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QED beyond fixed order

Fixed order calculations 
increase precision in the 

perturbative coupling expansion
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QED beyond fixed order

Due to the presence of large logarithms 
also the log expansion is needed for 
high precision

L = log
s

m2
e

∼ 𝒪(10)

Logarithmic expansion in LN = N log Q2/m2
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2

C
ou

pl
in

g 
ex

pa
ns

io
n 

in
 α

N

LO

NLO

α0

α L

LL NLL NNLL

α



francesco.ucci@pv.infn.it LoopFest XXIV, BNL

QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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But we want to resum 
all the logarithms in a 
calculable way

We want to stop in the  
expansion at some order

α
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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This can be done via 
different approaches

Structure functions

 YFS/CEEX

Parton shower

E.A. Kuraev and V.S. Fadin, Sov. J. Nucl. Phys. 41 (1985) 466. 
O. Nicrosini and L. Trentadue, Phys. Lett. B 196 (1987) 551.

S. Jadach, B.F.L. Ward and Z. Was,  Phys. Rev. D 63 (2001) 113009  
S. Jadach, W. Placzek and B.F.L. Ward,  Phys. Lett. B 390 (1997) 298 

C.M. Carloni Calame et al., Nucl. Phys. B 584 (2000) 459  
J. Fujimoto, Y. Shimizu and T. Munehisa, Prog. Theor. Phys. 90(1993)177



francesco.ucci@pv.infn.it LoopFest XXIV, BNL

QED Structure functions

σ(s) = ∫ dx1dx2dy1dy2 ∫ dΩD(x1, Q2)D(x2, Q2)D(y1, Q2)D(y2, Q2)
dσ0(x1x2s)

dΩ
Θ(cuts)

D(x1, Q2)
E x1E

D(x1, Q2)
x2E E

σ0(x1x2s)

D(y1, Q2)

D(y2, Q2)

QED corrected 
cross section

Hard-process 
cross section

Master Formula

Convolution of SFs
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=
1 + z2

1 − z

QED Structure functions

Q2 ∂
∂Q2

D(x, Q2) =
α
2π ∫

1

0

ds′￼

s′￼

P+(s′￼)D ( x
s′￼

, Q2)

Π(Q2, m2)δ(1 − x)

+
α
2π ∫

s

m2

Π(Q2, s′￼)
ds′￼

s′￼

Π(s′￼, m2)∫
x+

0
dy P(y)δ(x − y)

+2 photons…

DGLAP Equation

Sudakov form factor

Probability that the particle evolves from 
virtuality  to  without emitting a photon 
with energy fraction bigger than 

s1 s2
ϵ = 1 − x+

Altarelli-Parisi splitting function

s1 s2

Splitting of a particle of energy  in a 
daughter of energy 

E
xE

E
xE

(1 − x)E

Structure Functions (FS) are solutions of the DGLAP equation

D(x, Q2) =

SF generate all the emissions in collinear approximation

= exp [−
α
2π ∫

s2

s1

ds′￼

s′￼ ∫
x+

0
dzP(z)]Π(s1, s2)

P(z)
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QED PS algorithm

The Parton Shower (PS) algorithm is a Monte Carlo 
exact solution of the DGLAP equation

dσLL
PS =

∞

∑
n=0

Π(ε, {p})
1
n!

ℳJ
n

2
dΦn({p}, {k})

Energy spectrum Angular spectrum
In the PS approach, you can generate 
the photon kinematics with p⊥ ≠ 0

ℐSF(k) = − ∑
ij

ηiηj
pi ⋅ pj

(pi ⋅ k)(pj ⋅ k)
k2

0Fij(z)

Energy generated 
as the A-P splitting

P(z) =
1 + z2

1 − z

The eikonal function  is exponentiated, as it 
gives the same integral as of the PS kinematics

I(k)

= exp {−
α
2π }

Sudakov FF

I+ log
Q2

m2

Π(ϵ, Q2) = exp {−
α
2π ∫

1−ϵ

0
dzP(z)∫ dΩkℐ(k, {p})}

J = 1,2
The Matrix element is exact

ℳLL
1

2
=

n−2

∏
i=1 [ α

2π
P(z)ℐSF(ki, zi)

