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An Analytic Regression Path to 
Precision QCD
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• One of the main tasks in collider physics: Precision measurements

• Test if a theory is correct

• Determine fundamental 

parameters

• Search for new physics 

discovery

• Calculations are based on the non-perturbative factorization theorem

<latexit sha1_base64="4Bw2pqzF6IxeKAfZLAL9XP07xaQ="></latexit>

d� = fP!a(x1)⇥ fP!b(x2)| {z }
Parton distribution function

⌦ d�̂|{z}
Perturbative

⌦ F|{z}
Fragmentation

[Collins, Soper, Sterman, 1985]

:Feynman diagrams
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d�̂Parton distribution, Fragmentation: 

non-perturbative, extracted from data
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1.  Textbook: NLO total cross-section for e+e− → hadrons
loop integral  UV divergence⇒

Phase space  IR divergence⇒

pq

pg

θ
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Although IR divergence cancelled at the observable level, calculations needs to be 
done with regulator ( )d = 4 − 2ϵ

2. One example: Higgs + one jet production at three-loopTowards a NଷLO calculation
Virtual

• Three loop  (This talk)

• Lower loops through high-order 𝜖 √

Real emissions

Subtraction and Mento Carlo…

9/9/2025 Xin Guan SLAC

Badger et al., 0607139; 0909.4475; 0910.4481;
Dixon et al., 0906.0008;
Gehrmann et al., 1112.3554; 2301.10849

Badger et al., 2412.06519

Xiang, XG, Mistlberger, 2504.06490
Interfered amplitudes √
Helicity amplitudes ?

two-loop 𝑯𝒃𝒃ഥ𝒈𝒈 √
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VVV VVR VRR RRR

 Feynman diagrams,  integrals, complicated color structure𝒪(104) 𝒪(107)
Integration-by-part (IBP) approach:  CPU-hours,  GB memory𝒪(106) 𝒪(102 − 103)

[Xiang, Guan, Mistlberger, 
2504.06490]

[Badger et al., 2412.06519]

Master integrals:  master integrals that need to compute explicitly𝒪(103)
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• Total cross-section are in terms of  valueζn
<latexit sha1_base64="DdbBZG/Fqa1ZQKlcNJ8Z1eJB/us="></latexit>
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
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F (3/2)
��
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Transcendental numbers

• More generally, gives rise to polylogarithmic functions in  expansionϵ → 0

Transcendental

functions

Elliptic Polylogarithms (eMPLs) + more complicated structure

Classical Polylogarithms
<latexit sha1_base64="Y92T6C71aukBtoZLk1Q9gnQ2gK8="></latexit>

log(z), Li2(z) = �
Z z

0

log(1� u)

u
du

Generalized Polylogarithms

 (GPLs)

<latexit sha1_base64="e1gR/HxTcfqGTUyz3kT8WOnjQm4="></latexit>

G(a1, · · · an; z) =
Z z

0

dt

t� a1
G(a2, · · · an; t)

<latexit sha1_base64="4qsq56J/89QzUREDkSWRI2rwgMU="></latexit>

G(a; z) ⌘ log(z � a), G(~0; z) ⌘ 1

n!
logn(z)

p1

p2

p3

p4

x = t/s
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@zLin(z) =
1

z
Lin�1(z)

Transcendental functions and Symbol
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• For scattering amplitudes/observables, alphabet  and thus Symbol are 
constrained by physics information [DNA]

{Ri}

• Symbol is introduced to condense the information of iterated integrals

[Goncharov, Spradlin, Vergu, 
Volovich, 1006.5703]

<latexit sha1_base64="6A4k1FcX3zCk7/1MeEuO8UPmNkk="></latexit>

I =

Z b

a
d logR1 � · · · � d logRn ) S[I] = R1 ⌦ · · ·⌦Rn

e.g.
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S[G(x, 0, y)] = �x⌦ x+ (x� y)⌦ x� y ⌦ x+ y ⌦ (x� y)

<latexit sha1_base64="75OG7KGj3pzzEGlJC82KOYgYIW8="></latexit>

S[log(x) log(y)] = x⌦ y + y ⌦ x, S[Li2(x)] = �(1� x)⌦ x

• Transcendental weight is defined such that differentiation lowers the weight 
by one


• weight-0: rational numbers or functions


• weight-1:


• weight-2:


• weight-n:
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⇡, log(z), · · ·
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⇣2, Li2(z), · · ·
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⇣n, Lin(z), G(a1, · · · , an; z), · · ·
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Kinematic 
variables & 
alphabet

