ﬂ> ~ d(E1 + E2 — Qo)

<P ~ 6(E1+ Es + Es — Qo)

Objective: find a common variable to solve both deltas.

A different perspective on the usual phase space mapping problem

Solution: introduce an auxiliary variable in which to solve the delta

L. 7 Qo
6(1k| — Qo) —> 8(tlk| = Qo) — t= i

Soper, Soper, ZC, Hirschi, Pelloni, Ruijl General FSR cancellations
arXiv: 9804454 (1998) arXiv: 0102031 (2001 @ RADCOR)  arXiv: 2010.01068 (2020)  For N to M NkLO processes
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CLAUSAL FLOW
The measure now differs only in the delta enforcing on shell energy conservation

4ﬂ> ~ 0(E1 + E2 — Qo)
<P

~ 0(E1 + Es + E5 — Qo)

Objective: find a common variable to solve both deltas.

A different perspective on the usual phase space mapping problem

Solution: introduce an auxiliary variable in which to solve the delta

O(|k] — Qo) .~ O(t|k| — Qo) — 1= =
ks th k|

Soper, Soper, ZC, Hirschi, Pelloni, Ruijl General FSR cancellations

arXiv: 9804454 (1998) arXiv: 0102031 (2001 @ RADCOR)  arXiv: 2010.01068 (2020)  For N to M NkLO processes

A toy example:
[ ES(E - Qo) s ()


https://arxiv.org/abs/hep-ph/9804454
https://arxiv.org/abs/hep-ph/0102031
https://arxiv.org/abs/1906.06138
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:/d3 /dth 5(|k| — Qo) f (k) using 1:/dth(t)
-]

d3/2/dtt3 5(tlk| — Qo) f(tk) using k — th




CAUSAL FLOW : TOY INTEGRAL

/d3 / 5(|k| — Qo) f (k) using 1= /dth(t)
:/ / dt t3 h(t) 5(t|k| — Qo) f(tk) using k— tk
- [ %— (Qo/IF)) F(QoF/IF) with t* = Qo/|K|

Solve all deltas in the common scaling variable. This completes the alignment of the measure!




CAUSAL FLOW : TOY INTEGRAL

35 51K — Qo) £ (F) using | = / dt h(t)

R(Qo/|K]) £(Qok/IF)) with t* = Qo/|k

/ dt t3 h(t) 8 (t|k| — Qo) f (tk) using k — th
sp Doy
/Z

Solve all deltas in the common scaling variable. This completes the alignment of the measure!

When applying this construction to LU we get:

{ﬂ> _ / dBkd®Go(Ey + Es — Qo) fuiry = / d3kd3p gy ()

— QO Lo - Lo
t* — t* k — (p7 k) — ¢(t, <p7 k)) 1 7 — T
where v V( 723) Eq1 + Es _ “Causal flow” is called like at¢ — RO Qb
i bcause s e gumralinton {30 (¥ 5\ (F ]

deformation field satisfying \
the causal constraints.




LOCALITY UNITARITY: VISUALISATION

; (QO,(?)E
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: kM [®
_ _ QH Q!
_1.Oj — l,u B k‘u
-1.0 -0.5 0.0 0.5 1.0 ly
-_ b d 3 3 .
(k1) € R°X R’ projected to (1,,1,) € R? — = Cutkosky cut = threshold

(Y4
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LOCALITY UNITARITY:

VISUALISATION
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—
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ney — 21| = Q°

Tlsy

kM e
Q" Q"

" — E*

1 | 1 1 1 L 1 1 L L 1 | 1 1 L 1 1 1 L 1 L 1 L
-1.0 -0.5 0.0 0.5 1.0

/N
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~1
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LOCALITY UNITARITY: VISUALISATION

lz T T T T
| (Q",0)
0.5; _ Q'u — (2,0,0,0)
(k,1) = ((0,0.5,0.5), (0,1,,1,))
o.o- _ 778‘2’ N 2‘[’/’ _ QO
| e o U =K = Q0 — ||
sl Tst Tsy
| ’ »
. QH Q!
T Nsy = 0 W Lok
) 11 0.5 0.0 0.5 10 ly
(k1) € R’x R projected to (1,,1,) € R? — = Cutkosky cut = threshold
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LOCALITY UNITARITY: VISUALISATION