4π2(1 − zi)
ziω2

i
|ℳex

2 ({p̃}, {k̃}) |2 ]
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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SF + NLO 

YFS + matching  
PS + matching  

CEEX + NLO

MCGPJ 
BHWIDE, Sherpa  
BabaYaga@NLO 
KKMC

CodeApproach
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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Theoretical error = 
first missing term ∼ 5 × 10−4 − 10−3
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QED beyond fixed order

Logarithmic expansion in LN = N log Q2/m2
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BabaYaga@NLO master formula

dσNLOPS =
∞

∑
n=0

Π(ε, {p})FSV
1
n!

|ℳJ
n |2 dΦn({p}, {k})

BabaYaga@NLO

FSV = 1 + (Cα − CLL
α )

virtual and real emissions 
are approximated

In BabaYaga@NLO, the PS is matched with 
the NLO calculation via the correction 
factors

Matched PSLL PS

(1 + CLL
α ) |ℳ0 |2 dΦ0

dσLL
α

Soft+virtual

dσα
NLOPS𝒪(α)

Exact NLO

(1 + Cα) |ℳ0 |2 dΦ0

dσα

virtual and real 
corrections are exact

dΦn The phase space is exact at all orders
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BabaYaga at flavour factories

𝒪(0.5%)

Logarithmic expansion in (log 100GeV2/m2
e )n

C
ou

pl
in

g 
ex

pa
ns

io
n 

in
 α

N

LO

NLO

𝒪(90%)

NNLO

H.O.

𝒪(10%)

LL NLL NNLL

𝒪(0.5%) 𝒪(0.05%) 𝒪(0.01%)

𝒪(0.01%)

The theoretical error starts at 𝒪(α2)

dσNNLO ∝

1
2

cLL
α2 α2 L2

1
2

cnon−log
α2 α2

       LL is correct 
resummed in PS approach

      NLL not exact 
but part is captured by 
the product of NLO 
non-log and LL

1
2

cNLL
α2 α2 L

~

      non-log not under control  
There is no approximation. 
NNLO matching needed

Cα2L =
(σNLOPS − σNLO − σPS + σα

PS)
σLO

σNLOPS + (σLOCα2L, −
1
2

σLOCα2L)A very naive estimate 
of the th. Uncertainty
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e−e+

Nexp
e+e−→X

Count of events in 
certain cuts

L
Machine Luminosity

Experimental 
acceptance ϵ

X

Luminosity measurements

σexp
e+e−→X =

1
ϵ

Nexp
e+e−→X

L

δσexp
e+e−→X

σexp
e+e−→X

δNexp
e+e−→X

Nexp
e+e−→X

δL
L

⊕= δϵ
ϵ

⊕

At precision machines is important to have a small luminosity uncertainty

MW, ΓW

σ(e+e− → HZ)240 GeV

“Luminosity converts events 
into cross sections”

Z W

Precision requirements  
for Higgs/Top/EW precision program

H t

δL < 10−5 δL < 10−4

δL < 10−3

σhad
0 Nν

MW
0.3 MeV

δL < 10−3

σhad, Nν

σZH
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e+e− → γγ

Di-photon

e+e− → e+e−

Bhabha (SABS)

L = ∫ ℒdt =
1
ϵ

N0

σth
0

At lepton colliders, the 
Luminosity is measured 

through a benchmark process

Luminosity measurements

δL
L

δϵexp

ϵexp

δσth
0

σth
0

δN0

N0

⊕

⊕

=

σ ≃ 𝒪(102 − 103 nb)

Error Requests

Large cross section

Low background,  
clear exp. signature

σ(n) = ( α
π )

n

logn Q2

m2
e

Calculable at high precision 

FCC-ee

< 10−4 ÷ 10−5

< 10−6

< 10−4 ÷ 10−5

≃ 10−5

BabaYaga

≃ 10−5≃ 10−4

Current 
knowledge

Precision  
target
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Radiative Corrections

2018

Foreseen

𝒪 (α2L ⊕ α3L3)

Photonic Light Pairs Vacuum Pol. Total

FCC-ee scenario
S. Jadach et al. Physics Letters B 790 (2019) 314–321

A. Arbuzov et al. Phys.Lett.B 383 (1996) 238-242
G Montagna et al. Riv.Nuovo Cim. 21N9 (1998) 

S. Jadach et al. Physics Letters B 790 (2019) 314–321

0.010%0.030% 0.014% 0.097%

0.006% 0.01%
𝒪 (α3L2 ⊕ α4L4)

0.011% 0.005%

Target

Resummation of Higher orders 
is essential

δVPσ
σ

≃ 2.4 × 10−4

had.

