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And how many did we expect…?

• i.e. what is the production rate? 

• Signal strength:
µ = #obs/#SM

• ATLAS Run 2 (from Nature 607, 52–59 (2022)):

      µ	 = 1.05	 ± 0.06
												= 1.05 ± 0.03(stat.) ± 0.03(exp.)
																		±0.04(sig.	th.) ± 0.02(bkg.	th)

•  2

How many Higgs bosons are produced at the LHC?

Observed cross 
section

Standard Model
calculation

P

P

H
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And how many did we expect…?

• i.e. what is the production rate? 

• Signal strength:
µ = #obs/#SM

• ATLAS Run 2 Update
(from ATLAS-CONF-2025-006):

      µ	 = 1.023!"."$%&"."$'

												= 1.023 ± 0.028 stat. 	 !"."($&"."('	(exp.)
																		 !"."%'&"."%) sig.	th. ± 0.012(bkg.	th)

•  
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How many Higgs bosons are produced at the LHC?

Observed cross 
section

Standard Model
calculation

P

P

H
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We will be collecting a lot more data!

• Along with improvements in 
experimental uncertainty, much 
better statistics!

• The LHC will deliver 
measurements at the percent 
level!

• We will need to get more precise 
on theory side… 

4

In the foreseeable future:

Era
(Projected)

Integrated Luminosity 
(fb-1)

Run 2 140

Run 3 
(2026)

300+

HL-LHC 
(2040)

3000+
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Current Theoretical Uncertainty for Gluon-fusion Higgs

!" = $%LO
	 + !"NLO
	 + !"NNLO
	 + !"N3LO
	 +⋯

Contribution* of the QCD perturbative expansion at each order (at 13	TeV):  
*[Anastasiou, Duhr, Falko, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger; arXiv:1602.00695] 
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Current Theoretical Uncertainty for Gluon-fusion Higgs

!(#$$%)
!" = !"LO
	 +$%NLO
	 + !"NNLO
	 + !"N3LO
	 +⋯

Correction* of the QCD perturbative expansion at each order (at 13	TeV):  
*[Anastasiou, Duhr, Falko, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger; arXiv:1602.00695] 

 

**[Dawson; Nucl.Phys.B 359 (1991), 283-300]

**
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Current Theoretical Uncertainty for Gluon-fusion Higgs

'(100%)
!(*+%)

!" = !"LO
	 + !"NLO
	 +$%NNLO
	 + !"N3LO
	 +⋯

Correction* of the QCD perturbative expansion at each order (at 13	TeV):  
*[Anastasiou, Duhr, Falko, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger; arXiv:1602.00695] 

 

**[Dawson; Nucl.Phys.B 359 (1991), 283-
300]
***[Harlander, Kilgore; arXiv:0201206], 
[Anastasiou, Melnikov; arXiv: 0207004]

**

***
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Correction* of the QCD perturbative expansion at each order (at 13	TeV): Charalampos 

*[Anastasiou, Duhr, Falko, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger; arXiv:1602.00695] 
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Current Theoretical Uncertainty for Gluon-fusion Higgs

!" = !"LO
	 + !"NLO
	 + !"NNLO
	 +$%N3LO
	 +⋯

'(100%)
'(25%)
'(5%)

**

***

*

**[Dawson; Nucl.Phys.B 359 (1991), 283-
300]
***[Harlander, Kilgore; arXiv:0201206], 
[Anastasiou, Melnikov; arXiv: 0207004]Adi Suresh LoopFest XXIV
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Current Theoretical Uncertainty for Gluon-fusion Higgs

!" = !"LO
	 + !"NLO
	 + !"NNLO
	 + !"N3LO
	 +⋯ ~*. +%

• State of the art sufficient 
for current experimental 
needs

• But N4LO will take time to 
compute – start now!

Uncertainty* due solely truncating the QCD perturbative expansion (at 13	TeV): 
*[Anastasiou, Duhr, Falko, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger; arXiv:1602.00695] 
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Uncertainty due solely truncating the QCD perturbative expansion?

10

Current Theoretical Uncertainty for Gluon-fusion Higgs

!" = !"LO
	 + !"NLO
	 + !"NNLO
	 + !"N3LO
	 +$%N4LO

Aim for ~"%

• State of the art sufficient 
for current experimental 
needs

• But N4LO will take years to 
compute – start now!
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How are Higgs bosons produced at the LHC?

!~∫ $%	$'	((%)	((')	 +!

Hadronic process
(long-range, 
nonperturbative)

P

P

H

@

A

A

B Partonic process 
(short-range, 
perturbative!)

Factorization model:
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About 90% are produced via gluon fusion!

• !! → # via top quark loop

• We can simplify:
 take limit $top → ∞ 

• i.e. leading term in !!/$top 
expansion

• Higgs looks like it directly 
couples to gluons

12

How are Higgs bosons produced at the LHC partonically?

@

A

A

B

B
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Why probe Higgs and Drell-Yan Production?

