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Ansatz R, = N —
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Di = Zdg (Tsh)

5- g\uon amAihudes
Compute R‘. Y\\)W\@Yi(‘ﬂ“& Helicity

ansatz size

[Fvom Um\w‘\‘rﬁ] remainder
2),(2,0)
R, 21,910
R0 54,148
2),(1,0
R0 163,635
R (10 241,156
2),(1,0
R0 82,180
R 21,910
?rob\ems -.
So ' RV 54,148
e Unear System @ ,
° 12\‘\f\\‘hﬁr\e$ RO 118,880
' Y\i, Qh RO 209,018
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- PA‘\'\ONAL ?REFACTOR ’PROBLEH -
TIn the end, _\'Mﬁ Look  like Spb’r MHV : -- +++)

{R[l]a—g,

1
R[2] 5-————— (6512° 515 + 15 s12* 5157 + 10 s12° s15% + 6 512° 523 + 15 s12* 523 + 10 s12” 523” - 12 512" 515 534 - 15 512° 515” 534 - 18 512* 523 534 - 45 512” 523” 534 - 30 5127 523° 534 + 6 512° 515 534” + 18 512° 523 5347 +

4512% (s12 - s34 - s45)°
45 5122 523% 5347 + 30 512 523° 534”7 - 6 5127 523 534° - 15 512 5237 534> - 10 523% 534° - 18 512" 515 545 - 45 512 5157 545 - 30 5127 515> 545 - 12 512° 523 545 - 15 5127 523% 545 + 6 512" 534 545 + 54 512° 515 534 545 +
60 5127 5157 534 545 + 54 5127 523 534 545 + 60 5127 515 523 534 545 + 30 512 515 523 534 545 + 60 512° 5237 534 545 + 30 512 515 523” 534 545 - 12 5127 5347 545 - 36 5127 515 534” 545 - 72 5127 523 5347 545 -
60 s12 515 523 5347 545 - 75 512 5237 5347 545 - 30 515 5237 5347 545 + 6 5127 534° 545 + 30 512 523 534° 545 + 30 523° 534° 545 + 18 512° 515 545 + 45 5127 5157 545” + 30 512 515° 5457 + 6 512° 523 545° - 12 512° 534 5457 -
72 512% 515 534 5457 - 75 512 5157 534 5457 - 36 5127 523 534 5457 - 60 512 515 523 534 545 - 30 5157 523 534 5457 + 27 5127 534” 5457 + 60 512 515 5347 5457 + 60 512 523 534° 5457 + 60 515 523 5347 5457 -
15 512 s34° 5457 - 30 523 5347 545% - 6 5127 515 545° - 15 512 5157 5457 - 10 515° 5457 + 6 5127 534 545° + 30 512 515 534 545° + 30 5157 534 545° - 15 512 5347 5457 - 30 515 5347 545> + 10 534° 545° - 6 512” tr5 -
15 512% 515 tr5 - 10 5127 5157 tr5 - 15 512 523 tr5 - 10 5127 515 523 tr5 - 10 5127 5237 tr5 + 12 s12° 534 tr5 + 15 5127 515 534 tr5 + 30 5127 523 534 tr5 + 10 512 515 523 534 tr5 + 20 512 523” 534 tr5 -
6 5127 5347 tr5 - 15 512 523 5347 tr5 - 10 523 5347 tr5 + 12 512° 545 tr5 + 30 5127 515 545 tr5 + 20 512 515° $45 tr5 + 15 5127 523 545 tr5 + 10 512 515 523 545 tr5 - 27 5127 534 $45 tr5 - 35 s12 s15 s34 s45 tr5 -
35 512 523 534 545 tr5 - 20 515 523 534 545 tr5 + 15 512 5347 545 tr5 + 20 523 5347 545 tr5 - 6 5127 5457 tr5 - 15 512 515 5457 tr5 - 10 5157 5457 tr5 + 15 512 534 5457 tr5 + 20 515 534 545 tr5 - 10 s34” s45” tr5),

1
R[4] » ———— (10 s12% 5157 - 30 512° 5157 523 + 30 512° 515 523” - 10 512° 523° - 15 512° 5157 534 + 30 512° 515 523 534 - 15 512° 5237 534 + 6 512° 515 5347 - 6 512° 523 5347 + 3 512° 534° - 6 512” 523 534° -
65127 s34°
15 s12 5237 s34° - 10 5237 534° - 30 5127 5157 545 + 60 5127 5157 523 545 - 30 5127 515 5237 545 + 60 5127 5157 534 545 - 60 5127 515 523 534 545 + 30 512 5157 523 534 545 - 30 512 515 523° 534 545 -