— k| =Q°— |k
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Q" Q"
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—1'0_- Nsy = 0 W Lok
) 11 0.5 0.0 0.5 10 ly
(k1) € R’x R projected to (1,,1,) € R? — = Cutkosky cut = threshold



LOCALITY UNITARITY: VISUALISATION

— k| =Q°— |k

-0.5} 77811‘ 778\2,
Iz 2
Q" Q"
-1.0F l,u B k‘lJJ
. I,
(k1) € R®x R projected to (1,1, ) € R? — = Cutkosky cut = threshold

(Y4



LOCALITY UNITARITY: VISUALISATION

— k| =Q°— |k

-0.5} 77811‘ 778\2,
Iz 2
Q" Q"
-1.0F l,u B k‘u
ly
(k1) € R®x R projected to (1,1, ) € R? — = Cutkosky cut = threshold



LOCALITY UNITARITY: VISUALISATION

— k| =Q°— |k

-0.5} 77811‘ 778\2,
Iz 2
Q" Q"
-1.0F l,u B k‘u
ly
(k1) € R®x R projected to (1,1, ) € R? — = Cutkosky cut = threshold



LOCALITY UNITARITY: VISUALISATION
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LOCALITY UNITARITY
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 ]

The rescaling change of variables is however not general :

50

ky | (E,0,0, E)—>—

| (F,0,0, —E) ——

30+

Ex: Box_4E from sect. 3.1 of

; [ Capatti, VH, Kermnashah, Pelonni, Ruijl, arxivi:1912.09291 ]

20+

-20
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LOCALITY UNITARITY
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 ]

The rescaling change of variables is however not general :

50

k|
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40+
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Ex: Box_4E from sect. 3.1 of
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LOCALITY UNITARITY

[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 ]

The rescaling change of variables is however not general :

50 -

ky (F,0,0, F)
(E,0,0,—E)
IR Ex: Box_4E from sect. 3.1 of
: [ Capatti, VH, Kermnashah, Pelonni, Ruijl, arxiv:1912.09291 ]
10:: @
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LOCALITY UNITARITY
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 ]

The rescaling change of variables is however not general :

50

ky| 6 | (E,0,0, E)

¥ N [/ ! (E,0,0,—E)
| "Y\RRTAS S A ‘
'_ NNNNNS Y S A __

© \\\“‘ NN A SRS | Ex Box_4E from sect. 3.1 of

NXNWNAA A AR _
AN N A \ \ | AHAAAA { [ Capatti, VH, Kermnashah, Pelonni, Ruijl, arxiv:1912.09291 ]

20

Compute a causal flow @ from
our existing construction of a
deformation field & :

10 =

—

(9755(757 E) — Ef(gb(t, E))
6(0,k) = k

In general, this ODE can be

-10 &

=20k

—éO | ‘I | (I) | I | 2IO | ‘ | 4I0 Ik,w | SOIVGd numerically-
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LOCALITY UNITARITY
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 ]

The rescaling change of variables is however not general :

50

ky| (E,0,0, E)

40 F

(F,0,0,—F)

o Ex: Box_4E from sect. 3.1 of

: [ Capatti, VH, Kermnashah, Pelonni, Ruijl, arxivi:1912.09291 ]

20

Compute a causal flow @ from
our existing construction of a
deformation field & :

0,0(t, k) = R(o(t, k))
5(0.k) =k

1 In general, this ODE can be
S L solved numerically.
o

104:- @

-10 &

=20k
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LOCALITY UNITARITY: ALL-ORDERS PROOF
[ Z. Capatti, VH, A. Pelloni, B. Ruijl, arXiv : 2010.01068 ] [ Summary in proceedings, arXiv : 2110.15662 ]
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LOCALITY UNITARITY: ALL-ORDERS PROOF
[ Z. Capatti, VH, A. Pelloni, B. Ruijl, arXiv : 2010.01068 ] [ Summary in proceedings, arXiv : 2110.15662 ]

