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MOTIVATION
Top Quark and SM Parameters
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A portrait of the Top Quark 

Citation: S. Navas et al. (Particle Data Group), Phys. Rev. D 110, 030001 (2024) and 2025 update

QUARKSQUARKSQUARKSQUARKS
The u-, d-, and s-quark masses are the MS masses at the scale µ
= 2 GeV. The c- and b-quark masses are the MS masses renor-
malized at the MS mass, i.e. m = m(µ = m). The t-quark
mass is extracted from event kinematics (see the review “The Top
Quark”).
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m = (mu+md )/2 = 3.49 ± 0.07 MeV, CL = 90%

ssss I (JP ) = 0(12
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ms = 93.5 ± 0.8 MeV, CL = 90% Charge = −1
3 e Strangeness = −1

ms / ((mu + md )/2) = 27.33+0.18
−0.14, CL = 90%

cccc I (JP ) = 0(12
+)

mc = 1.2730 ± 0.0046 GeV, CL = 90% Charge = 2
3 e Charm = +1

mb−mc = 3.45 ± 0.05 GeV

bbbb I (JP ) = 0(12
+)

mb = 4.183 ± 0.007 GeV, CL = 90% Charge = −1
3 e Bottom = −1

tttt I (JP ) = 0(12
+)

Charge = 2
3 e Top = +1

Mass (direct measurements) m = 172.56 ± 0.31 GeV [a,b] (S = 1.6)
Mass (from cross-section measurements) m = 162.5+2.1

−1.5 GeV [a]

Mass (Pole from cross-section measurements) m = 172.4 ± 0.7 GeV
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Phenomenological Motivation 
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Figure 5: Regions of absolute stability, meta-stability and instability of the SM vacuum in the Mt–
Mh plane (upper left) and in the �–yt plane, in terms of parameter renormalized at the Planck
scale (upper right). Bottom: Zoom in the region of the preferred experimental range of Mh and
Mt (the gray areas denote the allowed region at 1, 2, and 3�). The three boundary lines correspond
to ↵s(MZ) = 0.1184 ± 0.0007, and the grading of the colors indicates the size of the theoretical
error. The dotted contour-lines show the instability scale ⇤ in GeV assuming ↵s(MZ) = 0.1184.

determined at hadron colliders su↵ers from O(⇤QCD) non-perturbative uncertainties [41]. A

possibility to overcome this problem and, at the same time, to improve the experimental

error on Mt, would be a direct determination of the MS top-quark running mass from ex-

periments, for instance from the tt̄ cross-section at a future e+e� collider operating above

the tt̄ threshold. In this respect, such a collider could become crucial for establishing the

structure of the vacuum and the ultimate fate of our universe.

As far as the RG equations are concerned, the error of ±0.2 GeV is a conservative

estimate, based on the parametric size of the missing terms. The smallness of this error,

compared to the uncertainty due to threshold corrections, can be understood by the smallness

of all the couplings at high scales: four-loop terms in the RG equations do not compete with

finite tree-loop corrections close to the electroweak scale, where the strong and the top-quark

Yukawa coupling are large.

The LHC will be able to measure the Higgs mass with an accuracy of about 100–200

MeV, which is far better than the theoretical error with which we are able to determine the

condition of absolute stability.
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Figure 2: Upper: RG evolution of � (left) and of �� (right) varying Mt, ↵3(MZ), Mh by
±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4

t
/8⇡2 (right). The grey shadings cover values of the RG scale above the

Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/
p
8⇡.
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In the SM, not all parameters are independent and 
there is a relationship between the masses of the 
top, W and Higgs. The precision of the theoretical 
predictions is critical to compare with the observed 
values.

Additionally the stability of the EW vacuum is very close to the 
stable/meta-stable boundary. The precise definition of the top 
pole mass plays a crucial role here. 
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RELATIONSHIPS 
BETWEEN BARE 
AND POLE MASS
Overview and three-loop 
relationships
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QFT basics : Pole mass in perturbation theory 

It is well known that the two point correlation function of a fermion can be expanded as a 
geometric series in terms of the 1PI Self-Energies

9
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Next we recall the alternate way of writing the Fermion propagator
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Which is a geometric series of the form
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Great! We now have demonstrated that the full propagator indeed does have a simple pole, which is shifted away
from m0 by ⌃(/p). We can even go as far as to define what we mean by the mass of the electron. The physical mass
we measure in the lab is simply the solution to the equation

(/p � m0 � ⌃(/p))|/p=m = 0 (62)

We can also expand this close to the pole,

(/p � m)

 
1 �

d⌃

d/p

����
/p=m

!
+ O((/p � m)2) (63)

9

the 1PI diagrams, i.e.

Z
d
4
x e

ip·x
h⌦|T (x) (0)|⌦i = All

= 1PI 1PI 1PI + . . .++

(55)

mathematically,

Z
d
4
x e

ip·x
h⌦|T (x) (y)|⌦i =

i(/p + m0)

p2 � m
2
0

+
i(/p + m0)

p2 � m
2
0

(�i⌃(p))
i(/p + m0)

p2 � m
2
0

+
i(/p + m0)

p2 � m
2
0

(�i⌃(p))
i(/p + m0)

p2 � m
2
0

(�i⌃(p))
i(/p + m0)

p2 � m
2
0

+ . . . (56)

Now we know that ⌃ is only a function of /p, p
2 and m

2 (plus other masses in the theory, like the regulating photon
mass, or the muon mass etc.). Since we can write p

2 = (/p)2 it should be obvious that we can commute ⌃ with /p so
we can write

i(/p + m0)

p2 � m
2
0

(�i⌃(p))
i(/p + m0)

p2 � m
2
0

(�i⌃(p))
i(/p + m0)

p2 � m
2
0

=
i(/p + m0)

p2 � m
2
0

(�i⌃(p))2
✓

i(/p + m0)

p2 � m
2
0

◆2

(57)

Next we recall the alternate way of writing the Fermion propagator

i

/p � m0
=

i(/p + m0)

(/p � m0)(/p + m0)
=

i(/p + m0)

p2 � m
2
0

(58)

which allows us to write

i(/p + m0)

p2 � m
2
0

(�i⌃(p))
i(/p + m0)

p2 � m
2
0

(�i⌃(p))
i(/p + m0)

p2 � m
2
0

=
i

/p � m0

✓
⌃(/p)

/p � m0

◆2

(59)

and the full series can be written as

Z
d
4
x e

ip·x
h⌦|T (x) (y)|⌦i =

i

/p � m0
+

i

/p � m0

✓
⌃(/p)

/p � m0

◆
+

i

/p � m0

✓
⌃(/p)

/p � m0

◆2

+
i

/p � m0

✓
⌃(/p)

/p � m0

◆3

+ . . . (60)

Which is a geometric series of the form
Z

d
4
x e

ip·x
h⌦|T (x) (y)|⌦i =

i

/p � m0 � ⌃(/p)
(61)

Great! We now have demonstrated that the full propagator indeed does have a simple pole, which is shifted away
from m0 by ⌃(/p). We can even go as far as to define what we mean by the mass of the electron. The physical mass
we measure in the lab is simply the solution to the equation

(/p � m0 � ⌃(/p))|/p=m = 0 (62)

We can also expand this close to the pole,

(/p � m)

 
1 �

d⌃

d/p

����
/p=m

!
+ O((/p � m)2) (63)

This is the master equation for this talk, since it allows us to define a (perturbative) relationship 
between the bare mass  and the pole mass .m0 m
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Relating  to  perturbatively  Mt m0,t

We begin expanding out the possible Lorentz structures which can enter into the 1PI 2-point 
correlation function 

where m0,f is the bare mass and ⌃f the 1-PI self energy. The latter can be expressed
as
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Each coefficient can be separately isolated via a projection operator, i.e. PVΣf = ΣV(q2)
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⌘i ���
/q=m0,f

= 0
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where m0,f is the bare mass and ⌃f the 1-PI self energy. The latter can be expressed
as
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X

l


/q⌃
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◆
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✓
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where l is the number of loops. Now, the pole of the propagator, is explicitely
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⇤ ��
/q=Mf

. (2.3)
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���
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Through two-loops Σ(l)
f = Σ(l)

V + Σ(l)
S

Kniehl, Pichlum, Steinhauser, 04
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The relationship through 3-loops

we get

m0,f =Mf
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1 + ⌃(1)
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f (1)

h
⌃(1)

V (1)� 2⌃
0(1)
f (1)

i

+ ⌃(1)
f (1)

h
⌃(2)

V (1)� 2⌃
0(2)
f (1)

i
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Note that here we will consider any combination yielding O(↵↵2
s).

3 Mass Correction - Results

4 Conclusions

5 Acknowledgements

References

[1] F. Jegerlehner and M. Y. Kalmykov, O(alpha alpha(s)) correction to the pole mass of
the t quark within the standard model, Nucl. Phys. B 676 (2004) 365–389,
[hep-ph/0308216].

[2] D. Eiras and M. Steinhauser, Two-loop O(alpha alpha(s)) corrections to the on-shell
fermion propagator in the standard model, JHEP 02 (2006) 010, [hep-ph/0512099].