Janot, P. Direct measurement of 
αQED(m2Z) at the FCC-ee. 
J. High Energ. Phys. 2016, 53 (2016)
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Luminosity measurements
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δσSM

σSM

FCC

th

∼ 10−5

×

Contact Heavy Light/Feeble

δσNP

σSM
≃ ?

Standard Model

γ

e− e−

e+ e+

New Physics

New Physics in Luminosity?

New Physics d.o.f. could contaminate the SABS

δσNP

σSM
∝

2Re ℳSMℳ†
NP

|ℳSM |2

From the SM side you need Monte Carlo Generators 
able to simulate collisions at this level of precision At what level?

σ(n) = ( α
π )

n

logn Q2

m2
e
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σALPs

σSM
≤ 10−7

The LNP contribution is negligible at  level10−5

1
4

gaγγ(FμνF̃μν)a

gaγγ ≃ 2 × 10−4 GeV−1

gaγγ

ALP mixing with photons

(gaee, ma)

gaee (ē iγ5e)a

(Pseudo)scalar ALPs

gaee

gaee

≃ (3 × 10−3,1 GeV)

Dark Vectors

Z′￼

(g′￼V, MV)

≃ (3 × 10−4,1 GeV)

g′￼Aē (γμγ5) e Vμ g′￼V (ē γμ e) Vμ

X17

(6 × 10−4,17 MeV)
(g′￼V, MX17

)

X17

New Physics contamination to precision luminosity measurements at future e+e- 
colliders 
M. Chiesa, C. L. Del Pio, G. Montagna, O. Nicrosini, F. Piccinini, F.P.U. 
Phys. Rev. D. 112 (2025) 1

: Light New Physicse+e− → e+e−



francesco.ucci@pv.infn.it LoopFest XXIV, BNL

(δ ± Δδ)SMEFT =
1

σSM
σ(6) ± ∑

ij

σ(6)
i Vijσ(6)

j

The deviation is computed taking into 
account correlations between WCs

WCs are obtained by global fits  
from LEP data

Cll, Cle, Cee δgZe
L , δgZe

R

Bhabha at LEP I-II

EWPO

: Heavy New Physicse+e− → e+e−

ℒSMEFT = ℒSM + ∑
i

Ci

Λ2
NP

Ô(6)
i + 𝒪(Λ−4

NP)

Ô(6)
i

Standard Model Effective Field Theory

Operators with same fields 
and symmetries of the SM

Z

Cll, Cle, CeeδgZe
L , δgZe

R
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: Heavy New Physicse+e− → e+e−

∑
j

Cj(μ)
16π2Λ2

NP∑
i

Ci

ΛNP
×

†

+

SMEFT Leading Order SMEFT Next-to-Leading OrderStandard Model

σ(6)
NLO,i

σ(6)
LO,i

≃
g2

SM

16π2
log

M2
Z

| t |
≃ 𝒪(1%)

σ(6)
NLO,j

σSM
≃

| t |
Λ2

NP

Cj

16π2
log

Λ2
NP

| t |
≃ 2 × 10−4Cj

SM NLO corrections to dim-6 operators appearing at LO

Dim-6 operators loop insertions
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4 fermions WCs 
impact the luminosity 

in a non-negligible way

⃗C 4f = {Cll, Cle, Cee}

: Heavy New Physicse+e− → e+e−
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4