Possible symbols 
 unknown 

rational constants
×

Conditions: 
integrability, 

symmetry etc. 
OPE data

Integrate 
symbols to 
functions

[Dixon, McLeod, Wilhelm, 2012.12286]
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Lu = {u, v, w, 1� u, 1� v, 1� w}
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"(L) =
X

j

cjF
(2L)
j

<latexit sha1_base64="2V0g2/j3R2aA0ZGxe3z0YXzAtIc="></latexit>

F (2L)
j ⇠ Li1 ⌦ Li2 · · ·⌦ Li2L , Li 2 Lu

Alphabet:

Ansatz: : rational constantscj

Constraints  Linear systems⇒

[Dixon, Gürdoğan, McLeod, Wilhelm, 2204.11901]

1. Scattering amplitude bootstrap:

• e.g. Three-point form factor  in planar  SYM to eight-loopgg → Hg 𝒩 = 4

2. Landau bootstrap:
<latexit sha1_base64="x0nyW0Jw56zj9FR9XkTR7Wor71w="></latexit>

I(pi,me) =

Z LY

j=1

dDkj
N(pi, kj)QE

e=1(q
2
e �m2

e + i")
,

[Hannesdottir, McLeod, Schwartz, Vergu, 2410.02424]

• Identify potential singularities using Landau 
equations

• Study local expansion, leading singularities, 
sequential discontinuities etc.

Alphabet  All possible symbols⇒

Solve the unknown coefficients
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Question: Can we use numerical data to exactly reconstruct coefficients?

• High-precision Feynman loop integrals: 

Auxiliary mass flow method (AMFlow)

Integration-by-Parts (IBP)
Rational functions

<latexit sha1_base64="CWmMaj1lOdFpD/Ayp7S+4T2cAGs="></latexit>

I(pi,me) =

Z LY

j=1

dDkj
N(pi, kj)QE

e=1(q
2
e �m2

e + i")
) I =

X

a

Ra(pi · pj ,me)MIa

Master integrals 

(basis)

1. Introduce an auxiliary mass  to some of the propagators

2. Set up closed differential equations w.r.t  using IBPs

3. Solve the differential equations numerically with boundary conditions 

η
η

η → ∞

Many higher-loop Feynman integrals are accessible numerically through AMFlow

[Chetyrkin, Tkachov, 1981]

[Liu, Ma, 1801.10523; 2107.01864; 
2201.11669; 2201.11637]
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• We can formulate the bootstrap as an analytic regression problem:
<latexit sha1_base64="Yt5Bka0kOSPeKTPSS6EjcrsUUX8="></latexit>

f(xj) =
nX

i=1

ci Bi(xj), ci 2 QFull function, e.g. 
Feynman integrals

Basis functions, like 
polylogarithms 
integrated from symbols

Rational coefficients 
to determine

<latexit sha1_base64="TNDGfdgzUkezZMwLwX0CiH1hLmw="></latexit>

= p21T1(p
2
1, p

2
2, p

2
3) = 2

Li2(z)

z � z̄
� 2

Li2(z̄)

z � z̄
+

ln(zz̄) ln
⇣

1�z
1�z̄

⌘

z � z̄

• Numerical basis functions: 

• FiberSymbol in PolyLogTools + GPL evaluation


• Can always integrate the symbols numerically along a path [analytically 
in the first and last entries]

<latexit sha1_base64="u2cW1DwezvllY7/KZGBK60BVvI0="></latexit>
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|Ã|X
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ci1,i2,i3,i4

Z 1

0
d logLi4(�4)

Z �4

0
d logLi3(�3)

Z �3

0
d logLi2(�2)

Z �2

0
d logLi1(�1)

[Duhr, Dulat, 1904.07279]
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• Can we use matrix inversion to solve the unknown coefficients?

1. Hard to impose coefficients are rational.

<latexit sha1_base64="Yt5Bka0kOSPeKTPSS6EjcrsUUX8="></latexit>

f(xj) =
nX

i=1

ci Bi(xj), ci 2 Q

2. Matrix inversion loses precision easily:
<latexit sha1_base64="b6v2lRnL1uS2HjkPJXOifyYA5mk="></latexit>

k�ck
kck ⇡ (M)

⇣k�fk
kfk +

k�Mk
kMk

⌘

• Precision lost amplified by the matrix condition number 


• When all entries are the same order of magnitude and normally distributed, 
When not uniform,  is much larger