The LTD representation of the double triangle with rescaled momenta is

taqr

Qo

tqy

tqo

tqs

<D

tq;

<P

<<

qi —1tq;
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LOCALITY UNITARITY: ALL-ORDERS PROOF
[ Z. Capatti, VH, A. Pelloni, B. Ruijl, arXiv : 2010.01068 ] [ Summary in proceedings, arXiv : 2110.15662 ]

The LTD representation of the double triangle with rescaled momenta is

tar /N ez s ( _<]>_)) B i _<]>_+—®—+—<]>—+—<]>—

< tqa t%t% o _+_®_+_®_+_®_+_®_' qi —1q;

Then one can capture the thresholds of this forward-scattering graphs with
tQi]

;ﬂg = [t im e - ) na (D)), + tim e~ 0 (<)

Jv, Jr can be written as different limits of the same function!
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LOCALITY UNITARITY: ALL-ORDERS PROOF
[ Z. Capatti, VH, A. Pelloni, B. Ruijl, arXiv : 2010.01068 ] [ Summary in proceedings, arXiv : 2110.15662 ]

The LTD representation of the double triangle with rescaled momenta is

tq tq2 o I ‘®’+_®_+_ﬁ>—+_®_-
o LA R R E e

Then one can capture the thresholds of this forward-scattering graphs with
tQi]

‘]: _ 32131 13 gk : g%
% = / d°pd k[ tlgg;(t t3) fitd (<]>) s | tlg%(t ty) fied (<]>)
Solving delta in the scaling variable => 1d residue theorem along the line y(t) = (tlZ, tp)

Jv, Jr can be written as different limits of the same function!

- 4 -

5 d3k ' 2 LU
%Q}” = [ aE |3 tim - ) a (<D, | reprosmaton

=1

Cutkosky, but at the local level! \We prove cancellations by studying the limit ¢ — 7
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LOCALITY UNITARITY
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 |

This pairwise cancellation pattern holds at all orders, and for all threshold

—— = Cutkosky cut —— = threshold singularity

cancels
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LOCALITY UNITARITY
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 |

This pairwise cancellation pattern holds at all orders, and for all threshold
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TESTING N3LO UV LIMITS

bi ' : .
[ arbitrary unts | Double and triple UV limits of supergraph H.3
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Towards UV limit




TESTING IR QUADRUPLE COLLINEAR LIMITS

[ arbitrary units |

o C[1,2,3,4]
10 1 -
| — Total LU itg f128 P ad
— Total LU itg f64 e ,’, —
Cut (4,7,5,1,6) 7=~} 7~ A PR
| == cutz.8) FARY ad * -~
—— Cut(7,1.2) / A Rl
4+ == Cut(7,1,6,3) -7 7 - -~
’ / -
~25 _ — | -
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TESTING IR QUADRUPLE COLLINEAR LIMITS

[ arbitrary units |

L0-20 Cl[1,2,3,4]
7 7
| = Total LU itg f128 7 i
—— Total LU itg 64 PR //’
-+ == Cut (4,7,5,1,6) ,/ >
| == Cut(7,8) Pid )
— = Cut(7,1,2) Pid
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TESTING IR QUADRUPLE COLLINEAR LIMITS

[ arbitrary units ]
Cl1,2,3,4]
1029 ~ _
- Total LU itg f128 R R

- Total LU itg f64 PA P
-+ == Cut (4,7,5,1,6) 7 ) 4 -~ A _
- = Cut (7,8) / \ ,/ f _-

1 == Cut(7,1,6,3) =7 7 2 -

’
107 2> 1 7 = \\l Prs

10~ 30 4 (4 / / I;'y

10—35 _'373;““‘ V4 2N t

Towards IR [imit




TESTING IR QUADRUPLE COLLINEAR LIMITS

[ arbitrary units |

#1 LU integrand
§ goes to a constant
¥ on collinear limits
¥ without incl. any scaling
t of the measure ! }
- No residual integrable
4 singularrty.