[3] S. P. Martin, Top-quark pole mass in the tadpole-free MS scheme, Phys. Rev. D 93
(2016), no. 9 094017, [arXiv:1604.01134].

[4] B. A. Kniehl, J. H. Piclum, and M. Steinhauser, Relation between bottom-quark
MS-bar Yukawa coupling and pole mass, Nucl. Phys. B 695 (2004) 199–216,
[hep-ph/0406254].

– 3 –

We will need to solve this equation through 3-loops either relating the bare mass to the poles 
mass 

Or its inverse 

we get

m0,f =Mf

(
1 + ⌃(1)

f (1) + ⌃(2)
f (1) + ⌃(3)

f (1) + ⌃(1)
f (1)

h
⌃(1)

S (1) + 2⌃
0(1)
f (1)

i

+ ⌃(1)
f (1)

h
⌃(2)

S (1) + 2⌃
0(2)
f (1)

i
+ ⌃(2)

f (1)
h
⌃(1)

S (1) + 2⌃
0(1)
f (1)

i
+

+ ⌃(1)
f (1)

h
⌃(1)

S (1) + 2⌃
0(1)
f (1)

i2
+ ⌃(1)

f (1)2
h
⌃

0(1)
f (1) + 2⌃

0(1)
S (1) + 2⌃

00(1)
f (1)

i)

(2.11)

and the inverted relation

Mf =m0,f

(
1� ⌃(1)

f (1)� ⌃(2)
f (1)� ⌃(3)

f (1) + ⌃(1)
f (1)

h
⌃(1)

V (1)� 2⌃
0(1)
f (1)

i

+ ⌃(1)
f (1)

h
⌃(2)

V (1)� 2⌃
0(2)
f (1)

i
+ ⌃(2)

f (1)
h
⌃(1)

V (1)� 2⌃
0(1)
f (1)

i
+

� ⌃(1)
f (1)

h
⌃(1)

V (1)� 2⌃
0(1)
f (1)

i2
� ⌃(1)

f (1)2
h
⌃

0(1)
f (1) + 2⌃

0(1)
S (1) + 2⌃

00(1)
f (1)

i)

(2.12)

Note that here we will consider any combination yielding O(↵↵2
s).

3 Mass Correction - Results

4 Conclusions

5 Acknowledgements

References

[1] F. Jegerlehner and M. Y. Kalmykov, O(alpha alpha(s)) correction to the pole mass of
the t quark within the standard model, Nucl. Phys. B 676 (2004) 365–389,
[hep-ph/0308216].

[2] D. Eiras and M. Steinhauser, Two-loop O(alpha alpha(s)) corrections to the on-shell
fermion propagator in the standard model, JHEP 02 (2006) 010, [hep-ph/0512099].

[3] S. P. Martin, Top-quark pole mass in the tadpole-free MS scheme, Phys. Rev. D 93
(2016), no. 9 094017, [arXiv:1604.01134].

[4] B. A. Kniehl, J. H. Piclum, and M. Steinhauser, Relation between bottom-quark
MS-bar Yukawa coupling and pole mass, Nucl. Phys. B 695 (2004) 199–216,
[hep-ph/0406254].

– 3 –



9

What’s known out there 

α α2

1
αs

α2
s

α3

α3
s

α4
s

α5
s

1

[1]

[2]

[3]

[1] Marquard, Smirnov, Smirnov, 
Steinhauser and Wellmann 16

[3] Kniehl, Veretin 14 
[4] Chetyrkin, Steinhauser 99

State of the art is  in QCD, 
 in EW and  in 

mixed. 

𝒪(α4
s )

𝒪(α2) O(αsα)

The sea-green shading indicates 
corrections at around  and 
we see one missing, the topic of 
today’s talk.

10−4

[2] Jegerlehner, Kalmykov, Hu 03; Eiras Steinhauser 
05; Kniehl, Pickelner, Veretin 14; S.P. Martin 16 

[4] The QED diagrams at  Chen, Han, Li, 

Nieggetiedt (2602.10973) can be obtained as 
subleading color contributions of  
We’ll focus on exchange of heavy EW 
bosons.

O(α2
s α)

O(α3
s )

[5]

[5] Fleischer, Jegerlehner, Tarasov, 
Veretin 98
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What do we need for our calculation 

• One-loop corrections, expanded through  we will also need the first and second derivatives of the self 
energy w.r.t the bare mass and the external momentum 

• Two-loop correction to the self energy expanded through  and first derivatives of the self energy w.r.t. 
the bare mass and the external momentum  

• Three-loop correction to the self-energy expanded through 

𝒪(ϵ2)

𝒪(ϵ)

𝒪(ϵ0)

In order to calculate the relationship between the Pole and MS-bar mass at our desired order 
we will need :

we get
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f (1)

h
⌃(1)

S (1) + 2⌃
0(1)
f (1)
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Solving canonical integrals as an iterated integral 

We will typically be interested in expanding around d = 4 � 2✏, however many
MIs will be more conveniently expressed in d = 2�2✏ dimensions, in order to translate
between the two one can use the dimension shifting operation

D�
I
X

a1...a9
= U(a11

+
, . . . , aii

+
, . . . , a99

+)IX
a1...a9

(2.3)

where i+ is an operator which raises the power of the ith propagator by one i+IX
a1...ai...a9

=

I
X

a1...(ai+1)...a9
and U is the graph polynomial U = detM where M is defined from the

topology as

Mi,j =
1

2

@
2

@`i@`j
(

9X

k=1

akDak
) (2.4)

For each individual topology X which appears in this paper, we will define a
vector of MIs ~G

X which obey a differential equation as follows

d

dx
G
X

i
= ✏A

X

ij
(x)GX

j
(2.5)

Here is a A is matrix which depends the kinematic ratio x, but crucially, does not
depend on the dimensional regulating parameter ✏. The primary advantage of such
a differential equation is the factorization between the kinematic variable x and the
dimensional regulator ✏. A set of basis vectors which satisfy a differential equation
of this form are said to be in canonical, or ✏-form. This differential equation can be
easily solved as an ✏-series iteratively, i.e. one can write the solution as a series of
iterated path integrals

G
X

i
(x) =

✓
1 + ✏

Z
dA+ ✏

2

Z
dAdA+ . . .

◆
G
X

i
(x0) (2.6)

where G
X

i
(x0) denotes the integrals at some fixed point x0, and serves as a boundary

condition for the differential equation. The problem essentially boils down to three
components, firstly one must find an appropriate canonical basis which satisfies a
differential equation of the form 2.5. Secondly one must find some means of evaluating
the iterated integrals which appear in the solution, and finally one must determine
the integral at some reference point to serve as a boundary. The first requirement is
typically process specific, and requires some amount of trial and error. The second
requirement (at least for this type of calculation) is more understood, and we discuss
the types of differential form which appear in this paper in the following subsections.
The third requirement can be attacked from several directions. The differential forms
occurring in dA have singular points - typically simple poles in the parameter x. For
certain values of x and certain loop integrals these singularities may not be present
in the physical Feynman integral. This establishes constraints on the boundary
terms which make up the coefficients of these singular pieces. For us the special

– 4 –
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If we know the differential equation is in canonical form 

And we have a boundary point for the integral  we can write 
down the solution as iterated path integral, from our boundary point to our desired point.

Gi(x0) = G0
i + G1

i ϵ + …

For us x =
M2

V

m2
t
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Feynman Integrals as Iterated Integrals

Differential Equations 

Iterated integrals and -basisϵ

Elliptic Curves and Modular Forms

Calabi-Yau Manifolds

Kotiokov, 91 Laporta, 00 Gehrmann, Remiddi, 00

Henn, 13 Caron-Huot, Henn, 15

Weinzierl, 22

Remiddi, Tancredi (1709.03622)Broedel, Duhr, Dulat, Penante, Tancredi (1804.11144), (1902.09971)

Adams, Bogner, Schweitzer, Weinzierl (1607.01571)

Giroux, Pokraka (2210.09898) Müller, Weinzierl (2205.04818)

Useful Reviews Henn (1412.2296)

Duhr, Klemm, Nega,Tancredi (2212.09550)

Weinzierl (2011.07311)

Jockers, Kotlewski, Kuusela, McLeod, Pogel, Sarve, Wang, Weinzierl (2412.12057)
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Topologies

W/Φ
A B

C D

E F
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H & Z (  )

A

B C

D E F

χ
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Master Integrals
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Light Banana Subsector - Two-loop Sunrise

Of these integrals JW,B

8 , JW,B

11�13, J
W,B

17 , JW,B

19 , JW,B

25�30 are occurring for the first time
in this topology. For the canonical basis we start as usual from the 3-, 4- and 5-
propagator Master Integrals.