13

Higgs DY
C∗ → EE̅	

EW Interaction 
& Symmetry 

Breaking 

Test Standard 
Model and 

search for BSM 
physics

Yukawa 
coupling

Weak mixing 
angle

Parton 
distribution 
functions

No new physics 
@ LHC: probe 

precision

Exp. High 
precision 

Calibration

Higgs 
mechanism

…

…

…
Adi Suresh LoopFest XXIV



To correctly compute an inclusive cross section:

14

How do we compute how many Higgs bosons are produced?

• i.e. probability of Higgs 
produced 

…

B
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To correctly compute an inclusive cross section:

15

How do we compute how many Higgs bosons are produced?

• i.e. probability of Higgs 
produced 

• KLN theorem:
Perturbative corrections 
must include:
•  loops &
• Radiation

B

…
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To correctly compute an inclusive cross section:

16

How do we compute how many Higgs bosons are produced?

• i.e. probability of Higgs + X 
produced

• KLN theorem:
Perturbative corrections 
must include:
•  loops &
• Radiation

B

…
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To correctly compute an inclusive cross section:

17

Building blocks at N4LO:

• Include up to 4 loops and 4 
additional partons: ! + # = 4

• Each piece is well-defined, 
gauge invariant

• Natural way to partition the 
computation

B

…
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Four loop amplitudes, “VVVV” contribution:

18

Fully virtual correction at N4LO

• Higgs and Drell-Yan first known 
approximately (2020) *

• Full computation (2022) **

Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

*[Das, Moch, Vogt; arXiv: 2004.00563]
**[Lee, von Manteuffel, Schabinger, Smirnov, 
Smirnov, Steinhauser; arXiv: 2202.04660]
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First, let’s look at “RV”, NNLO correction for AA → B + H.

What are the single-real ingredients? At NNLO:

19

R V One-loop correction

Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

One additional emission

B

Interference 
(with tree-level)
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First, let’s look at ”RV”, an NNLO correction for AA → B + H.

What are the single-real ingredients? At NNLO:

20

RV

Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

B

6 diagrams ~ 100 diagrams
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Now RVVxV: ”single-real, double-virtual cross single-virtual”.

What are the single-real ingredients? At N4LO:

21

R VVxV

Interference between 
one- and two-loop 
corrections

One additional emission

B

2 Calculation of RVV × V contributions to N4LO Drell-Yan and Higgs-

boson production

One of the main results of this article is the computation of contributions to the inclusive,

partonic production cross sections of a Higgs boson or Drell-Yan pair due to the interference

of two-loop with one-loop scattering amplitudes. We denote this contribution to the par-

tonic cross section as "single-real double virtual cross single virtual" or RVV×V. We start

this section by providing a general setup and definition for these contributions. Next, we

discuss the analytic computation of the scattering amplitudes that are the ingredients for

our result. Finally, we discuss the interference and integration of these scattering amplitude

over the one-parton phase space.

Figure 1: An example contribution to the Higgs (Drell-Yan) cross section via g+g → H+g

(qg → γ∗+q) is shown on the top (bottom). The dashed vertical lines represent phase space

integration, and the double line represents the Higgs boson. The propagators cut by the

dashed line are on-shell (or set to a fixed off-shell mass Q in the case of the photon.) The

left side of the dashed lines show contributions to the one-loop amplitude, and the right side

of the dashed lines show contributions to the (complex-conjugated) two-loop amplitude.

2.1 Setup

The focus of this article are QCD corrections to the hadron collider processes for inclusive

production of a color singlet B (i.e. the Higgs boson or a virtual photon) with invariant

mass Q.

Proton(P1) + Proton(P2) → B(Q) +X, (2.1)

where the incoming protons have momenta P1 and P2. Using the parton model and factor-

ization of long and short interactions via the partonic cross section σ̂ij→B+X and parton

distribution functions fi, we can express the hadronic cross section as a sum over all con-

– 4 –

Two- & one-loop 
corrections

Adi Suresh LoopFest XXIV



Now RVVxV: ”single-real, double-virtual cross single-virtual”.

What are the single-real ingredients? At N4LO:

22

RVVxV

B

2 Calculation of RVV × V contributions to N4LO Drell-Yan and Higgs-

boson production

One of the main results of this article is the computation of contributions to the inclusive,

partonic production cross sections of a Higgs boson or Drell-Yan pair due to the interference

of two-loop with one-loop scattering amplitudes. We denote this contribution to the par-

tonic cross section as "single-real double virtual cross single virtual" or RVV×V. We start

this section by providing a general setup and definition for these contributions. Next, we

discuss the analytic computation of the scattering amplitudes that are the ingredients for

our result. Finally, we discuss the interference and integration of these scattering amplitude

over the one-parton phase space.

Figure 1: An example contribution to the Higgs (Drell-Yan) cross section via g+g → H+g

(qg → γ∗+q) is shown on the top (bottom). The dashed vertical lines represent phase space

integration, and the double line represents the Higgs boson. The propagators cut by the

dashed line are on-shell (or set to a fixed off-shell mass Q in the case of the photon.) The

left side of the dashed lines show contributions to the one-loop amplitude, and the right side

of the dashed lines show contributions to the (complex-conjugated) two-loop amplitude.