< - _

7
| = Total LU itg f128 »7 P
—— Total LU itg f64 JR4 g
4 - = —_—
Cut (4,7,5,1,6) it -
| == Cut(7,8) I/ \; Pid
— = Cut(7,1,2) / v
4 — = cut(7,1,6,3) — 77
_ / /
10 25 - 4 /’\\I
/ /
. 7 /
I /
- { I 7
J | /’
- V. I )
— /’\' /,J / ‘
—-30 V4 / <
10 7 ; ,
A /
\V/"“ ,l - /
- \\’ -7 7
e 7
- // ///
- / P
/ ,’
10—35 _// /r\‘,
b 7 I
4 \'
/
-’/
|
10° 10t
#
A—

Towards IR [imit
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INITIAL-STATE SINGULARITIES

KLN CAN WORK FOR INITIAL-STATE !
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For ete™ — 25 @ NLO we used

WD+ D+ DT

(Including all degenerate configurations, higher final-state multiplicities)
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For ete™ — 25 @ NLO we used

@@ @ @D

(Including all degenerate configurations, higher final-state multiplicities)

Flip it, and obtain the answer for Drell-Yan, 2] — e e
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INITIAL-STATE SINGULARITIES: IDEA

For ete™ — 25 @ NLO we used

(Including all degenerate configurations, higher final-state multiplicities)

Flip it, and obtain the answer for Drell-Yan, 2] — e e

PO P pid
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For ete™ — 25 @ NLO we used

D+ @@

(Including all degenerate configurations, higher final-state multiplicities)

Flip it, and obtain the answer for Drell-Yan, 2] — e e

PO P pid

parton model
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For ete™ — 25 @ NLO we used

k@w@w%@wk@w

(Including all degenerate configurations, higher final-state multiplicities)
Flip it, and obtain the answer for Drell-Yan, 2] — e e

PO P pid

parton model

The initial state singularity is now absent!
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For ete™ — 25 @ NLO we used

k@w@w%@wk@w

(Including all degenerate configurations, higher final-state multiplicities)

Flip it, and obtain the answer for Drell-Yan, 2] — e e

PO P pid

parton model

The initial state singularity is now absent!

Include degenerate initial states —>  Higher multiplicity initial states
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What about Also has collinear
this diagram®? singularity at £k = xp
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What about Also has collinear
this diagram®? singularity at £k = xp

In this case, the cancelling partner is

p k 3
Vp k A | A

\ < < <

Higher multiplicity initial states, but also disconnected! Free travelling gluon!

Valentin Hirschi, CERIN Local Unitarity - Universitit Freiburg seminar



What about Also has collinear
this diagram®? singularity at £k = xp

In this case, the cancelling partner is

p k f
Vp k A | A

\ < < <

Higher multiplicity initial states, but also disconnected! Free travelling gluon!

The sum of these two diagrams is finite everywhere in phase space
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k
What about P Also has collinear
this diagram? Pk 1 singularity at k = xp

In this case, the cancelling partner is

|,
p k
Y ]) }3 A —F' A
\ < < <

Higher multiplicity initial states, but also disconnected! Free travelling gluon!

The sum of these two diagrams is finite everywhere in phase space

T. Kinoshita G. Sterman, S. Weinberg, TDD Lee, ’\{[l Nautenberg g
Looks radical, but actually not a new idea, €.9. ' reymanampitudes  (1gop oo Cromodymamies e snguiris
(1962)
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What about
this diagram?

In this case, the cancelling partner is

|,
p k

Yipk 4 -+
\1 <

Also has collinear
singularity at k = xp

A

Higher multiplicity initial states, but also disconnected! Free travelling gluon!

The sum of these two diagrams is finite everywhere in phase space

Looks radical, but actually not a new idea, e.g. :

But also more recently, they were studied in:

Mass singularities of  «Jets from Quantum Chromodynamics” gen | ySte
Feynman amplitudes” (1977) mass singularities
(1962) (1963)

Frye, Hannesdottir, Paul, Schwartz, Yan
arXiv:1810.10022 (2019)
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INITIAL-STATE SINGULARITIES: PRELIMINARY TESTS

This argument suggests that, in order to maintain IR-finiteness, one requires more than
two initial state partons
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INITIAL-STATE SINGULARITIES: PRELIMINARY TESTS

