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Precision QCD

* One of the main tasks in collider physics: Precision measurements

e Testif atheory is correct

e Determine fundamental
parameters

e Search for new physics
discovery

[Collins, Soper, Sterman, 1985]
e (alculations are based on the non-perturbative factorization theorem

do = fp_m((]i‘l) X fp_>b(332) X do X F

Parton distribution function Ferturbative  Fragmentation

Parton distribution, Fragmentation:

non-perturbative, extracted from data do :Feynman diagrams
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Feynman integrals are hard

1. Textbook: NLO total cross-section for ete~ — hadrons

| Py loop integral = UV divergence
0
2 Phase space = IR divergence
g p N do dE
O~ Qg———
0 E

Although IR divergence cancelled at the observable level, calculations needs to be
done with regulator (d = 4 — 2¢)

2. One example: Higgs + one jet production at three-loop

)0 CTCSEO— . .
§W566€T [Xiang, Guan, Mistlberger,
S 00000 2504.06490]
& OO [Badger et al., 2412.06519]
000000 S g . :
\YAVAY; VVR VRR RRR

0(10%) Feynman diagrams, ©(107) integrals, complicated color structure
Integration-by-part (IBP) approach: ©(10°%) CPU-hours, ©(10% — 10%) GB memory
Master integrals: ©(10°) master integrals that need to compute explicitly
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o Total cross-section are in terms of {, value Transcendental numbers

Feynman integrals are also simple

g

Sorom = 0o [1 + 2300 + (22 (CrCa(132/2 - 1)

47 47

+ CpTrnp(—22 + 16¢s) — C2(3/2)) + - ]

e More generally, gives rise to polylogarithmic functions in € — 0 expansion

P1

P>

b3 4 blogx 5 5 5\ 1 2 3 11, 65

P4

X =1/s

(GPLs)

1
— 4Lig(—x) — 4log x Lis(—2) — 2(log” « + m2) log(1 + .CC)) =+ 0O(e”)
€

“log(1 —
Classical Polylogarithms log(z), Liz(z)=— / Og(u 5 Transcendental
0
Generalized Polylogarithms ;. ..., ) — /Z dt Clag.- i) functions
1, ns . t—a 29 ny
G(a;2) =log(z —a), G(0;2) = %logn(z)

Elliptic Polylogarithms (eMPLs) + more complicated structure
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Transcendental functions and Symbol

* Transcendental weight is defined such that differentiation lowers the weight

by one
e weight-0: rational numbers or functions , 1_.

| 0,Li,(z) = —Li,_1(2)
e weight-1: m, log(z),--- 2

e weight-2: (o, LiQ(z),
e weight-n: (,, Li,(2), G(a1, - ,an;2), -

e Symbolis introduced to condense the information of iterated integrals

[Goncharov, Spradlin, Vergu,

b
I = / dlogRyo---odlogR, =S|I =R ®---® R, Volovich, 1006.5703]

e.9. Sllog(z)log(y)=2r®y+yRx, Sllis(z)=—-(1—-2)®
S|G(z,0,y))=—2r@x+(r—y) r—yRr+y® (r—y)

 For scattering amplitudes/observables, alphabet { R;} and thus Symbol are
constrained by physics information [DNA|]
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Two types of bootstrap

1. Scattering amplitude bootstrap:
e e.g. Three-point form factor gg — Hg in planar /' = 4 SYM to eight-loop

Kinematic Possible symbols Conditions: Integrate
variables & =2 X unknown = integrability, == OPE data == symbols to
alphabet rational constants symmetry etc. functions
Alphabet: Ly, ={u,v,w,1 —u,1 —v,1 —w} Constraints = Linear systems

2L . 2L
Ansatz: 1) = chFj( ) ¢;: rational constants Fj( N Lii QL Q@Liy,, Li€Ly
J
[Dixon, McLeod, Wilhelm, 2012.12286] [Dixon, Gurdogan, McLeod, Wilhelm, 2204.11901]

N (pi, k;
2. Landau bootstrap: Z(pi, me) = / HdD (pi, kj)

e 1(QG o m2 +Z€)

e |dentify potential singularities using Landau

equations Alphabet = All possible symbols

e Study local expansion, leading singularities,
sequential discontinuities etc.

