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Infrared Singularities
[S. Catani, hep-ph/9802439] [L. Dixon, S. Mert-Aybat, G. Sterman, 0607309]

QCD amplitudes develop divergences in soft and collinear limits. [T. Becher, M. Neubert, 0903.1126] [E. Gardi, L. Magnea, 0908.3273]

. s . . N. A , L. M , C. Signorile-Signorile, A. Tripathi, 2112.07099
They cancel between different multiplicities - requires sophisticated N. Agarwa agnea Gnoriem=Ignonte path |

subtraction techniques. Also give rise to enhanced logarithmic

corrections, requiring resummation. Jet 5

%n({pi}aﬂa 6) — Zn({pl}a//ta 6)%11({]91}91“)

Jet 4
u> 192
1 (" dA
Z,({p}.pe) = Pexps —= | — L, ({p} 4 a)
2 ), 2
Jet 2 Jet 3
_ _ _ o _ Can be computed with Wilson lines
I', is the Soft Anomalous Dimension, this is the object that governs the [Korchemsky, Radyushkin, 1986]
IR singularities of amplitudes.
—ih..
(_Sij) =2|p; ’Pj‘e i

. 1 —S;;
dip. _ 2 : 9 2 :

i<j 4; = 1 if partons 7 and j both belong to either

, the initial or the final state, and 0 otherwise.



Soft Anomalous Dimension

Corrections to the dipole formula of the soft anomalous dimension have been studied
intensively. The structure through four-loops is

L, ({p}, 4 a(1?)) =TGP ({s,j},/l, aS) + T, srosi (@) + Ty g (B} ) o

+I', our— sit, A, a) + 1, gar— ), O l
f QA 2l l]} o Q41 4L({ﬁl]kl} 5 ' Calculated explicitly in

[@. Almelid, C. Duhr, E. Gardi, 1507.00047]
5\ |
L stoa (W ds o) + Uy sost (W b ) + Oag) |

Four-loop correction

The four-loop cusp anomalous dimension has been
computed [J. Henn, G. Korchemsky, B. Mistlberger, 1911.10174]

Constraints on the functional form have also been
determined using Regge and two-particle collinear limits

[A. Vladimirov 1707.07606] [T. Becher and M. Neubert, 1908.11379]
[G. Falcioni, E. Gardi, N. Maher, C. Milloy, L. Vernazza, 2111.10664]
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Four-loop correction

The four-loop cusp anomalous dimension has been
computed [J. Henn, G. Korchemsky, B. Mistlberger, 1911.10174]

Constraints on the functional form have also been
determined using Regge and two-particle collinear limits
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rn,4T—4L({'Bijkl}, as) =38 Z [fadefbceT?T]lzT?T;l ‘C}:(ﬁlk]lv ﬁll]k) + ...

1<i<j<k<I<n



Soft Anomalous Dimension

Corrections to the dipole formula of the soft anomalous dimension have been studied
intensively. The structure through four-loops is

L, ({p}, 4 a(1?)) =TGP ({s,j},/l, aS) + T, srosi (@) + Ty g (B} ) o

+I', our— sit, A, a) + 1, gar— ), O l
f QA 2l l]} o Q41 4L({ﬁljkl} 5 ' Calculated explicitly in

[D. Almelid, C. Duhr, E. Gardi, 1507.00047]

+1, 574 (4 ﬁijkl}’ a,) + ') st_s1.(1 ﬁijkl}’ a,) + @(aSS ) ; Functional form also obtained by
i . Almelid, C. Duhr, E. Gardi, A. McLeod,
Four-loop correction

C. White, 1706.10162]
The four-loop cusp anomalous dimension has been

computed [J. Henn, G. Korchemsky, B. Mistlberger, 1911.10174]

Constraints on the functional form have also been
determined using Regge and two-particle collinear limits

[A. Vladimirov 1707.07606] [T. Becher and M. Neubert, 1908.11379]
[G. Falcioni, E. Gardi, N. Maher, C. Milloy, L. Vernazza, 2111.10664]

Difficult to compute, but insights can be gained from
iInvestigating limits. We will focus on collinear limits.



Collinear limits

Relax the wide-angle condition and allow now p; - p, = 0

Pt Pn—2 Pn—1

pP3
P2
bn P1 Pn
P1 | 1%) [F. Berends, W. Giele, 1989
. . . [Z. Bern, G. Chalmers, 9503236
ﬂn(plﬂ P2 {pi}resv /’t) — sz(pl’ P2 //t) ﬂn—l(Pa {pi}rest’ /’t) [D. Kosower, 9901201]

[IM. Mangano,S. Parke, 0509223]
[l. Feige, M. Schwartz, 1403.6472

sz depends only on the degrees of freedom of particles 1 and 2 — Strict collinear factorisation

[S. Catani, D. de Florian, G. Rodrigo, 1112.4405]
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Splitting amplitude soft anomalous dimension

Relax the wide-angle condition and allow now p; - p, = 0

i P2 Pn—1

P3

P2
Pn

P1 Pn

d Central object in the
Sp%,2(p1’p2; 1) = FSp,Z(plapz; 1) Spy/,z(pppz; 1) investigation. *

dlInu

Remarkable \
cancellations need to §

FSPQ(pl’pz; /4) — Fn(plapza P3s -+ -DPys ,M) — Fn—l(P’p39 o P Iu) ‘TP_> 22 occur on the right-

. T, hand side!

< - _}

- = - BN o - =t



Aims, method, and different perspectives

~"Check of expectations

Up to two loops it is straightforward to
show how this is satisfied.

Complicated colour structures at
. higher loops. Is strict collinear |
™, factorization satisfied? How?

d Central object in the \
Y SP, (P15 P23 1) - SP, (P15 P23 1) investigation. |

Remarkable

cancellations need to ,
— . _ . occur on the right-
- il Fn(pl’p29 p3’ *° 'pl’l’ //t) Fn—l(Pa p3’ *° 'pl’l’ //t) ‘TP_> zizzl Ti hand side!




Aims, method, and different perspectives

.= " Constraints/Bootstrap
~ Check of expectations P

- Imposing collinear factorisation gives constraints

Up to two loops it is straightforward to \ f on the form of the allowed structures.
show how this is satisfied. ‘ |

E.g. Constraints from 2-particle collinear limits used in

the 3-loop bootstrap [0. Aimelid, C. Duhr, E. Gardi, A. McLeod,

Complicated colour structures at
:C White, 1706.10162]

higher loops. Is strict collinear p
W,  factorization satisfied? How? .~

pillp>

d '




Aims, method, and different perspectives

 Check of expectations

 Constraints/Bootstrap

d Central object in the
Y Sp %,m(]?l, cos Doy B) = Sp %,m(pl, e s Dy H) investigation.

Remarkable

cancellations need to -
| — occur on the right-
1 __ Fn(pl’pz’p3’ . pn,,u) n m+1(P’pm+1’ ' pn,//t) |TP—> Z, ¥ hand side! /5




What can we learn?

[C. Duhr, E. Gardi, SJ, J. Lubken, L. Vernazza, 2507.21854]

|

17 = : , ENR
FSp’m(pla .« o 9pm9 /’t) — rn(p19p29p39 .o .pn, //t) — Fn_m+1(P,pm+1, .o .pn,//t) ‘Tp_) z:}il Tl’ @/

Universality of two-particle collinear limit constraints (m=2). Do we gain anything from consideringe.g.n =8 and n =77
(ontopofn=4and n =3)

Do multi-collinear (im > 3) limits yield additional constraints on top of the ones obtained in the two-particle collinear limit?

Does anything change if we consider the anomalous dimensions with massive partons in the external states?
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What can we learn?
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|

17 = : , ENR
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partons
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What can we learn?

[C. Duhr, E. Gardi, SJ, J. Lubken, L. Vernazza, 2507.21854]

BN L %fj/

FSp,m(pla * o 9pm9 /’t) — rn(p19p29p39 pna /’t) o Fn—m-|-1(Papm-|-19 pna//t) ‘TP_)ZZI T,

Universality of two-particle collinear limit constraints (m=2). Do we gain anything from consideringe.g.n =8 and n =77
(ontopofn=4and n =3)

No, comes about in such a way that no new information is gained by considering more “rest of the process”
partons

Do multi-collinear (im > 3) limits yield additional constraints on top of the ones obtained in the two-particle collinear limit?

Not in the massless case, intricate interplay between colour and kinematics ensures multi-collinear limits
are satisfied at and four loops as soon as all two-particle collinear limits are satisfied.

Does anything change if we consider the anomalous dimensions with massive partons in the external states?
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What can we learn?

[C. Duhr, E. Gardi, SJ, J. Lubken, L. Vernazza, 2507.21854]

aNL

FSp,m(pla * o 9pm9 /’t) — rn(p19p29p39 pna /’t) o Fn—m-|-1(P9pm-|-19 pnnu) ‘TP_)ZZI T,

Universality of two-particle collinear limit constraints (m=2). Do we gain anything from consideringe.g.n =8 and n =77
(ontopofn=4and n =3)

No, comes about in such a way that no new information is gained by considering more “rest of the process”
partons

Do multi-collinear (im > 3) limits yield additional constraints on top of the ones obtained in the two-particle collinear limit?

Not in the massless case, intricate interplay between colour and kinematics ensures multi-collinear limits
are satisfied at and four loops as soon as all two-particle collinear limits are satisfied.

Does anything change if we consider the anomalous dimensions with massive partons in the external states?

v

Yes, new constraints do arise in the three-particle collinear limit at the three loop order, for amplitudes containing
one massive particle on top of two-particle collinear limit constraints. (ldentical to constraint from the small-mass
expansion)
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I'gp - at the dipole level

: : : : : i 1 —3j
We now do a first example using the dipole contribution: I‘S b ({sl-j},/l, 0%) = — EyK(aS) Z In < /12]> T,-T, + Z y(a,) 1

1<J

chlll)l),z(plapz) — ngpo(p19p29p39 . pn) o FSIE)I(P,]?3, °e pn’luf) |TP—>T1+T2

/\ > Pn—2
Pn—1 < \

Kinematics and colour charges

p; = x P* + k* X +x, =1

p, = xP* —k* T, =T, +T,

where k* represents a small residual (transverse) momentum, k ~ AP with 4 < 1
15



I'gp - at the dipole level

We now do a first example using the dipole contribution:

L¢P (P p2) = D3P (P10 p3s --P) = D5 (Popss oD i) gy,

16



I'gp - at the dipole level

We now do a first example using the dipole contribution:

L¢P (P p2) = D3P (P10 p3s --P) = D5 (Popss oD i) gy,

1 =S 1 =Sy 1 —%2j 1 =512 _
~ STk Z In <7) Ti°Tj_57’K Z In <_> T1°Tj—571< Z In <—2) T2°Tj_5yK1n( T, -1, + Z}’il

3<i<j<n

P,3<i<n

17



I'gp - at the dipole level

We now do a first example using the dipole contribution:

di di di
Fsllfz(]?ppz) =L,"(p1, P2, D3 ---Pp) — I > (P, p3, ...Py5 Hy) |TP—>T1+T2

i : _Sl 1 _SZ' 1 —S
——;/K » ln< ’)T T——yKZ ln< J) Tl-Tj—EyKZ 1n<—2]> T2-Tj—5yKln<

2
3<i<j<n 3<j<n H 3<j<n H

—ith..

(=s1) =2|p; - p;le™™

_ i _SP] ] ,
— ——;/ ln< J)T T——y 1n< )T - T, + v; 11, — | oA — e
K3<§‘<n K3<]2<n p? ngn _ 2x | P p]\e = xy( SP])

1 1 | —s
— —5}/1( In (Xl) Z T,- Tj — 57’[{ In (xz) Z T,- Tj —5}/[( In ( 212> T, - T, +y+py -
3<j<n 3<j<n H

18



I'gp - at the dipole level

We now do a first example using the dipole contribution:

di di di
Fsllfz(]?ppz) =L,"(p1, P2, D3 ---Pp) — I > (P, p3, ...Py5 Hy) |TP—>T1+T2

-— L D In (

3<i<j<n

_Sl 1
> T, T, ——;/K > ln< J) T, T =~ Y In

2
3<j<n K

_ —Ii7TA ;
(=s1;) =2|p; - pjle™"
_ Sij _SP] - :
— __}/K Z hl( )T T——}/KZIIl( )T T+ 2 }/l ) =2x P. , e_lﬂ/lez — :
3<i<j<n 3<j<n ’uz P,3<i<n . 1 ‘ p]‘ xl( SP-])
With colour conservation n
Used ZTFO
— In(x) T, T iy In(x,) T, T L 1n(_512) T,-T,+7 +n -7 -
5 VK 1) F1t tp TSk 2) F27 AP T 5Tk e ) 1 > — VP to rewrite ZTJ':_T

3<j<n
19 Manifestly depends only on the degrees of freedom of particles becoming collinear!