2.1 Setup

The focus of this article are QCD corrections to the hadron collider processes for inclusive

production of a color singlet B (i.e. the Higgs boson or a virtual photon) with invariant

mass Q.

Proton(P1) + Proton(P2) → B(Q) +X, (2.1)

where the incoming protons have momenta P1 and P2. Using the parton model and factor-

ization of long and short interactions via the partonic cross section σ̂ij→B+X and parton

distribution functions fi, we can express the hadronic cross section as a sum over all con-

– 4 –

~ 4000 diagrams~ 100 diagrams

Complexity 
grows fast!
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Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

Now RVVV: ”single-real, triple-virtual”.

What are the single-real ingredients? At N4LO:

23

R VVVOne additional emission

B

three-loop 
correction

Interference 
(with tree-level)
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Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

Now RVVxV: ”single-real, double-virtual cross single-virtual”.

What are the single-real ingredients? At N4LO:

24

RVVV

B

~ 200,000 
diagrams

6 diagrams
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Only one additional emission is “easy”:

25

The single-real ingredient as a probe

• Simplest (non-trivial) phase space

• Can do direct phase space 
integration 

B

Adi Suresh LoopFest XXIV



We only care about Higgs / DY production → Integrate over d.o.f. of final state

Phase Space Integration

26

+!~,$Φ!"#. # .∗ %

B Momentum conservation & 
rotational symmetry

Only one actual d.o.f.:

Angle w.r.t. beamline:

) ∈ [,, .] +1

tributing partonic processes:

σPP→B+X = τ
∑

i,j

∫ 1

τ

dz

z

∫ 1

τ

z

dx1
x1

fi(x1)fj

(

τ

x1z

)

1

z
σ̂ij→B+X(z,Q2). (2.2)

The arguments of the parton distributions functions are the momenta fractions of the parton

momenta to the proton momenta, pi = xiPi. Here, we defined the center-of-mass energies

and various ratios:

S = (P1 + P2)2, τ =
Q2

S
, (2.3)

s = (p1 + p2)2, z =
Q2

s
, (2.4)

which relate x2 =
τ

x1z
.

In the case of Higgs production, we employ an effective field theory in which the top

quark has infinite mass and has been integrated out, and all other quarks are massless [11–

14]. Then, the Higgs appears to directly couple to gluons with a dimension-five effective

operator [77–81]. The associated Lagrangian is:

LEFT = LSM,5 −
1

4
C0HGa

µνG
µν
a , (2.5)

where LSM,5 is the Standard Model Lagrangian with five massless quarks and C0 is the

Wilson coefficient serving as the effective coupling between the Higgs and gluons.

Then, we define the so-called partonic coefficient functions η
(n)
ij and relate them to the

partonic cross section:

1

z
σ̂ij→B+X(z,Q2) = σ̂B,0

∞
∑

n=0

(

α0
S

π

)n

η
(n)
ij (z), (2.6)

where σ̂B,0 are the Born cross sections:

σ̂Higgs,0 =
πC2

0

8DA
, σ̂DY,0 =

π(qie)2

Q2DF
. (2.7)

Above, DA and DF are the dimensions of the QCD gauge group in the adjoint and funda-

mental representation respectively and are related to the number of colors nc as follows.

DA = n2
c − 1, DF = nc. (2.8)

Above, e is the electromagnetic coupling and qi is the fractional electric charge of parton i.

We determine the bare partonic coefficient functions order-by-order by computing:

η̃
(n)
ij (z) =

Nij

2Q2σ̂B,0

n
∑

m=0

∫

dΦB+mM(n)
ij→B+m. (2.9)

The bare partonic coefficient function is related to the renormalized partonic coefficient

function of eq. (2.6) via renormalization of ultraviolet singularities. The initial state aver-

aging factors over spin/polarization and color are given by:

Ngg =
1

4(1− ϵ)2D2
A

, (2.10)

– 5 –
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Only one additional emission is “easy”:

27

The single-real ingredient as a probe

• Simplest (non-trivial) phase space

• Can do direct phase space 
integration 

• Higher multiplicity involves the 
reverse unitarity approach (more 
loops)  

• Probe complexity at N4LO:

• Function space
• Color
• Computational tools

B

+1

Adi Suresh LoopFest XXIV



• ! + ! → $ + !
• % + &% → $ + !
• % + ! → $ + %

• ! + ! → '∗ + !
• Starts at 1-loop order

• Only RVVxV

• % + &% → '∗ + !
• % + ! → '∗ + %

Higgs Production

Drell-Yan Production

Production Channels

28

2 Calculation of RVV × V contributions to N4LO Drell-Yan and Higgs-

boson production

One of the main results of this article is the computation of contributions to the inclusive,

partonic production cross sections of a Higgs boson or Drell-Yan pair due to the interference

of two-loop with one-loop scattering amplitudes. We denote this contribution to the par-

tonic cross section as "single-real double virtual cross single virtual" or RVV×V. We start

this section by providing a general setup and definition for these contributions. Next, we

discuss the analytic computation of the scattering amplitudes that are the ingredients for

our result. Finally, we discuss the interference and integration of these scattering amplitude

over the one-parton phase space.