Solve the unknown coefficients

= [Hannesdottir, McLeod, Schwartz, Vergu, 2410.02424]
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Numerical approach

Question: Can we use numerical data to exactly reconstruct coefficients?

* High-precision Feynman loop integrals:

Integration-by-Parts (IBP) [Chetyrkin, Tkachov, 1981]
Master integrals

(basis)

L
I(pi7m€) — / de] ’ — = 1 = Ra(pi 'pjame) MlI,
jl;[l [1_1(q2 — m2 +ie) Za:

Rational functions

e=1

[Liu, Ma, 1801.10523; 2107.01864;

Auxiliary mass flow method (AMFlow) 2201.11669; 2201.11637]

1. Introduce an auxiliary mass # to some of the propagators
2. Set up closed differential equations w.r.t 7 using IBPs

3. Solve the differential equations numerically with boundary conditions 7 — oo

Many higher-loop Feynman integrals are accessible numerically through AMFlow
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Analytic regression

We can formulate the bootstrap as an analytic regression problem:

n

Full function, e.g. f(Xj) _ Z c; B; (Xj), c; €Q

Feynman integrals
1=1

Basis functions, like
Rational coefficients polylogarithms

to determine integrated from symbols
p2
F

— = 11—z
Lig(z) _Lig(z) n(#2)In (1_2)
= p2T 2 — 2
7_1<_ N 1(p1 p2,p3) Z— 2 Z = Z i Z =7

&
p3

Numerical basis functions:

 FiberSymbol in PolyLogTools + GPL evaluation [Duhr, Dulat, 1904.07279]

 (Can always integrate the symbols numerically along a path [analytically
in the first and last entries]

A 1 A4 A3 A2
Z Ciy igvin.ia / dlog L;, (A1) / dlog Li, (\3) / dlog L;, (o) / dlog L;, (M)
i1 0 0 0
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Analytic regression

n

f(x;) =) eBi(xj), ¢ €Q

1=1

e (Can we use matrix inversion to solve the unknown coefficients?

Mij = Bi(x;) = ci= (M) fla;)

1. Hard to impose coefficients are rational.

2. Matrix inversion loses precision easily:

|Ac|

]

7], 18Ny

~ () (S * o

k(M) = [ M[|M~
e Precision lost amplified by the matrix condition number k

e When all entries are the same order of magnitude and normally distributed, x ~ n,n > 1
When not uniform, k is much larger

* [In progress]: with Jesse Thaler
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Lattice reduction

e Shortest vector problem: to reduce the initial basis of a lattice into an
equivalent basis but with shortest vectors

L= {Zzzbz z; € 4,b; € B}

1=1

e |enstra—Lenstra-Lovas (LLL) algorithm, 1982

Mathematica implementation LatticeReduce][], C++ implementation FPLLL

 Question: How to use lattice reduction in analytic regression?
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Lattice reduction

True function:  f(z) = G(0,1;z) — G(1,—1;x) x; = 4/10,x, = 9/10

Basis: B(r) ={G(1,0;2),G(0,1;2),G(0, -1;2),G(1, —1;2) }
35 24 1.0 0 0 0
() fx) | /Xi\ ( 92 154 0 1 0 0 0\
o — round 10¢ | BrO) e Bile) 0T LG g5 120 0 0 1 0 0
: V4 36 7 0 0 0 1 0
\ Bu(x1) - Bu(xp) J \vs/ \-10 -106 0 0 0 0 1/
N1 0 D o (1 1 and Vv are equivalent basis for
(E;\ x:z)(‘z') 1 <‘2’> 2 (‘(y)\ the lattice (linear dependent)
M=|ul|l=|4 4 -2 -1 —4 —4 1
u, 0 -1 4 6 4 -7 —2 -
\us/ \1 —10 -5 1 2 —6 -4/ L = ¥ = g o Ve

0=f(x1) —G(0,1;21) + G(1,-1;21) —1=10°[f(w2) — G(0,1;22) + G(1, —1; x2)]

—1/107 reflects the finite precisions
In this example we use d = 3 digits, s = 2. We have 4 basis and 2 numerical points.
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Analytic regression

K Feyvnman Integral

(S],tl) = (_112, - 1.23)

(S2, tz) = (—2.45, - 123)
(sp1y) = (387, -4.63) S

(s.1,) = (=0.29, — 3.78)

o
~ SOFZA

[Correia, Giroux, Mizera,

t 2503.16601]