I'gp - at the dipole level

We now do a first example using the dipole contribution:

L¢P (P p2) = D3P (P10 p3s --P) = D5 (Popss oD i) gy,

1 =S 1 =Sy 1 92 1 =512 _

2 2
3<i<j<n 3<j<n H 3<j<n H H ]

(=s1;) =2|p; - pjle

o — S 1 Sy _
- = 5% 2. ln(7> Tij—?’KZ 1“( )TP°TJ'+ 2. 1.

42
3<i<j<n 3<j<n P,3<i<n

1 ] 1 — 515 — 7T -T. §
E}/Kln (x1) Ty - Tp+ EVKIU (%) T, - Tp - EVKIU ( ) I -T,+rn+n-—r : - e T2 ;

[S. Catani, D. de Florian, !

», G. Rodrigo, 1112.4405] 8



Higher order time-like collinear limit

Pn-1 Pn—2 > Pn—2
* Pn—1
n— <
° Pm+1
O
P3 > Pm
Pn <
D2 > P2
Pn - P1

P1

In the time-like case, we do not expect explicit factorisation violation, but a few questions remain:
* How is the factorisation realised at ?

The three loop contribution to the Soft Anomalous Dimension is much more complicated than the dipole formula,
contains quartic interactions, and dependence on non-trivial function of harmonic polylogarithms.

 Thus far, I’'ve only discussed two-particle collinear limits, what can we learn by studying multi-particle collinear limits?

21



The Soft Anomalous Dimension at three-loops

Recall the structure: . .
Conformally Invariant Cross Ratios (CICRs)

L, ((pih 2 (%) = T3P ({3}, 2, ) + Dparon (@) + Dpar_an (B @) B —lnp. =1n ( (=5;)(—=S1)
/ ’ (=i (—5)

+Fn,Q4T—2,3L({Szj}9 A, ag) + Fn,Q4T—4L({:Bijkl}’ o)

+L, st_at (Wit &) + Ly sr—st. (Wi b> o) + O (@)

Result of explicit calculation [J. Almelid, C. Duhr, E. Gardi, 1507.00047]

U@ =2fa) ) D Ta=fa)), D ff{T, T} T¢T}
i=1 1<j<k<n, =1 1 <j<k<n,
Jk#1 i k#i

L (WPt ) = 8 Z [Tiklj F P Puj) + Tijie & Pijras Pi) + Tijia F (P :Biklj)]

1<i<j<k<I<n

__ frade rbce a b e md : : — —
Ty =1“F {Ti : T]. , T}, T } Notice that I’n, 477 EXists already for n = 3, but the second term from n = 4

+ 2D



L aros(a) = 2f(ay) z”: Z Lijix

i=1 1 <j<k<n,
JkF i

rn,4T—4L({ﬁ ji}s Os) = 8 Z A (P)

1<i<j<k<iI<n

Lots of indices, but we focus on the structure!




Three-particle collinear limit at three-loops

rg! 03P ) = gr_ai (@) + 1 ar_ar (W} @) — (rn—2,4T—3L(0‘s) + 1o ar—ar (i} “s))

Pm+1

The strategy we follow is identical to before, we again split the sums with respect to how Do

many and which collinear particles they involve

P2
P1

Coar-a(BD =4 ), a (BH+ ), a (BH+ D, a (pH+ D a A

- 4<i<j<k<I<n 4<j<k<I<n 4<j<k<I<n 4<j<k<I<n n
I‘n,4T—3L(aS) = 2f (aS) Z Z Tiijk
i=1 1 <j<k<n,
oy
+ D a, {pH+ D a (fH+ D a (fH+ D aml({ﬁ}) ik
4<k<I<n 4<k<iI<n 4<k<I<n 4<I<n

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

Cooar-a(BD =4 ), a, (H+ D, a, (B

- 4<i<j<k<I<n 4<j<k<I<n

24



Three-particle collinear limit at three-loops

Pn—2

| 03P ) = gr_ai (@) + 1 ar_ar (W} @) — (rn—2,4T—3L(0‘s) + 1o ar—ar (i} “s))

Pm+1

Pm

The strategy we follow is identical to before, we again split the sums with respect to how

many and which collinear particles they involve. Starting with the kinematics: )

P2
P1

Lo (B =4 ) a D+ D a(dBD+ Y a (fh+ D, a, ()

- 4<i<j<k<lI<n 4<j<k<I<n 4<j<k<I<n 4<j<k<I<n n
I‘n,4T—3L(aS) = 2f (aS) Z Z Tiijk
i=1 1 <j<k<n,
oy
+ ) a, ({pH+ D a D+ D a (fH+ D am,<{/3}> ik
4<k<I<n 4<k<iI<n 4<k<I<n 4<[<n

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

Cooar-a(BD =4 ), a  (D+ D a, (B

-4<i<j<k<lI<n 4<j<k<I<n

Now, the parent partonis Tp=T;+ T, +T;

We see similar cancellations as before between pink and orange terms.

New type of term with three collinear particles present, marked in
green.

25



Three-particle collinear limit at three-loops

Ly 3PP ) = Tyur_si (@) + Ty gr_at (B} @) — (rn—2,4T—3L(0‘s) + Lo arat (W} “s))

Pm+1

P2
P1

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

Jok# i

Fn,4T—4L({'B jkits Os) = 8 Z (D)

| 1<i<j<k<I<n
In the end

| ol _ C>T, T, +8T B C>T, T, +8T - C>T, T, +8T
sp.3(P1:P2> P3) = 4f(0‘s)[ Al L+ 1122] 4f(0‘s)[ Al I+ 1133] 4f(0‘s)[ Ay L3+ 2233]

—4f(a) [T1123 + 13+ T3312] + 8 2 [T1312 F (Praor Priz) + Tioz F (Prazp Prza) + Thoyy F (ﬁ1213aﬂ1312)]

4<I<n

26 what about the terms in the last line?



Three-particle collinear limit at three-loops

Fésrll;ﬁ(pl’pz;'u) — I‘n,4T—3L(aS) + Fn,4T—4L({,Bijkl}’ as) o (Fn—2,4T—3L(as) + Fn—2,4T—4L({ﬁide}a as)) Pn—2
Pn-1
Pm+1
Pm
This is where properties of CICRs come to the rescue, as we .
have seen, the CICRs with three particles collinear, the 2
dependence on the rest-of-the-process parton scales out. b
- X3(=p1 D) 7
P1231 = o—p1 - P2) L s (@) = 2f(a) Z Z L
i=1 1 <j<k<n,
jk#i

Then we can apply colour conservation Z T3 = T3 — 13317
4<I<n

1<i<j<k<iI<n

| ol _ C>T, T, +8T B C>T, T, +8T - C>T, T, +8T
sp.3(P1:P2> P3) = 4f(0‘s)[ Al L+ 1122] 4f(0‘s)[ Al I+ 1133] 4f(0‘s)[ Ay L3+ 2233]

—4f(a) [T1123 + 13+ T3312] + 8 2 [T1312 F (Praor Priz) + Tioz F (Prazp Prza) + Thoyy F (ﬁ1213aﬂ1312)]

4<I<n

27

Fn,4T—4L({'B jkits Os) = 8 Z (D)



Three-particle collinear limit at three-loops

Pn—2

Fgg,3(P1aP2; ) =L, grai(a) + L g at Wyt @) — (Fn—2,4T—3L(as) + L g ar—at (Wi ) 0@)

Pm+1

Pm

This is where properties of CICRs come to the rescue, as we
have seen, the CICRs with three particles collinear, the
dependence on the rest-of-the-process parton scales out.

P2
P1

XB(_pl ' p2) n
P1231 Xo(—p1 - ) Fn,4T_3L(0‘s) = 2f(ay) l_zl o j; _ L
ok #i

Then we can apply colour conservation Z L1231 = 15513 — 13312
4<I<n

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

! _ 0 C?T,-T,+8T D C?T,-T,+8T o C?T,-T,+ 8T
sp.3(P1>P2> P3) = 4f(0‘s)[ 1T, - Ty + 8T} ) 4f(0‘s)[ ST, - Ty + 8T} 53] 4f(as)[ 1T, - T3+ 8733

—4f(a) [T1123 + Tho13 + T3312| + 8 (T1123 - T2213> F (Pisap Priza) + 8<T1123 - T3312> F (D13 Prza) + 8<T2213 - T3312> F (Pras Pran)

Strict collinear factorisation satisfied in the three-particle collinear limit for terms starting at three loops. No additional constraint.
28



Collinear limit at four-loops

Four-loop correction to the soft anomalous dimension has not
been fully explicitly computed. Recall the structure

L, ({4 @2) = TP (50,40, ) + Ty (@) + Tpra (B} @)

Jet 2

+L, Qar—230 (U851 4, @) + 1) qar—ar (B }> @)

+rn,5T—4L({:Bijkl}9 as) T Fn,ST—SL({:Bijkl}9 as) T @(as)

Form at four IOOpS [T. Becher and M. Neubert, 1908.11379]

The two-particle collinear limit proved useful in
I oy (Wit &) = Z Tivii 71 Dijis Pirajs ) providing constraints on the unknown objects
(i,j.k,]) [T. Becher and M. Neubert, 1908.11379]

llm %1(1612161’0) — O

Projg——00
Fn,ST—SL({'Bijkl} ’ CZS) = Z szklm %2(ﬂl'jkl’ ﬁijmk? :Bikmj’ ﬂjiml’ llemi; (XS)

(iajakalam) = = = = =
From an explicit calculation we find no new constraint

from higher particle collinear limits.
29 [C. Duhr, E. Gardi, SJ, J. LUbken, L. Vernazza, 2507.21854]

These functions are unknown


https://arxiv.org/abs/2507.21854

Collinear limits of amplitudes with a massive leg

The three-loop soft-anomalous dimension with one massive
particle leg

0 ((phompoa) =2 D TyF (rpa)+ Y, alby((r)

1<i<j<n 1<i<j<k<n

Where Picture from E. Gardi, Z. Zhu, 2510.27567

h _
a,,,/(1r}) =2 [TijkIF h3 <’” il Tik> ”jkl) + L f3 <”ji1» Vikrs 7 ikl) + Liirh3 (” kil> Vil ”jil)] | |
and variables appearing here are

- Pi'Pjp12
2p; "Pr P Pr

F iyl

The function Fy, <r--1, a > was computed in [Z. L. Liu, N. Schalch, 2207.02864]

iyl s

and since recently, F}, (riﬂ, Tikt> Tikp aS> Is known as well [E. Gardi, Z. Zhu, 2510.27567]
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Three-particle collinear limit with a massive leg

Going back to the start, we note that functions F}; depends on three massless particles and one massive

AUBL D=4 ) agBh+2 ), al,(rh

1<i<j<k<iI<n 1<i<j<k<n

Bn+I({r}) — 2f(as) i 2 Tiijk +2 Z Tllij Fh2 (rijI’ as)

i=1 1<j<k<n, 1<i<j<n
L k#i

Proceeding in the same way as before (already implementing the two-particle collinear limit constraints), we again recover the massless
three particle collinear structures, but also extra terms

3 3 3
F§£,3(P13P2»P3§/4) = = Zf(“s)<C§T1 - T, + 8T1122> - Zf(“s)<CiT1 - T3+ 8T1133> - Zf(as)<C/%T2 - T3+ 8T2233> — 4f(a,) [T1123 + 1513+ T3312]

+3 Z [T1312 F (Praos Priaz) + Tias F Praz Prz) + Tios F (ﬁ1213aﬂ1312)]

4<I<n
Using colour conservation

+ 2T 5353 (”121» 130 ”231) + 2715131 3 (’”211» 230 r131> + 275151 3 (7’311, 321 ”211) 2 I'153; = 15513 — 15310 — 1193
4<I<n
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Three-particle collinear limit with a massive leg

Then we find the following expression
3 3 3
F§£,3(P1»P2ap3§ﬂ) = Zf(“s)<C§T1 T + 8T1122> - Zf(“s)<CjT1 T3+ 8T1133) - Zf(as)<C/%T2 T3+ 8T2233> — 4f(ay) [T1123 + 113+ T3312]
+8 <T1123 - T2213> F (Pr3op Prinz) + 8 <T1123 - T3312> F (P13 Pizn) + 8<T2213 - T3312> F (Praiz» Pran) MASSLESS

+2T1231<Fh3 (7‘121, F13p 1231 as) _ 49(151213’:31312))

+2T2131,<Fh3 (P Pz T3 &) — 4F (Bross ,31,32)> ~~= NEW in the three-particle collinear limit!

