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THE GOAL OF THIS TALK

The quest for Canonical Bases /@/

) i [Kotikov, Gehrmann, Remiddi]

di(s;) = M(e, s,

= N({k; - p:})
~ d l /
! J[Hd kl] D,D, - D,

[=1

Canonicalising
Machine

dI (s;) = € M(s;) - I [hem i&

Propose an integrand level characterisation of canonical integrals on general geometries




FEYNMAN INTEGRALS AND GEOMETRIES

Riemann Sphere

(talks by Martin, 2 x Christoph)

Integrands with unit
leading singularity [Henn]

Q

Multiple approaches put forward to deal with more complicated geometries

. . . . . . 'Gorges, Nega, Tancredi, Wagner]
New interpretation of integrands with unit leading

. .. . ' e—collaboration, Weinzierl et al. ]
singularities for general geometries -

(aka Polylogarithms) . Elliptic Curves . Calabi -Yau .
: : : ® 6 o o

Y A Y : : :

< T o . X

[Duhr, Maggio, Nega,Sauer, Tancredi]



START EASY: POLYLOGARITHMS



POLYLOGARITHMS

Look for integrals whose integrand can be written, for d ~ dy, in terms of d 10g integration forms with unit

leading singularity
In practice, we want ... I ~ /VJ'dlog(fl()_c’)) A -+ Adlog(f,(X))
. . . todt
The “leading singularity” V' is iterated residue around the single log(1 — x/a) = J
poles of the integrand ol—a

®

dl(s;) = e M(s;) - T M(sy) = ) A; dlog(a)

Singularities of scattering amplitudes in gauge theories are single poles
and logarithms

In the polylogarithmic world, this 1s globally manifest




BEYOND POLYLOGARITHMS



BEYOND POLYLOGS: Integration forms and contours

\/ P,(x) Riemann sphere

I ~ J Gx This forces you out of the

Py(x)=(x—a)x—a)(x—a)x —ay)

Beyond the Riemann sphere, richer variety of integration forms and
integration cycles

First kind : Second kind : Third Kind
(no poles) . (higher poles) (single poles)
dx : 3 dx E xdx
: X :
VP vV Pa(x) I v Pa)

What forms do we choose?
Cannot reduce all forms to third kind using IBPs ~ me=ggp>

How do extend the concept of leading sing.?



ELLIPTICS: A toy example

IS(a,e) = : J dx i (x(1=x)(1—ax) ,0<a<l,neZ
PAVE e \/x(l—x)(l—ax)

Periods of the elliptic curve

(J; dx
TIn
0 \ \/ P,(x) A-cycle
d
Wy ~ % - B-cycle
B \/ Py(x)




ELLIPTICS: A toy example

C 1 x" €
I-(a,e) = J dx (x(l—x)(l—ax)) O<a<l,ne”
PAVE e \/x(l—x)(l—ax)

Periods of the elliptic curve

(J; dx
TIn
0 \ \/ P,(x) A-cycle
d
Wy ~ ?E - B-cycle
B \/ Py(x)

Leading singularities are all functions obtained upon evaluating the
integrand along all independent contours

What forms do we pick?



ELLIPTICS: A toy example

C 1 x" €
I-(a,e) = J dx (x(l—x)(l—ax)) O<a<l,ne”
PAVE e \/X(l —x)(1 — ax)

£} Work out IBPs: 2 master integrals

) : | . Ate =0, no poles (first kind), logarithmic behaviour for ¢ # 0

lo(a. €)= Nz Cdx VA =D —an (1 =01 —ax) Fixing the leading singularity at ¢ = O guarantees a

canonical differential equation

This is a good candidate
L ~ ]
IO(CZ, 6) S[JI]A + @(6)
WO ~ 164(@) J](aa €) — wl

W LS[J ]z ~ 7+ O(e) , 1 = — ~ log(a)

W



ELLIPTICS: A toy example

C 1 x" €
I-(a,e) = J dx (x(l—x)(l—ax)) O<a<l,ne”
PAVE e \/X(l —x)(1 — ax)

£} Work out IBPs: 2 master integrals

n d A At e = 0, higher poles (second kind), bad behaviour € # 0 !!

Ilc(a, €) = X
NWrle  Vx(1T=x)(1-ax)

(x(1 =1 —ax)

This is NOT a good candidate, but cannot avoid it ...



ELLIPTICS: A toy example

C 1 x" €
I-(a,e) = J dx (x(l—x)(l—ax)) O<a<l,ne”
PAVE e \/X(l —x)(1 — ax)

£} Work out IBPs: 2 master integrals

n d A At e = 0, higher poles (second kind), bad behaviour € # 0 !!