ﬁg AMF1low
(> 20 digits)

Bl=
BQ=

B3:

B, =

Alphabet
LiQLRL;®Ly

GPLs
G(-1,0,—-1,—-1;w)
G(-1,0,—1,0;w)
G(_laoa Z_la 1;W)

G(1,1,1,1;2)

~

Data (zy

([ fxp)f(x) 10
Bi(xq)--By(x;) 0 1

B.x)~Bo(x) 0 0

f

0)
{¢
0 0
—_—
Lattice
1 ) Reduction

\87723 --- —82323 42392 43244 ... 232323

Solver (BJ
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Example I: Triangle ladder diagrams

A~ A A~ _ 2/ 2
p o 27 = :
- 1 - D1 - D1 p3/p1
(1—2)(1 = 2) = p3/p7
P2 P2 | P2
~ ~ N
Landau analysis  , _ [ _ 1—2)(1-32), 23 Z 1=z [(coreia, Giroux, Mizera,
from SOFIA ’ ’ "2 1 — % 2503.16601]

We write down all possible symbols up to weight-2L at L-loop and apply integrability
conditions for any pair {1,_;, i}

S = E Ciq,in,-in Qiq & Qjy + D Ay

i17i27'”7:N

Z Ciiig,---in iy 2y 7P & CLip_l &) az-p SRS Aj N dlog CLZ'p_l A dlog CLZ‘p =0

7:177:27'”7:]\7

We obtain linear combinations of symbols that are integrated to polylogarithmic
functions
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Example I: Triangle ladder diagrams

e Form the complete function space: add the product of £, values and G(---)

Weight-0: 1 |

Weight-1:  G(a1,z), = Blue terms are kept in case
. choosing the wrong branch

Weight-2:  G(a1,a2,x), ™ X G(ay,x), (3

Welght_g G(a az, as, T )7 T X G(a’h a2, ZE), CQ X G(ala ZE), C3

Weight-4:  G(a1,a2,as,a4,2), ™ x G(ai,as,a3,2), (o x G(ai,as,z), 7 x Glar,x),

C3 X G(a’17 )7 C4

Welght_5 G(a17a27a37a47a5ax)7 T X G(a’laa'27a37a47aj)7 C2 X G(a17a27a37$)7

7T3 X G(al,ag,x), Cg X G(a,l,a,g,x), C4 X G(CLl,CL’), C5, CQ X Cg

Welght'6 G(a17a27a37a47a57a67$)7 T X G(al,ag,ag,a4,a5,x), CQ X G(aflaaf27a'3aa’47$)7
™ x G(a1,a2,as3,2), (3 x G(ai,as,as3,x), (4 x G(ar,a2,2), s x G(ai, ),
(2Cs x G(ar,x), m° x G(a1,x), G, C3

e We randomly pick points in the Euclidean region 0 < z < 7 < 1: all GPL are real.
e (Obtain the overall rational factor from maximal cut
e Perform lattice reduction
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Example I: Triangle ladder diagrams

Diagram AMFLow Transcendental # points Basis size Reduction
point time weights sampled time
full(32) <ls
One-loop 15.6 CPU-min <2 5 simplified (26) <1s 3 digits
uniform(25) <1s
100 full(488) 9.6 min
Two-loop 1.1 CPU-h <4 100 simplified(393)  10.7 min 20 digits
60 uniform(366) 3.5 min
- full(1373) -
Three-loop 5.7 CPU-h <6 - simplified (972) - 20 d|g|ts
200 uniform(806) 1.1h

Note: we only run AMFlow; in practice, should combine with IBP+ numeric DE

Analytic results Ti(z) = - i - [2L12(z) — Lis(2) + log(22) log G — z>] ,
L) = T a6 [6L14(z) — 6Liy(2) — 3log(2%) (Lis(2) — Lis(2))
+ % log?(22) (Lin(2) — Lin(2)) |.
1 . . _ . .
T() = T2 =5 [20L16(z) — 20Lig(2) — 10log(22) (Lis(z) — Lis(2))