+2T312]<Fh3 (7”311, V301 12115 055) — 4 F (P13 ﬂ1123)>

Using colour conservation
2 Lyo3 = 15513 = 13310 — 1123y

4<I<n
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Three-particle collinear limit with a massive leg

Then we find the following expression
3 3 3
F§£,3(P1»P2»P3§ﬂ) = Zf(“s)<C§T1 T + 8T1122> - Zf(“s)<CjT1 T3+ 8T1133> - Zf(“s)<C§T2 T3+ 8T2233> — 4f(ay) [T1123 + 113+ T3312]
+8 <T1123 - T2213> F (Pr3op Prinz) + 8 <T1123 - T3312> F (P13 Pizn) + 8<T2213 - T3312> F (Praiz» Pran) MASSLESS

+2T1231(Fh3 (7‘121, F13p 12315 as) _ 49(151213’:51312))

+2T213,<Fh3 (qua Frap T35 as) — 4F (P23 ,61132)> ~= NEW in the three-particle collinear limit!

+2T3121<Fh3 (7”311, 3o 12175 (XS) — 4 F (P13 ﬂll23)>

What about the variables?
All r_,; — 0O for a and b becoming collinear, and we already know that /3, 3,s have kinematic structure

Indeed, we need to consider ratios

Fij Pi‘PjP12 Pj*PrPr-Pr Pi*PjPr Pk Tkl p,--pkpl2 Pj"PrPx Pr Pi*PrPr P

Yier ~ Pi"PrPj-Pr Pj Pk Pj Pi"PrPj Pk Viker ~ Pi*PrPk-Pr Pj:PkPj Pi"PrPj Pk
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Three-particle collinear limit with a massive leg

We can rewrite F 5 in alternative variables
Fh3 (:Bablm ﬁac[b ; rbcl) = Fh3 (rabl’ Facls rbc])

Which allows us to formulate the constraint

lim Fh3 (rabl’ Facl rbcl) = lim Fh3 (ﬁablc’ :Baclb ; rbcl) — 4‘67?(156119[6’ ﬁaclb)

Pl psllp, Tper—0 Pallpslpe

This is the first instance in which multi-particle collinear limit has yielded an additional constraint.

34



Three-particle collinear limit with a massive leg

We can rewrite F 5 in alternative variables
Fh3 (:Bablm ﬁac[b ; rbcl) = Fh3 (rabl’ Facls rbc])

Which allows us to formulate the constraint

lim Fh3 (rabl’ Facl rbcl) = lim Fh3 (ﬁablc’ ﬁac[b ; rbcl) — 4‘6}(156119[6’ ﬁaclb)

Pl psllp, Tper—0 Pallpslpe

This is the first instance in which multi-particle collinear limit has yielded an additional constraint.

Connection with the small-mass limit

In fact, this limit is indistinguishable from the three-particle collinear limit, as also in this case, all the r,; = 0, but for different reasons.

2
Three-particle collinear abl — small-mass limit
P 2D, Pr Dy P )
Pq-Pp =0 p; =0
considered In
|1|iH|1| Fps (rabP Fac ”bcl) = 12in10 Fps (rabI’ Yacp ’”bcl) = 4F (Papics Pacip) [Z. L. Liu, N. Schalch, 2207.02864]
pa pb pc pl_)

Pallpslpe
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Summary

We have considered multi-particle collinear limits of n-point scattering amplitudes with
massless external legs at and four loop order.

No new constraints on kinematic functions appearing in these terms are obtained in the

multi-particle collinear limits at and four loop order, beyond the ones obtained in
the two-particle collinear limits.

Working with n and n — m + 1 particle amplitudes demonstrates universality of the

splitting amplitude soft anomalous dimensions through an intricate interplay between the
colour and kinematics.

New constraints do arise in the three-particle collinear limit at the three loop order, for
amplitudes containing one massive particle.
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Summary

We have considered multi-particle collinear limits of n-point scattering amplitudes with
massless external legs at and four loop order.

No new constraints on kinematic functions appearing in these terms are obtained in the

multi-particle collinear limits at and four loop order, beyond the ones obtained in
the two-particle collinear limits.

Working with n and n — m + 1 particle amplitudes demonstrates universality of the
splitting amplitude soft anomalous dimensions through an intricate interplay between the
colour and kinematics.

New constraints do arise in the three-particle collinear limit at the three loop order, for
amplitudes containing one massive particle.

Thank you!
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Auxiliary slides
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I'gp - at the dipole level

- 1
We now do a first example using the dipole contribution:  Jhe ({sl-j},/l, aS> = — ZyK(aS) Z In < p

di di di
Fsllfz(l?pl?z) =L,"(p1, P2, D3 ---Pp) — I > (P, p3, ...Py5 Hy) |TP—>T1+T2

I 1 —8 1 — 95 1 —S ]
__yK » ln< > T——yKZ ln< J) T, - T——yKZ ln< 2J> T, - T—E;/Kln< 12) T, - T2+Z}/l

2 2
3<i<j<n 3<j<n H 3<j<n 1 K

—-——YK Y 1n< > T——yKZln<_S;J>T T+ ) 7

3<i<kj<n 3<j<n H P,3<i<n
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I'gp - at the dipole level

- 1
We now do a first example using the dipole contribution:  Jhe ({sl-j},/l, aS> = — ZyK(aS) Z In < p

di di di
Fsllfz(l?pl?z) =L,"(p1, P2, D3 ---Pp) — I > (P, p3, ...Py5 Hy) |TP—>T1+T2

I 1 —8 1 — 95 1 —S ]
__yK » ln< > T——yKZ ln< J) T, - T——yKZ ln< 2J> T, - T—E;/Kln< 12) T, - T2+Z}/l

2 2
3<i<j<n 3<j<n H 3<j<n 1 K

____},K Y 1n< > T——yKZln<_S;J>T T+ ) 7

3<i<j<n 3<j<n H P.,3<i<n
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I'gp - at the dipole level

- 1
We now do a first example using the dipole contribution:  Jhe ({sl-j},/l, aS> = — EyK(aS) Z In < p

di di di
Fsllfz(l?ppz) =L,"(p1, P2, D3 ---Pp) — I > (P, p3, ...Py5 Hy) |TP—>T1+T2

I 1 —8 1 —S) 1 =) ]
__yK » ln< > T——yKZ ln< J) T, - T——;/KZ ln< 2J> T, - T—EyK1n< 12) T, - T2+Zyl

2 2
3<i<j<n 3<j<n H 3<j<n 1 H

term already depends on particles 1 and 2

—-——VK Y 1n< > T——yKZln<_S;J>T T+ ) 7

3<i<j<n 3<j<n H P,3<i<n
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I'gp - at the dipole level

We now do a first example using the dipole contribution:  Jhe ({sl-j},/l, 0%) = — EyK(aS) Z In < J) T,-T, + Z y(a,) 1

L¢P (P p2) = D3P (P10 p3s --P) = D5 (Popss oD i) gy,

1 1 1 —
— —5}’1{ Z In (xl) T - Tj_EyK 2 In (xz) I, T, —EyKln< 212> T, -T, +y,+7 —vp
3<j<n 3<j<n #

n
Then, we can apply colour conservation 2 T,=0 torewrite Z T,=-T,-T,=-T,p

i=1 3<j<n

rdi ) = ~yedn (x) T, - Tp+ e n (1) Ty - Tp— —peln (—22) T, - T
| Lpa(Ppo ) = —yghn () Ty - Tp+ —ygln () Ty - Tp =y In T+ v+ =1 |

Manifestly depends only on the degrees of freedom of particles becoming collinear!
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What happens in the space-like limit?

Investigated by Catani, de Florian, and Rodrigo in 2011. [S. Catani, D. de Florian, G. Rodrigo, 1112.4405]

The set up now is as follows:

Pn—1
Pn
Pm+1
P1
Kinematics and colour charges, m=2 b2
p; = x;P* + k¥
pg — X2P//t M T,=T,+T, Now X, is bigger than 1

where k* represents a small residual (transverse) momentum, k ~ AP with 4 < 1
43



Pn—1

What happens in the space-like limit?

Pm+1
We now contrast the cancellation that happened in this step in the time-like limit:

P2

di di di :
stz(l?ppz) — F P (Pl P2> P35 - pn) _ F lp (P P3s - pn’/“tf) |Tp—>T1+Tz

i Z 1 z 81 1 Z 82; 1
l] rI‘ 'I‘ ] 'I‘ 'I‘ ] 'I‘ 'I‘

3<i<j<n

| 1 S _ T,=T,+T,
l ~OPj
- —_7K3<§<nln< ‘]> T Tj—57K3<stnln< ﬂ2]> Tp-T; + 3§<n7’i 1_ ’ (_Slj) — 9 ‘pl - P; | e—iﬂ/hj
= 2x; | P - p;| e ™% = x;(—sp))
— —17’1{ Z ln xl T, T _EyK Z ln x2 T, T, —%yKln <_S212> LT +rn+n-r
3<j<n 3<j<n K

n

——}/KZ< ikt )T; - Ty + (- inﬂiz)Ti-T2> +%yK2 (= indp)T; - (T; + T5)
i=3 44



Pn—1

What happens in the space-like limit? h

Pm+1

We now contrast the cancellation that happened in this step in the time-like limit:

P1

P2

di di di :
stz(l?ppz) — F P (Pl P2> P35 - pn) _ F lp (P P3s - pn’/“tf) |Tp—>T1+Tz

i 1 —8 1 —8 1 —S ]
__yK » ln< > T——yKZIn< J) T, - T——yKZIn( J) T, - T—EyK1n< 12) T, - T2+Zyl

3<i<j<n 3<j<n qu 3<j<n Iu2 ,uz
_ _ Ip=T+1T,
] —Sp
— | — —}/K Z In < ]> T T — —}/K Z In < 2]> T T + 2 }/l ’ _ 2 —lﬂ'/ll
3<i<j<n 3<j<n H P,3<i<n - (_Slj) T ‘pl ) p] ‘ € /

=2x,| P - p;] e = X1(=Sp;)

— __}/KZ ]n xl T1 T—E}/KZ ln x2 T2 T ——yK1n< 12> Tl‘T2+7/1+72_7/P

3<j<n 3<j<n

, , surviving dependence on rest-of-the-process
——}/KZ< iy )Ty Ty + (= imh) Ty T )+ Y (= i) Ty (T + 1) T T,

i=3 45 [S. Catani, D. de Florian, G. Rodrigo, 1112.4405]



Pn—1

What happens in the space-like limit? h

Pm+1

P1

Space-like limit is not all bad! D

An example from appearance of Super-Leading Logarithms in gap-between jet cross
sections, where coherence violating effects give rise to terms with additional powers of
logarithms starting at a high loop order.