κ

κ ∼ n, n ≫ 1
κ

<latexit sha1_base64="fsDY4qn8PhLFBYSVw6RrRxAcAw0=">AAACDHicbVDLSgMxFM34rOOr6tJNsAh1YZkRqW6Eohs3hQr2AZ2xZNK0Dc1kQpIRytgPcOOvuHGhiFs/wJ1/Y6adhbYeSO7h3HNJ7gkEo0o7zre1sLi0vLKaW7PXNza3tvM7uw0VxRKTOo5YJFsBUoRRTuqaakZaQhIUBow0g+FV2m/eE6loxG/1SBA/RH1OexQjbaROvmDb3hAJgYrVI3gBvQdYTa+03iXH7jhlxuWUnAngPHEzUgAZap38l9eNcBwSrjFDSrVdR2g/QVJTzMjY9mJFBMJD1CdtQzkKifKTyTJjeGiULuxF0hyu4UT9PZGgUKlRGBhniPRAzfZS8b9eO9a9cz+hXMSacDx9qBczqCOYJgO7VBKs2cgQhCU1f4V4gCTC2uRnmxDc2ZXnSeOk5JZL5ZvTQuUyiyMH9sEBKAIXnIEKuAY1UAcYPIJn8ArerCfrxXq3PqbWBSub2QN/YH3+AG/OmBo=</latexit>

(M) = kMkkM�1k

<latexit sha1_base64="hD8sKGC+u4iCHPw82pB/lKtntmI="></latexit>

Mij = Bi(xj) ) ci = (M�1)ij · f(xj)

• [In progress]: with Jesse Thaler 



Lattice reduction

10

• Shortest vector problem: to reduce the initial basis of a lattice into an 
equivalent basis but with shortest vectors

<latexit sha1_base64="IWac6hCZhfs689RimrmrwMSqhe4="></latexit>

L =

(
mX

i=1

zibi

�����zi 2 Z,bi 2 B

)

• Lenstra–Lenstra–Lovás (LLL) algorithm, 1982

Mathematica implementation LatticeReduce[], C++ implementation FPLLL

1 2 3 4 5

1

2

3

4

5
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• Question: How to use lattice reduction in analytic regression?



Lattice reduction

11

<latexit sha1_base64="HHPIaLLEIKy8UAz9ykCMFRsEzo4=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaKEtMyJVEKHoQpcV7AXaoWTSTBuayQxJRlpKwY2v4saFIm59CXe+jZl2Ftr6Q+DjP+dwcn43ZFQqy/o2UkvLK6tr6fXMxubW9o65u1eXQSQwqeGABaLpIkkY5aSmqGKkGQqCfJeRhju4juuNByIkDfi9GoXE8VGPU49ipLTVMQ+83DAPL+FNzirYF8N8UZNdKMbYMbNWyZoKLoKdQBYkqnbMr3Y3wJFPuMIMSdmyrVA5YyQUxYxMMu1IkhDhAeqRlkaOfCKd8fSGCTzWThd6gdCPKzh1f0+MkS/lyHd1p49UX87XYvO/WitS3rkzpjyMFOF4tsiLGFQBjAOBXSoIVmykAWFB9V8h7iOBsNKxZXQI9vzJi1A/KdnlUvnuNFu5SuJIg0NwBHLABmegAm5BFdQABo/gGbyCN+PJeDHejY9Za8pIZvbBHxmfP26rk5E=</latexit>

f(x) = G(0, 1;x)�G(1,�1;x)
<latexit sha1_base64="jWI70gjijmzZyksHR8GVy/yf2t4="></latexit>

B(x) = {G(1, 0;x), G(0, 1;x), G(0,�1;x), G(1,�1;x)}
<latexit sha1_base64="qIv1fLp5oYPX92/ZJlur/rsgxIQ="></latexit>

M = round 10s

0

BBB@

f(x1) · · · f(xp)
B1(x1) · · · B1(xp) 10�s In+1

...
Bn(x1) · · · Bn(xp)

1

CCCA

x1 = 4/10, x2 = 9/10

<latexit sha1_base64="kGvIi7D8XkJFbm9oclOrg9ckXxc="></latexit>

=

0

BBBB@

v1

v2

v3

v4

v5

1

CCCCA
=

0

BBBB@

�35 �24 1 0 0 0 0
92 154 0 1 0 0 0
�45 �129 0 0 1 0 0
36 75 0 0 0 1 0
�10 �106 0 0 0 0 1

1

CCCCA

<latexit sha1_base64="79AWdaviL2XuPnL355xO2uxc5uA=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARBLUkXqoboejGZQV7gTaEyXTSDp1MwsykUEJfwo2v4saFIm4Fd76Nk7SKtv4w8PGfczhzfi9iVCrL+jRyc/MLi0v55cLK6tr6hrm5VZdhLDCp4ZCFoukhSRjlpKaoYqQZCYICj5GG179O640BEZKG/E4NI+IEqMupTzFS2nLNw6Tt+TAeuTa8hBkPUj76xhN48GOfuWbRKlmZ4CzYEyiCiaqu+dHuhDgOCFeYISlbthUpJ0FCUczIqNCOJYkQ7qMuaWnkKCDSSbKrRnBPOx3oh0I/rmDm/p5IUCDlMPB0Z4BUT07XUvO/WitW/oWTUB7FinA8XuTHDKoQphHBDhUEKzbUgLCg+q8Q95BAWOkgCzoEe/rkWagfl+xyqXx7WqxcTeLIgx2wC/aBDc5BBdyAKqgBDO7BI3gGL8aD8WS8Gm/j1pwxmdkGf2S8fwG8dpyw</latexit>