Figure 1: An example contribution to the Higgs (Drell-Yan) cross section via g+g → H+g

(qg → γ∗+q) is shown on the top (bottom). The dashed vertical lines represent phase space

integration, and the double line represents the Higgs boson. The propagators cut by the

dashed line are on-shell (or set to a fixed off-shell mass Q in the case of the photon.) The

left side of the dashed lines show contributions to the one-loop amplitude, and the right side

of the dashed lines show contributions to the (complex-conjugated) two-loop amplitude.

2.1 Setup

The focus of this article are QCD corrections to the hadron collider processes for inclusive

production of a color singlet B (i.e. the Higgs boson or a virtual photon) with invariant

mass Q.

Proton(P1) + Proton(P2) → B(Q) +X, (2.1)

where the incoming protons have momenta P1 and P2. Using the parton model and factor-

ization of long and short interactions via the partonic cross section σ̂ij→B+X and parton

distribution functions fi, we can express the hadronic cross section as a sum over all con-

– 4 –

B

!∗
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RVVxV Contribution

29
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Generate all Feynman 
diagrams

Project onto gauge-invariant 
Lorentz basis 
All particle live in d = 4 − 2ϵ dimensions 
(conventional dimensional regularization)

Project onto basis of 
color tensors

Compute Loop integrals 
• Use IBPs to obtain basis of “master integrals” 

• Evaluate with method of differential equations 

• In terms of generalized polylogarithms .(… ) up to transcendental weight 
eight

(Re)computing one- and two**-loop amplitudes
Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

**[Gehrmann, Jakubčík, Mella, Syrrakos, Tancredi; 
arXiv:2301.10849]

**[Gehrmann,  Jakubčík,  Mella,  Syrrakos,  Tancredi; 
arXiv:2306.10170]
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Amplitudes factorize in:

31

Checks on Amplitudes

• Soft (& → 0) limits

• Collinear (&J||	&K) limits

• Poles in ϵ ~ lower loop 
amplitudes 

B

" → 0

B

""||	"# Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

~ '(!
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Generate all Feynman 
diagrams

Project onto gauge-invariant 
Lorentz basis 
All particle live in d = 4 − 2ϵ dimensions 
(conventional dimensional regularization)

Compute Loop integrals 
• Use IBPs to obtain basis of “master integrals” 

• Evaluate with method of differential equations 

• In terms of generalized polylogarithms up to transcendental weight eight

(Re)computing one- and two**-loop amplitudes
Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

**[Gehrmann, Jakubčík, Mella, Syrrakos, Tancredi; 
arXiv:2301.10849]

**[Gehrmann,  Jakubčík,  Mella,  Syrrakos,  Tancredi; 
arXiv:2306.10170]

Project onto basis of color 
tensors

Debut Mathematica color 
algebra package: CIFAR

Adi Suresh LoopFest XXIV



QCD gauge group → “color” factors in amplitude 

Computing Color Factors in Gauge Theories

33

• Gauge group is SU(3)), with 3) 
number of colors
• Factors reduce to polynomials in 
3) 

• Can instead consider generalized 
gauge group
• Factors reduce to color group 

(“Casimir”) invariants 5

Additionally, following eq. 3.31 symmetric tensors with an odd number of indices n in the

adjoint representation also vanish.

da1...anA = 0, n odd. (3.39)

Finally, there exist nontrivial "triangle" identities, of which we note three classes:

dabiR fajcf bkc =
CA

2
dijkR , (3.40)

di1j1...jnk1R1
di2j1...jnk2R2

fk1k2i3 =
1

DA(n+ 1)
CR1R2
n+2 f i1i2i3 , (3.41)

di1j1...jnk1R1
di3...imj1...jnk2
R2

fk1k2i2 = −
1

n+ 1
d
j1...jn+1k
R1

d
i3...imj1...jn+1

R2
fki1i2 . (3.42)

3.4 Worked Examples

In this section, we illustrate two examples to work through the steps of the algorithm.

3.4.1 Example with Cubic Casimir Invariant

a1

i1

i2

i3

i4

a3

a2

a4

a5

a6

j

i

k

Figure 3: First worked example, qq̄ → γg at three loops. All fermion lines are quarks,

with fundamental color indices labeled i, j, k, i1, i2, i3, and i4. Gluons have adjoint color

indices labeled a1, a2, a3, a4, a5, and a6.

Here, we focus on the diagram in fig. 3, which contributes to Drell-Yan production beginning

at N4LO; we have labeled all the color indices (fundamental and adjoint). Since this diagram

has two external legs with fundamental indices i and k and one external leg with adjoint

index a1, we project out to a scalar color amplitude by contracting with ta1ik . Then, from

QCD Feynman rules and after projection, the color factor for this diagram is:

D1 = δi1i2t
a1
i2i3

ta2i3i4t
a3
i4i1

ta1ik t
a5
kjt

a6
ji f

a3a4a5fa2a6a4

= T a1a2a3T a1a5a6fa3a4a5fa2a6a4
(3.43)

Then, we use eq. 3.24 to reduce our fundamental traces:

D1 =

(

da1a2a3F +
i

2
TF f

a1a2a3

)(

da1a5a6F +
i

2
TF f

a1a5a6

)

fa3a4a5fa2a6a4 .

