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I Why radiative corrections matter
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I RCs: precision tests of the SM flavor structure

first row’s CKM unitarity: 2~30¢ tension
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I RCs: precision tests of the SM flavor structure

first row’s CKM unitarity: 2~30¢ tension
superallowed
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decays

-

precision )

~ 0(0.1%)
RC size
/ ™™ —>T1mle’v

|Vud|2 T |Vu8|2 T |Vub|2 — 0-9983(6)‘/ d(4)Vus
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O < W
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O K - Tr e V (KE3) Neutron (0.043%) — :::}

0+ = 0+(0.031%) —»
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What is non-perturbative in a radiative correction?

YW box vertex correction real emission

photon between photon on both

structure-dependent
hadron and lepton hadron legs

emission
Energy scales:

hadron structure — non-perturbative

— lattice QCD perturbative QCD / OPE

0 2 =2GeV? Mw?

[ Three kinds of RC — all need the hadronic function at low Q2. }
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' Alesson: one hadronic input moved V4
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Non-perturbative inputs must be confirmed from first principles
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A lesson: one hadronic input moved Vg
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2006: piecewise interpolation
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2018: dispersive analysis
Hadronic input constrained by data
High Q2 pQCD

Marciano & Sirlin, PRL96, 032002 (2006)
Seng et.al. PRL 121, 241804 (2018)
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. A lesson: one hadronic input moved Vg

M0 (1,0%)/ (1 + Q% M, 2
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nonperturbative
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10° 10* 103 102 107 10° 10' 102 10°® 10° 10°
Q2 (GeV?)

2006: piecewise interpolation

Hadronic regions interpolated
High Q% OPE + pQCD

|

2018: dispersive analysis

Hadronic input constrained by data
High Q% pQCD

Marciano & Sirlin, PRL96, 032002 (2006)
Seng et.al. PRL 121, 241804 (2018)

PDG 2019 PDG 2020
0.97420(21) ™ 0.97370(14)

PDG 2019 PDG 2020
-0.00061(47) ™% -0.00149(45)

Non-perturbative inputs must be confirmed from first principles
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. Lattice results: yW box in 07 —» 0" B decays

lattice QCD: Q2 < 2 GeV? pQCD: Q* = 2 GeV?
0.1
— VMD
/\ —— 24D 5\?
L] — 3Dzils)pf;:seive O 0
/ a—— Jw(0) Jem(X)

S 4 H,u () = (Hy| T[J;(@) 1 (0)] |H)
8 0.04 / l

_ 3a [dQ*  myy,

Uyw = o= My (Q?)
0.02 K 2 Q> m¥, + Q?
% 0.2 0.4 0.6 0.8 1 1.2 1.4
V@ [Gev]
P. Ma, et al. PRL 132 (2024) 191901 @ | 0.97386(11)exp. (9)re (27)ns

nucleon: Mn(Q?) from lattice QCD (24D, 32Dfine) vs dispersive @ \ 2.10 —» 1.80

analysis (band) and VMD

Non-perturbative inputs must be confirmed from first principles
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. Lattice yW boxes so far — all in the forward limit

$ all three: hadron at rest, equal masses
- 2020 Q K (SU(3) limit) - 2021 O nucleon - 2024 Q
2.830(11)(26) x 1072 2.437(44) x 1073 3.65(8)(1) x 1073

T and K confirmed independently (Yoo et al. 2023: 2.810(26), 2.389(17))
Feng et al. PRL 124 (2020); Ma et al. PRD 103 (2021); Ma et al. PRL 132 (2024)

Three cases are computed in the forward limit.
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' Lattice yW boxes so far — all in the forward limit

& all three: hadron at rest, equal masses
- 2020 Q K (SU(3) limit) - 2021 O nucleon - 2024 Q
2.830(11)(26) x 1072 2.437(44) x 1073 3.65(8)(1) x 1073

T and K confirmed independently (Yoo et al. 2023: 2.810(26), 2.389(17))
Feng et al. PRL 124 (2020); Ma et al. PRD 103 (2021); Ma et al. PRL 132 (2024)