1 — 815
6 =0, (1+al+a’L?+a’L®+a’L5+...) [J. R Forshaw, A. Kyrieleis, M. Seymour, 0808.1269] > T, T;— g ln ( > T,-T, + ) 71
l

/42
These can be resummed in an EFT formalism »=T;+T,
[T. Becher,M. Neubert, D. Y. Shao, M. Stillger, 2307.06359]
= | _ —i7TAy;
o(Qy) = ), [dcfldfz(%m(,Q, &1 & W (1 Q0 €15 0 1)) See related talks of Romy, —g,;) = 2|p; - p;|e ™V
Josua, Nicolas, and Jurg

m=m0

_ —ITAp: __
| | | | = 2x; | P 'Pj\e i = x)(—=Sp;)
And in fact it turns out that its the space-like graphs
that give rise to regions in the low-energy matrix
element that make it compatible with PDF factorisation.

[T. Becher, P. Hager, SJ, M. Neubert, D Schwienbacher,
2408.10308, 2509.07082]

+ Y1+t —Yp

surviving dependence on rest-of-the-process

—_—) .
lﬂ'Tn ¢ T2
[S. Catani, D. de Florian, G. Rodrigo, 1112.4405]



The Soft Anomalous Dimension at three-loops

Recall the structure:

Fn <{pi}’ A, as(;tz)) — ngp. <{Sij}’ A, as) T I‘n,4T—3L(as) T Fn,4T—4L({:Bijkl}’ as)

+Fn,Q4T—2,3L({Szj}9 A, ag) + Fn,Q4T—4L({:Bijkl}’ o)

+L, st_at (Wit &) + Ly sr—st. (Wi b> o) + O (@)

Result of explicit calculation [J. Almelid, C. Duhr, E. Gardi, 1507.00047]

U@ =2fa) ) D Ta=fa)), D ff{T, T} T¢T}
i=1 1<j<k<n, =1 1 <j<k<n,
Jk#1 i k#i

L (WPt ) = 8 Z [Tiklj F P Puj) + Tijie & Pijras Pi) + Tijia F (P :Biklj)]

1<i<j<k<I<n

__ frade rbce a b e md : : — —
Ty =1“F {Ti : T]. , T}, T } Notice that I’n, 477 EXists already for n = 3, but the second term from n = 4

+ 47



The Soft Anomalous Dimension at three-loops

A word about the kinematics

rn,4T—4L({'Bijkl b)) = 8 Z [ iklj (ﬂzkﬂ» ﬁzljk) T szlk (ﬁijkb ﬁizkj) + 1,

1<i<j<k<I<n

(— Sl])( Skl)
Pk = (=i (—51)

:Bz]kl In pz]kl = In
Which can be written in terms of variables Piju =

1
(:Bl]kl’ :lek]) — [F(l o Zz]kl) o F(Zl]kl)]

a;,({/})

These objects here are Iogarlthms of the Conformally Invar/ant Cross Ratios (CICRs)

(— Sl])( Skl)

(=) (—$p)

Sijkl<ijkl »

F(z)

Pii = (I = ) (L = Zj8y)

= Z10101(2)

48

2¢, [5/” 001(2)

Z100(2)]

F By B

[D. Almelid, C. Duhr, E. Gardi, 1507.00047]

Single Valued Harmonic
Polylogarithms

See similar objects Fabian’s talk



CICRs in collinear limits

For two-particle collinear limits we need to consider

(=p1 - P)(=py - pp)
(—=p1 - P)(=DP2 - D)

> 0

P12kl =

(=p1 - PI)(=D " P2) N (=P - p)(=x,P - p)
(=p1-P)(=p;-p2)  (=x1P-p)(—=x,P - pp)

Plik2 = > 1

49
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CICRs in collinear limits

For two-particle collinear limits we need to consider

(—=p1 - P)(—Di - P))

P12kl = > 0
(=p1 - PR)(=P2 - D)) Pn—2
i = P -P)CEPp) (NP p)ERPp) P
1lk2 — ~
(=p1-P(=p;-p2)) (X1 P - p)(—=x:F - pp) — D
P2
In the three-particle collinear limit on the other hand Y
(=p1-P)(=p3-p) _ (=p;-p)(=x3P - p) X3(—Ppy - Do)
P1231 = ~ P13 =
(=p1-pP3)(=p2-p)  (=p1-p3)(—x, P p)) Xo(—py - P3)
(=p1 - P)(=P3 - Do) N X((=D3 * D) Do retain kinematic dependence, but on the collinear partons only!

P1i32 = ( The rest-of-the-process dependence scales out.

—p1-P3)(=p;-p)  x(—=p;-Pp3)

The four-particle collinear limit saturates the CICR and no expansions to be done
50



Two-particle collinear limit at three-loops

Fgg,Z(plﬂpZ; /’l) — Fn,4T—3L(as) + Fn,4T—4L({ﬁijkl}9 as) o (Fn—1,4T—3L(aS) T I‘n—l,4T—4L({'Bl']'kl}’ aS)) /\ > Pn—2
Pn—1 <
Can we pick n=3? \
M, _1 o p3
If we do select n = 3, most terms above cannot contribute, only: Do
. Pn = > -
Fsp,z(Pth; H) =13 47_31.(ay)
Explicit] .
xplicitly U@ =2f) ) Y Ty
i=11<j<k<n,
I's 4731 (a) = 2f1 (“s)(Tlm + 1h3+ T3312) jok#i
U Wit a) = 38 a;./(P)
With colour conservation: T, +1T,+T;=0 S 1§i<j<2k<l§n ]
3 . .
4T _ 2
FSp,Z — _ Zf(as)<CA T, -T,+ 8T1122> But thus fa.r, w.e have not made use of of this object, the
left-hand side is independent of n .
Manifestly depending only on particles 1 and 2, good! When we consider a higher point amplitude, more structures enter.

Importantly, the kinematic ones, but the result should be the same!
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Two-particle collinear limit at three-loops

Lgp2(P1 P2 ) = Tyur_si (@) + Ty ar_at (B} @) — (rn—1,4T—3L(0‘s) + L arac (U} “s))

LoD =4 ), a B+ D a (H+ D a, dABD+ D a, )

- 3<i<j<k<I<n 3<j<k<I<n 3<j<k<I<n 3<k<I<n

Copar-a (8D =4 ), a (BD+ D, a, (FD

- 3<i<j<k<I<n 3<j<k<I<n

52

/\ > Pn—2
Pn—1

Pn <

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

Jk#i

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n



Two-particle collinear limit at three-loops

Fgg,z(P1»P2; W) =L, ar_s(ag) + Uy ar_a (P> ) — (rn—1,4T—3L(0‘s) + 1 ar—a (B} “S)) /\

Pn—1 <
( M, _1 P3
Lo (B =4 ) a, ApD+ DX a(dBD+ D a (ABD+ D a () P — Z
- 3<i<j<k<I<n 3<j<k<I<n 3<j<k<I<n 3<k<I<n -

_ 4| | o (@) = 2(@) T
Coa(BD=4 Y a @+ Y a0 - (@) = 2 Z} | SJZZM i
- 3<i<j<k<I<n 3<j<k<I<n - ik
Fn,4T—4L({'Bijkl hhag) =8 Z Aij(P)
1<i<j<k<iI<n

The structure of these terms is for example like this: f ade f bceT?Tllsz T]d F (ﬁl kjl> ,51 ljk)

and colour too

—D. —D. . —x. P - —D, - D.
(=py-P)(=p; P (=P p)(=py - p)) T, =T +T,

(—=p1 - P)(=D; - Pr) T (=xP - P)(—Dk - D)

Kinematics corresponds to each other Py = = PPljk
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Two-particle collinear limit at three-loops

ng (P12 ) = U grsp(a@) + U gr_ st (W) @) — (rn—1,4T—3L(0‘s) + L arac (U} “s))

Next, consider the constant piece I

i=3 3<k<lIl<n
k,l #1i

+ Z Z ( jilk T Tzz2k> + Z (T112z + 1y + Tzl2)

i=3 k=
k;él

L)1 arosr(ay) =2f (“s){ i Z I;

i=33<k<l<n
k[ #1

The blue terms do not cancel exactly, because of the

Ippie = Ly1jk + Looji + Lo + 194

anticommutator, there are cross terms

fade fbce {Ta , Tl]?) } Tlcc T?’

n4T—

L) 4r_sp(ay) = 2f (“s){ Z Z T ik + Z <97 it 22kl>

3<k<I<n

ikl Tt

TPPkl + Z Z 1iPk

3<k<l<n i=3 k=

Pn—1 < \
( vr |

Pn <

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

Jok# i

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

These cancel exactly as before using



Two-particle collinear limit at three-loops

Fésrll;,z(plﬂpZ; /’l) — Fn,4T—3L(as) + Fn,4T—4L({ﬁzjkl}9 as) o (Fn—1,4T—3L(aS) T I‘n—l,4T—4L({'Bl'jkl}’ O!S)) /\ > Pn—2
Pn—1 < \
Now, we combine the constant I’ with the kinematic part (Ql/l‘)': ps3
n4T-3L @ D2
DPn <
P D1
Ly 2(P1sPos 1) = AF L (B Ty + (49§2k1({,5}) — 2f(as)> <T121k + Tlel) _ S

b 3%9 | | C @)=Y Y 1,

Jok# i

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

+2f(a,) Z <Tii12 + Ty + T221i)
i=3

Thinking back to the n = 3 case, this just appears in the last line, we can recover it easily,
and apply colour conservation.
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Two-particle collinear limit at three-loops

Lgp2(P1 P2 ) = Tyur_si (@) + Ty ar_at (B} @) — (rn—1,4T—3L(0‘s) + L arac (U} “s))

Now, we combine the constant I

n4T-3L

with the

Fgﬁ,z(l?ppz;ﬂ) = Z 47 ?Zkl({ﬂ D T + (497 §2k

3<k<I<n *

+2f(a,) Z <Tii12 + Ty + T221i)

=3

The first term is seemingly problematic:

e (T T T e 5 T, T T T e (T T2 T T

Kinematic part

ALY = 2f(6¥5)> <Tl2lk + T12kl>_

Fn,4T—4L({ﬁijkl}a a,) = 8 Z

/\ > Pn—2
Pn—1 <

Pn <

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

Jok# i

aij/d(ﬂ )

1<i<j<k<iI<n

Difficult to see how these terms alone can be collected together to make them depend only on particles 1 and 2.

Indeed, we need the top line!!
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Two-particle collinear limit at three-loops

Fgg,z(P1»P2; W) =L, ar_s(ag) + Uy ar_a (P> ) — (rn—1,4T—3L(0‘s) + 1 ar—a (B} O‘S)) /\

Pn—1 «

Now, we combine the constant I with the kinematic part

I’l,4T—3L Do
Pn <
P P1

Fésrll;,z(pl,[b;//l) — Z 4g?2k1({ﬁ}) lelz + (49?%/{1({,5}) — 2f(as)> <T121k + T12kl> B - 3L(as) — Zf(as) i Z T.