This argument suggests that, in order to maintain IR-finiteness, one requires more than
two initial state partons

and that the multiple partons should be clustered into two jet-like objects that resemble
boosted hadrons

%‘ CI1+CI2=

0 <A —
/

q1

After clustering, we get two jets with momenta

P P}
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INITIAL-STATE SINGULARITIES: PRELIMINARY TESTS

This argument suggests that, in order to maintain IR-finiteness, one requires more than
two initial state partons

and that the multiple partons should be clustered into two jet-like objects that resemble
boosted hadrons

%‘ C]1+C]2=

0 <A —
/

q1

After clustering, we get two jets with momenta
) ]
P 1 F. 2

Cluster initial states analogously to final states: symmetry initial-final state
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There are two relevant scales for the two initial state jets reconstructed:
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There are two relevant scales for the two initial state jets reconstructed:

* One measuring the allowed phase space for the total momentum of the jet

(P, <d.

If the scale is zero, the jet lies exactly on the z axis

f d; = 0 the two jets are exactly back-to-back. This is equivalent to the

parton’s model

P1 = (%1\/5,0,0,5[71\/5), P2 = (332\/5,0,0, —ZEQ\/E)
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There are two relevant scales for the two initial state jets reconstructed:

* One measuring the allowed phase space for the total momentum of the jet

(P, <dy

If the scale is zero, the jet lies exactly on the z axis

f d; = 0 the two jets are exactly back-to-back. This is equivalent to the

parton’s model
P1 = (%1\/5,0,0,5[71\/5), P2 = (332\/5,0,0, —ZEQ\/E)

* One measuring the maximum angular separation between two partons in a jet

5T

The smaller this scale, the more collinear the partons are

The more collinear the partons, the more divergent the observable
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There are two relevant scales for the two initial state jets reconstructed:

* One measuring the allowed phase space for the total momentum of the jet

(P, <dy

If the scale is zero, the jet lies exactly on the z axis

f d; = 0 the two jets are exactly back-to-back. This is equivalent to the

parton’s model
P1 = (%1\/5,0,0,5[71\/5), P2 = (332\/5,0,0, —ZEQ\/E)

* One measuring the maximum angular separation between two partons in a jet

5T

The smaller this scale, the more collinear the partons are

The more collinear the partons, the more divergent the observable

A is the equivalent of the factorisation scale! ~ 10g (AC)
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e Takethelimit d| — O analytically and obtain exact back to back jets

P} = ((P})°,0,0,(P)"

1

This allows us to define Bjorken variables

(P)° + (P)? (P)° — (Py)°
1 = 9 Lo — 9

For a 2 to N diagram this reproduces the parton model
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e Takethelimit d| — O analytically and obtain exact back to back jets

P} = ((P})°,0,0,(P)"

1

This allows us to define Bjorken variables

(P))° + (P))3 (P))° — (P})3
= 2 t2 = 2

For a 2 to N diagram this reproduces the parton model

* Bin the distribution in the Bjorken variables — Fit PDFs!
(not in MS bar)
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e Takethelimit d| — O analytically and obtain exact back to back jets

P} = ((P})°,0,0,(P)"

1

This allows us to define Bjorken variables

(P)° + (P)? (P)° — (Py)°
1 = 9 Lo — 9

For a 2 to N diagram this reproduces the parton model

* Bin the distribution in the Bjorken variables — Fit PDFs!
(not in MS bar)

* Vary the factorisation scale A and interpolate the dependence on the

: : - - Banfi, Salam, Zanderighi
9 J ) )
factorisation scale Numerical resummation? arxiv:0407286 (2004)
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https://arxiv.org/abs/hep-ph/0407286
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We started with a very generic formalism for scattering

d™o

dp1 .. .dpm

o(HH = X 403)= 37 [IT[E5] f@r, . pm) (D1, -oes P — X + 1)
m 1=1

Sum over number of T

initial state partons Cross-sections for m initial

Weight state partons

Integration over initial
state partons momenta
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We started with a very generic formalism for scattering