K — 1rev breaks all three conditions

hadromatrest- — 1T moves with momentum p
egtarmasses —  MK# Mg
noteptonrecoit— — leptons recoil: integrate over phase space

Three cases are computed in the forward limit.
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. Kes: tensions with Ke2 and unitarity

Three determinations of |V |

Ke3 o] 0.22330(53)
250 H——

Kpz / 1Ty2 i = 0.2250(5)

Unitarity + 3 decays : - : 0.2279(14)

0.222 0.224 0.226 0.228 0.230
Unitarity band: |Vy4| = 0.97367(32), from superallowed 3 decays

Hadronic radiative corrections in Ke3

YW box Vertex correction Real photon: IB Real photon: SD
O ¢ (:,‘ ¢ \/ ¢ (:) ¢
T TR @D A i
ChPT + lattice input Cr:PT Low theorem ChPT

Box: lattice input in the SU(3) limit; physical non-forward correction remains.

[ Both tensions motivate a complete first-principles RC calculation.

PDG 2024/2025; Seng et al., JHEP 07 (2022) 071 - IB: one external-leg term 8/27



l Neutron ga vertex correction: exp. vs. lattice

Neutron g4- free from nuclear-structure uncertainties

Experiment

A=ga/gv
= 1.2756(13)
PDG 2024  precision = 0.1%
|

I QED correction
toga=7?

Lattice QCD (pure
QCD)
gaQCh =1.263(10)

FLAG 2024  precision = 1%
|
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Neutron ga vertex correction: exp. vs. lattice

Neutron g4- free from nuclear-structure uncertainties

Experiment S AGIT
_ AQCD ¢
A 1_25512(/1%‘/ o CalLat19
=1. | | PNDME18
| * |
PDG 2024  precision = 0.1% g PDG20
|
PERKEO3
QED correction UCNA
toga=7? ‘

. AQCD(1 + Enr) 4 § 1.271(30)
gaQCD = 1.263(10) L — |
1.20 1.25 1.30 1.35

FLAG 2024 precision = 1% 2022 illustration: QED moves the lattice prediction
=, Cirigliano et al., PRL 129, 121801 (2022)
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Neutron ga vertex correction: exp. vs. lattice

Neutron g4- free from nuclear-structure uncertainties

Experiment FLAG21
o pYele ¢
)\_ 7279512{'%;/ o CalLat19
=1. | | PNDME18
. ' i
PDG 2024  precision =0.1% 2 exp PDG20
|
PERKEO3
QED correction UCNA
toga=7?

. ocD | . | 1.271(30)
Lattice QCD (pure AT Or) R L L 2se2)
ga%CP = 1.263(10) : —

1.20 1.25 1.30 1.35

FLAG 2024 precision = 1% 2022 illustration: QED moves the lattice prediction

Cirigliano et al., PRL 129, 121801 (2022)

A missing Standard Model shift can masquerade as a right-handed current.
Mexpl - gSCD [1 + 5RC _ 2 Re ER] €r: right-handed weak

current
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I The pion cloud exposed a missing vertex correction

2022: the missing pion cloud

Earlier vertex correction:

elastic states only » / PSR
Nucleon states alone gave zero " LL L
vertex term in the isospin limit. ) a2)

Dashed line: pion : EM pion-mass insertion
Cirigliano et al., PRL 129, 121801 (2022)
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I The pion cloud exposed a missing vertex correction

2022: the missing pion cloud

Earlier vertex correction:

elastic states only » / PR
Nucleon states alone gave zero " LL L
vertex term in the isospin limit. ) a2)

Dashed line: pion : EM pion-mass insertion
Cirigliano et al., PRL 129, 121801 (2022)