We have three terms we can compute separately:

D1,1 = da1a2a3F da1a5a6F fa3a4a5fa2a6a4 , (3.44)

– 16 –

*$!$"+$"$#
%! +$#$$

%" +$$$!
%# +$&%!+&'

%%+'$
%&,%#%$%%,%"%&%$

−18 +
3
163(

#– 1163(
)−126*6+

,, − 187,
#8*6*#

Proj. "!"#!   
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QCD gauge group → “color” factors in amplitude 

Computing Color Factors in Gauge Theories

34

• Ubiquitous step in amplitude 
calculations

• Generalized gauge group → allows 
for comparison across theories
• e.g. Set 59 = 5: for 7 = 4 sYM 

(“Principle of maximal 
transcendentality”)

• Need an efficient and reliable 
computational pipeline

Feynman Diagrams

Adi Prasanna Suresh

September 2025

1 Introduction

1

9 = : sYM
7-(%

QCD
+$'%

'

( ) * +
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QCD gauge group → “color” factors in amplitude 

CIFAR: A Color Algebra Package

35

Additionally, following eq. 3.31 symmetric tensors with an odd number of indices n in the

adjoint representation also vanish.

da1...anA = 0, n odd. (3.39)

Finally, there exist nontrivial "triangle" identities, of which we note three classes:

dabiR fajcf bkc =
CA

2
dijkR , (3.40)

di1j1...jnk1R1
di2j1...jnk2R2

fk1k2i3 =
1

DA(n+ 1)
CR1R2
n+2 f i1i2i3 , (3.41)

di1j1...jnk1R1
di3...imj1...jnk2
R2

fk1k2i2 = −
1

n+ 1
d
j1...jn+1k
R1

d
i3...imj1...jn+1

R2
fki1i2 . (3.42)

3.4 Worked Examples

In this section, we illustrate two examples to work through the steps of the algorithm.

3.4.1 Example with Cubic Casimir Invariant

a1

i1

i2

i3

i4

a3

a2

a4

a5

a6

j

i

k

Figure 3: First worked example, qq̄ → γg at three loops. All fermion lines are quarks,

with fundamental color indices labeled i, j, k, i1, i2, i3, and i4. Gluons have adjoint color

indices labeled a1, a2, a3, a4, a5, and a6.

Here, we focus on the diagram in fig. 3, which contributes to Drell-Yan production beginning

at N4LO; we have labeled all the color indices (fundamental and adjoint). Since this diagram

has two external legs with fundamental indices i and k and one external leg with adjoint

index a1, we project out to a scalar color amplitude by contracting with ta1ik . Then, from

QCD Feynman rules and after projection, the color factor for this diagram is:

D1 = δi1i2t
a1
i2i3

ta2i3i4t
a3
i4i1

ta1ik t
a5
kjt

a6
ji f

a3a4a5fa2a6a4

= T a1a2a3T a1a5a6fa3a4a5fa2a6a4
(3.43)

Then, we use eq. 3.24 to reduce our fundamental traces:

D1 =

(

da1a2a3F +
i

2
TF f

a1a2a3

)(

da1a5a6F +
i

2
TF f

a1a5a6

)

fa3a4a5fa2a6a4 .

We have three terms we can compute separately:

D1,1 = da1a2a3F da1a5a6F fa3a4a5fa2a6a4 , (3.44)
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• CIFAR can do this computation for us!

• Quartic Casimirs: Ready for N4LO 

• Available at: 
github.com/adisurtya/CIFAR

3.4.3 Example Usage in Mathematica

We provide Mathematica documentation for Cifar in Tables 1 and 2. A code example

evaluating the color factor D1 (eq. 3.43) from the previous section is shown below.

In[1]:= D1 = deltaF[i1,i2]*

TT[{a1},i2,i3]*TT[{a2},i3,i4]*TT[{a3},i4,i1]*

TT[{a1},i,k]*TT[{a5},k,j]*TT[{a6},j,i]*

ff[a3,a4,a5]*ff[a2,a6,a4];

In[2]:= D1CIFAR = CIFARReduce[ D1 ]

Out[2]:= -1/2*(C3FF*CA) - (CAˆ2*DA*TFˆ2)/8

Then, we can check if the results are consistent when evaluating explicitly in SU(nc).