G
W,B

1 = J
W,B

1 , G
W,B

2 =
1 + 4✏

✏
J

W,B

2 , G
W,B

3 = (1� x)JW,B

3 ,

G
W,B

4 = J
W,B

4 , G
W,B

5 = (1� x)JW,B

5 , G
W,B

6 = (1� x)JW,B

6 ,

G
W,B

7 =
1 + 4✏

✏
J

W,B

7 , G
W,B

8 = J
W,B

8 , G
W,B

9 = (1� x)JW,B

9 ,

G
W,B

10 = J
W,B

10 �
2GW,B

9

1� x
, G

W,B

11 =
⇡

 1
J

W,B

11 ,

G
W,B

12 =
 

2
1

2⇡i✏W

d

dx
G
W,B

11 +
(9� 50x+ 9x2) 2

1

24⇡2
G
W,B

11 ,

G
W,B

13 =
⇡

✏ 1

✓
d

dx
G
H,B

12 +
(9� 50x+ 9x2) 2

1

24⇡2

d

dx
G
H,B

11

◆
�
 1

6⇡
(29� 13x)GH,B

11

G
W,B

14 =
1 + 4✏

✏
J

W,B

14 , G
W,B

15 =
1 + 6✏

✏
J

W,B

15 ,

G
W,B

16 = (1� x)2JW,B

16 �
1 + ✏(3 + x)

✏
G
H,B

2 ,

G
W,B

17 =
1 + 2✏

1 + 4✏
J

W,B

17 +
✏
2

2(1 + 4✏)2
G
W,B

2 +
1 + 8✏+ 28✏2

48(1 + 4✏)2
G
W,B

7 ,

G
W,B

18 = (1� x)JW,B

18 +
 1

⇡
G
W,B

11 ,

G
W,B

19 = (1� x)JW,B

19 , G
W,B

20 = (1� x)JW,B

20 ,

G
W,B

21 = (1� x)JW,B

21 � G
W,B

15 , G
W,B

22 = (1� x)
1 + 4✏

✏
J

W,B

22 ,

G
W,B

23 = (1� x)2JW,B

23 �
✏(1� x)

1 + 6✏
G
W,B

14 G
W,B

24 = xJ
W,B

24 +
G
W,B

10

1� x
(3.8)

For the 6-propagators integrals we follow the same procedure as in topology A,
we present the rotation required to put the top-sector integrals into ✏ form and the
dependence on lower-point integrals is encapsulated in the remainders functions R(B)

n

for the n-th integral of this topology. The explicit expressions for each remainder
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Hönemann, Tempest and Weinzierl (1811.09308)
Broedel, Duhr, Dulat, Tancredi (1712.07089)
Campert, Moriello, Kotikov (2011.01904)

Topology nW,X Original MIs Counter
A 33 33
B 30 45
C 20 48
D 34 58
E 40 64
F 53 71

Table 1. The number nW,X of basis integrals required for each sub-topology X of the
W diagrams, and the number of unique master integrals in our calculation, set up as a
progressive counter.

of propagators, and ordered from those that occur across more topologies to those
that are unique to one of them.

A1,B1,D1,E1,F1 A11�12,B9�10,C6�7,D4�5,E5�6,F14�15 A9�10,B12�13,C4�5,D9�10,E8�9,F2�3

A2,B14,C1,D16,E7,F9 A13,B15,C8,D3,E10,F4 A3�4,B3�4,C2�3,D7�8,E15�16,F7�8

A5,B2,D14,E4,F10 A6,B7,D15,E14,F6 A7,B5,D6,E3,F5

B11�13,D11�13E11�13,F11�13 A8,B6,E2 B8,D2

Figure 2. The 3 and 4-points Master Integral families for W boson diagrams, blue red and
black propagators have masses mt, MW and zero respectively. The boxed integral represent
the banana sub-sector that involves the elliptic parametrization.
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Two-loop sunrise periods at the x=0 cusp

Canonical basis, integrals 12&13 are obtained 
raising the power of the red propagator

Wronskian

 is the elliptic integral of the first kind, K γ = 12

We define
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W Differential Equation Matrix

We can visualize the differential equation in  by 
showing the form of the differential forms. 

dτ

Yellow corresponds to dlog differential forms, 
where as the other colors demonstrate the 
presence of elliptic differential forms.  

 i,j
W ,E ∝ ψ1

n

n = 0

n = 2

n = 3

n = 4

The dlog alphabet is 
{x, x − 1, x + 1, x(4 − x), x(4 + x)}

with  
dτj

dx
=

1
2πi

W
ψ2

1, j
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Elliptic differential forms for W Topology

The integrals needed for our W-
initiated loops can be expressed in 
terms of the following four (elliptic) 
differential forms, (plus the usual 
dlog ones) 

3.4 Topology D

The last planar topology can be described by the following propagator structure

D1 = l
2
1, D2 = (l1 � q)2 �m

2
t
, D3 = (l1 + l2)

2
�m

2
t
,

D4 = l
2
2 �m

2
t
, D5 = (l2 + l3)

2
�M

2
W
, D6 = (l2 + q)2,

D7 = l
2
3, D8 = (l3 � q)2, D9 = (l1 � l3)

2
. (3.19)

We have an eight-propagator top sector, obtained by setting D8 = 0, which is shown
in figure 8. 34 MIs are needed to fully solve this topology and the pre-canonical basis

Figure 8. The top sector diagram for topology D, blue red and black propagators have
masses mt, MW and zero respectively. mb is assumed as zero

can be found as

J
W,D

1 = D�(IW,D

011010000), J
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011110000), J
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010(�1)11100), J
W,D
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J
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14 = D�(IW,D
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011100101),

J
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001110101), J
W,D
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30 = I
W,D
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J
W,D

31 = I
W,D

011021101, J
W,D
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W,D

011011201, J
W,D

33 = I
W,D

020111101,

J
W,D = I

W,D

010121101. (3.20)
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3.5 Topology E

The propagator structure of Topology E is as follows

D1 = l
2
1 �M

2
W
, D2 = (l1 � q)2, D3 = l

2
2 �m

2
t
,

D4 = (l2 + q)2, D5 = l
2
3, D6 = (l3 � q)2,

D7 = (l1 � l3)
2
�m

2
t
, D8 = (l1 + l2 � l3)

2
, D9 = (l2 � l3 + q)2. (3.23)

while for the second non-planar topology, Topology F , we will have

D1 = l
2
1, D2 = (l1 + l2)

2
�M

2
Z
, D3 = l

2
2 �m

2
t
,

D4 = (l2 + l3)
2
, D5 = (l2 + q)2, D6 = l

2
3,

D7 = (l3 � q)2, D8 = (l1 � l3)
2
�m

2
t
, D9 = (l1 � l3 + q)2. (3.24)

The eight-propagator diagram associated with each topology are shown in fig-
ure 9, and both are obtained setting D6 = 0 The pre-canonical basis for Topology E

Figure 9. The two top sector diagrams for the two non planar topologies, E on the left, F
on the right. Blue red and black propagators have masses mt, MW and zero respectively.
mb is assumed as zero.
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de0 = dτ, de3,0 =
ψ1

π
dx
x

=
ψ3

2πiW
dτ

de3,1 =
ψ1

π
dx

x − 1
=

ψ3

2πiW
dτ

x − 1
de4 =

ψ2

2πiW ( ψ2

π2 ) 81 + 1188x − 594x2 + 372x3 − 23x4

48x(x − 1)(x − 9)
dτ

Our differential forms are modular forms of weight 0, 3 3 and 4 respectively 

Topology nW,X Original MIs Counter
A 33 33
B 30 45
C 20 48
D 34 58
E 40 64
F 53 71

Table 1. The number nW,X of basis integrals required for each sub-topology X of the
W diagrams, and the number of unique master integrals in our calculation, set up as a
progressive counter.

of propagators, and ordered from those that occur across more topologies to those
that are unique to one of them.

A1,B1,D1,E1,F1 A11�12,B9�10,C6�7,D4�5,E5�6,F14�15 A9�10,B12�13,C4�5,D9�10,E8�9,F2�3

A2,B14,C1,D16,E7,F9 A13,B15,C8,D3,E10,F4 A3�4,B3�4,C2�3,D7�8,E15�16,F7�8

A5,B2,D14,E4,F10 A6,B7,D15,E14,F6 A7,B5,D6,E3,F5

B11�13,D11�13E11�13,F11�13 A8,B6,E2 B8,D2

Figure 2. The 3 and 4-points Master Integral families for W boson diagrams, blue red and
black propagators have masses mt, MW and zero respectively. The boxed integral represent
the banana sub-sector that involves the elliptic parametrization.

– 12 –
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Iterated Integrals of Meromorphic Forms

We encounter meromorphic forms , and we get an iterated integral over themfi(x) = P(x)ψ1(x)n /Q(x)

where ; using  we can change variablesτ0 = i∞ q = exp(2iπτ)

Where  at the cusp.q0 = 0
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Results - W Non planar topology 
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Figure 14. The plots show the ratio GW,E

n (x)

GW,E

n (1/4)
with AMFlow points at x = 1/10, x = 1/2,

x = 3/4 and x = 9/10 for comparison. Coefficients of different powers of ✏n follow the color
coding indicated in the labels.
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B27�28,D25�26,E34�35 B29�30,E29�30 C20,E28

D33�34,F28�29 D27�28,F30�31 D31�32,E36�37

A28 A29 B25�26

D29�30 E31�33 F25�27

Figure 4. The 6-points Master Integral families for W boson diagrams, blue red and black
propagators have masses mt, MW and zero respectively.

A30�31 A32�33 E38�39

F32�33 E40 F34

Figure 5. The 7- and 8-points Master Integral families for Higgs boson diagrams, blue red
and black propagators have masses mt, MW and zero respectively.

that occur most frequently to those that are unique to a single topology.