Previous estimations
Cirigliano et al. 2022: 1.4-2.6% —

Tomalak & Yang 2026: lattice + TN input 0_8(2_1) % . {

Tomalak & Yang 2026: TN data only 3.0(0.7) % P

Tomalak & Yang : Universe 12, 109 (2026), arXiv:2603.08596 _2=% _1=0/° Oi)/o 1:% zéyo 3:)/0 4:)/0 5:)/0
This correction must be confirmed from lattice QCD
T X O n 2 EM + 1 axial current
(pl {j )'/A )jem )} | ) Five-point lattice correlator
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I The map: what is needed vs. what the lattice has done

¢
ok

7% 14

H Hy

Q Lattice result

@ Limited lattice input

("1 No lattice result

YW box Real photon (SD) Vertex correction
m —->mle’v '~ ©
Q 2020, 2023 —  IB dominates’ \.)'! ChPTestimate
+ +
0"~ 0" B Q Nucleon: 2024 —  |B-eaominates’ —  Protected (CVC)
K—->1meév 24 1 4
(Kes) © 3Y6)only (2021) (' ChPT estimate ) ChPT estimate
3 PhyS|caI missing g g
i (5
Neutron ga Q 2024 —  IB dominates’ (. ChPT estimate

' Real radiation exists in all B decays; this column tracks SD only.

Research sequence: 1 this talk; 2-5 outlook
Full physical corrections still need lattice input beyond the existing box

results.
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. Real-photon decay: a first step to RC in K3

One hadronic input, two processes

Hulp.0) = [ 't ()| T[T () I (0)) 1K (P)

Kaon at rest, pion with momentum p

l l
Real photon Virtual photon
g’=0 Integrate over q

Ve Ve €

W+

K* W .
4
By 70
70
K-> mletvy YW box in Kes
NAG2: =1% precision Radiative correction to |Vys|

K — mevy and Ke3 YW box: same lattice data, same difficulty from moving 1.
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I Tensions between NA62 and ChPT

+ O+ . .
R = M(K* —»>n’e*vey; cuts)) NA62 lies ~5% below
J MK+ - mfetv this ChPT prediction
elY
* ChPT O(p®) o NAG2 (2023) 102 R,
E, > 10 MeV E, > 30 MeV E, > 10 MeV
R By > 10° R: Bey > 20° R 0f<cos Bey < 0.9
e~ 1.804 % 0.021 e—  0.640 +0.008 e 0.559 % 0.006
o 1.715 £ 0.011 o 0.609 + 0.006 o 0.533 £ 0.004
1.70 176 1.82 380_ 0.60 0.62 0.64 0.66 3.10_0.52 0.54 0.56 360_

Kaon rest frame cuts. NA62, JHEP 09 (2023) 040.
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Tensions between NA62 and ChPT

+ 0+ . .
R = M(K* —»>n’e*vey; cuts)) NA62 lies ~5% below
J MKt - mfetve(y)) this ChPT prediction
e ChPT O(p®) * NAB2 (2023) 102 R
Ey > 10 MeV Ey > 30 MeV Ey > 10 MeV
R By > 10° R: Bey > 20° R 0f<cos Bey < 0.9
e—  1.804 % 0.021 e~ 0.640  0.008 e+ 0.559 % 0.006
o 1.715 £ 0.011 o 0.609 + 0.006 o 0.533 + 0.004
1.70 1.76 1.82 380_ 0.60 0.62 0.64 0.66 3.10_0.52 0.54 0.56 360_

Kaon rest frame cuts. NA62, JHEP 09 (2023) 040.

Inner bremsstrahlung Structure-dependent

K* and e* emission; Low theorem fixes the full IB amplitude Hadronic structure enters here
Ve

e+

K+

[ Possible explanations: 1. SD part; 2. 0(a?) collinear radiation. }
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Strategy in methodology development

a “synthetic” lattice laboratory

4 )\ 4 )\ 4 N\ 4 N\

(1) (2] (3) (4]

e el generate data lattice analysis compare with

of Hyy .| like a lattice |_, pipeline | _th.e exact
H desianed t infinite-volume

reproduce ratios Finite-volume box, uenscl;%gige?j :)unn answer

R. close to ChPT 24D parameters answer known
| ] I real data R )

I Check lattice systematic errors

Hadronic model content Lattice-like data

inner brems§trahlun% (Low theorem) e = 143 MeV, a~* = 1.02 GeV

resonances: p, a;, K*, K, (RBC/UKQCD 24D)

chiral anomaly (WZW)
pole-shaped K3 form factors

reproduces ChPT O(p®) ratios Rjt0 0.5 -1 %

volumes L/a=16 ... 256

[ Every step is tested against a known answer — check the lattice pipeline. }
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' The lattice analysis pipeline