u1 = v1 � v3 + v5

<latexit sha1_base64="k4kGMwFLpRHpci5q1PFvKEHvjo8="></latexit>

M̃ =

0

BBBB@

u1

u2

u3

u4

u5

1

CCCCA
=

0

BBBB@

0 �1 1 0 �1 0 1
4 �2 2 1 2 2 0
4 4 �2 �1 �4 �4 1
0 �1 4 6 4 �7 �2
1 �10 �5 1 2 �6 �4

1

CCCCA

<latexit sha1_base64="aWZRV5rGlOEmPXAXsvvZMqD+Gag=">AAACEHicbVDLSgMxFM3UV62vUZdugkWt2JYZkSqIUHShywr2Ae0wZNJMG5p5kGTEMvQT3Pgrblwo4talO//GdDoLbb0QOI97ubnHCRkV0jC+tczc/MLiUnY5t7K6tr6hb241RBBxTOo4YAFvOUgQRn1Sl1Qy0go5QZ7DSNMZXI395j3hggb+nRyGxPJQz6cuxUgqydYPDHixD6FbeLDNQ1iC1wWjaJ4n5EgRs1iaMFvPG2UjKTgLzBTkQVo1W//qdAMcecSXmCEh2qYRSitGXFLMyCjXiQQJER6gHmkr6COPCCtODhrBPaV0oRtw9XwJE/X3RIw8IYaeozo9JPti2huL/3ntSLpnVkz9MJLEx5NFbsSgDOA4HdilnGDJhgogzKn6K8R9xBGWKsOcCsGcPnkWNI7LZqVcuT3JVy/TOLJgB+yCAjDBKaiCG1ADdYDBI3gGr+BNe9JetHftY9Ka0dKZbfCntM8fuvOWxA==</latexit>

0 =f(x1)�G(0, 1;x1) +G(1,�1;x1)
<latexit sha1_base64="rMC/Lh2B7x2dMjTlAPq3YmkQisA="></latexit>

�1 =102 [f(x2)�G(0, 1;x2) +G(1,�1;x2)]

 reflects the finite precisions−1/102

In this example we use  digits, . We have 4 basis and 2 numerical points.d = 3 s = 2
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 and  are equivalent basis for 
the lattice (linear dependent)

⃗u ⃗v

True function:

Basis:
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0.0000−1 ⋯ 1 2 0 ⋯ −1
7 ⋯ −12 62 31 ⋯ 12
⋮ ⋮ ⋮ ⋮

87723 ⋯ −82323 42392 43244 ⋯ 232323

f(x1)⋯f(xj) 1 0 ⋯ 0
B1(x1)⋯B1(xj) 0 1 ⋯ 0

⋮ ⋱
Bn(x1)⋯Bn(xj) 0 0 ⋯ 1

s

t

AMFlow

(s1, t1) = (−1.12, − 1.23)
(s2, t2) = (−2.45, − 1.23)
(s3, t3) = (−3.87, − 4.63)

(sj, tj) = (−0.29, − 3.78)
⋮

Lattice 
Reduction

ci

Feynman Integral

=
n

∑
i=1

f(xj) (xj)ci ci ∈ ℚ

f(x1)⋯f(xj)

⋮

Data (A)(> 20 digits)

2 0 −12 0 −1

Model

Solver (B)

(x1)⋯ (xj)

(x1)⋯ (xj)

Alphabet

GPLs

L1 ⊗ L2 ⊗ L3 ⊗ L4

⋮

G(−1,0, − 1, − 1; w)
G(−1,0, − 1,0; w)
G(−1,0, z−1, 1; w)

G(1,1,1,1; z)

=
=
=

=

[Correia, Giroux, Mizera, 
2503.16601]
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<latexit sha1_base64="6y2xfXk3YeUrMvtfPyui0dFlCOs="></latexit>

zz̄ = p22/p
2
1, (1� z)(1� z̄) = p23/p

2
1

Landau analysis 
from SOFIA

<latexit sha1_base64="6y2xfXk3YeUrMvtfPyui0dFlCOs="></latexit>

zz̄ = p22/p
2
1, (1� z)(1� z̄) = p23/p

2
1

We write down all possible symbols up to weight-  at -loop and apply integrability 
conditions for any pair :