Ilc(a, €) = X
NWrle  Vx(1T=x)(1-ax)

(x(1 =1 —ax)

This is NOT a good candidate, but cannot avoid it ...

Minimise pollution at higher order 1n €: take the derivative of the first master and compensate the weight drop

T 0
3 1 IO LS[JZ]A i O + @(6 ) 1 woz
J,=—0, [ — i} 1 o
LS[J,lz ~—0,74+ O(Y), 1=
€

€ ()

|

{
o

Q
N

Q
—

Is this enough? No, one order more ...



ELLIPTICS: A toy example

C 1 x" €
I-(a,e) = J dx (x(l—x)(l—ax)) O<a<l,ne”
PAVE e \/X(l —x)(1 — ax)

Iy

1
Jl B ™) 0 J1 B 0 a(l — a)wg 0 0 Jl
A 2 da \J, ]~ € y T 2wy, 0 J
P 1 @y a ] a 2 wg 0*~0 2
e A a’l Lo
This 1s a total
\, derivative (it is

From the differential equation: not always a total
derivative!!!)

0,(LS[J,],) = 2w w, + O(e')

wy (1 ,
/ 2 i _> K2 — —aajl — ’(ﬂOfl
aa(LS[Jz]B) — 2Tw0w0 | 1 — . | @(6 ) A(Cl)

Taking the derivative ensures that we need to do this only once (one weight drop)



ELLIPTICS: A toy example

I 1
()|t (1 2(e) | o laee
K @y (1 5 - — ¢ 3 o2
’ Aa) (Z%h) — wyJ, Oa \R (1 (C’1+a))"ﬂo
a(l —a
Comments:

» Locally only single poles 1n the differential equation

' * To canonicalise we had to fix leading singularities
o one order higher in ¢




ELLIPTICS: leading singularities without differential equations

Let’s go back
u® = (x(1 —x)(1 —ax))*

_aajl X
€ (y

1 A(CZ) J' I (Z3()C) N Z3(X) n Z3(X) B 653()6)) u€ + A(a) Jl
- ¥ x—1 x—1/a

\ y, ~a Need to

remove this!
A(a)

2
W

Combination of pure eMPLs kernels with leading sing

[Broedel, Duhr, Dulat, Tancredi]

A(a)

2
(&

Rescale by <

R 2 @ (1 2
and subtract w)/J, =——) K, = —dJ, | — wyJ,
A(a) \ €

Exactly as from diff. Eq.!



G FUNCTIONS



G FUNCTIONS

eye - ball Sunrise

d%, d%, 1 . . . ;
I — On the maximal cut, 7, ;  ; 1s a string of 1.S[] _
el dl2 dl2 T4 243y : : T : | 1,1,1,1] —
LU= L0 Xy Xy X3 X dlog — leading singularity as iterated V1 -4z
residue *
The correct canonical candidate needs a correction from the sunrise subsector I V1 -4z ;
- 1,1,1,1
5w, J 2(1 + 2)wm -

3v/1 =4z ] @ 3z(1 — 4z7)32 function!
J, is the candidate for the sunrise associated tothe\b Cancels a leading singularity related

form of the first kind to the coupling to the sunrise




G FUNCTIONS

eye - ball Sunrise

Use Baikov representation and integrate over x;, x,, X3

1 1
L1~ 2]dx
X \/ P,(x;2) D Ellitpic curve of the 2 loop equal mass sunrise
\—

—

A B
Form of the third kind on the geometry of the sunrise @ @M
a, a, a, a,




G FUNCTIONS

eye - ball Sunrise

A B
T © €3 s
A\/P4(x Z) a1 a2 a3 a4

We want to normalize all leading singularities to constants:

<
V1 -4z

o If the integral over the remammg cycles does not vanish, we need to subtract a contribution
proportional to the sunrise

» Taking the residue at x ~ 0 — projects on the maximal cut LS [1;] =




G FUNCTIONS

eye - ball Sunrise

Integrate over the A-cycle G ~ 7 (z + 7z% +452° + @(24))

A B
Which satisfies the exact differential equation @ @f()ww
a1 az a3 a4

- ~ 2 5
(1 =22)G(z) — (1 —42)20,G(z) = — gwo + Ez w, - -
60= " 260-—2 a0 =T SameG function of e
Z 3v/1 -4z 3z(1 — 47)32 canonical basis
( 5@0 ) Jl LS[I].X:O =1 + @(6)
I[=1 —| G(2) —



CONCLUSIONS

. . . I(s:) = M(e,s:) - 1
1. It 1s possible to generalise the concept of integral with unit leading d (SU) (¢ SU)
singularity beyond polylogarithms o

—

('_

2. Choice of a starting basis has general recipe which does not depend | |
on the particular geometry and only requires to find the correct Canonicalising
integration form -

3. Analysis at exactly € = 0 not enough! b“"—"—"

4. Forms of the the third kind imply the appearance of new
independent G functions (also happen on the maximal cut! )

dI (s;;) = e M(s;)) - I

THANK YOU !