Cou (2, T5%,7) = (0] b (0, T) T[J™ (x,7) SV (0)] | K)

E,T
e

H,.(p,q) = A d3r e Pt /d?’x g lax /dT e’" Cu(r,T;x,7)

‘pm/ o "
(1 Pion and photon (2 Time integral and 3 Observables
integrals soft limit
difficulties: long tail for soft photons difficulty:
1.moving pion, FV effects|>| — infinite-volume ~| 3.complicated hadronic
2.SD signal is small reconstruction tensor structure

- J (& J -
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I Difficulty 1: complicated tensor structures

& Scalar projections:
In plane Ly = €§f H,, Y”, Y € {617 €2,d, P}

TT,
: &1 t20) q P

g V A A A
Y .9 g A \' \' Vv

€1 out of plane
P V / A: vector / axial; parity selects the

nonzero sector
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Difficulty 1: complicated tensor structures

. Scalar projections:
2

In plane Ly = Eﬁf H,, Y”, Y € {617 €2,d, P}

TT,
: &1 t20) q P

g V A A A
Y .9 g A \' \' Vv

€1 out of plane
P V / A: vector / axial; parity selects the

K* channel nonzero sector
€ - P=0 — kaon pole removed

K° channel

€.°p=¢;-qg=0— pion pole
removed in the g; row
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I Difficulty 1: complicated tensor structures

%)

In plane
T, P

L
€1 out of plane

K* channel
€ - P=0 — kaon pole removed

K° channel
€.°p=¢;-qg=0— pion pole
removed in the &; row

Scalar projections:
I/\YZEPALHWYV, Y € {€1,€2,q, P}

&1 t20) q P
\'} A A A

A \' \' \'

V / A: vector / axial; parity selects the
nonzero sector

Construction of decay amplitude

My = ZIAYGJY+€A°R
electron

Y
known coefficients dfatiar

[ The lattice delivers 8 numbers per (p, q); the amplitude is a linear

combination of them.
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Difficulty 2: A moving pion in a finite box

Example: tree-level K — lv

E,T
. . er i,
infinite volume: h(p) = " /d?”r e "P"C(r,T) exactin infinite volume
- ebrT , the integral is cut at the
lattice: h(p) — E e PT C’L(r7 T) box; periodicity folds
A the tail back

r € box

lattice data
C(r,T) = (0] ¢« (r, T) J¥ (0) | K)
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Difficulty 2: A moving pion in a finite box

Example: tree-level K — lv

o EpT

infinite volume: h(p) = "
) o EpT

lattice: h(p) =

r € box

lattice data
C(r,T) = (0] ¢« (r, T) J¥ (0) | K)

wrap-around = finite-volume error

-
Q
N
©
e
f -
® D ® e
Q
o
>
i +
» @ @ 5
e
® [ ) ®

/ d’r e T C(r, T) exactin infinite volume

, the integral is cut at the
e P CL(I'a T) box; periodicity folds
the tail back

L/2 (481)

0 1 2 3 4 5 6
sink position |r| (fm)

Finite-volume error = the part of the correlator that does not fit in the box.
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. Preconditioner method: make data fit inside the box

o EnT

h(p) = Ao} Y ePTC,(r), C,=vxC

r € box

C,(k) =wv(k) C(k) at the lattice momenta k = 27n/L (insert 1 = v~ 'v)