, i d™o .
o(HH — X +nj)= Z/ { dgﬁz} f(p1y .oy Pm) 3 D1y ey P — X + nj)
i=1

/ :
Sum over number of T \ \

initial state partons . Cross-sections for m initial
Weight

Integration over initial state partons

state partons momenta

And we “forced” the initial-state observable to reproduce the usual factorised structure:

(2] = X +nj,Ac)

But we did not need to start from this factorised ansatz!
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Numerical example result for this finite sum of two interference diagrams:
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INITIAL-STATE SINGULARITIES: PRELIMINARY TESTS

Numerical example result for this finite sum of two interference diagrams:

p k
\ 4 p k A

< <

Always included!
This is the usual contribution.
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INITIAL-STATE SINGULARITIES: PRELIMINARY TESTS

Numerical example result for this finite sum of two interference diagrams:

p k
\ 4 p k A

< <

Always included!
This is the usual contribution.

Included only when two initial-state
quarks with collinearity < A,
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INITIAL-STATE SINGULARITIES: PRELIMINARY TESTS

Numerical example result for this finite sum of two interference diagrams:

do

> 30 kJ_—

T k : ko_
Y p k A 25

< < 20+

Always included! ® A, =0 (~MG)
This is the usual contribution.

| I I I | I I I | I I I | I I I |
20 40 60 80 100

< k'J_ [GQV]

Included only when two initial-state
quarks with collinearity < A,
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INITIAL-STATE SINGULARITIES: PRELIMINARY TESTS

Numerical example result for this finite sum of two interference diagrams:

do
> 30 - kJ_—
— . T dky
! p ]{; | 25oooooooo0000000000000........
o. ..........."0000000
Always included! o ® A, =0 (~MG)
This is the usual contribution. Ce
-, o A. = 20GeV
— 1
< 20 GeV ki [GeV]

Included only when two initial-state
quarks with collinearity < A,
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INITIAL-STATE SINGULARITIES: PRELIMINARY TESTS

Numerical example result for this finite sum of two interference diagrams:

k
vP k

<

Always included!
This is the usual contribution.

Included only when two initial-state
quarks with collinearity < A,

30 -

A 25 L

< 20+

do

° ® AC — O ("’MG)
o A, =~ 20GeV

. A. = 50 GeV

| I I I | I I I | I I I | I I I |
20 40 60 80 100

20 GeV 50 GeV ki [GeV]
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INITIAL-STATE SINGULARITIES: PRELIMINARY TESTS

Numerical example result for this finite sum of two interference diagrams:

p k
\ 4 Z) }C A

< <

Always included!
This is the usual contribution.

Included only when two initial-state
quarks with collinearity < A,

30 -

25+

20 -

do

° ® AC — O ("’MG)
o \. =~ 20GeV

. A. = 50 GeV

|
100

k'J_ [GQV]

| I I I | I I I | I I I |
20 40 60 80

20 GeV 50 GeV

Note that : for A, > 50 GeV
the distribution does not change anymore

because highest separation of two partons
INn a jet is of order of Z mass
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Consider now the inclusive integral

100

do
I(A.) = dk | — (A,
( ) /o Ldlﬂ( )

as a function of the “factorisation scale”
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INITIAL-STATE SINGULARITIES: SCALE DEPENDENCE

Consider now the inclusive integral

® LU

38+

® 45.5295 — 3.96580 log[Ac] — 0.175760 log[Ac]?
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APPLICATIONS




5NLO

r—' D) [ — _I_
_rj&<f\/J ___J__J il B} J\\L’_L_J g::) <J£}l_f_|41::j j:Tl<:;)_rf_ 62 (2
4x107 ) e MG, AEQ = 28.223(14)% L
aLoop, ALQ = 28.2310(15)% T
— 3x107% [
: - V/5 = 400 GeV
S 2x107? Lumm Mty = \/E
— MS(Af, =91.188) = 0.118
SEUN 08 =173
—— MG, AMO =28.976(12)% ==
2.7 x 1071 ; e
alLoop, AMC =28.974(15)% L =TT
2.6 x1071 4 _l_x_,%r::—%
— '%____
2.5% 107! | _ ____,_"_
—+ ::—:_“
2.4 %101 ] ____I(III_:_ O.NLO
" 5NLO .
— o LO
2.3x1071 , , : : : : : CT
—-1.00 —-0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00