In[3]:= SUncReduce[ D1 ]

In[4]:= SUncReduce[ D1CIFAR ] // Expand

Out[3]:= -1/8 + (3*ncˆ2)/16 - ncˆ4/16

Out[4]:= -1/8 + (3*ncˆ2)/16 - ncˆ4/16
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https://github.com/adisurtya/CIFAR
https://github.com/adisurtya/CIFAR
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State-of-the-art: Leading color amplitudes

37

Three-loop amplitudes

• Only leading power in 
#LM#NO

• Drell-Yan known*

• Higgs recently computed**

FeynmanDiagrams

AdiPrasannaSuresh

September2025

1Introduction

1

e.g. {323 , 32435 , 32)35#, 32+35+} for DD → ED 

FeynmanDiagrams

AdiPrasannaSuresh

September2025

1Introduction

1

*[Gehrmann, Jakubčík, Mella, Syrrakos, Tancredi; arXiv:2307.15405]
**[Chen, Guan, Mistlberger; arXiv: 2504.06490]
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Take ,2 → ∞

38

Generalized leading-color limit

• Only planar color diagrams contribute 

• Much easier to compute

• E.g. ΓFGHI known to all orders in 
planar N=4 sYM* vs. N4LO for non-
planar ** 

• Subleading color suppressed by '
J"#
~ '
'K. 

• For XS @ N4LO, ''K of 1%?

We will write down the Feynman rules for Yang-Mills. Each gluon field is an N !N

matrix,

(Aµ)
i

j
, i, j = 1, . . . , N

The propagator has the index structure

1Ai

µ j
(x)Ak

⌫ l
(y)⇡ = �µ⌫(x) y)


↵i
l
↵k
j
) 1

N
↵i
j
↵k
l

�

where �µ⌫(x) is the usual photon propagator for a single gauge field. The 1/N term

arises because we’re working with traceless SU(N) gauge fields, rather than U(N)

gauge fields. But clearly it is suppressed by 1/N and so, at leading order in 1/N , we

don’t lose anything by dropping this term. We then have

1Ai

µ j
(x)Ak

⌫ l
(y)⇡ = �µ⌫(x) y) ↵i

l
↵k
j

This means that we’re really working with U(N) gauge theory rather than SU(N)

gauge theory.

At this point, it is useful to introduce some new notation. The fact that the gauge

field has two indices, i, j, suggests that we can represent it as two lines in a Feynman

diagram rather than one. One of these lines represents the top index, which trans-

forms in the N̄ representation; the other the bottom index which transforms in the N

representation. Instead of the usual curly line notation for the gluon propagator, we

have

)⇠ � ⇡

N
(6.3)

Note that each line comes with an arrow, and the arrows point in opposite ways. This

reflects the fact that the upper and lower lines are associated to complex conjugate

representations. The propagator scales as ⇡/N , as can be read o↵ from the action

(6.2).

Similarly, the cubic vertex that comes from expanding out the Yang-Mills action

takes the form

)⇠ i

i

j

j k

k

� N

⇡
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Similarly, at the next order in ↵, we have the diagram

!

↵

N

�6 N

↵

�4

N4 ! ↵2N2 (6.6)

There are now four contractions over internal loops. This diagram has the same N2

behaviour as our first one-loop diagram, but it is down in the expansion in ’t Hooft

coupling. It is easy to convince yourself that the two diagrams above give the leading

contribution (in N) to the free energy, which scales as ! O(N2). This reflects the fact

that Yang-Mills theory has N2 degrees of freedom.

However, there is another diagram that we could have drawn. This has the same

momentum structure as (6.5), but a di�erent index structure. In double line notation

it takes the form,

!

↵

N

�3 N

↵

�2

N ! ↵ (6.7)

If you follow the loop around, you will find that there is now just a single contraction

of the group indices. The result is a contribution to the vacuum energy which occurs

at the same value of ↵ as (6.5), but is suppressed by 1/N2 relative to the first two

diagrams. This means that in the limit N 1 ⇡, with ↵ fixed this diagram will be

sub-dominant.

We see that, among all the possible Feynman diagrams, a subset dominate in the

large N limit. The dominant diagrams are those which, like (6.5) and (6.6), can be

drawn flat on a plane in the double line notation. These are referred to as planar

diagrams. In contrast, diagrams like (6.7) need a third dimension to draw them. These

non-planar diagrams are subleading.

The large N limit has seemed to simplify our task. We no longer need to sum over

all Feynman diagrams; only the planar ones. This remains daunting. Nonetheless, as

we will see below, this new structure does give us some insight into the strong coupling

dynamics of non-Abelian gauge theory.
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~3LM ~1
*[Beisert, Eden, Staudacher; arXiv:0610251]
**[Boels, Huber, Yang; arXiv:1705.03444]
***[davidtong.org/teaching/gauge-theory/]

***
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Can we do phenomenology with only leading color?
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Leading color appears to 
capture the cross section 
at the <0.5% level!

Should hold for N4LO.

40

Hadronic Cross Section up to N3LO: Leading vs. Full Color
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RVVV Computation: Integration strategy for Higgs Channels

41

Problem: ∫K
' ? @ A(B', … , BJ, @) D@ 

hard to evaluate when BN = E + G ̅I + J ̅IM }

Adi Suresh LoopFest XXIV



RVVV Computation: Integration strategy for Higgs Channels

42

Problem: ∫K
' ? @ A(B', … , BJ, @) D@ 

hard to evaluate when BN = E + G ̅I + J ̅IM }

Partial Integration Idea: Evaluate ∫P
J - . /Q . 0.!