& v(p) cancels exactly in infinite-volume limit, unbiased for any v + 0

convolve with v box sum,

o\ %

data: long range C,: fits in the box any p
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Preconditioner method: make data fit inside the box

E,T

h(p) = Ao} Y ePTC,(r), C,=vxC

r € box

C,(k) =wv(k) C(k) at the lattice momenta k = 27n/L (insert 1 = v~ 'v)

& v(p) cancels exactly in infinite-volume limit, unbiased for any v # 0

convolve with v box sum
1 | then + v(p

data: long range C,: fits in the box any p

Special choice: if v(k) ~ 1/C(k), then C,(r) ~ &, (uncertainty principle)

Practical calculation: we only need to do this on low modes
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Preconditioner method: make data fit inside the box

E,T

h(p) = Ao} Y ePTC,(r), C,=vxC

r € box

C,(k) =wv(k) C(k) at the lattice momenta k = 27n/L (insert 1 = v~ 'v)

& v(p) cancels exactly in infinite-volume limit, unbiased for any v # 0

convolve with v box sum,
= then + v(p
-/ .\,
data: long range C,: fits in the box any p

Special choice: if v(k) ~ 1/C(k), then C,(r) ~ &, (uncertainty principle)

Practical calculation: we only need to do this on low modes

® The choice of low-mode model v(k) only decides how small the
finite-volume error is: better model, smaller FV effects
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. Tree-level Ke3: test of the preconditioner

Hadronic model (“true” value): K,; form factors with z-expansion

100'5

max. relative error of f (¢)
= = = =
o (@) o o
T N

=
o
&

at the 48l volume
(my L =3.9)

17 %

no preconditioner

0.12 %

pole-shaped model

5% 1077

model = truth

: 48l
.~.§.\‘
®
A\‘\. \.\.
o ~e ~~—~
PN, ——
\ : .\ ~—
Ve, : ° )
‘0\0\ .\ \.\
°
\\ .\. 0\‘ \.\
\ \. \‘\ °
v \o ~—
1 \. Q\
S T~ ¢
\ \o
\ T~
\ \.\
\: ®
] —e— v:l‘naive)
] —e— kinematics only
] —e— pole:‘paped form factors
] —e= mode?l\‘= truth
2 4 6 8 10 12 14 16
myL

largest FV error on form factors in the
whole phase space

(closure test)

error falls exponentially
with the volume

A rough model already gains two orders of magnitude.
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| The preconditioner for K3, : utilize the IB information

o IB E.T
H(p,q;7) = H(p,q;7) o(k) = w(k) =
add bazg, exact A
o EpT - . IB model:
o) 2o €T [05 (C - C®)x,T)  sublracted
£ E e data minus IB ‘r;odel, same box not dIVIded
Comparison: IB (point-like meson), IB+constant form factors
KO—HT_’e*l/V K+—>7_Toe+1/y
10-1 24D | 24D
______ Y wholesbeffeat | wholeSDeffect
Lo-2] NA62 precision (0.6-1%) | :\ox NAG2 precision (0.6-1%) \g’!“y.dn ?)t
= : o S ivide?
o N NG %?\ N,
1071 5 o . e
U\ ™~

|Ry(L) /Ry

: InBoér:nrecon(;i.itt.ioner ‘-0\\0 ® ® Change Slgn
107°1 F ebnstant st functions (fitted) ° | ° — ratlo

— |B + constant structure

® filled: error > 0 blows up

O open:error <0

1011 L4 T T T T T T T T T T T
2 4 6 8 10 12 2 4 6 8 10 12
m’]TL m7rL

The choice of low-mode model only decides how small the finite-volume
error is: better model, smaller FV effects
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[

Individual SD functions and photon spectrum

median relative error of SD’

|(dR,/dE,) L [ (AR, /dE;) s — 1]

101_

100_

10—1_

10—2_

10—3_

10—2_

10—3_

10—4_

10—5_

10—6_

I no preconditioner I B preconditioner

_K°—>7rfe+1/’y (L/a=24, m,L=3.4)

vector

axial

Il B + constant structure functions (fitted)