cos@

T N4 —tt

First result in LU with
75 and EW-boson

Contour deformation
well-behaved in this case

Credits to ETH/Z student
Max Hofer




NUMERICAL RESULTS

oy (MS) _(0S) '
sGid | = Ugﬁ)jj (Gev =) A (%] Gks_,t{ ] [GeV 2] A %] Aﬂ a|>/tIC beﬂCh mar|<S
P2+ = pz = (400 GeV)? 7 =mj, p2. = (400 GeV)? NS 5 5 5 Ol 2 (LO) 9

LO O(a) oy x (P%, i =p7) D Kxny (4_> 0, S x (D7)
Al 1 5.031049 - 10791 0.0018 1.387586 - 10190 0.0011 77
~ Total |  5.031049-10°1 0.0018 | 1.387586 - 101 0.0011

NLO O(al)

B.1 1 5.03926 - 10792 0.0075 2.52705 -107% 0.034

B.2 ‘2 -3.14956 - 10792 0.018 1.80050 - 107! 0.049
~ Total |  1.88970 -107°2 0.036 | - 43276 -107°% 0.028

Benchmark 1.889690 - 10792 0.00053 4.32831 -107%! -0.018
NNLO _O(aZny) |

C.1 1 -4.66342 -107%4 0.019 -1.0022 -10793 0.17

C.2 ‘ 2 3.8448 -107% 0.036 -4.6982 -10793 0.081
~ Total | -8.186 -10°°% 020 | -5.7004 -107° 0.073

Benchmark -8.1834 -107% 0.036 -5.6982 -107%3 0.038
NNLO O(a?)

D.1 2 -2.30886 - 10793 0.017 3.8886 - 10792 0.031

D.2 2 6.42018 - 10793 0.0055 5.6351 -107°3 0.14

D.3 2 -6.91254 -107%3 0.0046 1.76075 - 1072 0.055

D.4 1 3.20278 -107% 0.0084 8.8163 -10793 0.078

D.5 1 1.68148 -107%3 0.013 9.200 -107% 0.79

D.6 2 6.6698 - 107% 0.027 5.1058 -10793 0.15

D.7 2 -1.30381 -10793 0.013 6.7284 10793 0.10

D7 |2 -1.30395 -10793 0.013 6.7300 -10793 0.10

D.9 2 -1.6661 -107% 0.064 2.3361 -10793 0.12

D.10 |2 6.64155 - 1079 0.012 3.7418 -10793 0.14

D.11 |2 2.34300 -107% 0.031 2.0845 -10793 0.083

D.12 |1 4.11063 -107% 0.017 3.5114 .10793 0.12

D.13 |1 2.41514 -107% 0.026 8.222 .107% 0.19

D.14 |2 5.8386 -107% 0.088 1.76075 - 1072 0.055

D.15 |1 -1.75957 -107% 0.022 -7.242  -107% 0.14
~ Total |  1.40910 -10°%% 0.056 | 1.04214 -10°°1 0.024

Benchmark 1.40941 -107°3 -0.022 1.0386 - 107! 0.34




NUMERICAL

, _ a(ﬁ)u [GeV 2] o agﬁ),mgos)] [GeV~2]
SGid | =| A (%) 7o A (%]
P2+ = pz = (400 GeV)? 7 =mj, p2. = (400 GeV)?
LO O(a?)
Al 1 5.031049 - 10791 0.0018 1.387586 - 10190 0.0011
~ Total |  5.031049-10°1 0.0018 | 1.387586 - 101 0.0011
NLO O(al)

B.1 1 5.03926 - 10792 0.0075 2.52705 -107% 0.034
B.2 ‘2 -3.14956 - 10792 0.018 1.80050 - 107! 0.049
~ Total |  1.88970 -107°2 0.036 | - 43276 -107°% 0.028
Benchmark 1.889690 - 10792 0.00053 4.32831 -107%! -0.018