Canonical 
Master Integral

Adi Suresh LoopFest XXIV



RVVV Computation: Integration strategy for Higgs Channels

43

Problem: ∫K
' ? @ A(B', … , BJ, @) D@ 

hard to evaluate when BN = E + G ̅I + J ̅IM }

Partial Integration Idea: Evaluate ∫P
J - . /Q . 0.!

= 1	/│PJ 	− 	∫P
J1	4R/S 0. 

O P = ∫ S P TP

Adi Suresh LoopFest XXIV



RVVV Computation: Integration strategy for Higgs Channels

44

Problem: ∫K
' ? @ A(B', … , BJ, @) D@ 

hard to evaluate when BN = E + G ̅I + J ̅IM }

Partial Integration Idea: Evaluate ∫P
J - . /Q . 0.!

= 1	/│PJ 	− 	∫P
J1	4R/S 0. 

Know from differential 
equations!

LUMN = NONVMVAdi Suresh LoopFest XXIV



RVVV Computation: Integration strategy for Higgs Channels

45

Problem: ∫K
' ? @ A(B', … , BJ, @) D@ 

hard to evaluate when BN = E + G ̅I + J ̅IM }

Partial Integration Idea: Evaluate ∫P
J - . /Q . 0.!

= 1	/│PJ 	− 	∫P
J1	4R/S 0. 

Next Iteration: 5 ∫P
J6SQ1 . /Q . 0.

Adi Suresh LoopFest XXIV



• Laurant expansion in dimensional 
regulator, N

• With ̅I = 1 − W$
#

H ,	contains:
• Rational	functions	
• Multiple	Polylogs:	A(… , ̅I)

• Distributions:	d( ̅I),	 log
%Y̅
Y̅ Z

• (soft	singularities)

• Recomputed all lower-order single-
real (R…) interference contributions 

• Soft-singular parts for: 
• !	 + 	!	 → # + !
• e + fe → J∗ + ! 
• Applied single-emission soft 

current to !	 + 	!	 → # and e +
fe → J∗ to find agreement

Results Checks

RVVxV: After Performing Phase Space Integration

46Adi Suresh LoopFest XXIV



• With ̅I = 1 − W$
#

H ,	contains:
• Everything	in	RVVxV	and
• More	general	class	of	iterated	
integrals:
• New	(not	Dlog)	letters:	

'
Y̅ '\Y̅	 ,

'
]ZY̅ '\Y̅	

• Entered	at	RRV	and	RRR	for	
N3LO ***

• Regulated IR singularities with 
known results:
• Three-loop single-emission soft 

current*

• Three-loop splitting amplitudes**

• Computed threshold expansion in ̅I 
before and after phase-space 
integration 

Results Checks

RVVV (LC): After Performing Phase Space Integration

47

*[Herzog, Ma, Mistlberger, Suresh; arXiv:2309.07884]
**[Guan, Herzog, Ma, Mistlberger, Suresh; arXiv:2408.03019]
***[Mistlberger; arXiv:1802.00833]

Adi Suresh LoopFest XXIV



Unlock Full Phenomenological Potential of LHC & Higgs Physics: Need N4LO Precision

Conclusion and Next Steps

• Two key steps in computing the production cross section at 
N4LO:

48

RVVV RVVxV

• Understanding complexity and building up technology (e.g. CIFAR) to tackle further N4LO 
calculations

• How to compute other ingredients RRVV, RRV2, … 
• Leading color? threshold expansion? …  

Adi Suresh LoopFest XXIV



Backup slides
Thank you!



Expand soft singularity: 

Regulation of Soft Singularity

1
̅I
'Z^(

= − 1
BN d ̅I +q

_`K

a −BN _

r!
log_ ̅I

̅I Z
,

50



Expand soft singularity: 

Regulation of Soft Singularity

1
̅I
'Z^(

= − .
tud ̅I +q

_`K

a −BN _

r!
log_ ̅I

̅I Z
,

51

Additional b pole at soft limit ̅c → 0



Expand soft singularity: 

Regulation of Soft Singularity

1
̅I
'Z^(

= − 1
BN d ̅I +q

_`K

a −BN _

r!
log_ ̅I

̅I Z
,

52

Plus distribution: 

d
6

"
Tez log& ez

ez 7
, ez ≡ d

6

" log& ez
ez , ez − , 0 .



What do these integrals typically look like?

Phase Space Integration

53

+!~∫$ / log	'
'(#/+̅ =

 log	/	log 1 − ̅6/ + Li%( ̅6/)

B

Parametrizes energy of scattering

tributing partonic processes:

σPP→B+X = τ
∑

i,j

∫ 1

τ

dz

z

∫ 1

τ

z

dx1
x1

fi(x1)fj

(

τ

x1z

)

1

z
σ̂ij→B+X(z,Q2). (2.2)

The arguments of the parton distributions functions are the momenta fractions of the parton

momenta to the proton momenta, pi = xiPi. Here, we defined the center-of-mass energies

and various ratios:

S = (P1 + P2)2, τ =
Q2

S
, (2.3)

s = (p1 + p2)2, z =
Q2

s
, (2.4)

which relate x2 =
τ

x1z
.