3<k<i<n L iijk

Jok# i

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

+2f(a,) Z <Tii12 + Ty + T221i)
i=3

For n > 4 we , conspiring to produce the same result as n = 3

Notice the following relation

n n

C On the right-hand side, colour conservation can be applied in turn!
2 Z <T121k T T12kl> +2 Z Lij1p = (Tyam + Tiow) 9 PP
3<k<izn i=3 =3 1=3 FACLeTITITS (TS + TS + ... ) = — ffPTITTE (T + T
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Two-particle collinear limit at three-loops

ng (P12 ) = U grsp(a@) + U gr_ st (W) @) — (Fn—1,4T—3L(0‘s) + L ar—at (Wi ) “s)> /\

P2
Pn <
P P1

I‘n,4T—3L(0{S) = 2f (aS) i Z Tiijk

Provided the following holds in the two-particle collinear limit: e
. k#i
Fn,4T—4L({'B ijkl}’ ay) = 8 Z aijkz(ﬁ)
— 1<i<j<k<I<n
12k1({ﬁ}) —f(as) 12kl({ﬁ}) =0

Pillpo
pillp2

Then applying colour conservation, gives a familiar result (of n=3 case)

3
ng 2(P1> Do ) = — Zf(as)<C/%T1 T + 8T1122>

Results for these functions exist, so we No new constraints from considering n > 4
can check explicitly these relations,

and indeed they are satisfied
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Multi-particle collinear limits

Pn—1 Pn—2

Pn—2
* Pn—1 <
"
° Pm+1
O
P3 > Pm
Pn <
P2 > D2
P > P1
n D1
pillpyll -l Py

%n(pl’ pm’ {pi}rest; ,l/t) — Spm(p19 pm?//t) %n—m+1(P9 {pi}rest; ,l/t)

The object of interest is

Usy (P15 ---Pps ) = L(Prs oo Py P15 P W) = Ut (P Py 15 P ) I ST,
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Three-particle collinear limit at three-loops

rg! 03P ) = gr_ai (@) + 1 ar_ar (W} @) — (rn—2,4T—3L(0‘s) + 1o ar—ar (i} “s))

Pm+1

The strategy we follow is identical to before, we again split the sums with respect to how Do

many and which collinear particles they involve

P2
P1

Coar-a(BD =4 ), a (BH+ ), a (BH+ D, a (pH+ D a A

- 4<i<j<k<I<n 4<j<k<I<n 4<j<k<I<n 4<j<k<I<n n
I‘n,4T—3L(aS) = 2f (aS) Z Z Tiijk
i=1 1 <j<k<n,
oy
+ D a, {pH+ D a (fH+ D a (fH+ D aml({ﬁ}) ik
4<k<I<n 4<k<iI<n 4<k<I<n 4<I<n

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

Cooar-a(BD =4 ), a, (H+ D, a, (B

- 4<i<j<k<I<n 4<j<k<I<n
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Three-particle collinear limit at three-loops

Pn—2

| 03P ) = gr_ai (@) + 1 ar_ar (W} @) — (rn—2,4T—3L(0‘s) + 1o ar—ar (i} “s))

Pm+1

Pm

The strategy we follow is identical to before, we again split the sums with respect to how

many and which collinear particles they involve. Starting with the kinematics: )

P2
P1

Lo (B =4 ) a D+ D a(dBD+ Y a (fh+ D, a, ()

- 4<i<j<k<lI<n 4<j<k<I<n 4<j<k<I<n 4<j<k<I<n n
I‘n,4T—3L(aS) = 2f (aS) Z Z Tiijk
i=1 1 <j<k<n,
oy
+ ) a, ({pH+ D a D+ D a (fH+ D am,<{/3}> ik
4<k<I<n 4<k<iI<n 4<k<I<n 4<[<n

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

Cooar-a(BD =4 ), a  (D+ D a, (B

-4<i<j<k<lI<n 4<j<k<I<n

Now, the parent partonis Tp=T;+ T, +T;

We see similar cancellations as before between pink and orange terms.

New type of term with three collinear particles present, marked in
green.
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Three-particle collinear limit at three-loops

F4T 3(]91,]72, //l) n 4T—3L(as) T Fn,4T—4L({ﬁljkl} ’ as) o (Fn—2,4T—3L(aS) T Fn—2,4T—4L({ﬁijkl} , O(S)) ﬁ\ s Pn—2
Pn—1 =

Now the constant part g Pt
Pm
n
L, ar—ar(ay) = 2f (as){ Z Z Liiip + Z (Tl ik T Loojx + T33jk) Pa - N
i=4 4<j<k<n 4<j<k<n
jok # i .

+ Z Z ( itk T Ling + T,gk) rn’4T_3L(aS) = 2f(a,) i Z T...

== =1 1< j<k< a
k;él l=1 —.] sn,

. jok i
+ Z <T112i + Dopy+ Lo + 113 + L33y + 1313 + Loz + 133, + T123>
=4 Fn,4T_4L({ﬁijkl}9 as) = 38 2 aijkl(ﬁ)
1<i<j<k<iI<n
t113 + I3 + T3312}
Terms of this type _
with
L ' fode fbee f74, ThY ¢ T T,=T,+T,+T,
1—171—2,4T—3L(as) — zf(as){ 2 Z Tiijk + Z TPP]k + Z Z llpk}
i=4 4<j<k<n 4<j<k<n i=4 k=

Jk# i k ;é ]



Three-particle collinear limit at three-loops

AT DY —
Lgo 5P i) = U sp(@) + Uy g gt (B> ) — (rn—2,4T—3L(0‘s) + L g ar—at (Wi ) “s)) P2
Pn—1
Combining terms we find D1
pm
_ _ Pn
L, 3(P1s P2 P3) = Z AF (AP Ty + (49 D18 = 2f (%)) <T121k + lekl) P
4<k<I<n * y P1
+ Z AF 5D Tz + <4<07'?3k1({:5}) - 2f(as)) <Tl3lk i Tl3kl> I (a,) = 2f(a) Z Z Liji
4<k<I<n ™ I n4T-3L> S § | ]
i=1 1 <j<k<mn,
) ] ki
T Z AF 35 (ABY) Toggz + <45’7’ (B — 2f (as)> <T23lk + T23kl)
s<hatzn | | Uopu(Buda)=8 D aup)
- i 1<i<j<k<iI<n
+2f(ay) Z <T112i + Loo1; + Lijio + 113 + 1331 + L3 + 193+ 1330, + Tii23)
L j—4 i
+2A(@) | Ty 13 + Tonys + Tanpn| + 4 Z a__ (1B} Three copies of the two-particle collinear limit, between
i 1230 each pair of the three becoming collinear.

4<I<n

And new terms!
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Three-particle collinear limit at three-loops

Ly 3PP ) = Tyur_si (@) + Ty gr_at (B} @) — (rn—2,4T—3L(0‘s) + Lo arat (W} “s))

Pm+1

P2
P1

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

Jok# i

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

We then find:
AT 3 2 3 2 . 2
LGP P2ops) = = 5 fla) (CIT, - Ty + 8T 15| — 2 /@) (CIT, - T5+ 8T 33| — 2 /(@) [C3 Ty - Ty + 8Ts3)

—4f(a) [T1123 + 13+ T3312] + 8 2 [T1312 F (Praor Priz) + Tioz F (Prazp Prza) + Thoyy F (ﬁ1213aﬂ1312)]

4<I<n

64 what about the terms in the last line?



Three-particle collinear limit at three-loops

Fésrll;ﬁ(pl’pz;'u) — I‘n,4T—3L(aS) + Fn,4T—4L({,Bijkl}’ as) o (Fn—2,4T—3L(as) + Fn—2,4T—4L({ﬁide}a as)) Pn—2
Pn-1
Pm+1
Pm
This is where properties of CICRs come to the rescue, as we .
have seen, the CICRs with three particles collinear, the 2
dependence on the rest-of-the-process parton scales out. b
- X3(=p1 D) 7
P1231 = o—p1 - P2) L s (@) = 2f(a) Z Z L
i=1 1 <j<k<n,
jk#i

Then we can apply colour conservation Z T3 = T3 — 13317
4<I<n

1<i<j<k<iI<n

| ol _ C>T, T, +8T B C>T, T, +8T - C>T, T, +8T
sp.3(P1:P2> P3) = 4f(0‘s)[ Al L+ 1122] 4f(0‘s)[ Al I+ 1133] 4f(0‘s)[ Ay L3+ 2233]

—4f(a) [T1123 + 13+ T3312] + 8 2 [T1312 F (Praor Priz) + Tioz F (Prazp Prza) + Thoyy F (ﬁ1213aﬂ1312)]

4<I<n
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Three-particle collinear limit at three-loops

Pn—2

Fgg,3(P1aP2; ) =L, grai(a) + L g at Wyt @) — (Fn—2,4T—3L(as) + L g ar—at (Wi ) 0@)

Pm+1

Pm

This is where properties of CICRs come to the rescue, as we
have seen, the CICRs with three particles collinear, the
dependence on the rest-of-the-process parton scales out.

P2
P1

XB(_pl ' p2) n
P1231 Xo(—p1 - ) Fn,4T_3L(0‘s) = 2f(ay) l_zl o j; _ L
ok #i

Then we can apply colour conservation Z L1231 = 15513 — 13312
4<I<n

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

! _ 0 C?T,-T,+8T D C?T,-T,+8T o C?T,-T,+ 8T
sp.3(P1>P2> P3) = 4f(0‘s)[ 1T, - Ty + 8T} ) 4f(0‘s)[ ST, - Ty + 8T} 53] 4f(as)[ 1T, - T3+ 8733

—4f(a) [T1123 + Tho13 + T3312| + 8 (T1123 - T2213> F (Pisap Priza) + 8<T1123 - T3312> F (D13 Prza) + 8<T2213 - T3312> F (Pras Pran)

Strict collinear factorisation satisfied in the three-particle collinear limit for terms starting at three loops. No additional constraint.
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Four-particle collinear limit at three-loops

Pn—2

F§§,4(p1, pyi) =L, ap (@) + U ar g (WPt ) — (Fn—3,4T—3L(0‘s) + 15 ar—ar (W) » “s))

Pm+1

Pm

The strategy for this calculation is the same as for the previous cases. -

P2
P1

We again recover lower particle collinear limits between subsets of
particles becoming collinear.

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

j ki
New structures are the kinematic functions that now depend on all
four particles becoming collinear. But this naturally satisfies the strict U Wit ) = 8 2 a;i1i(P)
collinear factorisation. 1<i<j<k<I<n
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Four-particle collinear limit at three-loops

Pn—2

F§§,4(p1, pyi) =L, ap (@) + U ar g (WPt ) — (Fn—3,4T—3L(0‘s) + 15 ar—ar (W) » “s))

Pm+1

Pm

The strategy for this calculation is the same as for the previous cases. -

P2
P1

We again recover lower particle collinear limits between subsets of
particles becoming collinear.

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

j ki
New structures are the kinematic functions that now depend on all
four particles becoming collinear. But this naturally satisfies the strict U Wit ) = 8 2 a;i1i(P)
collinear factorisation. 1<i<j<k<I<n

We will spare the details of the calculation...
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Four-particle collinear limit at three-loops

Pn—2

F§§,4(p1, pyi) =L, ap (@) + U ar g (WPt ) — (Fn—3,4T—3L(0‘s) + 15 ar—ar (W) » “s))

Pm+1

Pm

The strategy for this calculation is the same as for the previous cases. -

P2
P1

We again recover lower particle collinear limits between subsets of
particles becoming collinear.

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

j ki
New structures are the kinematic functions that now depend on all
four particles becoming collinear. But this naturally satisfies the strict U Wit ) = 8 2 a;i1i(P)
collinear factorisation. 1<i<j<k<I<n

We will spare the details of the calculation... How about at four loops?
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Collinear limit at four-loops

Four-loop correction to the soft anomalous dimension has not
been fully explicitly computed. Recall the structure

L, ({4 @2) = TP (50,40, ) + Ty (@) + Tpra (B} @)

Jet 2

+1, Qar—230 (1851 4, @) + 1) qar—ar (D} > @)

+rn,5T—4L({:Bijkl}9 as) T Fn,ST—SL({:Bijkl}9 as) T @(as)

Form at four IOOpS [T. Becher and M. Neubert, 1908.11379]

L, i (Sl ) == D gr@)| D (9 i + Diiy + 9571')5 it 2 Dhiln
R |

- 1<i<j<n =1 1<j<k<n
Jk#F1

—S..
fl-j = In (—l]> The 2p has been computed by [J. Henn, G. Korchemsky, B. Mistlberger, 1911.10174]

L our—a (B> ) = 24 2 2 D Gr By Py This function is unknown

R 1<i<j<k<I<L
= =1 /0



Collinear limit at four-loops

Four-loop correction to the soft anomalous dimension has not
been fully explicitly computed. Recall the structure

L, ({4 @2) = TP (50,40, ) + Ty (@) + Tpra (B} @)

Jet 2

+L, Qar—230 (U851 4, @) + 1) qar—ar (B }> @)

+rn,5T—4L({:Bijkl}9 as) T Fn,ST—SL({:Bijkl}9 as) T @(as)

Form at four IOOpS [T. Becher and M. Neubert, 1908.11379]

Fn,ST—4L({'B ijkl bag) = Z Tijkli 74 l(ﬂijlka :Biklj; ay)
(i7j’k7l)

Fn,ST—SL({'Bijkl} ’ C{S) = Z szklm %2(ﬂl'jkl’ ﬁijmk? :Bikmj’ ﬂjiml’ llemi; (XS)
(i,,k,l,m)

These functions are unknown
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Collinear limit at four-loops

Four-loop correction to the soft anomalous dimension has not
been fully explicitly computed. Recall the structure

L, ({4 @2) = TP (50,40, ) + Ty (@) + Tpra (B} @)

Jet 2

+L, Qar—230 (U851 4, @) + 1) qar—ar (B }> @)

+rn,5T—4L({:Bijkl}9 as) T Fn,ST—SL({:Bijkl}9 as) T @(as)

The two-particle collinear limit proved useful in providing
constraints on the unknown objects [T. Becher and M. Neubert, 1908.11379]

lim € p(fn0) = — <Ko lim  (8,,0) = 0

Proj—>—0 12 Proj——0

And the combination

<4%2(_ﬁlkmlﬂ o ﬂlel o ﬂllmk’ o ﬁ12kl o ﬂllmk’O’ﬂIZkl + ﬁlkml) o %1(_ﬁllmk’ :Blkml o ﬁllmk) + 2%2(ﬂ12k19 ﬁ12kl + ﬂllmk’o’ﬂIZkl + ﬁlkml’o))

has to be symmetric, since it multiplies [dem - TlZlkm]
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Collinear limit at four-loops

Four-loop correction to the soft anomalous dimension has not
been fully explicitly computed. Recall the structure

L, ({4 @2) = TP (50,40, ) + Ty (@) + Tpra (B} @)

+L, Qar—230 (U851 4, @) + 1) qar—ar (B }> @)

+rn,5T—4L({:Bijkl}9 as) T Fn,ST—SL({ﬂijkl}9 as) T @(ass)

We investigated the three-particle collinear limit, here is one
place where we could envisage multi-particle collinear limit to
provide additional constraints.

but in the end, once the two-particle collinear limit constraint on the
functions is implemented, the seemingly new constraint is satisfied.