36 5127 515 5347 545 - 60 512 S15 523 5347 545 - 30 515 5237 5347 545 + 6 5127 534° 545 + 30 512 523 534° 545 + 30 5237 5347 545 + 30 512 5157 5457 - 30 512 5157 523 545 - 75 512 515° 534 5457 +

30 512 515 523 534 545” - 30 5157 523 534 5457 + 60 512 515 5347 5457 + 60 S15 523 5347 5457 - 15 512 534° 5457 - 30 523 5347 5457 - 10 515° 545° + 30 5157 534 545° - 30 515 534” 5457 + 10 534° 545° - 10 5127 5157 tr5 +
20 5122 515 523 tr5 - 10 5127 5237 tr5 + 15 5122 515 534 tr5 - 15 512 523 534 tr5 + 10 512 515 523 534 tr5 - 10 512 523” 534 tr5 - 6 5127 534% tr5 - 15 512 523 $34” tr5 - 10 523 534 tr5 + 20 512 5157 s45 tr5 -

20 512 $15 523 545 tr5 - 35 512 515 534 545 tr5 + 10 512 523 534 545 tr5 - 20 515 523 534 545 tr5 + 15 512 5347 545 tr5 + 20 523 5347 545 tr5 - 10 5157 5457 tr5 + 20 515 s34 5457 tr5 - 10 s34 s45” tr5),

1
R(5] - - 12 st (10 s12° 515% - 30 512° 5157 523 + 30 512° 515 523” - 10 512° 523% + 30 5127 5157 523 534 - 60 5127 515 5237 534 + 30 5127 523° 534 + 30 512 515 523” 5347 - 30 512 523° 5347 + 10 523% 5347 +
15 512°% 5157 545 - 30 512° 515 523 545 + 15 512° 5237 545 + 60 512” 515 523 534 545 + 30 512 5157 523 534 545 - 60 5127 5237 534 545 - 30 512 515 523 534 545 - 30 512 S15 523 5347 545 + 75 512 5237 5347 545 +
30 515 5237 5347 545 - 30 5237 5347 545 + 6 5127 515 5457 - 6 5127 523 5457 + 36 5127 523 534 545”7 + 60 512 515 523 534 5457 + 30 515° 523 534 545”7 - 60 512 523 5347 5457 - 60 515 523 534” 5457 + 30 523 534> 5457 +
65127 515 545° + 15 512 515% 545° + 10 515° 545° - 6 5127 534 545> - 30 512 515 534 545° — 30 515° 534 545° + 15 512 5347 545° + 30 515 534° 545° - 10 534> 545> + 10 5127 5157 tr5 - 20 5127 515 523 tr5 +
10 5127 523 tr5 + 20 512 515 523 534 tr5 - 20 512 5237 534 tr5 + 10 5237 s34” tr5 + 15 5127 515 545 tr5 + 10 s12 5157 545 tr5 - 15 512° 523 s45 tr5 - 10 512 515 523 $45 tr5 - 10 s12 s15 s34 s45 tr5 +
35 512 523 534 545 tr5 + 20 s15 523 534 545 tr5 - 20 523 5347 545 tr5 + 6 512° 545” tr5 + 15 12 S15 5457 tr5 + 10 s15” 545” tr5 - 15 s12 534 s45” tr5 - 20 s15 534 5457 tr5 + 10 s34” 5457 trs)}
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A _ me Tokgrand for +he  Amplirode | R oot
S\mp\t pols l
(4)
— m(ﬂ is detomgosed (0 { I Zlle dlb:j(d )I\ Acllo:)[ols)
+

Douvble pus m £

HOX\W\U\ (JOQiSY\\' (Proegec‘h'oﬂ = For%e-} aboot  double ?o\es

Plow) = T a1’

= (Prekd—ofs ore veluled o the woxwul (&) residues of he mkarcm&



- HAX\HAL Teanscenvenr Weleht —
a4 = 4-28 7]

|-|ow o think OK R[f\ ? [Hevm, Tores Bobadila '21]
Am = me In\tsromd for +he Amp\'\‘mdz?