+log(22) (Lia(2) — Lia(2)) — 7 log*(22) (Lis(2)  Lis(2))|

|||i|- Xiaoyuan Zhang 15



Example ll: The two-loop outer-mass double box

[Hannesdottir, McLeod, Schwartz, Vergu, 2410.02424]

p1 p3 Am? 4m? T T
U:—T,’U:——,Bu: 1+u76’U: 1+U76u1}:\/1+u+v

t
~ 5 —1
U
A:{u,v,l—l—u,l—l—v,u—l—v,l—l—u—l—v, :
P2 P4 Bu +1
I5(’LL ’U) Bv —1 Buv —1 Buv T 5u Bu'v T Bv Buv T Buﬁv }
) ) ) ) )
BU + 1 Buv + 1 Buv + ﬁu 6uv + BU Buv + 6u6v
Bootstrap Numerical Fit
Combining Landau bootstrap Tochniques — Eey Hard  Time | Digits
and analytic regressions SOFZA AllSymbols | 20736
1 99199
X Linear systems Integrability 6993
32t6u6uv ¢l =0
ai ai
— ag ® a— ® Qg ® ag — Qg ® a— ® ag ® Qg Even integral under Galois symmetry 361 (> 1hld> 25
s 3 ViV
a1az az
+ ae ® ae ® ® ag + ae ® ag ® o ® ae Impose a-positivity .
asas as on log( - ) branch cut Physical branch cuts 161 t~30s|d =17
+a6®a6®a8®a6+a6®a9®ag®a9
a9 Discontinuity analysis
G logical
+a7 X ag® — R ag + a7 K ajg X ag K ag A/11=CJ‘ dl ereaiosien 28 t<1ls|d=8
as h, constraints
—|—CL ®CL ®ﬂ®a’ —|—CL ®CL ®CL ®CL Landau equations for
7 7 as 9 7 7 8 6 ¢ = dm?: O a -positive thresholds 6 r<l1s|ld=6
Hard Easy
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Toward QCD bootstrap

f Feynman Integral Alphabet x
(spty) = (~1.12, = 1.23) \\ Qg LQLRL,QL,
 So far | introduce analytic regression s SOFZA — arLs
. . . ()= (-029.-378) < Bi= G(-10,-1,— L;w)
method with lattice reduction ‘ ! PR G
* |t can be combined with Landau R moeion j
(> 20 digits) Data (A)

bootstrap at any step
* However, we haven’t studied C

v n v
Jx) = Z ¢; Bi(X) ceo
i=1 ‘ Model

Feynman integrals with multiple (& ¢;
. J&P-fx) 1.0 - 0 o* R 2'—0’—_1
rat|ona| faCtOrS Bl(xl)':'Bl(Xﬁo ! o _, ® _»[ 7 . -12 62 31 e 12 ]
Bn(xl)-i-Bn(xj)o 0 1 Rgc?ltltcltciin 87;23 —82:323 42392 432:44--- 232;23

Solver (B)

e Similar problem for QCD amplitude bootstrap:

e Unlike /" = 4 SYM, QCD amplitude is not uniform transcendental and
one needs to bootstrap rational functions instead of numbers

* There are less available properties and data for QCD

A baby step: a bootstrap framework for three-point
energy correlators
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Problem setup

* We consider the LO 3-point energy correlators, with arbitrary positive power
of energies (A finite subset of N-point correlators)

UHNTSED SED DI LTl | e | BRI TRty

m 1<i1<--<ip<m 1<k<n 1<j<i<n
e Collinear limit: n=3,m=4
d30a,b,c B u2eve 2¢ 24_a—b_cg4@(—A3) (—A Sl
drisdri3dros ( A ) (4m)°=2¢(1 — 2e) 3) QCD splitting functions
Go(z) = X /dzldzde3 (1 — 21 — 23 — 23) 27 172201726572 P1_>3(§2’;2’ 23)
+ perms of (x12, T13, T23) %
G(z) = “Symmetrization”: 6 permutations of angles S173 2
2Z = x13/T12, (1 — 2)(1 — Z) = x93/12 >
<]

e Finteatd =4:aslongasa,b,c > 1
* Not uniform transcendental, involves complicated rational functions

[Chen, Luo, Moult, Yang, XYZ, Zhu, 1912.11050]
|||i|- Xiaoyuan Zhang 18



Workflow

* A hybrid framework equipped with lattice reduction

Integrands:
Go(z) ~ [ airiaphizgt x Doalinin ) .
>123 Spherical contour: [Landau bootstrap]
‘Spherica' contour a method to obtain leading transcendentality of

iterated integrals with quadratic singularities
Weight-2 symbols = functions G(gz)(z) g 9 9