2L L
{ip−1, ip}

<latexit sha1_base64="jQ+jM3h+6QmPlg28lmY2Rv2p3NU="></latexit> X

i1,i2,···iN

ci1,i2,···iNai1 ⌦ ai2 · · ·⌦ aip�1 ⌦ aip · · ·⌦ aiN d log aip�1 ^ d log aip = 0

We obtain linear combinations of symbols that are integrated to polylogarithmic 
functions

<latexit sha1_base64="d/Hly8aj0TziCz3Bfp2tWW7KJ/g="></latexit>

A =

⇢
zz̄, (1� z)(1� z̄), z � z̄,

z̄

z
,
1� z

1� z̄

�

<latexit sha1_base64="omXAie2ksqZZeWSaFS5PzWdh2pk="></latexit>

S =
X

i1,i2,···iN

ci1,i2,···iNai1 ⌦ ai2 · · ·⌦ aiN

[Correia, Giroux, Mizera, 
2503.16601]
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<latexit sha1_base64="m6LZZyEuIMfFMcwaE+j5HryQiA8="></latexit>

Weight-0: 1

Weight-1: G(a1, x), ⇡

Weight-2: G(a1, a2, x), ⇡ ⇥G(a1, x), ⇣2

Weight-3: G(a1, a2, a3, x), ⇡ ⇥G(a1, a2, x), ⇣2 ⇥G(a1, x), ⇣3

Weight-4: G(a1, a2, a3, a4, x), ⇡ ⇥G(a1, a2, a3, x), ⇣2 ⇥G(a1, a2, x), ⇡3 ⇥G(a1, x),

⇣3 ⇥G(a1, x), ⇣4

Weight-5: G(a1, a2, a3, a4, a5, x), ⇡ ⇥G(a1, a2, a3, a4, x), ⇣2 ⇥G(a1, a2, a3, x),

⇡3 ⇥G(a1, a2, x), ⇣3 ⇥G(a1, a2, x), ⇣4 ⇥G(a1, x), ⇣5, ⇣2 ⇥ ⇣3

Weight-6: G(a1, a2, a3, a4, a5, a6, x), ⇡ ⇥G(a1, a2, a3, a4, a5, x), ⇣2 ⇥G(a1, a2, a3, a4, x),

⇡3 ⇥G(a1, a2, a3, x), ⇣3 ⇥G(a1, a2, a3, x), ⇣4 ⇥G(a1, a2, x), ⇣5 ⇥G(a1, x),

⇣2⇣3 ⇥G(a1, x), ⇡5 ⇥G(a1, x), ⇣6, ⇣23
· · ·

• Form the complete function space: add the product of  values and  ζn G(⋯)

• We randomly pick points in the Euclidean region : all GPL are real.

• Obtain the overall rational factor from maximal cut

• Perform lattice reduction 

0 < z < z̄ < 1

Blue terms are kept in case 
choosing the wrong branch
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3 digits

20 digits

20 digits

<latexit sha1_base64="yMh7WObofahKcyvVPdLrZG35igo="></latexit>

T1(z) =
1

z � z̄


2Li2(z)� Li2(z̄) + log(zz̄) log

✓
1� z

1� z̄

◆�
,

T2(z) =
1

(1� z)(1� z̄)(z � z̄)

h
6Li4(z)� 6Li4(z̄)� 3 log(zz̄) (Li3(z)� Li3(z̄))

+
1

2
log2(zz̄) (Li2(z)� Li2(z̄))

i
,

T3(z) =
1

(1� z)2(1� z̄)2(z � z̄)

h
20Li6(z)� 20Li6(z̄)� 10 log(zz̄) (Li5(z)� Li5(z̄))

+ log2(zz̄) (Li4(z)� Li4(z̄))�
1

6
log3(zz̄) (Li3(z)� Li3(z̄))

i

Analytic results

Note: we only run AMFlow; in practice, should combine with IBP+ numeric DE
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<latexit sha1_base64="m3kMt7dkuZ1HhsJhbwYpo8rGn2I="></latexit>

u = �4m2

s
, v = �4m2

t
, �u =

p
1 + u, �v =

p
1 + v, �uv =

p
1 + u+ v

<latexit sha1_base64="zH+qay0hCRwda7rfwPUgKAwCZJc="></latexit>

Ã =
n
u, v, 1 + u, 1 + v, u+ v, 1 + u+ v,

�u � 1

�u + 1
,

�v � 1

�v + 1
,
�uv � 1

�uv + 1
,
�uv � �u

�uv + �u
,
�uv � �v

�uv + �v
,
�uv � �u�v

�uv + �u�v

o

All Symbols 20736

Integrability 6993

Galois symmetry 861

Physical branch cuts 161

Genealogical 
constraints 28

  -positive thresholds 6α

Bootstrap 
Techniques

Linear systems 
 cijJij = 0

Numerical Fit 

t < 1s |d = 6

t < 1s |d = 8

t ∼ 30s |d = 17

t > 1 h |d > 25

?? |??