In the case of Higgs production, we employ an effective field theory in which the top

quark has infinite mass and has been integrated out, and all other quarks are massless [11–

14]. Then, the Higgs appears to directly couple to gluons with a dimension-five effective

operator [77–81]. The associated Lagrangian is:

LEFT = LSM,5 −
1

4
C0HGa

µνG
µν
a , (2.5)

where LSM,5 is the Standard Model Lagrangian with five massless quarks and C0 is the

Wilson coefficient serving as the effective coupling between the Higgs and gluons.

Then, we define the so-called partonic coefficient functions η
(n)
ij and relate them to the

partonic cross section:

1

z
σ̂ij→B+X(z,Q2) = σ̂B,0

∞
∑

n=0

(

α0
S

π

)n

η
(n)
ij (z), (2.6)

where σ̂B,0 are the Born cross sections:

σ̂Higgs,0 =
πC2

0

8DA
, σ̂DY,0 =

π(qie)2

Q2DF
. (2.7)

Above, DA and DF are the dimensions of the QCD gauge group in the adjoint and funda-

mental representation respectively and are related to the number of colors nc as follows.

DA = n2
c − 1, DF = nc. (2.8)

Above, e is the electromagnetic coupling and qi is the fractional electric charge of parton i.

We determine the bare partonic coefficient functions order-by-order by computing:

η̃
(n)
ij (z) =

Nij

2Q2σ̂B,0

n
∑

m=0

∫

dΦB+mM(n)
ij→B+m. (2.9)

The bare partonic coefficient function is related to the renormalized partonic coefficient

function of eq. (2.6) via renormalization of ultraviolet singularities. The initial state aver-

aging factors over spin/polarization and color are given by:

Ngg =
1

4(1− ϵ)2D2
A

, (2.10)
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What do these integrals typically look like in practice?

Phase Space Integration

54

B !! → #! integrand:

Huge and complicated! Contains various 
polylogs, distributions, renormalization factors…

Integration software based on PolyLogTools* 
*[Claude Duhr, Falko Dulat; arXiv:1904.07279]

2 Calculation of RVV × V contributions to N4LO Drell-Yan and Higgs-

boson production

One of the main results of this article is the computation of contributions to the inclusive,

partonic production cross sections of a Higgs boson or Drell-Yan pair due to the interference

of two-loop with one-loop scattering amplitudes. We denote this contribution to the par-

tonic cross section as "single-real double virtual cross single virtual" or RVV×V. We start

this section by providing a general setup and definition for these contributions. Next, we

discuss the analytic computation of the scattering amplitudes that are the ingredients for

our result. Finally, we discuss the interference and integration of these scattering amplitude

over the one-parton phase space.

Figure 1: An example contribution to the Higgs (Drell-Yan) cross section via g+g → H+g

(qg → γ∗+q) is shown on the top (bottom). The dashed vertical lines represent phase space

integration, and the double line represents the Higgs boson. The propagators cut by the

dashed line are on-shell (or set to a fixed off-shell mass Q in the case of the photon.) The

left side of the dashed lines show contributions to the one-loop amplitude, and the right side

of the dashed lines show contributions to the (complex-conjugated) two-loop amplitude.

2.1 Setup

The focus of this article are QCD corrections to the hadron collider processes for inclusive

production of a color singlet B (i.e. the Higgs boson or a virtual photon) with invariant

mass Q.

Proton(P1) + Proton(P2) → B(Q) +X, (2.1)

where the incoming protons have momenta P1 and P2. Using the parton model and factor-

ization of long and short interactions via the partonic cross section σ̂ij→B+X and parton

distribution functions fi, we can express the hadronic cross section as a sum over all con-
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tributing partonic processes:
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mental representation respectively and are related to the number of colors nc as follows.
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AA → BA

More Leading Color Phenomenology
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TUT → BA

More Leading Color Phenomenology
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TA → BT

More Leading Color Phenomenology
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Contribution to cross section at each order:

More Leading Color Phenomenology
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Cross section at V = 2 TeV

More Leading Color Phenomenology
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Cross section at V = 100 TeV

More Leading Color Phenomenology
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Integration strategy for RVVV Higgs Channels
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Problem: ∫K
' ? @ A(B', … , BJ, @) D@ 

hard to evaluate when BN = E + G ̅I + J ̅IM }

Partial Integration Idea: Evaluate ∫P
J - . /Q . 0.!

= 1	/│PJ 	− 	∫P
J1	4R/S 0. 

O P = ∫ S P TP Know from differential 
equations!

LUMN = NONVMV

Canonical 
Master Integral



Integration strategy for RVVV Higgs Channels
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Problem: ∫K
' ? @ A(B', … , BJ, @) D@ 

hard to evaluate when BN = E + G ̅I + J ̅IM }

Partial Integration Idea: Evaluate ∫P
J - . /Q . 0.!

= 1	/│PJ 	− 	∫P
J1	4R/S 0. 

Next Iteration: 5 ∫P
J6SQ1 . /Q . 0.