C
ee
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10°1 £ ALR

A"#

Z peak runs — FCC-ee 250 GeV run — ILC 

∑
i∈4f

Ci

Λ2
NP [

(σF − σB)(6)
i

(σF − σB)SM
−

(σF + σB)(6)
i

(σF + σB)SM ]
α

=
ΔA0

FB,α

A0
FB,α

,

We use the FB asymmetry as a function of sα

To fit the three WCs we can use three points

s1 = 89 GeV
s2 = 93 GeV
s3 = 98 GeV

ΔC4f < 10−2 δSMEFT < 10−5

In 6 months of run on every point

χ2 =
n

∑
α=1

(A0
pol − A th

pol( ⃗C 4f ))
2

α

(ΔA0
pol)2

α

A−
↑↓(Pe±, cos θ) =

dσ(Pe+, Pe−) − dσ(Pe+, − Pe−)
dσ(Pe+, Pe−) + dσ(Pe+, − Pe−)

For polarised beams  is not sensitive to all WCs. 
We propose another polarisation asymmetry

ALR

Up-down asymmetry

We calculate the 68% CLs using

δSMEFT < 10−7

: Heavy New Physicse+e− → e+e−



francesco.ucci@pv.infn.it LoopFest XXIV, BNL

 : Polarised calculatione+e− → γγ

e−

e+

s1

s2

0.00

0.05

0.10

0.15

0.20

0.25

dæ
/d

µ[
pb

] e+e° ! ∞∞,
p

s = 160GeV
LO

NLO

Pe° = 0.8, Pe+ = 0.3 LO

Pe° = 0.8, Pe+ = 0.3 NLO

25 50 75 100 125 150
µ[deg]

°0.25
0.00
0.25

K
N

L
O

Pe° = 0.8, Pe+ = 0.3

σ(Pe−, Pe+) =
1
4 ∑

λ±=±1

(1 + λ−Pe−)(1 + λ+Pe+)σλ−,λ+

(p1 − m) → (p1 − m)
1
2

(1 + γ5s1)

s1 = λ−
s

2
(β,0,0,1)

Next step: matching with Parton Shower

Development of BabaYaga@NLO with longitudinal polarisations

P(z) =
1 + z2

1 − z
The soft limit is 
unchanged

The collinear limit has to 
take into account the 
polarisation of electrons

Dittmaier, Nucl. Phys. B,565,69-122,2000
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: EW correctionse+e− → γγ
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 : SMEFTe+e− → γγ

δV

4πα
+ δZV

ψ +
gL − gR

4 4πα
δZZA + K(6)

ZA = 0 SU(2)L

Leading order

i
gg′￼

g2 + g′￼2 (1 −
g2g′￼2v2

g2 + g′￼2

CϕWB

Λ2 ) γμ ≡ i 4παγμ

The coupling is redefined, so at tree 
level it is a QED process

NLO SMEFT

At NLO, many operators appear

Cϕe[1,1]

CϕWB CϕD

C(1)
ϕl [1,1] C(3)

ϕl [1,1]

CW C̃W

CL
ff CR

ff CR
qf CL

qf

In preparation, with P. P. Giardino, F. Piccinini

σSMEFT
NLO = σSM

NLO + ∑
i

Ci

Λ216π2
2Re{ℳ†

LOℳEFT,i
V }

We want to compute the deviation from the SM at 𝒪(Λ−2)

Recomputed with the chain  
FeynArts -> Feyncalc -> PackageX 
in  gauge and checked against RecolaRξ

γ γ
=
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=
1
3 [ ]Tr[ ]γ5 γ5 γ5 + +

Gamma5 in D-dimension 
Treated with the Kreimer scheme, anticommuting 
with other gammas

On-shell renormalisation

ψ0,L → Z1/2
L ψL

(Z0

A0) =
1 + 1

2 δZZZ
1
2 δZZA

1
2 δZAZ 1 + 1

2 δZAA
(Z

A)
e0 → Zee

ψ0,R → Z1/2
R ψR

=

ū(p)Γeeγ,(6)
μ u(p)

p2=0
= ieū(p)γμu(p)

Thomson limit

δV

4πα
+ δZV

ψ +
gL − gR

4 4πα
δZZA + K(6)

ZA = 0

QED Neutral Current

Four FermionsCharged current

{α, MZ, MW}

W+

W−ν

γ Z

The calculation is conveniently 
divided in gauge-invariant subsets

 : SMEFTe+e− → γγ
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 : SMEFT Ward Identitye+e− → γγ