⋅ → − ⋅
Even integral under

ΔλI = c∫hλ

dI

Discontinuity analysis 

Impose -positivity 
on  branch cut 

α
log( ⋅ )

Landau equations for 
:sdasdsd;sdsdd      s = 4m2

Time | DigitsEasy

Easy

Hard

Hard

Combining Landau bootstrap 
and analytic regressions

<latexit sha1_base64="ePSkMA+id/B4HrSktzZ8xygyDGg="></latexit>

1

s2t�u�uv
⇥

"
� a6 ⌦

a1
a3

⌦ a6 ⌦ a9 � a6 ⌦
a1
a3

⌦ a9 ⌦ a6

+ a6 ⌦ a6 ⌦
a1a2
a3a5

⌦ a9 + a6 ⌦ a9 ⌦
a2
a5

⌦ a6

+ a6 ⌦ a6 ⌦ a8 ⌦ a6 + a6 ⌦ a9 ⌦ a8 ⌦ a9

+ a7 ⌦ a10 ⌦
a2
a5

⌦ a6 + a7 ⌦ a10 ⌦ a8 ⌦ a9

+ a7 ⌦ a7 ⌦
a1
a5

⌦ a9 + a7 ⌦ a7 ⌦ a8 ⌦ a6

#

[Hannesdottir, McLeod, Schwartz, Vergu, 2410.02424]
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• So far I introduce analytic regression 
method with lattice reduction


• It can be combined with Landau 
bootstrap at any step


• However, we haven’t studied 
Feynman integrals with multiple 
rational factors 0.0000−1 ⋯ 1 2 0 ⋯ −1

7 ⋯ −12 62 31 ⋯ 12
⋮ ⋮ ⋮ ⋮

87723 ⋯ −82323 42392 43244 ⋯ 232323

f(x1)⋯f(xj) 1 0 ⋯ 0
B1(x1)⋯B1(xj) 0 1 ⋯ 0

⋮ ⋱
Bn(x1)⋯Bn(xj) 0 0 ⋯ 1

s

t

AMFlow

(s1, t1) = (−1.12, − 1.23)
(s2, t2) = (−2.45, − 1.23)
(s3, t3) = (−3.87, − 4.63)

(sj, tj) = (−0.29, − 3.78)
⋮

Lattice 
Reduction

ci

Feynman Integral

=
n

∑
i=1

f(xj) (xj)ci ci ∈ ℚ

f(x1)⋯f(xj)

⋮

Data (A)(> 20 digits)

2 0 −12 0 −1

Model

Solver (B)

(x1)⋯ (xj)

(x1)⋯ (xj)

Alphabet

GPLs

L1 ⊗ L2 ⊗ L3 ⊗ L4

⋮

G(−1,0, − 1, − 1; w)
G(−1,0, − 1,0; w)
G(−1,0, z−1, 1; w)

G(1,1,1,1; z)

=
=
=

=

• Similar problem for QCD amplitude bootstrap:

• Unlike  SYM, QCD amplitude is not uniform transcendental and 

one needs to bootstrap rational functions instead of numbers

• There are less available properties and data for QCD

𝒩 = 4

• A baby step: a bootstrap framework for three-point 
energy correlators
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• We consider the LO 3-point energy correlators, with arbitrary positive power 
of energies (A finite subset of -point correlators)N

<latexit sha1_base64="fIwCcoF4L48PgKm3803eswRxG7k="></latexit>

F ({xjl}, {ak}) ⌘
X

m

X

1i1<···<inm

Z
d�m ⇥

Y

1kn

Eak
ik

Q

Y

1j<ln

�

✓
xjl �

1� cos ✓ijil
2

◆

<latexit sha1_base64="hwZLmaHD1trUcZETZW8LW6U5CuE="></latexit>

d3�a,b,c

dx12dx13dx23
=

✓
µ2e�E

4⇡

◆2✏
24�a�b�cg4⇥(��̃3)

(4⇡)5�2✏�(1� 2✏)
(��̃3)

� 1
2�✏

⇥
Z

dz1dz2dz3 �(1� z1 � z2 � z3)z
a+1�2✏
1 zb+1�2✏

2 zc+1�2✏
3 ⇥ P1!3(z1, z2, z3)

s2123
+ perms of (x12, x13, x23)

• Collinear limit: 

QCD splitting functions

z1

z2

z3

s123

• Finite at : as long as 

• Not uniform transcendental, involves complicated rational functions

d = 4 a, b, c ≥ 1

“Symmetrization”: 6 permutations of angles

G0(z) ≡

G(z) ≡

n = 3, m = 4

[Chen, Luo, Moult, Yang, XYZ, Zhu, 1912.11050]