Should UP\ih b D=4-26 + Deal with dwergenas

- Q; Goould 304- Contribytions ‘(:YOYY\ pe D-dim information
Bur uppropriote 1R Subtrackion  removes beyond LD effects  [weght = §)

HA\ZD Fonerion - ) 2)
H - AZ - Im Am - 1@ AM
(" \& 1
T - (Be) e 1 5 (=
-+

Suwcesshol bootstrup Confirms Complereness of R f‘-\mdsagh’r\



— SetoP AwD  SIMpUFIATIONS —

b -purhicde QLD amplivds @ 2 Loops in the

P\cmur limit  with Lurae number of fluvours

( 1) { (olours Ng e ) " { >\ = SYZN MC ‘(:K‘KQA
Dlavours Nf — oo w' N /N fixed

(2) 2),0 L
Ab = A¢ 4+ N AYTT (MT AL
C

Ne

Moxwmal  Transcendental wucj\r\’r

(
(2\ Z(,) > E- Cij Ri I, : Trunec. g-\mcbons of w=4
é Sy™BoL  LEVEL E
(3) /S/(A(BZ\) = Ec‘j R'\ 5(33\ p S ~ o ®cL® s ® Xy

[ Goncharov, Spradiin Vergy, Volovieh '10]



- \-\ EXAGON TFoNCTions @ 2 - loors —
[A\oreo, Monni , Page , Usovitech 24 5 Henn, Hakija¥id, Miczajka Peraro, Xo, Zhan '25]
J ) J \ J

Feojr Ores

* QAoop , m=0, b-purhele

Prousses

- Anstoers aw  iterated dbos \v\\esm\s with 163 4 dimensiona] letrer cx\rhube%—

.FOY QI POrposes:

—  Funchon Spue is E\'gﬁer hon porc 2- (oops

Transcendental weight 1] 2 3 4
# All symbols 9162|319 | 945 |
# Two-loop six-point symbols 9|62 | 266 | 639
# Two-loop five-point one-mass symbols | 9 | 59 | 263 | 594
# One-loop squared symbols 9|59 | 221 | 428
# Genuine two-loop six-point symbols 010 3 45
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- LEAD\N(:- S\&GULAQ\T\ES AT TOO - Loors —

MHV  amplitudes , wor only need 2 fopologies

2

Con meu\ wovavont 2

N [ witlen 03, Yeon,Power, Zoia '\

,.
1]
-—
—
-

ﬂu \)or S\m?\‘&cu\won .

s
3
1

s (6'512° 515+ 15 s12* 5157 + 10 12 s15° + 6 512° 523 + 15 512" 5237 + 10 512° 523° - 12 512° 515 534 - 15 512° 5157 534 - 18 12" 523 534 - 45 512° 5237 534 - 30 s12° 523 534 + 6 512° 515 5347 - 18 512” 523 5347
45127 (512534 - s45)°

st ea oo oo st s 12" 8 5415 o1 2”634 10525 s34 1812 18 ks 45512 15”4530 12”15 12612 525 413 12 5”545 6612 5454 54612 155345 1 ((12) (34) - 2 (13) (24) (- 10(12) (13) (24) (34) +(12)* (34)* + 10(13)* (24)?)

60 5127 5157 534 545 + 54 512° 523 534 545 + 60 512” 515 523 534 545 + 30 512 515 523 534 545 + 60 512° 5237 534 545 + 30 512 515 5237 534 545 - 12 512° 5347 545 - 36 512” 515 5347 545 - 72 512” 523 5347 545 -
60 512 515 523 5347 545 - 75 512 5237 5347 545 - 30 515 523 5347 545 + 6 5127 5347 545 + 30 512 523 5347 545 + 30 5237 534 545 + 18 5127 515 5457 + 45 5127 5157 5457 + 30 512 5157 5457 + 6 5127 523 5457 - 12 512 534 5457 - k]
728127 515 534 5457 - 75 512 5157 534 8457 - 36 3127 523 534 5457 - 60 512 515 523 534 5457 - 30 5157 523 334 5457 + 27 5127 5347 3457 + 60 812 515 5347 3457 + 60 812 52 5347 457 + 60 515 523 5347 5457 <12)3 <34)3

)
15 512 5347 5457 - 30 523 534 5457 - 6 5127 15 545” - 15 512 5157 5457 - 10 515” 545 + 6 5127 534 545 + 30 512 515 534 545” + 30 5157 534 545° - 15 512 534 545” - 30 515 s34 5457 + 10 534” 545 - 6 512" tr5 -

15 512% 515 £r5 - 10 5127 5157 £r5 - 15 5127 523 tr5 - 10 512” 515 523 £r5 - 10 5127 523 £r5 + 12 5127 34 tr5 - 15 5127 515 534 £r5 - 30 5127 523 534 £r5 - 10 12 515 523 534 £r5 + 20 512 5237 534 tr5 -

65127 5347 tr5 - 15 512 523 5347 tr5 - 10 5237 5347 tr5 + 12 512 545 15 + 30 5127 515 545 tr5 + 20 512 5157 545 tr5 + 15 5127 523 545 £r5 + 10 512 515 523 545 trS - 27 5127 534 545 £r5 - 35 512 515 534 545 tr5 -

L L L N A T S R S N IR NN, ((12)(35) - 2(13) (25)) (—10(12) (13) (25)(35) + (12)* (35)* + 10(13)* (25)?)