3.1 Topology A

Topology A can be represented by assigning the propagators as follows;

D1 = l
2
1, D2 = (l1 � q)2 �m

2
t
, D3 = (l1 + l2)

2
,

D4 = l
2
2, D5 = (l2 + l3)

2
, D6 = (l2 + q)2 �M

2
W
,

D7 = l
2
3, D8 = (l3 � q)2 �m

2
t
, D9 = (l1 � l3)

2
. (3.1)
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Figure 4. The 6-points Master Integral families for W boson diagrams, blue red and black
propagators have masses mt, MW and zero respectively.
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Figure 5. The 7- and 8-points Master Integral families for Higgs boson diagrams, blue red
and black propagators have masses mt, MW and zero respectively.

that occur most frequently to those that are unique to a single topology.
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We can calculate our results and check against numerical output from AMFlow Liu, Ma (2201.11669)
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Heavy Banana Subsector - Canonical basis

A1,B1,C2,D2,E2,F2 A2,B2,C1,D1,E1,F1 A16�17,B16�17,C6�7,D12�13,E9�10,F7�8

A12�15,B12�15,C16�19,D5�7,E13�16,F19�22 A18,B11,C12,D11,E12,F9 A4�6,B6�8,C13�15,D9�10,E3�5,F4�6

A11,B18,C20,E23,F16 A7,B9,C11,D14,E18,F3 A3,B3,C5,E20,F14

A10,B5,C21�22,E19,F17�18 B20�22,C8�10E6�8,F11�13 B19,C3,E21,F15

A19,E11,F10 A9,B4,E17 A8,B10,E22

C4,D3 B23�24 D4

D8

Figure 17. The 3 and 4-points Master Integral families for Higgs boson diagrams, blue
red and black propagators have masses mt, mH and zero respectively. The boxed integral
represent the banana sub-sector that involves the elliptic parametrization.

procedure is somewhat algebraic, although some guess-work/trial and error/intu-
ition is required to find a working combination for the more intricate 6-propagator
families. The new basis is almost in ✏-form, however in general lower propagator in-
tegrals which enter into the differential equations will tend to have coefficients which
are do not have the required form. These can be rotated away by a suitable choice
of functions to ultimately reach the final basis integrals for each topology.
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Many of the integrals have already been described in the description of topology A.
The newly occurring integrals in this topology are J H,B

20�22, J
H,B

33 , J H,B

38�45, J
H,B

51 , J H,B

53 ,
J

H,B

55�64, and J
H,B

66�75. Let’s note that J H,B

19 and J
H,B

23�24 were found in the W diagrams.
From this pre-canonical basis we again build a basis which is in ✏-form. The 3�, 4�
and 5�propagator integrals are given by

G
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topology A). Firstly we note the appearance of the elliptic integrals associated with
the banana topology G

H,B

20�22. These integrals require a definition of the period  1,
but any  1 which satisfies eq. 2.39 is allowed. The banana integrals depend on the
function

F2 =

Z
x

x0

dz

z 2
1

p
64� 20z + z2

Z
z

0

(�8 + w)(8 + w)3 4
1

6⇡2(64� 20w + w2)2
dw (4.14)

which matches the definition of ref [58]. Higher propagator integrals also acquire a
dependence on the elliptic period via their rotations to zero off-diagonal ✏0 terms in
the differential equation. For example, the MI G

H,B

60 has the following coefficient of
G
H,B

20 in its remainder function

R
B

60

��
GH,B

20
= �

8⇡2
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 2
1

+
x(80(1 + 2✏) + 8x(1 + 3✏)� x
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p
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(4.15)

where F3 is defined as follows

F3 = �

Z
x

x0

z(z + 2) 2
1(z)

⇡2(z(4� z))3/2
dz (4.16)

We observe that the functions F2 and F3 are path integrals and require an (arbitrary)
definition of x0. It is natural to choose one of the cusps of the elliptic curve, and
for us the most common choice is x0 = 0. Therefore from herein we define F2,3 =

F2,3(x0 = 0) and for all other values of x0 we define F
x0
2,3 to distinguish the more

irregular choice.

4.2.1 Comparison to off-shell single-scale banana integrals

An interesting feature of the integrals presented above is the dependence on the
elliptic functions  1, F2, F3. The banana integrals form an interesting family of
multi-loop Feynman integrals, and have attracted much study over the years. Of
particular interest has been the study of the multi-loop banana with a single mass
scale (for each propagator), this results in a calculation similar to ours in which the
integral is a one-dimensional function, but here in the ratio xB = p

2
/m

2, whereas
our calculation sets xB = 1 but picks up a dependence on the mass ratio between
the (single) alternate mass scale and the masses of the rest of the propagators (mt

in this case).
For instance inspecting eq.39 of ref [58] presents an ✏-basis for the three-loop

equal-mass banana integral, looking at two integrals I2 and I3 which are play the
same role as our J

B

20 and J
B

21 we see
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and satisfies the following differential equation

d

dx
+

1

x
+

1

2(x� 4)
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2(x� 16)

�
W = 0 (2.42)

such that
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p
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again we match ref. [58] and set c = 3. We will also need the ratio of the two periods
⌧

⌧ =
 2
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(2.44)

and the Jacobian
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We will need the variable transformation
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y
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p
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Such that x = 0 is mapped to y = 1. Finally
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p
y  1 (2.47)

where  1(y) is the period of the 2-loop sunrise integral discussed in section 2.2.1
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Importantly

⌧ =
 2

 1
=
 2

 1
(2.49)

This will allow us to re-use the expansions provided in section 2.2.1 to perform the
iterated integrals for these sub-sectors. We note that since our choice of x = 0

gets mapped to y = 1 our primary expansion is the cusp around one provided in
subsection 2.2.3

2.3 Iterated integrals of meromorphic forms

The most complicated differential form we will encounter is a meromorphic form
which has the following structure fi(x) = P (x) 1(x)n/Q(x) where Q(x) has at most
simple poles and P (x) is a polynomial in x. Modular and d log forms can be treated as

– 10 –

Topology nW,X Original MIs Counter
A 33 33
B 30 45
C 20 48
D 34 58
E 40 64
F 53 71

Table 1. The number nW,X of basis integrals required for each sub-topology X of the
W diagrams, and the number of unique master integrals in our calculation, set up as a
progressive counter.

of propagators, and ordered from those that occur across more topologies to those
that are unique to one of them.

A1,B1,D1,E1,F1 A11�12,B9�10,C6�7,D4�5,E5�6,F14�15 A9�10,B12�13,C4�5,D9�10,E8�9,F2�3

A2,B14,C1,D16,E7,F9 A13,B15,C8,D3,E10,F4 A3�4,B3�4,C2�3,D7�8,E15�16,F7�8

A5,B2,D14,E4,F10 A6,B7,D15,E14,F6 A7,B5,D6,E3,F5

B11�13,D11�13E11�13,F11�13 A8,B6,E2 B8,D2

Figure 2. The 3 and 4-points Master Integral families for W boson diagrams, blue red and
black propagators have masses mt, MW and zero respectively. The boxed integral represent
the banana sub-sector that involves the elliptic parametrization.
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We need to define  to cancel the  pieces of the DEQF2 ϵ0
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Equal-Mass Banana

A1,B1,C2,D2,E2,F2 A2,B2,C1,D1,E1,F1 A16�17,B16�17,C6�7,D12�13,E9�10,F7�8

A12�15,B12�15,C16�19,D5�7,E13�16,F19�22 A18,B11,C12,D11,E12,F9 A4�6,B6�8,C13�15,D9�10,E3�5,F4�6

A11,B18,C20,E23,F16 A7,B9,C11,D14,E18,F3 A3,B3,C5,E20,F14

A10,B5,C21�22,E19,F17�18 B20�22,C8�10E6�8,F11�13 B19,C3,E21,F15

A19,E11,F10 A9,B4,E17 A8,B10,E22

C4,D3 B23�24 D4

D8

Figure 17. The 3 and 4-points Master Integral families for Higgs boson diagrams, blue
red and black propagators have masses mt, mH and zero respectively. The boxed integral
represent the banana sub-sector that involves the elliptic parametrization.

procedure is somewhat algebraic, although some guess-work/trial and error/intu-
ition is required to find a working combination for the more intricate 6-propagator
families. The new basis is almost in ✏-form, however in general lower propagator in-
tegrals which enter into the differential equations will tend to have coefficients which
are do not have the required form. These can be rotated away by a suitable choice
of functions to ultimately reach the final basis integrals for each topology.
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Many of the integrals have already been described in the description of topology A.
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topology A). Firstly we note the appearance of the elliptic integrals associated with
the banana topology G

H,B

20�22. These integrals require a definition of the period  1,
but any  1 which satisfies eq. 2.39 is allowed. The banana integrals depend on the
function
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Z
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z 2
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p
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(�8 + w)(8 + w)3 4
1
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dw (4.14)

which matches the definition of ref [58]. Higher propagator integrals also acquire a
dependence on the elliptic period via their rotations to zero off-diagonal ✏0 terms in
the differential equation. For example, the MI G
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60 has the following coefficient of
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where F3 is defined as follows
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We observe that the functions F2 and F3 are path integrals and require an (arbitrary)
definition of x0. It is natural to choose one of the cusps of the elliptic curve, and
for us the most common choice is x0 = 0. Therefore from herein we define F2,3 =

F2,3(x0 = 0) and for all other values of x0 we define F
x0
2,3 to distinguish the more

irregular choice.