δV

4πα
+ δZV

ψ +
gL − gR

4 4πα
δZZA + K(6)

ZA = 0

SU(2)L

++
γ γ

+
γ Z

= 0
gV

+

δZV
ψ

δV

4πα
δZe

1
2

δZAA
gL + gR

4 4πα
δZZA −

v2

2cWsW

Cϕe[1,1]
Λ2

γ Z
Ax

ia
l

Ve
ct

or

Missing term

δZe = −
1
2

δZAA − ( gR

4πα
−

v2

2cWsW

Cϕe[1,1]
Λ2 ) 1

2
δZZA

γ Z
= 0+ +

gA

δZV
ψ

δV

4πα

gL − gR

4 4πα
δZZA

= −
1
2

δZAA +
1
2

δZZA

M2
Z − M2

W

MW
1 −

CϕD

Λ2

M2
W MZ

2 − MW
2

4πα

SMEFT WI
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 : SMEFT (preliminary) resultse+e− → γγ

{ σSMEFT
NLO

σSM
NLO

− 1}
s=91GeV

= 10−6 1TeV2

Λ2 [ 19.7CϕWB + 6.02CϕD

4.72CL
ff − 4.72CR

ff + 1.57CL
qf − 1.57CR

qf ]
+0.843C(1)

ϕl [1,1] + 7.05C(3)
ϕl [1,1] − 0.67Tϕe[1,1]

{ σSMEFT
NLO

σSM
NLO

− 1}
s=365GeV

= 10−4 1TeV2

Λ2 [ 8.47CϕWB + 2.54CϕD + 0.58CW

0.75CL
ff − 0.75CR

ff + 0.25CL
qf − 0.25CR

qf ]
−0.16C(1)

ϕl [1,1] + 2.94C(3)
ϕl [1,1] + 0.13Tϕe[1,1]
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Lepton and hadron pairs  
A subset of the full NNLO correction at 𝒪(Nfα2)

Πl
f(s, m2

f )𝒪α2 ≃ 1 +
α
π

Lf log ϵ +
α2

2π2
L2

f log ϵ2 +
α2

6π2 ∑
l

L2
l log ϵ

Relevant for experiments, whether the pairs 
are seen or not

 : NNLO pairse+e− → γγ

Π(sf , si) = exp [−∫
sf

si

ds′￼

s′￼

α(s′￼)
2π

I+]

α(s′￼) =

α(0)
α f′￼(s′￼) = α

1 − α
3π log s′￼

m2
f ′￼

θ(s′￼− mf ′￼)

α f′￼f′￼′￼(s′￼) = α

1 − α
3π ∑f=f ′￼, f ′￼′￼log s′￼

m2
f

θ(s′￼− mf )

Sudakov  
A rough estimation of the order of 
magnitude can be done considering 
the running in the SFF

No emission 
 
Pair of flavour f’ 
 
 
Pairs of flavours f’ f’’

𝒪(2 − 3 × 10−4)
At FCC-ee

Represents another source of 
uncertainty at the level of 10−5
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 : NNLO pairse+e− → γγ
Virtual

= ∫
∞

4m2
ℓ

ds′￼

s′￼

ℑΠ(q2)
q2 − s′￼+ iϵ

Real

The virtual corrections can be calculated with 
the NLO kernel with massive photons

𝒜Nf
NNLO =

α
3π ∫

∞

4m2
ℓ/4m2

π

ds′￼

s′￼

Rℓ/h(s′￼)𝒜NLO(s′￼)

Dispersion relation Basically a tree level, but the bottleneck is the phase space integration

dΦE
4 = (2π)3dQ2

234dΦ2(P → q1 + Q234)

(2π)3dQ2
34Φ2(Q*234 → q*2 + Q*34) dΦ2(Q*34 → p3 + p4)

Ik =
1

Nch ∫
|ℳ |2

w̄( ⃗y)
dΦ̃( ⃗y)k

Multichannel 
sampling

5 different parameterisations of the phase-space WIP
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Status and future prospects