<latexit sha1_base64="bCG2AP4nb/mLD1aBGBlS5mb/94E=">AAACIXicbVDLSgMxFM3UV62vUZdugkVoodaZKrUboejGZQX7gE4pmTRtQzMPkozYDvMrbvwVNy4U6U78GTPtINp6ILmHc88lucf2GRXSMD611Mrq2vpGejOztb2zu6fvHzSEF3BM6thjHm/ZSBBGXVKXVDLS8jlBjs1I0x7dxP3mA+GCeu69HPuk46CBS/sUI6mkrl6ZWDbi4SS6euyG5nl0FpdSVLAKMGeeTvLqSgz52FH6cXT1rFE0ZoDLxExIFiSodfWp1fNw4BBXYoaEaJuGLzsh4pJiRqKMFQjiIzxCA9JW1EUOEZ1wtmEET5TSg32Pq+NKOFN/T4TIEWLs2MrpIDkUi71Y/K/XDmS/0gmp6weSuHj+UD9gUHowjgv2KCdYsrEiCHOq/grxEHGEpQo1o0IwF1deJo1S0SwXy3cX2ep1EkcaHIFjkAMmuARVcAtqoA4weAIv4A28a8/aq/ahTefWlJbMHII/0L6+AT/JobU=</latexit>

zz̄ = x13/x12, (1� z)(1� z̄) = x23/x12
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Integrands: 

Weight-2 symbols  functions ⇒ G(2)
0 (z)

Spherical contour

Lower weight ansatz 

with unknown coefficients partially fixed 

G(1)
0 (z) + G(0)

0 (z)

Single-valued Spurious pole 
conditions

G(z) = G0(z) + G0(1 − z) + ⋯

Permutations

Power correction 
data in squeezed 
(OPE) limit

Numerical integration 
+ lattice reductionOr

• A hybrid framework equipped with lattice reduction

Spherical contour: [Landau bootstrap]

a method to obtain leading transcendentality of 
iterated integrals with quadratic singularities 

Physical constraints: [amplitude bootstrap]

consistency conditions in different singular limits

Numerical data: [analytic regression]

[Arkani-Hamed, Yuan, 1712.09991]
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zz̄ = x13/x12, (1� z)(1� z̄) = x23/x12
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• An example integrand:
<latexit sha1_base64="P9fiTdKAkzlKSaf0mwAbx4iFmZI="></latexit>Z
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Integrate to Bloch-Wigner function
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• Leading transcendentality: from spherical contour:
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• Lower transcendentality: all possible poles + single-valued functions

• Requiring spurious pole cancellation determines most of the coefficients

• The rest can be fixed by lattice reduction
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Can be determined by Lattice reduction with 
40-50 numerical points

• Number of parameters: all colors channels in QCD
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• Question: Can we also bypass the spherical contour method and some 
physical constraints in the energy correlator bootstrap?

• If no information from spherical contour, we need a more robust form of 
rational functions

<latexit sha1_base64="HObtIOl28eDfj8uhoiRpmZCERZI="></latexit>
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⇥

i,jnX

i,j=0
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iz̄j

• This significantly increases the number of unknown parameters.

• Lattice reduction is powerful, but not enough.

And assign such an ansatz for each transcendental function
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• First intuition:
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d . nR

p

digits of precision

# of basis function

# of points

size of integers

12 
samplings

14 
samplings

50 
samplings

362 
samplings

Always fail below some 
digit threshold 

• However, given a Feynman integral, there exists a minimal digit 

• Barriers towards QCD bootstrap through analytic regressions:

• Understand the samplings and reduce the minimal digit value

• Reduce the time cost
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• Precision calculations are very crucial in studying QCD and collider physics.

• There are mainly two perturbative bootstrap programs:

Amplitude 
bootstrap

Landau 
bootstrap

• We equip bootstrap with analytic regression 
method, lattice reduction.


• We develop a hybrid bootstrap program for 
energy correlators in QCD and obtain 
analytic results for  three-point correlators 
with arbitrary positive energy powers.