4.2.1 Comparison to off-shell single-scale banana integrals

An interesting feature of the integrals presented above is the dependence on the
elliptic functions  1, F2, F3. The banana integrals form an interesting family of
multi-loop Feynman integrals, and have attracted much study over the years. Of
particular interest has been the study of the multi-loop banana with a single mass
scale (for each propagator), this results in a calculation similar to ours in which the
integral is a one-dimensional function, but here in the ratio xB = p

2
/m

2, whereas
our calculation sets xB = 1 but picks up a dependence on the mass ratio between
the (single) alternate mass scale and the masses of the rest of the propagators (mt

in this case).
For instance inspecting eq.39 of ref [58] presents an ✏-basis for the three-loop

equal-mass banana integral, looking at two integrals I2 and I3 which are play the
same role as our J
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where  1(y) is the period of the 2-loop sunrise integral discussed in section 2.2.1
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This will allow us to re-use the expansions provided in section 2.2.1 to perform the
iterated integrals for these sub-sectors. We note that since our choice of x = 0

gets mapped to y = 1 our primary expansion is the cusp around one provided in
subsection 2.2.3

2.3 Iterated integrals of meromorphic forms

The most complicated differential form we will encounter is a meromorphic form
which has the following structure fi(x) = P (x) 1(x)n/Q(x) where Q(x) has at most
simple poles and P (x) is a polynomial in x. Modular and d log forms can be treated as
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Variable change
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which is the same Pichard-Fuchs operator of the two-loop sunrise!
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Variable change
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Crucially the ratio of the periods is the same in both variables,

So we can exploit the same results mapping between the cusps at x=0 and y=1.

A1,B1,C2,D2,E2,F2 A2,B2,C1,D1,E1,F1 A16�17,B16�17,C6�7,D12�13,E9�10,F7�8

A12�15,B12�15,C16�19,D5�7,E13�16,F19�22 A18,B11,C12,D11,E12,F9 A4�6,B6�8,C13�15,D9�10,E3�5,F4�6

A11,B18,C20,E23,F16 A7,B9,C11,D14,E18,F3 A3,B3,C5,E20,F14

A10,B5,C21�22,E19,F17�18 B20�22,C8�10E6�8,F11�13 B19,C3,E21,F15

A19,E11,F10 A9,B4,E17 A8,B10,E22

C4,D3 B23�24 D4

D8

Figure 17. The 3 and 4-points Master Integral families for Higgs boson diagrams, blue
red and black propagators have masses mt, mH and zero respectively. The boxed integral
represent the banana sub-sector that involves the elliptic parametrization.

procedure is somewhat algebraic, although some guess-work/trial and error/intu-
ition is required to find a working combination for the more intricate 6-propagator
families. The new basis is almost in ✏-form, however in general lower propagator in-
tegrals which enter into the differential equations will tend to have coefficients which
are do not have the required form. These can be rotated away by a suitable choice
of functions to ultimately reach the final basis integrals for each topology.
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Topology nW,X Original MIs Counter
A 33 33
B 30 45
C 20 48
D 34 58
E 40 64
F 53 71

Table 1. The number nW,X of basis integrals required for each sub-topology X of the
W diagrams, and the number of unique master integrals in our calculation, set up as a
progressive counter.

of propagators, and ordered from those that occur across more topologies to those
that are unique to one of them.

A1,B1,D1,E1,F1 A11�12,B9�10,C6�7,D4�5,E5�6,F14�15 A9�10,B12�13,C4�5,D9�10,E8�9,F2�3

A2,B14,C1,D16,E7,F9 A13,B15,C8,D3,E10,F4 A3�4,B3�4,C2�3,D7�8,E15�16,F7�8

A5,B2,D14,E4,F10 A6,B7,D15,E14,F6 A7,B5,D6,E3,F5

B11�13,D11�13E11�13,F11�13 A8,B6,E2 B8,D2

Figure 2. The 3 and 4-points Master Integral families for W boson diagrams, blue red and
black propagators have masses mt, MW and zero respectively. The boxed integral represent
the banana sub-sector that involves the elliptic parametrization.
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H/Z Differential Equation Matrix

 i,j
H ,B ∝ ψ1

n

n = 0

n = 2

n = 4

n = 6

Figure 24. A schematic view of the matrix A
H,B which enters the differential equation for

the B topology. The color coding reflects the overall complexity of each differential form
which enters. CW check
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where s6 is defined as [69] s6 = S({�5,�1},1) = ⇣(�5,�1) + ⇣(6). We note that
we only need the two loop sunrises since the required inputs factor onto a simple
tadpole for the third loop. The remaining boundary constants for all of the dlog
integrals can then be determined from the singular behavior and reality conditions
as discussed previously. We have made extensive use of PolyLogTools [39] (and its
interface to GiNaC [63]) in determining these boundary conditions. This leads to an
expansion of each integral of this class in-terms of GPLs, the solutions are provided
as an ancillary file with the electronic submission of this manuscript. As an example
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4.2 Topology B

Next we consider topology B, which has the propagators Di defined as follows:

D1 = l
2
1, D2 = (l1 � q)2 �m

2
t
, D3 = (l1 + l2)

2
�m

2
t
,

D4 = l
2
2 �m

2
t
, D5 = (l2 + l3)

2
, D6 = (l2 + q)2 �m

2
H
,

D7 = l
2
3 �m

2
t
, D8 = (l3 � q)2, D9 = (l1 � l3)

2
�m

2
t
. (4.9)

Fig. 23 illustrates example 8-propagator Feynman diagrams which can be mapped to
the above auxiliary topology setting Di = 0 with i = 1, 8, 5 respectively. In order to

Figure 23. The three top sector diagrams for the second topology, blue red and black
propagators have masses mt, mH and zero respectively.

express all three families of 8-propagator Feynman diagrams in this family we require
75 basis integrals, for which a pre-canonical basis is given as follows:
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The simplest elliptic differential forms can be written as

dE0 = dτ dE4,1 = F2dτ dE4,2 = F3dτ

The dlog alphabet is {x, x − 1, x − 4, x(4 − x)}
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Differential forms for H/Z Topology
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Figure 17. The 3 and 4-points Master Integral families for Higgs boson diagrams, blue
red and black propagators have masses mt, mH and zero respectively. The boxed integral
represent the banana sub-sector that involves the elliptic parametrization.

procedure is somewhat algebraic, although some guess-work/trial and error/intu-
ition is required to find a working combination for the more intricate 6-propagator
families. The new basis is almost in ✏-form, however in general lower propagator in-
tegrals which enter into the differential equations will tend to have coefficients which
are do not have the required form. These can be rotated away by a suitable choice
of functions to ultimately reach the final basis integrals for each topology.
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We need to introduce an additional elliptic function to get our -basisϵ

This function does not appear in the banana 3x3 sector presented in the literature and it’s required to set 
a canonical basis for the (elliptic) integrals that present a higher number of propagators in our basis

 i,j
H ,B ∝ ψ1

n

n = 0

n = 2

n = 4

n = 6

Figure 24. A schematic view of the matrix A
H,B which enters the differential equation for

the B topology. The color coding reflects the overall complexity of each differential form
which enters. CW check
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where s6 is defined as [69] s6 = S({�5,�1},1) = ⇣(�5,�1) + ⇣(6). We note that
we only need the two loop sunrises since the required inputs factor onto a simple
tadpole for the third loop. The remaining boundary constants for all of the dlog
integrals can then be determined from the singular behavior and reality conditions
as discussed previously. We have made extensive use of PolyLogTools [39] (and its
interface to GiNaC [63]) in determining these boundary conditions. This leads to an
expansion of each integral of this class in-terms of GPLs, the solutions are provided
as an ancillary file with the electronic submission of this manuscript. As an example

– 56 –
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Meromorphic Forms
Power 4 of sunrise period

Power 6
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Figure 17. The 3 and 4-points Master Integral families for Higgs boson diagrams, blue
red and black propagators have masses mt, mH and zero respectively. The boxed integral
represent the banana sub-sector that involves the elliptic parametrization.

procedure is somewhat algebraic, although some guess-work/trial and error/intu-
ition is required to find a working combination for the more intricate 6-propagator
families. The new basis is almost in ✏-form, however in general lower propagator in-
tegrals which enter into the differential equations will tend to have coefficients which
are do not have the required form. These can be rotated away by a suitable choice
of functions to ultimately reach the final basis integrals for each topology.
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Figure 19. The 6-points Master Integral families for Higgs boson diagrams, blue red and
black propagators have masses mt, mH and zero respectively.