(10 512% 515% - 30 512° s15% 523 - 30 512* 515 523% - 10 512 5237 - 15 512” 5157 534 + 30 5127 515 523 534 - 15 512° 5237 534 - 6 5127 515 5347 -6 512° 523 5347 + 3 512 3% 6 512° 523 5347 -

1
65127 s34° 4

36 5127 515 534 545 - 60 512 515 523 5347 545 - 30 515 5237 5347 545 + 6 5127 5347 545 1 30 512 523 5347 545 1 30 5237 5347 545 . 30 512 515° 545 30 512 5157 523 545 75 512 5157 534 5457

30 512 515 523 534 5457 - 30 5157 523 534 545‘: 60 512 515 5347 545‘: 60 515 523 534 5457 - 15 512 534° 5457 - 30 523 534° 5457 - 10 5{5‘ 5457 + 30 5157 534 545’5 30 515 5347 505‘; 10 5347 545° - 10 5127 515% tr5 + 2 2 2 2
204127 515 523 5 10 5127 825° €05 + 15 8127 615 534 tr5 - 15 5127 523 534 €5+ 10 512 15 823 $34 175 - 10 612 5297 534 £r5 6 5127 5347 €5 16 512 823 8347 £r5 10 825° 8347 £r5 + 20 812 8157 545 €15 ((12) (45) — 2 (14) (25)) (_ 10 (12) (14) (25) (45) + (12)% (45)* + 10 (14)* (25) )
20 512 515 523 545 tr5 - 35 512 515 534 545 tr5 + 10 512 523 534 545 tr5 - 20 515 523 534 545 tr5 + 15 512 5347 545 tr5 + 20 523 5347 545 tr5 - 10 5157 545 tr5 + 20 515 534 545 tr5 - 10 5347 5457 tr5),

> * (10 512° 515" - 30 512" 5157 523 1 30 512° 515 5237 - 10 512° 523 + 30 5127 5157 523 534 - 60 5127 515 5237 534 + 30 5127 523" 534 - 30 512 515 5237 5347 - 30 512 523° 5347, 10 523° 5347

(123 45y
15 5127 5157 545 - 30 5127 515 523 545 + 15 5127 5237 545 + 60 5127 515 523 534 545 + 30 512 515 523 534 545 - 60 5127 5237 534 545 - 30 512 515 5237 534 545 - 30 512 515 523 5347 545 + 75 512 5237 5347 545 +

30 515 5237 5347 545 - 30 5237 5347 545 + 6 5127 515 5457 - 6 5127 523 5457 + 36 5127 523 534 5457 1 60 512 515 523 534 5457 + 30 515 523 534 5457 - 60 512 523 5347 5457 - 60 515 523 5347 5457 + 30 523 534” 5457 4

6512 515 545 + 15 512 5157 5457 + 10 s15° 545 - 6 5127 534 545" — 30 512 515 534 545” - 30 5157 534 545° + 15 512 5347 545° - 30 515 5347 5457 - 10 5347 5457 - 10 5127 5157 tr5 - 20 5127 515 523 tr5 +

10 5127 5237 tr5 - 20 512 515 523 534 tr5 - 20 512 5237 534 tr5 + 10 5237 5347 tr5 + 15 5127 515 545 tr5 + 10 512 5157 545 trS - 15 5127 523 545 £r5 - 10 512 515 523 545 tr5 - 16 512 515 534 545 tr5 +
35 512 523 534 545 €5 + 20 15 523 534 $45 £r5 - 20 523 5347 545 tr5 + 6 5127 5457 £r5 - 15 12 515 5457 £r5 - 10 5157 5457 £r5 - 15 512 534 5457 €5 - 20 15 534 5457 tr5 + 10 5347 545 tr5) )

Gonformul mvariemee
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_— Usua\ goo*s%ru? aﬂDrouc\r\ is  Naive -

(2)
H(, = Z‘ Cu\\ Ri IJ C-,‘) - AU E; o taired W/ AU I\'
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— THE BOOTSTRRAP 2.0 : ('PRESCQPTIVE UM\TAK\T\/ EDmoN —

— Usua\ goo*s%u? aﬂDrouc\r\ is  Naive -
(2)
H(, = E Cu\\ Ri IJ C-,') - AU E; arc taired W/ AU I\'
o

g rPresc""?\'"“Q Um‘f‘“‘\'*\\‘ r?OY\'iu\\g Solwes ‘“\TS! [Bwv\‘ails,l-\ermum).'\'mku '13)
A L
(1) 2-/{:00\7 Leudmﬂ Sw@olur'\\-ses ?i = QEG (o) :"t :5’; r;