Single-valued ‘ Spurious pole

[Arkani-Hamed, Yuan, 1712.09991]

conditions

Lower weight ansatz G\"(z) + G\"(2) Physical constraints: [amplitude bootstrap]
with unknown coefficients partially fixed

‘ Permutations

G(z) = Gy(2) + Gy(1 — 2) + -+ 2Z2 = r13/T12, (1 — 2)(1 — 2) = T23 /712

7 \

Power correction
data in squeezed Or
(OPE) limit

consistency conditions in different singular limits

Numerical integration  Numerical data: [analytic regression]
+ lattice reduction
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One example integral

* An example integrand:

1 1 1
dz1dzodzs (1 — 21 — 29 — 23) 20T LTI ol o ( + )

/ 1dz2dz5 0 : ? )2 5 512351223 \ 21 22 T %3
 |eading transcendentality: from spherical contour:
:>S(F)——(l_z)(l_g)(—Q—‘Q—zL Z + 3222 + 322%) ! 9l L glz?

AR Tr - EE 1—221-22 2 2222 1—z2

1 —
Integrate to Bloch-Wigner function —8iD, (2) = —4 (Liz2(2) — Liz(2)) — 2In(22) In — ;
* Lower transcendentality: all possible poles + single-valued functions
1 1,]<n 1,]<n
=J =J ]
(= =) (z2)"2((1 - 2)(1 - 2) [ZO 1523+ ;0 biy#'# log(z2)
1,J<n 1,J<n
+ Z c;ij2'7 log((1—2)(1—2)) + Z d; j2' 7 7
i,j=0 t,7=0

* Requiring spurious pole cancellation determines most of the coefficients
* The rest can be fixed by lattice reduction
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Bootstrap summary

* Number of parameters: all colors channels in QCD

E,? : E;Lj Egk Energy weights | Ansatz | 2z — z | Squeezed | Sym. | Squeezed | Indep.
{1,2,1} 6984 | 1218 395 374 347 171
{1,1,2} 6835 | 1129 362 343 318 169
{2,2,1} 9045 | 1478 577 566 470 214
{2,1,2} 8871 | 1374 555 545 445 220
{1,2,2} 8995 | 1428 563 553 471 234
{3,1,1} 9114 | 1477 595 583 485 235
{1,3,1} 9357 | 1580 611 598 516 248
{1,1,3} 8841 | 1344 525 516 430 221
{2,2,2} 11311 | 1703 759 748 602 281

'

Can be determined by Lattice reduction with
40-50 numerical points
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Towards a QCD bootstrap

* (Question: Can we also bypass the spherical contour method and some
physical constraints in the energy correlator bootstrap?

* If no information from spherical contour, we need a more robust form of
rational functions

1 1,J<N o
X i i tzJ
o (- =) A M9

And assign such an ansatz for each transcendental function

* This significantly increases the number of unknown parameters.

e [Lattice reduction is powerful, but not enough.

|||i|- Xiaoyuan Zhang 22



Limitation of lattice reduction

* First intuition: # of basis function
digits of precision le +—Size of integers
~Nd <
D -

# of points

* However, given a Feynman integral, there exists a minimal digit

1of ¢, Pz
0.8} i——ql

362
samplings:

Probability of correct fit

Always fail below some
digit threshold

...............................

v

# of significant digits used

e Barriers towards QCD bootstrap through analytic regressions:
 Understand the samplings and reduce the minimal digit value
* Reduce the time cost
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Summary

* Precision calculations are very crucial in studying QCD and collider physics.
* There are mainly two perturbative bootstrap programs:

P A
Amplitude Landau
bootstrap bootstrap . .
I5(u,v)

 We equip bootstrap with analytic regression

method, lattice reduction. f o onaor 1
: oo 4 S T SOFEA T apLe
* We develop a hybrid bootstrap program for | |..... ‘— B oot
energy correlators in QCD and obtain " | e
. . 2o AMF.l.ow
analytic results for three-point correlators o bata (1)

with arbitrary positive energy powers.