• Can we extend it to a full bootstrap 
framework, such that it works for higher-
points and higher-loops? —Improve lattice 
reduction

0.0000−1 ⋯ 1 2 0 ⋯ −1
7 ⋯ −12 62 31 ⋯ 12
⋮ ⋮ ⋮ ⋮

87723 ⋯ −82323 42392 43244 ⋯ 232323
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t

AMFlow
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(s3, t3) = (−3.87, − 4.63)

(sj, tj) = (−0.29, − 3.78)
⋮

Lattice 
Reduction

ci

Feynman Integral

=
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∑
i=1

f(xj) (xj)ci ci ∈ ℚ

f(x1)⋯f(xj)

⋮

Data (A)(> 20 digits)

2 0 −12 0 −1
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Solver (B)
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⋮

G(−1,0, − 1, − 1; w)
G(−1,0, − 1,0; w)
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G(1,1,1,1; z)

=
=
=

=

Move towards a QCD bootstrap that connects theory to precision experiments
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• Energy-weighted cross section as a function of angles among any two detectors

<latexit sha1_base64="QKgw3ppc+y0pHp3jXKNA89SdjLo="></latexit>
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[Basham, Brown, Ellis, Love, 1978]
Energy-energy correlation (2-point), EEC
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N-point energy correlator
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[Chen, Luo, Moult, Yang, XYZ, Zhu, 1912.11050]

• Projecting the N-point energy correlator into a one-dimensional distribution: 
projected -point correlator (ENC)N
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 being 
the largest angular distance
xL = (1 − cos θL)/2 is the number of 


final-state particles
m

[Chen, Moult, XYZ, Zhu, 2004.11381]
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• CMS measurement of projected 3-point correlator

aNNLL: [Chen, Gao, Li, Xu, XYZ, Zhu, 2307.07510]
NLL: [Lee, Meçaj, Moult, 2205.03414]

αs(mZ) = 0.1229+0.0014
−0.0012(stat)+0.0030

−0.0033(theo)+0.0023
−0.0036(exp)

[CMS collaboration, 2402.13864]

• CMS Open Data: 3-point correlator

[Komiske, Moult, Thaler, Zhu, 2201.07800]

[Chen, Moult, Thaler, Zhu, 2205.02857]

• More analytic results for energy 
correlators are needed



Backup on  
lattice reduction
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• First intuition:
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Always fail below some digit threshold 

• Experiments:

Weight-3 GPLs
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B(x) = {1235.1, 2.3, 2.5} Lose information if 
only 1-2 digit

Plateau behavior

 single-value GPL(x), with randomly 
sampling in 
n = 15

1/2 − 10Δ ≤ x ≤ 1/2 + 10Δ
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• Time cost:

• Lattice reduction: , no parallel implementationt(p, n) ∼ p × n4

Very approximately:

• Barriers towards QCD bootstrap through analytic regression:

• Understand the samplings and reduce the digit plateau value

• Improve the time cost: the  scalingn4



Backup on  
ENC bootstrap
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• We start the  integrand:G0(z)
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Example terms in splitting functions
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• Feynman parameterization:

• Integrate to Bloch-Wigner function
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• Read off the symbol entries and calculate the spherical contour residues
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[Arkani-Hamed, Yuan, 1712.09991]
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• Example result:  color structure in the quark jetCFTFnf

Step1: leading transcendentality
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Very singular behavior: 
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• Different kinematic limits

z → z̄

z → 0 z → 1

z → ∞

(1). Collapsed limit : non-singularz → z̄

(2). Squeezed limit : z → 0 1/(zz̄)

-10 -8 -6 -4 -210-6

10-5

10-4

0.001

0.010

-10 -8 -6 -4 -2 0

5×10
-4

0.001

0.005

0.010

0.050

0.100

Energy 
powers

 {a,b,c}z = r × t, z̄ = r/t, t = exp(iθ)

Nontrivial cancellation between 
weight-2 and lower-weights
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 match to weight-2 denominatorsn1,2,3

Single-valued functions,  etclog(zz̄)Ansatz
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1. Any power divergences of  have to vanish

2. When , any power divergences or logarithmic divergences that are faster 

than  (or ) need to vanish. 

3. Similar for , 

z − z̄
z → 0

1/(zz̄) 1/r2

z → 1 z → ∞

Determine remaining parameters: power correction data in  limit, need calculationsz → 0
[Chen, Moult, Zhu, 2011.02492, 2104.00009, 2202.04085]
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• Question: can we bypass the tedious calculations for squeezed limit data?

• Consider  after applying the physical constraintsC2
F
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#

• Treat  as transcendental basis and  as coefficients to determine{gi} ai,j, bi,j, ci,j, di,j

• (1). Run lattice reduction among  to get a linear-independent basis 


• (2). Run lattice reduction among both  and 
{gi(z)} {g̃i(z)}

G(z) {g̃i(z)}

In this case, 2 numerical points and 13 digits fix all six parameters
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•  and all 
QCD channels 
with reasonable 
computation cost

𝒩 = 4

• Higher energy weights:

Number of parameters

   40-50 points 

Lattice reduction
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• Validation: 

(1) Increasing the number of points and digits in lattice reduction

(2) Compare obtained expression with numerical data using different points

(3) Expected behavior:
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10

z = 1 − r exp(iθ), θ = π /3