Details in [C. Duhr, E. Gardi, SJ, J. LUbken, L. Vernazza, 2507.21854|
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https://arxiv.org/abs/2507.21854

Collinear limits of amplitudes with a massive leg

This far, we have considered only collinear limits of n-point j
scattering amplitudes with massless external legs.

We found no additional constraints beyond the ones arising
from the two-particle collinear limit.

Can we learn something extra from multi-particle collinear
limits of amplitudes with a massive leg?

To this end, add these terms to the anomalous dimension

Picture from E. Gardi, Z. Zhu, 2510.27567

re <{p}aml’/1’ as) =2 Z g Fro <”ij1» %) + Z agkl({r})

1<i<j<n 1<i<j<k<n
Where and variables appearing here are
2
Pi " P; P1
h _ _ i ]
a., ({r}) =2 LigrEna \ Viir Virrs Vikr ) + LiierFva \ Fiie Tiras Vi ) + LijirEns \ Twjrs T Vi Viip =
] / 2
Pi* P1 Pj Pr

The function Fy, <rl-j], aS> was computed in [Z. L. Liu, N. Schalch, 2207.02864]

and since recently, Fi; (rl-ﬂ, Tikp> Vikr as> Is known as well [E. Gar7dAir, Z. Zhu, 2510.27567]



Auxiliary slides
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Soft Anomalous Dimension

Corrections to the dipole formula of the soft anomalous dimension have been studied
intensively. The structure through four-loops is

I ({pi},/l, as(,12)) = [P ({s,j},/l, aS> + T, srosi (@) + Ty g (B} ) .
+rn,Q4T—2,3L({Slj} ’ /1’ as) + I1n,Q4T—4L({ﬁijkl} ’ as)

+L, st_at (P> o) + 1y st_s . (Wit ) + O (@)

/0



Soft Anomalous Dimension

Corrections to the dipole formula of the soft anomalous dimension have been studied
intensively. The structure through four-loops is

L, ({p}, 4 a(1?)) =TGP ({s,j},/l, aS> + T, srosi (@) + Ty g (B} ) o

Three-loop correction
+rn,Q4T—2,3L({Slj} ’ /1’ as) + I1n,Q4T—4L({ﬁijkl} ’ as)

Calculated explicitly in
[@. Almelid, C. Duhr, E. Gardi, 1507.00047]

+Fn,5T_4L({ﬁijkl}a OCS) + Fn,5T_5L({ﬁijkl}a OCS) + @(O(SS ) Functional form also obtained by
bootstrap techniques

. Almelid, C. Duhr, E. Gardi, A. McLeod,
C. White, 1706.10162]
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Soft Anomalous Dimension

Corrections to the dipole formula of the soft anomalous dimension have been studied

intensively. The structure through four-loops is

L, ({74 2,G%) = T8 ({51, 2, )|+ Tr_3n(@) + Ty (B @)
+rn,Q4T—2,3L({Slj} ’ /1’ as) + Fn,Q4T—4L({ﬁijkl} ’ as)

+L, st_at (P> o) + 1y st_s . (Wit ) + O (@)

Four-loop correction

The four-loop cusp anomalous dimension has been
computed [J. Henn, G. Korchemsky, B. Mistlberger, 1911.10174]

Some constraints on the functional form have also been
determined using Regge and two-particle collinear limits

[A. Vladimirov 1707.07606] [T. Becher and M. Neubert, 1908.11379]
[G. Falcioni, E. Gardi, N. Maher, C. Milloy, L. Vernazza, 2111.10664]

/3

Jet 2

Three-loop correction

Calculated explicitly in
[@. Almelid, C. Duhr, E. Gardi, 1507.00047]

Functional form also obtained by
bootstrap techniques

. Almelid, C. Duhr, E. Gardi, A. McLeod,
C. White, 1706.10162]



Splitting amplitude soft anomalous dimension

The infrared singularities of the timelike splitting amplitude are given to all orders in terms of the so-called
splitting amplitude soft anomalous dimension

%n({pi}aﬂa €) — Zn({pz}alfta 6)%71({]91}9/1)

%n—l({pi}aﬂa €) — Zn—l({pi}aﬂa 6)%71—1({]71'}?”)

Collinear factorisation also applies to the hard function

%n(pl’pZ’ {pi}res’U /’t) — Sp%,z(p19p2;/’t) %n—l(P? {pi}rest9 /’t)
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Splitting amplitude soft anomalous dimension

The infrared singularities of the timelike splitting amplitude are given to all orders in terms of the so-called
splitting amplitude soft anomalous dimension

%n({pi}aﬂa 6) — Zn({pz}aﬂa 6)%n({pz}9ﬂ)

%n—l({pi}a/’t? €) — Zn—l({pi}aﬂa 6)%71—1({]71'}9”)

Collinear factorisation also applies to the hard function

%n(pPpZ’ {pi}rest’ //t) — Sp%,z(ppr;:u) %n—l(P? {pi}rest9 ,l/t)

d f’
SP%,Z(Pth;ﬂ) = L'gp (P15 P25 1) SP%,Z(PDPZ/U ‘

d1n u

| FSp 2(1919192,#) I (P19P29P3a- pn;,bt) L I(P’p3" Pn,ﬂ)\TP_)z
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Splitting amplitude soft anomalous dimension

The infrared singularities of the timelike splitting amplitude are given to all orders in terms of the so-called
splitting amplitude soft anomalous dimension

M, (Api}s s €) = LZ,(Api}, ps €)F ,({Pi}s 1)
%n—l({pi}aﬂa 6) — Zn—l({pi}aﬂa 6)%71—1({]71'}9”)
Collinear factorisation also applies to the hard function Central object in the
investigation. Remarkable
H ,(D1sPrs \Pi Vrests H) — Sp%,z(pl,pz; W), (P D} ests 1) cancellations need to occur on

the right-hand side!

d f’
SP%,Z(Pth;ﬂ) = Lgp (P15 P25 1) SP%,Z(PDP%/U ‘

d1n u

- Do) = TP pops -2 ) = Lot Popss 20y, y

l 1 l ’Q
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The Soft Anomalous Dimension at three-loops

Recall the structure:

Fn <{pi}’ A, as(;tz)) — ngp. <{Sij}’ A, as) T I‘n,4T—3L(as) T Fn,4T—4L({:Bijkl}’ as)

+Fn,Q4T—2,3L({Szj}9 A, ag) + Fn,Q4T—4L({:Bijkl}’ o)

+L, st_at (Wit &) + Ly sr—st. (Wi b> o) + O (@)

Result of explicit calculation [J. Almelid, C. Duhr, E. Gardi, 1507.00047]

L aros (@) = 2f(ay) i 2 Lijix

Sk F i

L (WPt ) = 8 Z [Tiklj F P Puj) + Tijie & Pijras Pi) + Tijia F (P :Biklj)]

1<i<j<k<I<n

T =1 ade free { 17, T]’?, T T?}
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The Soft Anomalous Dimension at three-loops

A word about the kinematics

I1n,4T—4L({'B ljkl}’aS) = 8 Z [ iklj (ﬂlk]l’ ﬂzl]k) + szlk (ﬁijkl’ ﬁilkj) + szkl F (ﬂzjlk’ ﬁiklj)]

1<i<j<k<lI<n

Bose Symmetry:

F (ﬁzjkza ﬁizkj) =—F (ﬁﬂkja ﬁijkz)
Tijlk — fade fbceT? Tj? T? Tg

These objects here are logarithms of the Conformally Invariant Cross Ratios (CICRs)

(—5,)(—s5) (—5,)(—s5)

Pii] = ,Bl lnpl = In
e (=5 (=57) e (=Si)(=5;1)

Which can be written in terms of variables  Piju = ZjuZijki> P = (I = 2 (1 — Zipg)

: Single Valued H '
(lBlel’ ﬁllk]) — [F(l o Zl]kl) - F(lekl)] F(Z) — c>?1()101(Z) 24/2 [gOOI(Z) glOO(Z)] Ing:OIyal:gearithar:';Onlc

83 . Almelid, C. Duhr, E. Gardi, 1507.00047]



1<i<j<k<I<n

For future reference, we can also rewrite this in terms of two terms face fbde — fabe pede y gade ghee

350({F)) = F (PN Ty + F 5D Ty + Ty

where

Ukz({ﬁ}) = F Dijt biny) — F PBijies Pirt) + 2F P Pirin)

=4 qkz({ﬁ}) = F Diju bin) + F Bijiir Pirsy)



CICRs in collinear limits

For two-particle collinear limits we need to consider

(—=p1 - P)(—Di - P))

P12kl = > 0
(=p1 - PR)(=P2 - D)) Pn—2
i = P -P)CEPp) (NP p)ERPp) P
1lk2 — ~
(=p1-P(=p;-p2)) (X1 P - p)(—=x:F - pp) — D
P2
In the three-particle collinear limit on the other hand Y
(=p1-P)(=p3-p) _ (=p;-p)(=x3P - p) X3(—Ppy - Do)
P1231 = ~ P13 =
(=p1-pP3)(=p2-p)  (=p1-p3)(—x, P p)) Xo(—py - P3)
(=p1 - P)(=P3 - Do) N X((=D3 * D) Do retain kinematic dependence, but on the collinear partons only!

P1i32 = ( The rest-of-the-process dependence scales out.

—p1-P3)(=p;-p)  x(—=p;-Pp3)
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Two-particle collinear limit at three-loops

Motivation here is two-fold:
* The result at three-loops is known, so we can study how strict collinear
factorisation is realised.

e |f it was unknown, assuming strict collinear factorisation holds, are there P
constraints we can derive from this limit.
Considerations along these lines already in bootstrap approach Pn

. Almelid, C. Duhr, E. Gardi, A. McLeod, C. White, 1706.10162]
Can we improve on this?
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Two-particle collinear limit at three-loops

Motivation here is two-fold:
* The result at three-loops is known, so we can study how strict collinear
factorisation is realised. /\

> Pn—2
 |f it was unknown, assuming strict collinear factorisation holds, are there Pt ) \
constraints we can derive from this limit. M, S Ps
. . . . p
Considerations along these lines already in bootstrap approach Pn < > @ p2
1
. Almelid, C. Duhr, E. Gardi, A. McLeod, C. White, 1706.10162]

Can we improve on this?