 (Can we extend it to a full bootstrap IS
framework, such that it works for higher- [>> : ] s a[_? s e ]

points and higher-loops? —Improve lattice
reduction

Solver (B)

Move towards a QCD bootstrap that connects theory to precision experiments
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Backup on
energy correlators



Energy correlators

* Energy-weighted cross section as a function of angles among any two deteotors

- EEC @LO I EEC @NLO

o
0

Energy-energy correlation (2-point), EEC
[Basham, Brown, Ellis, Love, 1978]

£ o6l
g
. §O.4-
EEC(x Z/da - 71; — cOos X) s
N_pOInt energy Correlator O‘O(-).IO O.l2 O.l4 O.l6 0.l8 ’I.IO
[Chen, Luo, Moult, Yang, XYZ, Zhu, 1912.11050] 2= (1= cosx)/2
=% % faoux T T o5
d5812 df(n 1n " It 2
m 1<iq1, i, <m 1<k<n 1<3<i<n

* Projecting the N-point energy correlator into a one-dimensional distribution:

projected N-point correlator (ENC) [Chen, Moult, XYZ, Zhu, 2004.11381]
E;
da; Z Z dom 6 0 (37L — MaxX{Ti, iy, Tiy iy " CEiN_l,iN})
L m 1<iy,—in<m 1<k<N
m is the number of x; = (1 —cos6;)/2 being
final-state particles the largest angular distance
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Energy correlators

e CMS measurement of projected 3-point correlator [CMS collaboration, 2402.13864]

CMS 36.3 fb" (13 TeV)
[T T T T T | T L T TrTTTTT T
! 1.02
i —— NNLLgpprox*NP
Ll PP — jiQ13TeV antik & Ry=04 Q161 Do approx .
T wof pf: 97-220 GeV &
[ pe € [300,350] GeV |n| < 1.5 Q [ [#]p) 330-468 GeV 0.98 g
w1.5 ! 1.02 2

—
AN
T

[ [1]p)": 638-846 GeV

=27
25022

1.4

- -2
- == -
- =
______
==

E3C/EEC Ratio
i

—_
(=)

LT —

A}

= ' ] 13-
= - == NLL ] i
0.8 b i
== NNLLapprox b 1 2 |

0.01 0.02 0.05 0.10 0.20

Ry
NLL: [Lee, Mecaj, Moult, 2205.03414]

— +0.0014 +0.0030 +0.0023
aNNLL: [Chen, Gao, Li, Xu, XYZ, Zhu, 2307.07510] ay(mz) = 0.12297 5012(stat) 25 pp33(th€0)” g 536(€XP)

0.006

e CMS Open Data: 3-point correlator ? o
o c [50’0,77550] GeV 0.005
[Komiske, Moult, Thaler, Zhu, 2201.07800] 2 s o

[Chen, Moult, Thaler, Zhu, 2205.02857]
< % 0.003
. -0.002
* More analytic results for energy :|

correlators are needed -0.001
0.0 0.6 0.8 1o 0000
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Backup on
lattice reduction



Limitation of lattice reduction

“1 Q2 S

e First intuition:

# of basis function

digits of precision ' +—Size of integers
niR

p
T~ # of points

Probability of correct fit

Always fail below some digit threshold »

* EXperiments:

100

80k

60}

dmin

dmin X p

40f

20}

ol

B — {19351 Lose inforrn.ation T n = 15 single-value GPL(x), with randomly
() =1 ’ only 1-2 digit samplingin 1/2 — 102 < x < 1/2 + 102
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Limitation of lattice reduction

* Time cost:
e Lattice reduction: #(p,n) ~ p X n*, no parallel implementation

--------------------------------- 25 s
£ 40 000¢ .
+ i -+ L
> 30000} =
% : 1.9 = :
I ~ d < 2.2 ]
20000F d = 10 ~dT
= - < 7 ;
S - = .
. [ ) [ ]
10000} S 5 - :
= : A | - ]
< : ] O . ]
ob——" 0 | e —— ]
0 50 100 150 200 250 300 0 50 100 150 200 250
# digits of precision d # digits of precision d

Very approximately: t(p,n)/ns = }09 P - d?nin(anr}O‘l ‘NP - d?nin(nZ—F p-nt
AMFLow GingH fitting

e Barriers towards QCD bootstrap through analytic regression:

 Understand the samplings and reduce the digit plateau value

4

e Improve the time cost: the n™ scaling
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Backup on
ENC bootstrap