(2) ?reu;r'\the Boeis G’i 'S (Diosonu\ m

(3) Twproved Ansatz :
(0
\-\Lﬂ = E Cig Q: I\i + ZR(P G;

L=O'|

13



— THE BOOTSTRRAP 2.0 : ('PRESCQPTNE UM\TAK\T\/ EDmoN —

_— Usua\ goo*s%u? aﬂDrouc\r\ is  Naive -
(2)
H(, = E Cu\\ Ri IJ C-,') - AU E; arc taired W/ AU I\'
o

- ?resc\-\P\—NQ Uni\ur{\u RTHU“& Soles his | | Bowrjaily , Hermoana, Traka ' 17]

Tmproved Ansotz
(
Hz,ﬂ = Zj Cig Q:\I\j + ER?‘ (5;

L=°"

2, LOOF H\—\\{ ‘Busgs Gi : [ Bouruily, \-\crmqvm,l.unﬂer, Hcleod , Traka ‘14

Pen\—u - boxes kiss'm:o) - boxes Dovble - boxes




— STRUCTURE OF TwE Results—
?racriphve Unitarity  gives o good orgunizing  Principle
Bur s ok encogh! SK need Jo kootehrap the remaiding Cig
The el resolt (ooks Gike :
H(--++++) =PT 1o R e
1 Hl(=+-4+++) =PT 9 + Z RV Y, r LR™®C™ + o R* 6%
H-+4-++) = PTho+ Z RV W; + ZRY6™+ I R™6™ O R* 6"

Tn N=G SN, no ples @ o = No jjﬁr

Twndeed - x#£db

(2) R — 1
H vy

(z)
Rc\b -0 HN=L|

| Generalizakion of the moximal '\'rUY\SCQnAQﬂlrUh‘\'S Principle |

15



— SunuAQY AWD Ouriook —

Take home ‘Messuﬁes :

4. Not a vsoul Symbol bootshup because e have the g\mchon Spuce !
9. Kokonal ?re{:uc’nxs @ moximul wexg‘n* = On-Shell diuamms!

3. ?rescrm\wz un'\\ruri\g drumuhm\\s S\mp\'\%es our resolt
+ Hss\ﬂ\ssms a 3qnem\ Skructure

Foutore
Othey \ﬂe\ic,'\\g Seckors 7 NMAV?
Lower eiyht prefaciors 7 Rabionul 4erwms ?
Uslif+  of Symbol — Fonchion level ? Nice posihve proserhes?
MY for ol molhipliciy 7
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— TFonerion Seace Boorerrae —

\I\)Orkm\c) example : 1727 374 sT 6T W pore %m\o) - Mills

Reall 5(.,4) Z: C\J x ‘\ x I\]

nJ \
3 different 'DooBLE -Box 945 hexu&on -Funch'ms
Leocl,mﬂ S\nao\unhes me Drferentiel Eqe

U Nkhowns
H= 12
[ Nauve Com\mg ~ ?k}
no spurious/high-order poles

FlX ‘L\Y\Qm b\\j \W\F%\Y& P)\th'\(C\\ Constramts (36) = 0 333

(35)=0 614
(34) =0 629
(45) =0 343

Table 1. Two-loop bootstrap constraints for H%{I

Condition on ’HYKI No. of constraints

collinear limit ps||pe

1
/ S - 7
s sl SN\ ¢ ¢l . i
6 6 2 { ==+ 1785
+++——+ 1646

- 1646
triple collinear limit p4||ps||ps
—— 1836

P c.//s//e, G PR o4
- P S %— Total (24@
b

| UNIQUELY FIXED! /



- SlNGULARﬂ—lEs OF BOGTSTRAPPED ?ESULT—

I\, have o 69 letter alprubet — HE (-—+++4) hos 137 |eters

Amon3 123 have (B rotonal letiere Coming [rom o -leop fopologies

— (ome ;vom Landuo O\r\ul%ﬁs of —
N\

(»n\\edrocc: It's the lomplete

6-p+ 2Zloop MHV
olprubet for @CD

Closter u\aebrcuc witerpeetution:
[Bossm&er. L ‘24

[Pokmku, SProAlm,Vo\ovach,wenﬂ '25]
[Boss‘mﬂer, Drummond ) Crlew, G'Grdoéun , Wf\'ﬂh“' '25]
[ A\iuj , Dian, ?ufa’«hunusm\) '26 ]