Starting at three-loops, we had two contributions

L, aros (@) = 2f(ay) i Z Ljix

i=1 1 <j<k<n,
L k#i

L ara (WP} @) = 8 2 [Tiklj F Pijv Pujp) + Tijie F Pijro Pin) + Tijra F Dijur ﬁikzj)]

1<i<j<k<I<n

_ AT oy Can we pick
A"fd the object Fsp,z(]?ppza 1) =L ar3(ay) + Fn,4T—4L({:Bijkl}9 ay) — <Fn—1,4T—3L(0‘s) T Fn—1,4T—4L({:Bijkl}’ “s)> n_39p
of interest is S
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Two-particle collinear limit at three-loops

Fésrll;,z(plﬂpZ; /’l) — Fn,4T—3L(as) + Fn,4T—4L({ﬁzjkl}9 as) o (Fn—1,4T—3L(aS) T I‘n—l,4T—4L({'Bl'jkl}’ O!S)) /\ > Pn—2
Pn—1 < \
Selecting n = 3, most terms above cannot contribute, only: M1 > ps
Pn < P2
P P1
AT C) —
FSp,z(p19p29 p) = 1's 4731 (@)
Explicit _ \
plicitly [ (@) =2f) ) | Z‘z T
i=1 1<j<k<n,
I's 4731 (a) = 2f1 (“s)(T1123 + 1h3+ T3312) ki

Fn,4T—4L({'B jkits Os) = 8 Z (D)

Remember, these terms have the following structure 1<i<j<k<I<n

de rb b d
fa ef - {Ta’ Tl} Tg T3
Since we only have three particles, we can directly apply colour conservation 1T;+ T, +T;=0

faa’e fbce {Ta’ Tllo} TS Tgl — fade fbce {Ta, T119} TS Tcll _ fade fbce {Ta, Tllo} Tg Tczz’
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Two-particle collinear limit at three-loops

Fésrll;,z(plﬂpZ; /’l) — Fn,4T—3L(as) + Fn,4T—4L({ﬁzjkl}9 as) o (Fn—1,4T—3L(aS) T I‘n—l,4T—4L({'Bl'jkl}’ O!S)) /\ > Pn—2
Pn—1 < \
Selecting n = 3, most terms above cannot contribute, only: Mup_1 = p3
Pn < @ b2
P P1
AT CoY —
FSp,z(p19p29 ) = F3,4T_3L(%)
Explicit _ \
e L o (@) = 2f(ay) Z Zk L
i=11<j<k<n,
I's 4731 (a) = 2f1 (“s)(T1123 + 1h3+ T3312) ki

Fn,4T—4L({'B jkits Os) = 8 Z (D)

Remember, these terms have the following structure 1<i<j<k<I<n

fade fbce {Ta, Tllo} Tg Tgl

Since we only have three particles, we can directly apply colour conservation T1 + T2 + T3 =0 Even the last term is manageable

faa’e fbce Ta’ Tb T¢ Td — fade fbce Ta, Tb T¢ Td _ fade fbce Ta, Tb T¢ Ta’ fade fbce Ta’ Tb T¢ Td
1 273 1 2 71 1 2 72 3 1 —2
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Two-particle collinear limit at three-loops

Fgg,z(P1»P2; W) =L, ar_s(ag) + Uy ar_a (P> ) — (Fn—1,4T—3L(0‘s) + 1 ar—a (B} O‘S)) /\

But thus far, we have not made use of universality of this object, the left-hand side

IS Independent of n . p2
Pn <
When we consider a higher point amplitude, more structures enter. Importantly, P @ .

the kinematic ones, but the result should be the same!

n
Precisely this consideration for n = 4 was used in L s (@) = 2f(a) Z Z Liiix
[@. Aimelid, C. Duhr, E. Gardi, A. McLeod, C. White, 1706.10162] i=1 1< Jk<;< <n
] l

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n
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Two-particle collinear limit at three-loops

Fgg,z(l?pl?z; //l) — Fn,4T—3L(as) T Fn,4T—4L({ﬁzjkl}’ as) o (Fn—1,4T—3L(as) T Fn—1,4T—4L({'Bijkl}’ OKS)) /\ > Pn—2
Pn—1 <
But thus far, we have not made use of universality of this object, the left-hand side M \ Ds
n—1 >
IS iIndependent of n . P
Pn = 2 @ Dy

When we consider a higher point amplitude, more structures enter. Importantly,
the kinematic ones, but the result should be the same!

n,4T—3L(aS) = 2f (aS) i Z Tiijk

Precisely this consideration for n = 4 was used in I
[@. Almelid, C. Duhr, E. Gardi, A. McLeod, C. White, 1706.10162] i=1 1< {; i <1
] l
Next, we will work with general 7 to show that this is the only constraint in the U yr_a (Wt ) = 8 2 a;i1i(P)

two-particle collinear limit. 1<i<j<k<I<n

We start with I’n 47— @nd we will work with it as in the dipole case, selecting particles

1 and 2 to be collinear and separating the sum.
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Two-particle collinear limit at three-loops

ng (P12 ) = U grsp(a@) + U gr_ st (W) @) — (rn—1,4T—3L(0‘s) + L arac (U} “s)) /\

Pn—1 <
Next, consider the constant piece I’n, STaL ( ﬁ N
Pn <
n P @ D1
L) 4r_sp(ay) = 2f (“s){ Z Z T ik + Z <97 it 22kl>

i=33<k<l<n 3<k<I<n .
k1% i
I‘n,4T—3L(aS) = 2f (aS) Z Z Tiijk
+ Z Z ( itk T Tu2k> + Z (T112z + 1oy + Tzl2) } jok # i
i=3 k= =3
k _
;é l Fn,4T—4L({ﬁijkl} ’ as) = 38 2 al]kl(ﬂ)
1<i<j<k<iI<n
n
L)y ar_si(ay) = 2f (as){ Lijg + Z Ippy + Z Z zsz}
i=33<k<Il<n 3<k<lI<nm i=3 k=
kal ?é l k ?é l
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Two-particle collinear limit at three-loops

ng (P12 ) = U grsp(a@) + U gr_ st (W) @) — (rn—1,4T—3L(0‘s) + L arac (U} “s))

Next, consider the constant piece I’n, AT_AL

L) 4r_sp(ay) = 2f (“s){ Z Z T ik + Z <97 it 22kl>

i=33<k<l[<n 3<k<I<n
k,l#1

+ Z Z ( itk T Tzz2k> T Z (T112z + Iy + Tzl2) }

i=3 k = =3
k;él

L)y ar_si(ay) = 2f (as){ Lijg + Z Ippy + Z Z zsz}

i=33<k<Il<n 3<k<lI<n i=3 k=
k,l#i k#z

S
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/\ > Pn—2
Pn—1

Pn <

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

Jok# i

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

These cancel exactly as before using



Two-particle collinear limit at three-loops

4T Co —

FSp,Z(pl’pZ’ ) =T, gr5 () + Fn,4T—4L({ﬁzjk1}a o) — (rn—1,4T—3L(0‘s) T Fn—1,4T—4L({ﬁzjkz}a “s)) /\ ) -
Pn—-1 < \

Now, we combine the constant Fn AT_3L with the kinematic part M > ps3

P2
Pn <
P P1

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

Jok#Fi

Ly 2(P1sPos 1) = 2 AF L (IB) Ty + (49§2k1({,5}) — 2f(as)> <T121k + Tlel)

3<k<I<n *

+2f(a) Y (Typo + Ty + Tony;
f(a)g( 12+ Tiioi + Tooyy) U o (WPt ) = 8 Z 4P

1<i<j<k<iI<n
Thinking back to the n = 3 case, this just appears in the last line, we can recover it easily,

and apply colour conservation.

But we want to keep n general, the latter two terms are not an issue, colour conservation
can be applied for any n

fedefree LT, T} TS (T + TG + ...) = — [« {T9, T}} TS (T + TY)
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Two-particle collinear limit at three-loops

ng (P12 ) = U grsp(a@) + U gr_ st (W) @) — (rn—1,4T—3L(0‘s) + L arac (U} “s)) /\

Pn—1 «

Now the bottom and the top line can be combined M1

P2
Pn <
P P1

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

ng 2(P1> P23 1) = Z AF Lo (B Tig + flary) Z Z <T121k T T12kl> + 2f(a,) Z T2+ Thoy;)

3<k<iI<n k=3 [=3

Provided the following condition holds in the two-particle collinear limit: 1 1<j<k<n.
jk#i
(49"’ S (18] - 2f(as)) = 2f(a,) C g Bada) =8 D ay(p)
1<i<j<k<iI<n
pillp
Then applying colour conservation, gives a familiar result Which coincides with what we had earlier, as long as
4T o A 3 2
I'sp2(P1 2 1) = Z 4F oW ) Ty — Zf(“s) CiTy- Ty + 8T F i ({BY) =0
3<k<iI<n pillp2
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Two-particle collinear limit at three-loops

Pn—1 «

ng 2(p1’p2’ //t) n 4T—3L(as) + Fn,4T—4L({:Bijkl}9 as) o (Fn—1,4T—3L(aS) T Fn—1,4T—4L({'Bijkl}’ aS)) /\ = Pn—2
M, _1 \ o p3

Now the bottom and the top line can be combined
Pn =
P D1

ng 2(P1> P23 1) = Z AF Lo (1B Tiyar + flary) Z Z <T121k T T12kl> + 2f(a,) Z T2+ Thoy;)

3<k<iI<n k=3 [=3

I‘n,4T—3L(0{S) = 2f (aS) i Z Tiijk

Provided the following condition holds in the two-particle collinear limit: i—11<j<k<n,

ki
Results for these functions exist, so we il
s B B ! can check explicitly these relations, T Sla)= 8 a.
<4J12kl({ﬁ =2 (as)) = () and indeed they are satisfied nar-a P} &) 1<i<j<2k<l<n ikl P)

pillp2
No new constraints from considering n > 4

Then applying colour conservation, gives a familiar result Which coincides with what we had earlier, as long as

3 |
Cg 5 (P1spas ) = Z AF 5B Ty, — Zf (ay) (Cj I, - T, 8T1122> F 5B =0
3<k<lI<n f Pillp:
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Three-particle collinear limit at three-loops

Fggﬁ(pl’pZ; /’l) — I‘n,4T—3L(aS) T Fn,4T—4L({ﬁljkl}’ as) o (Fn—2,4T—3L(as) + Fn—2,4T—4L({ﬁijk1}a O(S)) Pn—2
Pn—1
Combining terms we find P
Pm
I'sp3(P1o P2 P3) = Z AF (1P T + (49 ({8 = 2f (“s)> (lelk + lekl) " P
4<k<I<n - - D1
+ D [ AFRUBD T + (4F55,(18D = 2@) ) (T + Tio P o=y Y T,
d<kel<n L : ) =1 l<j<k<n,
_ _ Jk#i
+ Y [AFRBD T + (47 35(18D = 20(@) ) Ty + T
r<hotzn | | Uopu(Buda)=8 D aup)
1<i<j<k<iI<n

L

+2f(ay) Z <T112i + 1+ Lo + T3+ 1331+ Ly + 1oz + L33 + Tii23)
=4 _

+2f(a) | 11103 + Topi3 + T332 +4 Z a . ({/})

4<I<n
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Three-particle collinear limit at three-loops

Pn—2

Ly 3PP ) = Tyur_si (@) + Ty gr_at (B} @) — (rn—2,4T—3L(0‘s) + Lo arat (W} “s))

Combining terms we find P
pm
_ _ Pn
Cg 3(P1sposp3) = Z AF (AP Ty + (49 ({8 = 2f (“s)> <T121k + lekl) 2
4<k<i<n L : P
+ D0 [ AFRUBD T + (4755, (18D = 2@) ) (T + Ti P o=y Y T,
4<k<I<n * ] ’ i=1 1 <j<k<n,
) ] ki
T Z 4F 33((BD) Tos + <45’7’ (B — 2f (as)> <T23lk + T23kl)
s<hatzn | | Uopu(Buda)=8 D aup)
- i 1<i<j<k<iI<n
+2f(ay) Z <T112i + Loogi+ Ly + Lhy3 + D331 + 1313 + 193 + 1339 + Tii23)
- =4 i
+2A(@) | Ty 103 + Tonys + Tazpn| + 4 Z a . ({) Three copies of the two-partlple coll!near limit, between
each pair of the three becoming collinear.