K" —n% vy (L/a=24, m,L=3.4)

vector

axial

median finite-volume
error of the 8 SD

€1€1 €2€2 €24 &P €1€2 €19 P €2€1 €1€1 €2€9 €249 &P €1€2 €19q P €2€1
0 e K et (e finite-volume
- =24 =24 . .
Ty e T e error of differential
T T branching ratio
/o o—.—o\
o
./ /./0’" °\o\. * /./07 om—t=x; .
/ " \ _~° / A\
e * e \’
® o
e ® .-__.\.
/./ e __— ° °\.\. .40/.><: ~. °
® ® P e o
/ : / \o
/ —e— no preconditioner ° 4
/ —e= |B preconditioner ./
@ =e— |B + constant structure functions (fitted) ®
50 100 150 200 50 100 150 200
E, (MeV) E, (MeV)
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I Difficulty 3: the small structure-dependent part

Known from Ke3: Low theorem I

SD” =¢- [H(q) — H(0)| - Y
H(q), H(0): the same lattice data at
photon momentum q and at g = 0,

cancellation of statistical and
systematic errors.

1/q external charged-line pole

q° form factors f:(t) and slopes amplitude = IBL + SDE
~—~— —~—
analytic, exact lattice
O(q): hadronic structure Lattlcelerrors
— calculate on the lattice

affect SD only

[ Analytical known IB contribution; compute the small SD remainder. }
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l Outlook: the YW box with a moving pion

ol = 2Re/d4X/d3r W (r, X) C,,(r,T; X)

known weight: QED loop x lepton phase
space x pion extraction

already in hand from K — 1revy =) new for the yIW box

moving pion from a finite box:
preconditioner I Renormalization: lattice at long
distance, OPE at short distance

[ 11B / SD split from the Low theorem
Hinfrared divergence cancels against

real emission
v synthetic-data laboratory

Many technical difficulties are already solved in K — Trevy.
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. Outlook: reuse the existing contraction method

Ke2 project YW box in Ke3
Uem./eme ¢n) iy
0 Pn
Jw

:(PK
Vertex correction

st ; d .. )

(/- wall \
\‘\/‘ |

3 local points (2 free points) + wall

Same local contraction structure P Zero recoil Pk

Reuse the contraction method developed for the Ke, project.
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J(t), Feynman-gauge photon

Unbiased importance sampling of point pairs

1 Propagator storage 2 Score pairs cheaply 3 Sample & reweight
. s(a,b) = K(a — b) N(a) N'(b)
o Sinkpointsliveon _ . m <0.1%
. sparse sites O photon kernel x v .
oo B contraction norms v of pairs selected
Much faster contractions
contraction group g0 contraction group g4
le—-11 le-10
g4 —4— importance-sampled
—4— exact (all pairs) 8 1
6_
41 61
21 4
0_
-2 21
—4 1 oA
15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15
relative time ¢ (lattice units) relative time ¢ (lattice units)
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. A staircase to the nucleon

( N
O K — mevy The lattice status map

moving pion, real photon Real

method closed on synthetic data gx\)’( p:lglt;;n co\:f:;?on
Q Ke3z YW box, non-forward o, o o - ()

photon loop, renormalization,

| Infrared divergence |
e e e e e /0t 0B V) — —

Y
9 meson vertex correction |
| " Kes O (L) ()

five-point function pair sampling
© noutron guvertexcorrection | Mo @ — O
nucleon noise, N1 states & Lattice © Limited £ Missing
[ Reuse the tools step by step; the immediate test is real lattice data. }
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. Summary

Precision for first-row CKM unitarity test is limited by
m the hadronic uncertainties of radiative corrections.

—— Most of them has no lattice input yet.

K — trevy is the first step, and has ChPT and NA62 tensions.

Preconditioner, scalar functions and the Low split are closed end-to-end
I on synthetic data.

The same tools lead to the Ke3z box and to vertex

(O corrections.

Efficient pair sampling makes the five-point function affordable.
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