• Terms which contain a dependence on  1(x), but otherwise rational functions
of x.
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expansion of an exampleq−
Expanding the first few terms in the q-series this gives
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4.2.4 Boundary constants

Since many of our Boundary constants are W integrals I will delay writing this section
until after the W section is complete

4.2.5 Results

Results for this topology (as a q�series expanded through q
20) are provided as an

ancillary file with this manuscript. In this section we present results obtained with
this file. We present results for the unique integrals which occur in topology B
in Appendix D.2 at the point x = 1/4. In Figs 25-26 we plot the results for the
main banana sector G

H,B

20�22 and for the unique 6-, 7- and 8-propagator MIs. Each
coefficient in the ✏ expansion has been normalized to its value at x = 1/4, to allow
us to compare multiple MIs and coefficients simultaneously on the same figure. The
results are compared to an independent numerical check, provided by AMFlow at a
couple of select values of x.
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Results H/Z
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Figure 25. The plots show the ratio GH,B

n (x)

GH,B

n (1/4)
with AMFlow points at x = 1/2 and x = 1/10

for comparison. Coefficients of different powers of ✏n are color coded: red for n = 1, orange
for n = 2, yellow for n = 3, light blue for n = 4, blue for n = 5, indigo for n = 6; different
MI’s are represented in the same plot when they belong to the same family, and they are
differentiated as dotted, dashed or solid as indicated in the labels.
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Figure 19. The 6-points Master Integral families for Higgs boson diagrams, blue red and
black propagators have masses mt, mH and zero respectively.

• Terms which contain a dependence on  1(x), but otherwise rational functions
of x.
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Again we are able to verify our 
results against AMFlow.  
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RESULTS
 Self-Energy𝒪(αα2

s )
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Poles - General Structure

Crucially we have been able to remove any iterated integral which contains an elliptic kernel from 
the singular pieces. This is crucial since no elliptic kernels appear in any of the lower-loop results. 
Therefore it must be that they can only effect the finite parts of the self energy. Which we have 
established. 
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and the inverted relation
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Note that here we will consider any combination yielding O(↵↵2
s).
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 - Cancellation Example of Elliptic KernelsΣ(3)
f

One expansion of the self-energies is give 
here in terms of , the  coefficient of 
the n-th master integral, and it’s a very long 
expression

IW,D
n,a 𝒪(ϵa)

The deepest non-zero pole is  (for some 
topologies ), and all deeper poles do cancel 
analytically

1/ϵ3

1/ϵ2

Here we show  and  poles of the 
topology D for the W diagrams. The yellow-
boxed terms are the elliptic kernels

1/ϵ6 1/ϵ5

They do cancel analytically for every 
topology for any singular terms
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Summary/Outlook 

• We have completed the calculation of the MIs needed to express the three-loop mixed  to calculate the 
top quark mass at this order. 

• We have obtained an analytic expression for  in terms of the bare mass, free of elliptic kernels in the 
singular pieces 

• We are assembling the pole mass, and renormalizing

α2
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Numerical corrections
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Renormalon Contributions Beneke, Marquard, Nason, Steinhauser (1605.03609)

Quark pole masses are not a physical observable due to 
confinement 

The perturbative series has an IR sensitivity 
coming from the divergence of the running 
coupling, of order . The top decays before 
hadronizing, with width larger then , which 
provides an IR cutoff for perturbation theory

ΛQCD
ΛQCD

This does not change the effects on IR 
ambiguity. In the  scheme, at , MS μ = mt
ΛQCD ≃ 250MeV

With the current state of the art results it is possible to 
estimate the corrections from 5+ loops and the uncertainty 
due to ambiguous definition of the pole mass

The impact on the three-loop QCD correction 
can be estimated as 4%, whereas the  
contribution is calculated at 5.2%

𝒪(α4
s )
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Convergence of the q-series

We see how the series behaves by truncating it and taking the difference with the 
expansion (up to 30 here) we see that series rapidly converges, the faster as x is closer 
to the cusp 

 q1/10 = 0.011.. q1/4 = 0.031.. q1/3 = 0.0439..
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Renormalization - 2 loop results
The bare to MS-bar relationship for the mixed two-loop correction reads

With

Jegerlenher, Kalmykov (0308216v2)
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RGE - 2 loops
It’s possible to get an expression for deepest pole exploiting RGE relationships 

More complicated for 1/ϵ

Jegerlenher, Kalmykov, Veretin (NuclPhys B641&B658)



44

Z only topologies

Topology G: 27 MIs - 11 are new

Falls into Topology D. 17 extra MIs. 
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Find boundary conditions

The solutions to our differential equation gives us the -dependence of our MIs. But if 
we want to be able to evaluate them we need to have a boundary condition.

x

Obviously we want to constrain the most complicated integrals first, and have a few 
simple lower point integrals to calculate as inputs. 

One of the most useful ways to do this is to look the singular behavior of our integrals 
as . Some of our integrals have to be finite in this limit (some even have a 
stricter condition and vanish at these limits. 

x → {0,1}

By ensuring these integrals are finite we obtain relationships between MIs. 

The first thing we do is normalize all our integrals such that the three-loop tadpole is 
trivial, i.e.
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Figure 17. The 3 and 4-points Master Integral families for Higgs boson diagrams, blue
red and black propagators have masses mt, mH and zero respectively. The boxed integral
represent the banana sub-sector that involves the elliptic parametrization.

procedure is somewhat algebraic, although some guess-work/trial and error/intu-
ition is required to find a working combination for the more intricate 6-propagator
families. The new basis is almost in ✏-form, however in general lower propagator in-
tegrals which enter into the differential equations will tend to have coefficients which
are do not have the required form. These can be rotated away by a suitable choice
of functions to ultimately reach the final basis integrals for each topology.
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= 1
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Boundaries - Elliptics

As already mentioned, we obtain our 
boundaries by looking at the integrals’ 
behavior near singular limits

In the elliptic sector we need the two-loop 
sunrises with one and three masses. The 
required inputs for the third loop factor 
onto a tadpole 
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Sunrise Period

Since this a second order differential equation we’ll get two solutions  and  .  
We can also consider a lattice  generated from the solutions

ψ1,0 ψ2,0
Λ

Λ = {n1ψ1,0 + n2ψ2,0 |n1, n2 ∈ ℤ}
Provided our solutions are independent, any further pair of solutions related to the first ones via 

−16ln(1− x) Li2 (x)+16ln(x) ln2 (1− x)−
64

3
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32

3
ζ3

]
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I5 = 8H11 (x)ε2 +[16H011 (x)+8H101 (x)+48H111 (x)]ε
3 +O

(

ε4
)

= 4ln2 (1− x)ε2 −
[

8ln(1− x) Li2 (x)+8ln3 (1− x)
]

ε3 +O
(

ε4
)

. (46)

The analytic continuation and the numerical evaluation of these master integrals are well under-
stood. The analytic continuation is dictated by Feynman’s iδ-prescription: x → x+ iδ. There

are packages, which allow the numerical evaluation of harmonic polylogarithms Hm1...mk
(x) in

double precision and arbitrary precision [83–86].
Let us also note the following alternative: The harmonic polylogarithms with the letters

f0 and f1 can be written as iterated integrals of modular forms. Since the latter are required
anyhow for the problem at hand, we may as well treat the analytic continuation and the numerical
evaluation within the context of iterated integrals of modular forms. We will follow this approach

in this paper.

6.3 The elliptic master integrals

The master integrals I6-I8 depend on elliptic topologies and may be expressed as iterated integrals

of modular forms. We remark that also the master integrals I1-I5 may be written as iterated
integrals of modular forms. This follows from the relations

dx

x
= 2πi g2,0 dτ,

dx

x−1
= 2πi g2,1 dτ. (47)

From the maximal cut of the sunrise integral we obtain the elliptic curve

E : w2 − z(z+4)
[

z2 +2(1+ x)z+(1− x)2
]

= 0. (48)

We denote the roots of the quartic polynomial in eq. (48) by

z1 = −4, z2 = −
(

1+
√

x
)2
, z3 = −

(

1−
√

x
)2
, z4 = 0. (49)

There is an isomorphism between the elliptic curve and C/Λ, where Λ is a lattice generated by

the periods of the elliptic curve:

Λ = {n1ψ1,0 +n2ψ2,0 |n1,n2 ∈ Z} , (50)

where ψ1,0 and ψ2,0 are two periods of the elliptic curve generating the lattice Λ. It can be shown
that ψ1,0 and ψ2,0 are two independent solutions of the homogeneous second-order differential
equation given in eq. (12). Any other pair ψ1, j and ψ2, j of periods related to the first one by

(

ψ2, j

ψ1, j

)

=

(

a b

c d

)(

ψ2,0

ψ1,0

)

,

(

a b

c d

)

∈ SL(2,Z) (51)
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Expanding around the cusp at x = 0

For cusp around  we choose x = 0

The values of n j will be

n0 = 1, n1 = 6, n9 = 2, n∞ = 3. (58)

Each of the four choices has the property that

qn j, j = 0 for x = j, j ∈ {0,1,9,∞}, (59)

i.e. qn j, j vanishes at the cusp x = j. We write bi, j if ψ1, j is substituted for ψ1 in the generic

definition of bi in eq. (25). For the ε-expansion of the master integrals we write

Ii, j =
∞

∑
k=0

εk I
(k)
i, j , 1 ≤ i ≤ 8, j ∈ {0,1,9,∞}. (60)

We will need for the two-loop self-energy up to the finite part the integral I6, j to order ε2, the
integral I7, j to order ε and the integral I8, j to order ε3. The integral I6, j starts at order ε2, the

integral I7, j starts at order ε, while the integral I8, j starts at order ε3. Therefore we need in all
three cases the first non-vanishing order.