Step1: leading transcendentality

o We start the G(z) integrand: Example terms in splitting functions

1 1 1
/d21d22d23 5(1 — 21 — k9 — 23)2?+1ZS+1Z§+1 X ( —+ )
$123581223 \ R1  R2 T 23
* Feynman parameterization:
o 3/00 dz1dzodz3dzy 9 202325
! 0 GL(1) (2129 + (22)2023 + (1 — 2)(1 — 2) 2123 + (21 + 22 + zg)z4]4 = (XQX)4

0 1 (1-2)(1-2) 1
0 _1 1 0 2z 1
=9 11=-21-2) =2z 0 1
[Arkani-Hamed, Yuan, 1712.09991] 1 1 1 0

* Read off the symbol entries and calculate the spherical contour residues

1 z : :
1= 22(1=2) ® ;] + Disci4Discog F7 X [

2252®1—2

1 1 —
8(F1> = DiSCQ4DiSC13F1 X Z]

_ A=2){1-2) 5 5 2 _2 1 z 1 l1—-=z
= S(F)) = 20z — 2] (—2% — 2% — 422+ 3272 + 322°) (1—z)2(1—2)2®z+z222®1—2
1 _

e |ntegrate to Bloch-Wigner function —8iD; (z) = —4 (Liz(z) — Liz(2)) — 2In(22) In — ;
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Step1: leading transcendentality

o Example result: Cplpn,color structure in the quark jet
(2—2)—2 (2" —224+2) —2° + 22

1
G(()z)() K:4—87r2(—z3—z2_ z° — 2z +1)
Y
é P4z -2)+2 (27 —22+42)+2° —22°+22 - 1)
zZ 1 1 2z
L -1 1
[12 1—z<1—z>>+2Og(u—z)(l—z))Og((l—zm—z))
- 2213(52 + 1) + 2% (452° + 202 + 2) — 2" (1202° + 902% + 20z + 1)

4(2 — 2)11 [
1) —112°2% (222° 4 402° + 20z + 5)

+112'9%2 (192° +222% + 82 4+ 1)
+ 282 (—6752° + 31142" — 24952° + 16152% — 330z + 25)
— 6500z% 4 1255z — 76)

— 16838z" + 14605z°
312302° + 11695z — 1889% + 85)
=2

+ 277 (—14402° + 7740z
0z (—675z7 4 77402° — 26050z° + 41281z" —
+2°% ( 2427% + 311427 — 168382° + 412812° — 52400z* + 338972° — 106742 + 1348z — 36)
+ 2%2% (209z° — 440z" — 24952° 4 146052° — 31230z* 4 33897z° — 185702 + 4615z — 360)
+ 2°2% (—1202° 4 24227 — 220z° + 16152° — 6500z* + 116952° — 106742 + 4615z — 720)
+ 2%7* (452° — 902" + 882° — 552° — 330z + 12552° — 1889z + 1348z — 360)
+ 22° (—102° + 202" — 202° + 112° + 252° — 762% 4 85z — 36) (2% —22° + 2z — 1)
log(1 —2z) — zlog(2)) + O [(z — 2) 7]

Very singular behavior:
z—2z—0 189
K™ = z—1)°2° (22° — 22+ 1) (Zlog(1 —
(z—z)lo(z )°z° (22 z+1) (zlog(l —2)
230 9t® (¢® + 10t° + 20t* + 10t + 1) (log(r)

2r4 (1?2 — 1)
33

z=rXxt Z=r/t

U op,
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Step2: lower-weight function

e Different kinematic limits

(1). Collapsed limit z — Z: non-singular

0.100
0.050 -

0.010:
0.005

G()(Z)

0.001 -

5x1074F

-10 -8 -6 -4 -2 0

L — {2,2,2},

{1,2,3},
{2,1,1},

(2). Squeezed limit z = 0: 1/(2Z) Enerqy

0,010+

|7’2GO(T€Z
—_
(@)
~

powers
{a,b,c}

— {1,1,1},
{2,2,2},
{1,2,3},

% - {27171}‘]

Nontrivial cancellation between
weight-2 and lower-weights

|||i|- Xiaoyuan Zhang

— &0

Ansatz Single-valued functions, log(zZ) etc

1
(2 = 2)m(22)m2((1 = 2)(1 = 2))"=
1,J<n 1,J<n
X Z CLi’jZiZj -+ Z bi,jzizj lOg(ZZ)
i,5=0 i,j=0
1,J<n 1,j<n
+ Z cij2'7 log((1—2)(1—2)) + Z di ;j2' 77 7°
i,j=0 t,7=0

ny » 3 match to weight-2 denominators
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Step2: lower-weight function