4<I<n
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Three-particle collinear limit at three-loops

Pn—2

rg! 03P ) = gr_ai (@) + 1 ar_ar (W} @) — (rn—2,4T—3L(0‘s) + 1o ar—ar (i} “s))

Imposing the two-particle collinear limit constraints:

Pm+1

Pm

Dn

P2
P1

<4‘Oj;2bkl({p}) o 2f(as)> — 2f(as) ’ (aa b) — (192) ” (193) ” Oor (293)
Pallpp
And being careful with colour conservation, for example:

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

2 i=1 1<j<k<n,
2 1= C LTy =Ty — Tp3 ki
Additional term with respect to the two-particle collinear limit! U Wit ) = 8 Z a;i1i(P)
1<i<j<k<iI<n
We then find:

3 3 3
Lg3(P1spasp3) = — 7@ [CXT, - Ty + 8T} | - 7/ [CAT, - Ts + 8T} 33] — 7/ (G Ty - Ty + 8T 3]

—4f(a) [T1123 + 13+ T3312] + 8 2 [T1312 F (Praor Priz) + Tioz F (Prazp Prza) + Thoyy F (ﬁ1213aﬂ1312)]

4<I<n
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Three-particle collinear limit at three-loops

Pn—2

rg! 03P ) = gr_ai (@) + 1 ar_ar (W} @) — (rn—2,4T—3L(0‘s) + 1o ar—ar (i} “s))

Imposing the two-particle collinear limit constraints:

Pm+1

Pm

Dn

P2
P1

<4‘Oj;2bkl({p}) o 2f(as)> — 2f(as) ’ (aa b) — (192) ” (193) ” Oor (293)
Pallpp
And being careful with colour conservation, for example:

I‘n,4T—3L(aS) = 2f (aS) i Z Tiijk

2 i=1 1<j<k<n,
2 1= C LTy =Ty — Tp3 ki
Additional term with respect to the two-particle collinear limit! Fn,ﬂ_ i Wit ) = 8 Z a;i1i(P)

1<i<j<k<iI<n

We then find:

3 3 3
Lg3(P1spasp3) = = Zf (@) |CA Ty - Ty + 8T} 55| — Zf (@) [CA T, - T + 8T} 33) - Zf (a)|CA T, - Ts + 8Ty,3)

—4f(a) [T1123 + 13+ T3312] + 8 2 [T1312 F (Praor Priz) + Tioz F (Prazp Prza) + Thoyy F (ﬁ1213aﬂ1312)]

4<I<n

100 what about the terms in the last line?



Three-particle collinear limit at three-loops

Fésrll;ﬁ(pl’pz;'u) — I‘n,4T—3L(aS) + Fn,4T—4L({,Bijkl}’ as) o (Fn—2,4T—3L(as) + Fn—2,4T—4L({ﬁide}a as)) Pn—2
Pn-1
Pm+1
Pm
This is where properties of CICRs come to the rescue, as we .
have seen, the CICRs with three particles collinear, the 2
dependence on the rest-of-the-process parton scales out. b
- X3(=p1 D) 7
P1231 = o—p1 - P2) L s (@) = 2f(a) Z Z L
i=1 1 <j<k<n,
jk#i

Then we can apply colour conservation Z T3 = T3 — 13317
4<I<n

1<i<j<k<iI<n

| ol _ C>T, T, +8T B C>T, T, +8T - C>T, T, +8T
sp.3(P1:P2> P3) = 4f(0‘s)[ Al L+ 1122] 4f(0‘s)[ Al I+ 1133] 4f(0‘s)[ Ay L3+ 2233]

—4f(a) [T1123 + 13+ T3312] + 8 2 [T1312 F (Praor Priz) + Tioz F (Prazp Prza) + Thoyy F (ﬁ1213aﬂ1312)]

4<I<n
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Three-particle collinear limit at three-loops

Pn—2

Fgg,3(P1aP2; ) =L, grai(a) + L g at Wyt @) — (Fn—2,4T—3L(as) + L g ar—at (Wi ) 0@)

Pm+1

Pm

This is where properties of CICRs come to the rescue, as we
have seen, the CICRs with three particles collinear, the
dependence on the rest-of-the-process parton scales out.

P2
P1

XB(_pl ' p2) n
P1231 Xo(—p1 - ) Fn,4T_3L(0‘s) = 2f(ay) l_zl o j; _ L
ok #i

Then we can apply colour conservation Z L1231 = 15513 — 13312
4<I<n

Fn,4T—4L({'B jkits Os) = 8 Z (D)

1<i<j<k<iI<n

! _ 0 C?T,-T,+8T D C?T,-T,+8T o C?T,-T,+ 8T
sp.3(P1>P2> P3) = 4f(0‘s)[ 1T, - Ty + 8T} ) 4f(0‘s)[ ST, - Ty + 8T} 53] 4f(as)[ 1T, - T3+ 8733

—4f(a) [T1123 + Tho13 + T3312| + 8 (T1123 - T2213> F (Pisap Priza) + 8<T1123 - T3312> F (D13 Prza) + 8<T2213 - T3312> F (Pras Pran)

Strict collinear factorisation satisfied in the three-particle collinear limit for terms starting at three loops. No additional constraint.
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Collinear limit at four-loops

Four-loop correction to the soft anomalous dimension has not
been fully explicitly computed. Recall the structure

L, ({4 23) = TP (50,40, ) + T (@) + Tra (B @)

Jet 2

+L, Qar—230 (U851 4, @) + 1) qar—ar (B }> @)

+rn,5T—4L({:Bijkl}9 as) T Fn,ST—SL({:Bijkl}9 as) T @(O‘SS)
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Collinear limits of amplitudes with a massive leg

We combine the anomalous dimension of the massless and massive partons

A (AL =4 ) agph+2 ) al(r)

1<i<j<k<iI<n 1<i<j<k<n

Bn+I({r}) — 2f(as) i 2 Tiijk +2 Z Tllij Fh2 (rijl’ as)

i=1 1<j<k<n, 1<i<j<n
L k#i

And we make the same considerations as before. Starting with two-particle collinear limit, split the sums..

Ly 2(P1sPos ) = Z AF LB Ty + <45’7' (B — 2f (055)> <T121k + T12kl>

3<k<I<n *

+2f(ay) Z (Tiino + Tiioi + Tooi) +2 Z Al + 2T510F (rop )

=3 3<k<n

Massless part Additional massive part

Again leads to same constraints as before on the
massless kinematic functions 104



Collinear limits of amplitudes with a massive leg

Then application of colour conservation must also include the massive coloured final leg. So the example relation changes to

n
1
Z Iy~ — ng I -1 =T =Ty
i=3

In the end we find Massless part

3
Fgg,z(PlaP2§ﬂ) = Zf(“s)(cj T -T,+3 T1122> — 6f(a)Tyoy + 2T 25 Fr (r12p )

n n n
+2 Z IAVIILR: (’”ma PLkp> T2krs “s) +2 Z Ly1xrtbhs (’”211’ Pokr> T1krs “s> — 4f(ay) Z <T12k1 T Tz”d)
k=3 k=3 k=3

Demanding strict collinear factorisation, leads to constraints: [Z. L. Liu, N. Schalch, 2207.02864]

Fy) (rlzlv “s) = 3f(ay), Fys (’”121» F1kis> Tokrs as) = 2f(a,)
pillp> pillp>
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Three-particle collinear limit with a massive leg

Going back to the start, we note that functions F}; depends on three massless particles and one massive

AUBL D=4 ) agBh+2 ), al,(rh

1<i<j<k<iI<n 1<i<j<k<n

Bn+I({r}) — 2f(as) i 2 Tiijk +2 Z Tllij Fh2 (rijI’ as)

i=1 1<j<k<n, 1<i<j<n
L k#i

Proceeding in the same way as before (already implementing the two-particle collinear limit constraints), we again recover the massless
three particle collinear structures, but also extra terms

3 3 3
F§£,3(P13P2»P3§/4) = = Zf(“s)<C§T1 - T, + 8T1122> - Zf(“s)<CiT1 - T3+ 8T1133> - Zf(as)<C/%T2 - T3+ 8T2233> — 4f(a,) [T1123 + 1513+ T3312]

+3 Z [T1312 F (Praos Priaz) + Tias F Prazp Przd) + Tios F (ﬁ1213»ﬂ1312)]

4<I<n

+ 2T 933 (1’121, 1375 ”231) + 27531 F 3 (’”211» 375 ”131) + 27515, F 3 (”311» 3075 ”211)
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Three-particle collinear limit with a massive leg

Then we find the following expression
3 3 3
rgg,3(P1»P2»P3§ﬂ) = = Zf(“s)<CjT1 T + 8T1122> ~ Zf(as)<CjT1 -T5 + 8T1133) - Zf(“s)<C§T2 T3+ 8T2233) — 4f(ay) [T1123 + 113+ T3312]
+3 <T1123 — T2213> F (Pr3op Pinz) + 8 <T1123 — T3312) F (Pro3p Prza) + 8<T2213 — T3312> F (Prai> Pi3n)

+2T1231(Fh3 (1”121, F131 1231 as) _ 49}(:512133151312))
+2T213]<Fh3 (1"21], Fr3ps 1375 ag) _ 4‘6}(1612319 161132))

+2T312]<Fh3 (7”311, 320 12175 055) —4 *O]'(ﬁBZZa :B1123)>
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Auxiliary slides

Quartic Casimir

1
R _ o(a)7o(b)1o(c)o(d apbyped
D = 7 ) Try (T°OTOOTAOToD) TITITSTS
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Slide Borrowed From Einan Gardi

Collinear constrains
on the one-mass soft anomalous dimension

I' = FDip
- Z Z Tuv;quO,4(puqua pkuq)
5@”63 < i<j<k<q (u,v;w)EP
318118 OR 35 — 0
4 Jfoyg Z Z Tz’j;ik H JH k 5@
1 1<k; 7,k#£1
ﬁi | |6j =+ Z Z Tuv;wal,S(TuwQa Fvw@ Tuv@) -7:5?33 = 32 [QC(Q)C(?)) - C(5)]

Bil|B;

1<j<k (u,v;w)€EP

B8 - B;

4 _
+ Z Tigj0F1,2(rijq) + Olag), TijQ = 23, |
i< j 6@ ' 6@6] ' 6@
two-particle collinear limits of the one-mass soft anomalous dimension ILiu & Schalch (2022)]
triple collinear limit = massless limit [Duhr, EG, Jaskiewicz, Lubken, Vernazza (2025)

complementary lightcone expansion [EG, Zehao Zhu 2509.18017 (2025)]


https://arxiv.org/abs/2509.18017

What happens in the space-like limit?

Investigated by Catani, de Florian, and Rodrigo in 2011. [S. Catani, D. de Florian, G. Rodrigo, 1112.4405]

The set up now is as follows:

Pn—1

Pn
Pm+1
Pm

P1

Kinematics and colour charges, m=2 b2
] (z—1)
pfz;P”+k’“‘ p, = - P — k¥

where k* represents a small residual (transverse) momentum, k ~ AP with 4 < 1
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Splitting amplitude SAD
M, (D15 -+ Py ADi}ress 1) — SP, (D15 - Dy B) M 1 (P AD; }rests H)

%n (pl'»' ++ P> {pi}rest’ M) — Zn (pl’ ++ P> {pi}rest’ ﬂf) %n (pl’ ++ P> {pi}rest’ ﬂfﬂ”)
%n—m+1 (P’ {pi}resv ﬂ) — Zn—m+1 (P’ {pi}rest’ ﬂf) %n—m+1 (P’ {pi}rest’ Mfaﬂ)

%n(pl’ ° 'pma {pi}rest? ﬂf? /’t) — Sp%,m(pla e °pm;/’tf9 /’t) %n—m+1(Pa {pi}resv /’tfa /’t)

Sp%,m(pla . °pm;//tf9 /’t) — Zrzl(pla . °pm9 {pi}rest;/’tf) Spm(pb . °pm;//t)Zn—m+1(Pa {pi}rest;/’lf)
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