NLOPS QED

W+

W−ν

NLO EW NLO SMEFT NNLO fermionic/
bosonic

10−5Precision
NLOPS QED NLO EW NLO SMEFT NNLO matching
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NLOPS QED  
LO EW 
LO SMEFT

Status of BabaYaga

e+e− → e+e−

e+e− → μ+μ−

e+e− → π+π−

e+e− → γγ

e+e− → e+e−γ

e+e− → μ+μ−γ

e+e− → π+π−γ

Process Order Accuracy

NLOPS QED  
LO EW

NLOPS QED  
FF (FxsQED, GVMD, FSQED)

NLOPS QED  
NLO EW 
NLO SMEFT

NLOPS QED

NLOPS QED

NLOPS QED  
FF (FxSQED)

𝒪(0.1%)

𝒪(0.1%)

𝒪(0.1%)

𝒪(0.1%) ⊕ δFπ
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What’s next?

Luminosity
  NNLO pair correctionse+e− → γγ
In progress:
Compute exact NNLO QED virtual and 
real pair corrections via dispersive 
methods

Goals:
Add also hadronic pairs

For now, at low energies

Next-future:

Calculate NLO SMEFT corrections for 
FCC-ee luminometry

NNLO matching with ISR 

Include Z exchange for pair corrections

  for luminositye+e− → X
Future plans:

Hadronic channels
  at NLOPS accuracye+e− → KLKS, K0K̄0

Future plans:
Achieve NLOPS accuracy also for 
other relevant hadronic channels

Other channels
  at NLOPS accuracye+e− → τ+τ−(γ)

Tau decays are interesting for 
polarisation asymmetries and to 
measure aτ = (g − 2)τ /2



Backup



francesco.ucci@pv.infn.it LoopFest XXIV, BNL

Results with BabaYaga@NLO

7! Me+e≠ invariant mass and acollinearity distributions, setup (a)
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Theoretical precision

Correction vs Setup A B C D

-11.61 -14.72 -16.03 -19.57

0.39 0.82 0.73 1.44

0.35 0.74 0.68 1.34

-0.34 -0.57 -0.34 -0.56

-0.30 -0.49 -0.29 -0.46

δHO =
σNLOPS − σNLO

σLO

δPS
HO =

σ∞
PS − σα

PS

σLO

δnon−log
α =

σNLO − σα
PS

σLO

δα =
σNLO − σLO

σLO

δnon−log
∞ =

σNLOPS − σPS

σLO

The size of radiative corrections has been studied in 
typical flavour factories setups

A 
B 
C  
D

-factoriesϕ

B-factories

   PS
   NLOPS

   PS-NLOPS
  NLOPS

δPS
HO ≃ δHO

δnon−log
∞ ≃ δnon−log

α
The missing NLO finite corrections are 
included

The higher orders are added to the NLO
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Estimating the theoretical accuracy

S. Actis et al. Eur. Phys. J. C 66 (2010) 585
“Quest for precision in hadronic cross sections at low energy: Monte Carlo tools vs. experimental data”

• It is extremely important to compare independent
calculations/implementations/codes, in order to
7! asses the technical precision, spot bugs (with the same th. ingredients)
7! estimate the theoretical error when including partial/incomplete higher-order

corrections
• E.g. comparison BabaYaga@NLO vs. Bhwide at KLOE
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Tuned comparisons

Large angle Bhabha: tuned comparisons & technical precision

Without vacuum polarization, to compare QED corrections consistently

At the � and ·–charm factories (cross sections in nb)
By BabaYaga group, Ping Wang and A. Sibidanov

setup BabaYaga@NLO BHWIDE MCGPJ ”(%)
Ô

s = 1.02 GeV, 20¶
Æ Ëû Æ 160¶ 6086.6(1) 6086.3(2) — 0.005

Ô
s = 1.02 GeV, 55¶

Æ Ëû Æ 125¶ 455.85(1) 455.73(1) — 0.030
Ô

s = 3.5 GeV, |Ë+ + Ë≠ ≠ fi| Æ 0.25 rad 35.20(2) — 35.181(5) 0.050

7! Agreement well below 0.1%

At BaBar (cross sections in nb)
By A. Hafner and A. Denig

angular acceptance cuts BabaYaga@NLO BHWIDE ”(%)