Any power divergences of z — Z have to vanish

2. When z — 0, any power divergences or logarithmic divergences that are faster
than 1/(zZ) (or 1/7%) need to vanish.

3. Similarforz = 1,z = o

Channel | Ansatz | 2—2 | 2=1|2=0| z=o00 | Symmetrization | r=2 | 70 | 2 | 74
N =14 70 27 | 26 | 17 16 12 2 |0]0]|0
Py 664 | 99 | 98 | 97 28 24 1300/ 0
Prea 931 | 216 | 135 | 134 | 85 81 50 |31 0|0
p&r) 42 | 27 | 26 6 6 6 2 0|00
pisA 664 | 99 | 98 | 97 28 24 13|00/ 0
pi<r) 511 | 46 | 45 | 21 | 20 16 5 10[0]0
Pl 748 | 133 | 132 | 33 | 32 28 14 | 0|00
Py 1134 | 319 | 318 | 197 | 116 107 86 |51 | 7 | 0
QCD Sum | 5094 | 939 | 852 | 585 | 315 288 192 | 82| 7|0

[Chen, Moult, Zhu, 2011.02492, 2104.00009, 2202.04085] /

Determine remaining parameters: power correction data in z — 0 limit, need calculations
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Step3: lattice reduction

* (Question: can we bypass the tedious calculations for squeezed limit data?

e Consider C% after applying the physical constraints

G(z) = D(z) +ap1191(2) + ao1292(2) + a1,1293(2) + @212 94(2) + ¢1.12 95(2) + d2.12 g6(2)

1
9() = oG o1

2472 4z + 82373 — 142372 + 8237 — 23 + 2274 142273

+ 242°7% — 142°% + 22 + (22423 _ 32472 + 24z + 2374 _ 82373 + 02372 — 4237 + 23
— 32274 192273 — 122272 49227 — 322 + 27 — 4273+ 9272 — 827+ 22+ 75 — 332

+22)log((z — 1)(2 — 1)) + (—22"2% + 32%2% — 2%2 — 22°2* +82°2° — 92527 + 22°%2

+32°2% — 92°2° + 62727 — 22% 4 222°) log(22) — 22* 4+ 822° — 1422° + 822 — 2° + Z°

b.

o Treat {g;} as transcendental basis and a; ;, b; ;,

¢; j» d; ; as coefficients to determine

l,]°

 (1). Run lattice reduction among {g,(z) } to get a linear-independent basis {2.(z) }
* (2). Run lattice reduction among both G(z) and {g(z)}

In this case, 2 numerical points and 13 digits fix all six parameters
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Step3: lattice reduction

e N =4 and all Channel | # of basis | # of linearly-independent basis | # of points | Digits
QCD channels A}i =4 ;21 162 120 156
with reasc?nable lgjqz_ 2 2 20 3
computation cost PP 6 6 5 13

Py 24 12 10 14

pr) 16 8 3 11

Pl 28 14 10 14

Pyyq 107 54 50 22
Energy weights | Ansatz | z — zZ | Squeezed | Sym. | Squeezed | Indep.

* Higher energy weights: {1,2,1} 6984 | 1218 395 374 347 171
Number of parameters {1,1,2} 6835 | 1129 362 343 318 169
{2,2,1} 9045 | 1478 577 566 470 214

Lattice reduction {2,1,2} 8871 | 1374 | 555 545 | 445 220

| {1,2,2} 8995 | 1428 563 553 471 234

40-50 points (3,1,1) 0114 | 1477 | 595 | 583 | 485 235
{1,3,1} 9357 | 1580 611 598 516 248

{1,1,3} 8841 | 1344 | 525 516 430 221

{2,2,2} 11311 | 1703 759 748 602 281
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e Validation:

1) Increasing the number of points and digits in lattice reduction

Step4: results

(
(2) Compare obtained expression with numerical data using different points
(3) Expected behavior:

Quark EEEC: {3,1,1} §
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-0.0120
-0.0108
-0.0096

0.0084
0.0072
0.0060
0.0048
0.0036
0.0024
0.0012
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