6.3.1 The cusp p2 = 0

We start with the cusp x = 0. We introduce the modulus k and the complementary modulus k′

through

k2 =
(z3 − z2)(z4 − z1)

(z3 − z1)(z4 − z2)
, k′2 =

(z2 − z1)(z4 − z3)

(z3 − z1)(z4 − z2)
. (61)

Explicitly we have

k2 =
16

√
x

(1+
√

x)3 (3−
√

x)
, k′2 =

(1−
√

x)3 (3+
√

x)

(1+
√

x)3 (3−
√

x)
, (62)

where Feynman’s iδ-prescription (x → x+ iδ) is understood. Our choice of periods for this case

(which agrees with the choice made in ref. [27]) is given by
(

ψ2,0

ψ1,0

)

=
4

(1+
√

x)
3
2 (3−

√
x)

1
2

γ

(

iK (k′)
K (k)

)

, (63)

where K(k0) denotes the complete elliptic integral of the first kind. The complete elliptic integral
is efficiently computed with the help of the arithmetic-geometric mean, reviewed in appendix B.

The 2×2-matrix γ is given by

γ =

⎧

⎪⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎩

(

1 0
2 1

)

, −∞ < x < 3−2
√

3,
(

1 0

0 1

)

, 3−2
√

3 < x < 1,
(

1 0

2 1

)

, 1 < x < ∞.

(64)

16

Where k and k’ are the modulus and complementary modulus of and  is a complete 

elliptic integral of the first kind 

K(k)

K(x) = ∫
1

0
dt

1
(1 − t2)(1 − x2t2)

 is a matrix SL(2,Z) and is chosen to ensure the periods remain smooth as we cross branch 
cuts, in the region of interest for most of this talk  and 
γ

x ∈ [0,1] γ = 𝟷𝟸

Weinzierl (2201.03593)
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Periods and cusps

The Wronksian is defined as 

W = ψ1
d
dx

ψ2 − ψ1
d
dx

ψ2

And we will normalize our periods such that 

W(x) = −
6πi

x(x − 1)(x − 9)

That exhibits cusps at  and )x = 0,1,9 ±∞
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 as a function of q x

x ∈ [9,∞[
x ∈ [1 : 9]
x ∈ [0 : 1]

x ∈]−∞,0]

Re(q1,0)

Im
(q

1
,0
)

10.50−0.5−1

100

10−1

100

10−1

100

Figure 4: The path in q1,0-space as x ranges over R. We always have |q1,0| ≤ 1 and |q1,0| = 1
only at x ∈ {1,9,∞}.

We also use the notation b1 for b1,0 and b2 for b2,0. Eq. (67) defines τ as a function of x. In a

neighbourhood of x = 0 we may invert eq. (67). This gives

x = 9
η(τ)4 η(6τ)8

η(3τ)4 η(2τ)8
, (69)

where η denotes Dedekind’s eta-function. The integration kernels appearing in eq. (23) are

modular forms of the congruence subgroup Γ1(6). In order to present the q-expansion of the
integration kernels we introduce a basis {e1,e2} for the modular forms of modular weight 1 for

the Eisenstein subspace E1(Γ1(6)):

e1 = E1 (τ;χ0,χ1) , e2 = E1 (2τ;χ0,χ1) , (70)

where χ0 and χ1 denote primitive Dirichlet characters with conductors 1 and 3, respectively.

The Eisenstein series E1(τ,χ0,χ1) and E1(2τ,χ0,χ1) are defined in appendix C. All occurring
integration kernels may be expressed as polynomials in e1 and e2. We first express b1 and b2

(defined in eq. (25)) in terms of e1 and e2:

b1 = 2
√

3(e1 + e2) , b2 = 12
√

3e1. (71)

This shows that {b1,b2} is also a basis of E1(Γ1(6)). With the help of eq. (26) we may now
express the integration kernels as polynomials in e1 and e2:

g2,0 = −12
(

e2
1 −4e2

2

)

,

18

With the periods defined we can plot q 
as a function of x 

Hönemann, Tempest and Weinzierl (1811.09308)

We see that at the cusp   and 
then at the other three cusps  

x = 0 q = 0
|q | = 1
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 as a function of xq

q3,∞

q2,9

q6,1

q1,0

x
|q
|

20151050−5

1

0.8

0.6

0.4

0.2

0

Figure 6: The absolute values of the variables qn j, j for j ∈ {0,1,9,∞} as a function of x. There
is always a choice such that |qn j, j|! 0.163. This value is indicated by the dashed black line.

given by

q1,0 : −3 < x ! 0.5147

q6,1 : 0.5147 ! x < 3

q2,9 : 3 < x ! 17.4853

q3,∞ : x < −3 or 17.4853 ! x. (107)

We denote the chosen variable simply by q. In this way we can ensure that for all x ∈ R

|q| ! 0.163. (108)

The value |q|≈ 0.163 is indicated by a dashed line in fig. 6.

Let us now discuss the precision, which can be reached by truncating the q-series to a certain
order O(qN). For a quantity O and an approximation Oapprox to this quantity we define the relative
precision δ of the approximation by

δ =

∣
∣Oapprox −O

∣
∣

|O|
. (109)

We consider the ε0-terms of the bare two-loop self-energy in Feynman gauge, i.e. the terms

Σ
(2,0)
bare,V and Σ

(2,0)
bare,S. We may express these two quantities as linear combinations of iterated in-

tegrals of modular forms with coefficients, which are rational functions in x, ψ1/π and 1/π ·

30

Hönemann, Tempest and Weinzierl (1811.09308)

We can do the same analysis, choosing 
elliptic periods for expansions around the 
other three cusps.  

The question is whether we can always 
find a cusp around which to ensure a 
convergent series. 

Shown is a plot showing the size of |q| as 
a function of x 

By choosing an appropriate cusp we can 
always ensure that 

|q | ≤ 0.163 For us , so we generally expand 
around the  cusp

x ≃ 0.21
x = 0
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 as a function of x τ

Finally, the last thing we need is  as a function of . Around the cusp  we have x τ x = 0

x =
9η(τ)4η(6τ)8

η(3τ)4η(2τ)8

Where  is the Dedekind eta function. η(τ) = e
iπτ
12

∞

∏
n=1

(1 − e2πinτ)

We now have everything we need to write the differential forms in terms of  and hence 
expand the iterated integrals as a series. 

τ
q−
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Eisenstein series for the modular forms

Since our differential forms have nice modular properties we can express them in a 
basis of modular weight one forms 

x ∈ [9,∞[
x ∈ [1 : 9]
x ∈ [0 : 1]

x ∈]−∞,0]

Re(q1,0)

Im
(q

1
,0
)

10.50−0.5−1

100

10−1

100

10−1

100

Figure 4: The path in q1,0-space as x ranges over R. We always have |q1,0| ≤ 1 and |q1,0| = 1
only at x ∈ {1,9,∞}.

We also use the notation b1 for b1,0 and b2 for b2,0. Eq. (67) defines τ as a function of x. In a

neighbourhood of x = 0 we may invert eq. (67). This gives

x = 9
η(τ)4 η(6τ)8

η(3τ)4 η(2τ)8
, (69)

where η denotes Dedekind’s eta-function. The integration kernels appearing in eq. (23) are

modular forms of the congruence subgroup Γ1(6). In order to present the q-expansion of the
integration kernels we introduce a basis {e1,e2} for the modular forms of modular weight 1 for

the Eisenstein subspace E1(Γ1(6)):

e1 = E1 (τ;χ0,χ1) , e2 = E1 (2τ;χ0,χ1) , (70)

where χ0 and χ1 denote primitive Dirichlet characters with conductors 1 and 3, respectively.

The Eisenstein series E1(τ,χ0,χ1) and E1(2τ,χ0,χ1) are defined in appendix C. All occurring
integration kernels may be expressed as polynomials in e1 and e2. We first express b1 and b2

(defined in eq. (25)) in terms of e1 and e2:

b1 = 2
√

3(e1 + e2) , b2 = 12
√

3e1. (71)

This shows that {b1,b2} is also a basis of E1(Γ1(6)). With the help of eq. (26) we may now
express the integration kernels as polynomials in e1 and e2:

g2,0 = −12
(

e2
1 −4e2

2

)
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Where 

More explicitly we have

χ0 (n) = 1, ∀n ∈ Z,

χ1 (n) =

⎧

⎨

⎩

0, n = 0 mod 3,
1, n = 1 mod 3,

−1, n = 2 mod 3,
(123)

E1(τ,χ0,χ1) is given with q = e2πiτ by

E1 (τ;χ0,χ1) =
1

6
+

∞

∑
m=1

(

∑
d|m

χ1 (d)

)

qm. (124)

In terms of the ELi-functions, defined by

ELin;m (x;y;q) =
∞

∑
j=1

∞

∑
k=1

x j

jn

yk

km
q jk, (125)

we have

E1 (τ;χ0,χ1) =
1

6
+

1

i
√

3

[

ELi0,0 (r3,1;q)−ELi0,0

(

r−1
3 ,1;q

)]

, (126)

where r3 = exp(2πi/3) denotes the third root of unity. The first few terms of E1(τ,χ0,χ1) read

E1 (τ;χ0,χ1) =
1

6
+q+q3 +q4 +2q7 +q9 + ... (127)

The Eisenstein series E1(2τ,χ0,χ1) is obtained from E1(τ,χ0,χ1) by the substitution τ → 2τ or

equivalently q → q2.