15¶
÷ 165¶ 119.5(1) 119.53(8) 0.025

40¶
÷ 140¶ 11.67(3) 11.660(8) 0.086

50¶
÷ 130¶ 6.31(3) 6.289(4) 0.332

60¶
÷ 120¶ 3.554(6) 3.549(3) 0.141

7! Agreement at the ≥ 0.1% level
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At the Φ and τ–charm factories

By BabaYaga group, Ping Wang and A. Sibidanov

At BaBar

By A. Hafner and A. Denig

Tests shows an agreement at level, which is the 
theoretical accuracy of BabaYaga@NLO

0.1 %

At KLOE S. Actis et al. Eur. Phys. J. C 66 (2010) 585
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Theoretical error

σα2 = σα2

SV + σα2

SV,H + σα2

HH vs  BabaYaga@NLO  𝒪(α2)

Comparison with NNLO calculation for ‡–
2

SV

Using realistic cuts for luminosity at KLOE
Comparison of ‡

–2
SV calculation of BabaYaga@NLO with

• Penin (photonic): function of the logarithm of the soft photon cut–o� (left plot) and a fictitious electron
mass (right plot)
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ı di�erences are infrared safe, as expected

ı ”‡(photonic)/‡0 Ã –2L, as expected

• Numerically, for various selection criteria at the � and B factories

‡–2
SV(Penin) ≠ ‡–2

SV(BabaYaga@NLO) < 0.02% ◊ ‡0
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Leptonic and hadronic loops & pairs at NNLO

• The exact NNLO virtual corrections + 2 æ 4 matrix elements e
+

e
≠

æ e
+

e
≠(l+

l
≠)

[l = e, µ, · ], e
+

e
≠

æ e
+

e
≠(fi+

fi
≠) are available

• Compared to the approximation in BabaYaga@NLO, using realistic luminosity cuts
(Si © ‡

NNLO
i /‡BY )

Ô
s ‡BY Se+e≠ [‰] Slep [‰] Shad [‰] Stot [‰]

KLOE 1.020 NNLO -3.935(4) -4.472(4) 1.02(2) -3.45(2)
BB@NLO 455.71 -3.445(2) -4.001(2) 0.876(5) -3.126(5)

BES 3.650 NNLO -1.469(9) -1.913(9) -1.3(1) -3.2(1)
BB@NLO 116.41 -1.521(4) -1.971(4) -1.071(4) -3.042(5)

BaBar 10.56 NNLO -1.48(2) -2.17(2) -1.69(8) -3.86(8)
BB@NLO 5.195 -1.40(1) -2.09(1) -1.49(1) -3.58(2)

Belle 10.58 NNLO -4.93(2) -6.84(2) -4.1(1) -10.9(1)
BB@NLO 5.501 -4.42(1) -6.38(1) -3.86(1) -10.24(2)

ı The uncertainty due to leptonic and hadronic pair NNLO corrections is at the level
of a few units in 10≠4

Carloni, Czyø, Gluza, Gunia, Montagna, Nicrosini, Piccinini, Riemann et al., JHEP 1107 (2011) 126
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To quantify the theoretical error of BabaYaga, we can compare the exact NNLO versus the PS matched expanded 

σα2

SV

A. Penin, PRL 95 (2005) 010408  
Nucl. Phys. B734 (2006) 185

δσ(Photonic)
σLO

∝ α2L

Photonic Fermionic Nf = 1
σα2

SV(Penin) − σα2

SV(BY@NLO) < 0.02 % σLO

σα2

HH

Carloni, Czyż, Gluza, Gunia, Montagna, Nicrosini, Piccinini, Riemann et al., JHEP 1107 (2011) 126

Photonic f ≠ e Real pairs

δσpairs ∼ 10−4
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≃
α
π2 ∫

ds
s

K(s)β2
π |Fπ(s) |2 f(s)

The pion form factor

aHLO
μ =

α
π2 ∫

∞

4m2
π

ds
s

K(s)( α(s)
3

σ(e+e− → hadrons)
σ(e+e− → μ+μ−) )