NNLO _O(aZny) |
C.1 1 -4.66342 -107%4 0.019 -1.0022 -10793 0.17

. ‘ 10703 0.081

| 8186 -10°% 020 | -5.7004 1073 0.073
10703 0.038
D.1 2 -2.30886 - 10793 0.017 3.8886 - 10792 0.031
D.2 2 6.42018 - 10793 0.0055 5.6351 -107°3 0.14
D.3 2 -6.91254 -10793 0.0046 1.76075 - 1072 0.055
D.4 1 3.20278 -107% 0.0084 8.8163 -10793 0.078
D.5 1 1.68148 -107%3 0.013 9.200 -107% 0.79
D.6 2 6.6698 - 107% 0.027 5.1058 -10793 0.15
D.7 2 -1.30381 - 10793 0.013 6.7284 10793 0.10
D7 |2 -1.30395 -10793 0.013 6.7300 -10793 0.10
D.9 2 -1.6661 -107% 0.064 2.3361 -10793 0.12
D.10 |2 6.64155 - 1079 0.012 3.7418 -10793 0.14
D.11 |2 2.34300 -107% 0.031 2.0845 -10793 0.083
D.12 |1 4.11063 -107% 0.017 3.5114 .10793 0.12
D.13 |1 2.41514 -107% 0.026 8.222 10704 0.19
D.14 |2 5.8386 -107% 0.088 1.76075 - 1072 0.055
D.15 |1 -1.75957 -107% 0.022 -7.242 10704 0.14

~ Total |  1.40910 -10°%% 0.056 | 1.04214 -10°°1 0.024
Benchmark 1.40941 -107°3 -0.022 1.0386 - 107! 0.34

RESULTS

Analytic benchmarks :

84
NS 0?1 = %) > Kxng ()

2 (Lo
o0 (p?)

V=l
—Cp [11 — 8¢3]

[ e.g. Herzog, Ruijl, Ueda, Vermaseren, Vogt : 1707.01044 ]




NUMERICAL

o o [cevy e e
SGid | = 33 A %) y*—tt A %]
P2+ = pz = (400 GeV)? 7 =mj, p2. = (400 GeV)?
LO O(ay)
Al 1 5.031049 - 1079 0.0018 1.387586 - 10790 0.0011
~ Total |  5.031049-107°1 0.0018 1 1.387586 - 10t 0.0011
NLO O(ay)
B.1 1 5.03926 - 10792 0.0075 2.52705 -107% 0.034
B.2 ‘2 -3.14956 - 10792 0.018 1.80050 - 107! 0.049
~ Total |  1.88970 -107°2 0.036 | - 43276 -10°1 0.028
Benchmark 1.889690 - 10792 0.00053 4.32831 -107%! -0.018
NNLO - O(a2ny) ,
C.1 l 1 -4.66342 -107% 0.019 -1.0022 -10793 0.17

D.10
D.11
D.12
D.13
D.14

-,
-~
=N R R NN DN DNDDNDDND R, N NN

Total

Benchmark

-2.30886
6.42018

3.20278
1.68148
6.6698
-1.30381
-1.30395
-1.6661
6.64155
2.34300
4.11063

5.8386
-1.75957

1.40910

1.40941

-6.91254 -

2.41514 .

0.017 3.8886 -10792 0.031
0.0055 5.6351 10798 0.14
0.0046 1.76075 -10792 0.055
0.0084 8.8163 -107°3 0.078
0.013 9.200 10704 0.79
0.027 5.1068 -10703 0.15
0.013 6.7284 -10703 0.10
0.013 6.7300 -10703 0.10
0.064 2.3361 -107°3 0.12
0.012 3.7418 -107°3 0.14
0.031 2.0845 -10703 0.083
0.017 3.5114 -10793 0.12
0.026 8.222 10704 0.19
0.088 1.76075 - 10792 0.055
0.022 -7.242 10704 0.14
0.056 1.04214 - 10791 0.024
-0.022 1.0386 -107°t 0.34

RESULTS

0'7*

MS

Analytic benchmarks

2 2 s\ 2
X(pJMr:p)DKan( )
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[ Chetykrin, Kuehn, Steinhauser, arxiv : 9606230 ]