BACKUP



ELLIPTICS: a toy example, the Wronksian method

1
Ji _ T @ 0 [ Wa) = Wy Wr\ @ 0 1 %
A 0 % T T 1\9,], VT \m o) | A:) 0 10

A(a)  Ala)
First st fw ; th d [Gorges, Nega, Tancredi, Wagner ’23]
ISt SIEp O Tonskial metho uhr, Maggio, Nega, Tancredi, Wagner ’
[Duhr, Maggio, Nega, Tancredi, Wagner ’25] WSS Wu
J 1 0 —1 / 1 : L :
= ] -W - Rotate by inverse semi-simple part of Wronskian

wr (1 .

Followed by a clean-up step K, = —ad,J, | — wyJ,
A(a) \ €

We now understand it as fixing leading singularity one order higher in ¢!



G FUNCTIONS

eye - ball Sunrise

To evaluate over the A-cycle, expand the integrand in powers of z

0 1+0+X)z7+ A +4X+XHZ2+ (1 +9X +9X2 + X)) + O(F° —
G~ |dX ( )7+ ( )27+ ( )Z (z7) @ @

(1 — X)W/X(@ = X)
x=X-—1

Expand the integrand in powers of z — collapse the quartic root into a quadratic one

Theres is an extra pole at infinity: upon taking the residue G ~ z (z +7z° 4+ 457° + @(24))

By computing enough order in the expansion we find the exact (1 =22)G(z) — (1 —42)20.G(z) = — 2 @ + S 2,
<

differential equation



A K; example

Lim(a, €) = J dxdy 2 (x(1 = x)y(1 = y)( —axy)) K; - manifold
C v X(1 = x)y(1 = y)(1 — axy)

P IO,O IO,O
— Io| = (Ag+ €A, + €*Ay + €4A5) | Lo
a 7
I(,),,O IO,O
0 1 0 0 0 0
0 1 4 — 13a 6 — 9a I 1 22 —a) 4 — q
8a*(1 —a) 4a*(a—1) 2a(a-—-1) 4a2(1 —a) aXa—1) aa—1)

25



A K; example

€ (. =Jdd i 1 —xy(1 —y)(1 — : o
i (7 ) ) X y\/x(l—x)y(l—y)(l—axy) (x(1 = x)y(1 —y)(1 — axy)) K; - manifold

After semi-simple splitting

1
Jy = . I st candidates is a form of the first kind normalised by its leading sing.
0
2 /
7 = I @y 5 ] = l Wy [ Wy 7 2nd candidate is a form of second kind, corrected
2 = a1 = 0,0 0,0 . . .
€ Ag € Ao Ao by its leading sing.

1 1
1 Aoy 1 Aoy wE 3rd candidate is a form of second
==, 2| adhr== [0 2 )| 0| 20 ) Lie St ool
€ Agq €2 Ao Ao INnd, corrected by its leading sing.



A K; example

1
Ji = . loo st candidates is a form of the first kind normalised by its leading sing.
0
2 /
7 = I @y 5 7. = l Wy [ Wy 7 2nd candidate is a form of second kind, corrected
2 avl — 0,0 ' 0,0 : : :
€ AOI € AOI AOI by ItS /eadlng sing.

1 -1
1 Aoy 1 Aoy wE 3rd candidate is a form of second
B=— (0, 2| odhr== [0 2 )| 0| 20 ) Lie St ool
€ Ao €2 Ao Ao INna, corrected by Its leading sing.

‘]1 Jl
i 7| = lB B +e |l Need to fix second and third candidates: they have
E Rl Bl e IR A T N e weight drops, semi - simple splitting is fixing only the
J3 J3 leading - leading singularities

27



A K; example

12(1 — a)

New independent functions! They end up in
the differential equation

28



A K; example

() J,
— K| =eM | K,
A
L3 L3
V1-aG, 4 —a 1
0
(1 — a)awy 3(1 —a)a vV 1 — aawy
M (4 + a + 4a*) 3G2 2G, 41—, )
6(1 — a)¥?a 20/ 1 — aawy \/li—aawo 31 —aja \/ma%
2 2 3\ 2 2
(4+a+4a°)Gym, (16— 75a +21a’ - 16a° ) w; G3 (4 + a +4a*)w, 3G3 V1-4aG, 4— g
|
6(1 — a)’?a 54(1 — a)?a 2\/1 — aaw, 12(1 — a)3a 4/1 - aam, (a — 1)awy 3(1 —a)a
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