The Pion FF is a key quantity to determine the (g − 2)μ

In scan experiments, the PionFF is given by the ratio

|Fπ |2 = ( Nπ+π−

Ne+e−
− Δbg) ⋅

σ0
e+e− ⋅ (1 + δe+e−) ⋅ εe+e−

σ0
π+π− ⋅ (1 + δπ+π−) ⋅ επ+π−

Radiative corrections are estimated via MCδπ+π−

ϵπ+π− Also the acceptance has a MC dependence via the  
charge asymmetry

ANLO
FB = ALO

FB +
α
π

Aα
FB = 0 +

α
π ( σodd

B − σodd
F

σNLO )

The FF has to be modelled due its non-perturbative nature

Factorised sQED — The FF is attached to 
virtual amplitude as to cancel infrared 
divergences

Fπ(q2) = 1 +
q2

π ∫
∞

4m2
π

ds′￼

s′￼

ImFπ(s′￼)
s′￼− q2 − iε′￼

FsQED — Relies on the analytic properties of 
the FF, written via a dispersion relation

GVMD — A model based on the mixing of the 
photon with light resonances

FBW
π (q2) =

nr

∑
v=1

FBW
π,v (q2) =

1
ct

nr

∑
v=1

cv
Λ2

v

Λ2
v − q2
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Contact Interactions

ℒeff =
g2

2Λ2 ∑
i,j=L,R

ηij (ēiγμei) (ējγμej)

“Electroweak Measurements in Electron–Positron Collisions at W-Boson-Pair Energies at LEP.” 
Physics Reports, vol. 532, no. 4, Nov. 2013, pp. 119–244. arXiv:1302.3415

In LEP analyses, contact interactions were parameterised as

g2

4π
= 1

Λ+
Positive 

interference

Λ−
Negative 

interference

Bound for NP scale
ℳ(t)†

γℳLL/RR = − 32πα
(1 + cos θ)2

(1 − cos θ)
s

ℳ(t)†
γℳRL/LR = − 64πα

s
(1 − cos θ)
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Contact Interactions: results
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Electroweak Sector in SMEFT

ℒNC
SMEFT = − 4πα (ēγμe) Aμ +

4πα
swcW { ēL ( ̂gZ

L +
ΔgZe

L

Λ2 ) γμeL + ēR ( ̂gZ
R +

ΔgZe
R

Λ2 ) γμeR}Zμ

ΔgZ,e
L = −

1
2

C(3)
ϕl −

1
2

Cϕl + f (−
1
2

, − 1)
ΔgZ,e

R = −
1
2

Cϕe + f (0, − 1)

f(T3, Q) = − Q
swcw

c2
w − s2

w
CϕWB + ( 1

4
Cll,1221 −

1
2

C(3)
ϕl,11 −

1
2

C(3)
ϕl,22) (T3 + Q

s2
w

c2
w − s2

w )

Linear combinations of WCs in Warsaw basis

For SILH Basis arXiv:1610.07922αem =
1

4π
g2

Wg2
1

g2
W + g2

1
(1 + Δαem)

Gμ =
1

2v2
T

(1 +
1

2Gμ
(C(3)11

Hl + C(3)22
Hl − C1221

ll )

Corrections to SM input 
parameters 

g = gSM + Δg

I. Brivio arXiv:2012.11343 

Using  scheme the SMEFT Lagrangian in the  EW sector can be written as{α, MZ, Gμ}

Coupling of Z boson to fermions
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Fit methodology

Run al picco della Z — FCC-ee Run a 250 GeV — ILC 

The number of expected events is calculated with 6 months of effective run

We obtain an error

∑
i∈4f

Ci

Λ2
NP [

(σF − σB)(6)
i

(σF − σB)SM
−

(σF + σB)(6)
i

(σF + σB)SM ]
α

=
ΔA0

FB,α

A0
FB,α

,

We generate gaussian samples centred about the SM 
with statistical error 

We solve the system MC and obtain the errors

We consider predictions in bins of cos θ = 0.02

The gaussian likelihood is given as

Ellipses are obtained from the region

The approach is equivalent to