D The one-loop self-energy

In this appendix we consider the one-loop electron self-energy. The relevant family of (one-loop)
Feynman integrals is given by

Jν1ν4

(

D, p2,m2,µ2
)

= (−1)ν14 eγE ε
(

µ2
)ν14−D

2

∫
dDk1

iπ
D
2

1

D
ν1
1 D

ν4
4

, (128)

where the propagators D1 and D4 have been defined in eq. (10). As before we set µ = m. As a

basis of master integrals we use

J1 (ε,x) = 2εJ20 (4−2ε,x) , J2 (ε,x) = 2εxJ21 (4−2ε,x) . (129)

The differential equation for J⃗ = (J1,J2)T reads

d

dx
J⃗ = ε

(

0 0

− 1
x−1

1
x −

2
x−1

)

J⃗, (130)
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where the propagators D1 and D4 have been defined in eq. (10). As before we set µ = m. As a
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And  are primitive Dirichlet characters with conductors 1 and 3.  χ0,1

Expanding as a seriesq−
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where the propagators D1 and D4 have been defined in eq. (10). As before we set µ = m. As a
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Modular forms

Although they complicated, the differential forms actual have a nice property that they 
are all modular forms.  A (meromorphic) function    is a modular form of weight k if 

under the modular transformation  where                                    then   

transforms as follows

f

τ′￼=
aτ + b
cτ + d

f

426 CHAPTER 13. ELLIPTIC CURVES

We have

k2 =
U1

U3
=

16
√

x

(1+
√

x)3 (3−
√

x)
, (13.82)

and therefore

16
√

x

(1+
√

x)3 (3−
√

x)
= 16

η
(

τ
2

)8
η(2τ)16

η(τ)24
. (13.83)

We first solve this equation for
√

x as a power series in q̄2 = q̄
1
2 :

√
x = 3q̄2−6q̄3

2 +9q̄5
2−12q̄7

2 +21q̄9
2−36q̄11

2 +51q̄13
2 +O

(
q̄15

2

)
. (13.84)

Squaring the left-hand side and the right-hand side we obtain

x = 9q̄−36q̄2 +90q̄3−180q̄4 +351q̄5−684q̄6 +1260q̄7+O
(
q̄8
)
. (13.85)

In the last step we convert the power series to a closed form:

x = 9
η(τ)4 η(6τ)8

η(3τ)4 η(2τ)8
. (13.86)

We therefore obtained an expression for x as a function of τ (or q̄).

13.3 Modular transformations and modular forms

In the previous section we considered a framed elliptic curve, i.e. an elliptic curve together with
a fixed choice of periods ψ1 and ψ2, which generate the lattice Λ. In this section we investigate

the implications of our freedom of choice for the periods ψ1 and ψ2. This will lead us to modular
transformations.

We recall that we may represent an elliptic curve as C/Λ, where Λ is a double lattice gener-

ated by ψ1 and ψ2. As only the lattice Λ matters, but not the specific generators, we may consider
a different pair of periods (ψ′2,ψ

′
1), which generate the same lattice Λ. An example is shown in

fig. 13.4: The generators τ and 1 generate the same lattice as the generators τ′and 1.
Let’s return to the general case and consider a change of basis from the pair of periods

(ψ2,ψ1) to the pair of periods (ψ′2,ψ
′
1). The new pair of periods (ψ′2,ψ

′
1) is again a pair of

lattice vectors, so it can be written as
(

ψ′2
ψ′1

)
=

(
a b
c d

)(
ψ2

ψ1

)
, (13.87)

with a,b,c,d ∈ Z. The transformation should be invertible and (ψ2,ψ1) and (ψ′2,ψ
′
1) should

generate the same lattice Λ. This implies
(

a b
c d

)
∈ SL2 (Z) . (13.88)
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1

τ τ ′

Figure 13.4: The generators τ and 1 generate the same lattice as the generators τ′and 1.

The group SL2(Z) is called the modular group. It is generated by the two matrices

T =

(
1 1

0 1

)
and S =

(
0 −1

1 0

)
. (13.89)

In terms of τ and τ′ we have

τ′ =
aτ+b
cτ+d

. (13.90)

A transformation of the form as in eq. (13.90) is called a modular transformation.
We may then look at functions f (τ), which transform under modular transformations in a

particular way. This will lead us to modular forms. A meromorphic function f : H→ C is a

modular form of modular weight k for SL2(Z) if

1. f transforms under modular transformations as

f
(

aτ+b
cτ+d

)
= (cτ+d)k · f (τ) for γ =

(
a b
c d

)
∈ SL2(Z), (13.91)

2. f is holomorphic on H,

3. f is holomorphic at i∞.

The prefactor (cτ+d)k in eq. (13.91) is called automorphic factor and equals

(cτ+d)k =

(
ψ′1
ψ1

)k

. (13.92)

It is convenient to introduce the |kγ operator, defined by

( f |kγ)(τ) = (cτ+d)−k · f (γ(τ)). (13.93)

Exercise 109: Show that

( f |kγ1) |kγ2 = f |k (γ1γ2) . (13.94)

Our differential forms are modular forms of weight 0, 3 3 and 4 respectively 

de0 = dτ, de3,0 =
ψ1

π
dx
x

=
ψ3

2πiW
dτ de3,1 =

ψ1

π
d x

x − 1
=

ψ 3

2π iW
dτ

x − 1
de4 =

ψ 2

2π iW ( ψ 2

π2 ) 81 + 1188x − 594x2 + 372x3 − 23x4

48x(x − 1)(x − 9)
dτ
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Eisenstein Series and q-expansion

ψ3

2πiW
1

x − 1
= 36 3(e3

1 + 2e2
1e2 − e1e2

2 − 2e3
2)

We now have a convenient series representation for each of our modular forms, for 
example 

We note that  letters are naturally modular forms of weight 2, so all of our 
differential forms can be conveniently written in this manner. 

d log

Evaluation of the iterated integral now corresponds to simply performing a series 
expansion and simple integration in .q

= − 6 3q(1 + 4q + 9q2 + 16q3 + …)

Note that the final expression can be kept analytic until the q-series needs to be 
performed 
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Picard-Fuchs for heavy banana 

A1,B1,C2,D2,E2,F2 A2,B2,C1,D1,E1,F1 A16�17,B16�17,C6�7,D12�13,E9�10,F7�8

A12�15,B12�15,C16�19,D5�7,E13�16,F19�22 A18,B11,C12,D11,E12,F9 A4�6,B6�8,C13�15,D9�10,E3�5,F4�6

A11,B18,C20,E23,F16 A7,B9,C11,D14,E18,F3 A3,B3,C5,E20,F14

A10,B5,C21�22,E19,F17�18 B20�22,C8�10E6�8,F11�13 B19,C3,E21,F15

A19,E11,F10 A9,B4,E17 A8,B10,E22

C4,D3 B23�24 D4

D8

Figure 17. The 3 and 4-points Master Integral families for Higgs boson diagrams, blue
red and black propagators have masses mt, mH and zero respectively. The boxed integral
represent the banana sub-sector that involves the elliptic parametrization.

procedure is somewhat algebraic, although some guess-work/trial and error/intu-
ition is required to find a working combination for the more intricate 6-propagator
families. The new basis is almost in ✏-form, however in general lower propagator in-
tegrals which enter into the differential equations will tend to have coefficients which
are do not have the required form. These can be rotated away by a suitable choice
of functions to ultimately reach the final basis integrals for each topology.
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and Eisenstein functions e1 = E1(⌧6,1,�0,�1) and e2 = E1(2⌧6,1,�0,�1)

 1,1 = i⇡(e1 + 2e2). (2.36)

Finally we note we also will sporadically employ an expansion around x = �1 to
extract some boundary constants. Expressions for the relevant definitions for x, ⌧
and q can be found in (for instance) equations 96-100 of section 6.3.4 of ref. [41]

2.2.4 Elliptic sub-sectors from the banana topology

The second elliptic sub-sector we will encounter arises from the 3-loop banana inte-
gral, the equal mass banana integral depends on a single ratio of scales p

2
/m

2, we
shall find that our calculation (which results in a on-shell un-equal mass banana)
shares the same elliptic curve. We follow the notation defined in ref [58]. We begin
by considering the four-dimensional Picard-Fuchs operator [65]
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We’ll choose c1 = 1 c2 = c3 = 0

Müller-Stach, Weinzierl (1212.4389)
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Tangential Base Point

Not all the forms vanish at , but we can regularize them with a small q0 → 0 q0

They will manifest as  pieces. The R operator removes them. The final result is free of singularities 
when combined with the boundary terms, that will also contain such divergent pieces.

log(q0)

In our calculation we keep all of them separately and cancel them in the final stage


