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Missing	  Energy	  events	  at	  the	  LHC	  

-‐  Incomplete	  kinemaUc	  informaUon	  (only	  	  	  	  	  	  is	  measured)	  
-‐  Detector	  resoluUon,	  mismeasurement	  of	  visible	  parUcles’	  

momenta	  	  affects	  	  	  	  	  	  	  	  	  measurement	  
-‐	  	  	  	  	  Unknown	  nature	  of	  invisible	  parUcles	  (neutrinos	  or	  new	  parUcles)	  

•  MET	  (	  	  	  	  	  	  )	  	  events	  are	  challenging	  to	  interpret	  and	  analyze.	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  

•  Events	  with	  MET	  are	  exciUng	  –	  offer	  possibility	  of	  a	  Dark	  Ma`er	  
discovery	  	  

What	  to	  do	  with	  the	  unknown	  missing	  momenta?	  
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Guess	  the	  missing	  momenta	  

•  Hypothesize	  a	  certain	  event	  topology	  and	  obtain	  the	  invisible	  
momenta	  by	  opUmizing	  a	  suitable	  kinemaUc	  funcUon.	  	  

-‐	  	  MT2-‐Assisted	  On-‐Shell	  (MAOS)	  method	  determines	  pT	  and	  pz.	  

-‐	  	  M2CC	  method	  determines	  pT	  and	  pz	  simultaneously.	  

[Cho,	  Choi,	  Kim,	  Park	  [2008]]	  

[Cho,	  Gainer,	  Kim,	  Matchev,	  Moortgat,	  Pape,	  Park	  [2014]]	  
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•  Why	  should	  we	  care	  to	  solve	  combinatorial	  issue?	  
-‐Measurement	  of	  parUcle	  properUes	  such	  as	  mass,	  spin,	  coupling	  etc.	  
-‐Finding	  correct	  combinaUon	  in	  new	  physics	  search	  could	  improve	  signal	  
sensiUvity	  

•  Combinatorial	  issue	  has	  been	  addressed	  previously:	  Hemisphere	  method.	  Ref:	  [CMS	  Physics,	  technical	  design	  report,	  2006]	  	  
	  	  	  	  	  PT	  +	  	  invariant	  mass	  method.	  Ref:	  [Rajaraman,	  Yu	  2011]	  
	  	  	  	  	  MT2+	  invariant	  mass	  method.	  Ref:[Baringer,	  Kong,	  D.	  Noonan	  2011]	  
	  	  	  	  	  KinemaUc	  method.	  Ref:	  [Bai,	  Cheng	  2011]	  

Combinatorial	  ambiguity	  

•  Combinatorial	  problem:	  	  how	  to	  
associate	  final	  state	  parUcles	  in	  a	  given	  
event	  topology	  

•  The	  ambiguity	  issue	  is	  severe	  in	  MET	  
events	  as	  the	  invariant	  mass	  resonance	  
method	  does	  not	  apply.	  

•  Too	  complicated	  if	  decay	  chains	  are	  
longer.	  

Correct	  

Wrong	  

•  Missing	  parUcles’	  momenta	  are	  wrongly	  
determined.	  



5	  5/10/16	   5	  

Invariant	  mass	  of	  b	  quark	  and	  lepton	  system	  :	  mbl	  	  

•  mbl	  distribuUon	  for	  correct	  parUUon	  
is	  bounded	  by	  the	  endpoint	  mbl

max	  

•  We	  can	  use	  end-‐point	  violaUons	  	  as	  criterion	  for	  
disUnguishing	  the	  correct	  and	  wrong	  parUUons.	  

•  The	  wrong	  parUUon	  onen	  violates	  
the	  endpoint,	  and	  it	  is	  unbounded	  

Correct	  

Wrong	  

mbl
max	  

KinemaUcs	  of	  `bar	  dilepton	  event	  
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Mass	  constraining	  variable:	  M2CC	  

KinemaUcs	  of	  `bar	  dilepton	  event	  

•  M2CC	  provides	  an	  ansatz	  for	  the	  four-‐momentum	  of	  missing	  
parUcles	  including	  longitudinal	  components	  using	  the	  constraints.	  

reconstructed	  	  
parent	  mass	  

•  Scanning	  of	  the	  four	  momentum	  of	  neutrinos	  with	  constraints	  

MET:	  

Constraints:	  
1401.1449,	  Cho,	  Gainer,	  Kim,	  Matchev,	  
Moortgat,	  Pape,	  Park	  (2014)	  
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KinemaUcs	  of	  `bar	  dilepton	  event	  

•  Same	  as	  mbl;	  we	  can	  use	  end-‐
point	  violaUons	  	  as	  criterion	  for	  
disUnguishing	  the	  correct	  and	  
wrong	  parUUons.	  

•  M2CC	  for	  wrong	  parUUon	  is	  
unbounded.	  

•  For	  the	  correct	  parUUon	  M2CC	  is	  
bounded	  by	  the	  endpoint;	  the	  
top	  mass	  

Mass	  constraining	  variable:	  M2CC	  

Correct	  

Wrong	  

mtop	  
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Mbl	  -‐	  M2CC	  combinaUon	  

8	  

•  ParUUons	  which	  fail	  to	  saUsfy	  the	  endpoints	  are	  wrong	  parUUons.	  

With	  this	  method	  the	  efficiency	  of	  
tagging	  correct	  parUUons	  is	  85	  %	  

[Debnath,	  Han,	  Kim,	  Kong,	  Matchev	  (2017)]	  

I	  II	  

III	   IV	  

This	  is	  already	  a	  lot	  improvement	  over	  	  Choi,	  Guadagnoli,	  Park	  	  2011	  

Green:	  Correctly	  resolved	  
Red:	  Wrongly	  resolved	  
White:	  Unresolved	  

correct combination of (b, `) satisfies (up to finite width e↵ect)

M

(b`)
T2 6 M

(b`)
2CC

6 m

top

, (4.1)

M

(`)
T2 6 M

(`)
2CC

6 m

W

, (4.2)

max{m
b`

+ ,m

b`

�} 6 m

max

b`

=

s�
m

2
top

� m

2
W

��
m

2
W

� m

2
⌫

�

m

2
W

, (4.3)

while the wrong combination could violate the end points. While both M

(b`)
T2 and M

(b`)
2CC

preserve the end point structure for correct partitioning, the wrong partitions extend beyond

the expected end point. (see the dotted (in blue) distributions in middle (M (b`)
T2 ) and right

(M (b`)
2CC

) panel.) Therefore the wrong partition will fail to satisfy constraints in Eqs. (4.1)-

(4.3). As we see later, M2CC

provides slightly better results. This is because the tail in the

M

(b`)
2CC

distribution is longer for the wrong combination than M

(b`)
T2 and therefore the wrong

partition will fail more often.

Unlike M

(b)
T2 and M

(`)
T2 which do not depend on the b` pairing, M (b)

2CC

and M

(`)
2CC

exhibits

some dependence via mass shell constraints by construction. Among all, di↵erences in m

b`

,

M

(b`)
T2 , and M

(b`)
2CC

distributions are more pronounced. We note that M

(`)
2CC

also shows a good

discrimination between two partitioning and this has not been exploited in literature.

Figure 5. Definition of quadrants in the plane
of (m

top

�M

(b`)
T2 , mmax

b`

�max{m
b`

+
,m

b`

�}). We

also use M

(b`)
2CC

replacing M

(b`)
T2 .

Quadrant Quadrant for P

W

for P

C

I II IV III

I

II

IV

III

Table 2. Quadrant counts based on Fig. 5.
Each event is tagged with two quadrant-numbers.
We use the quadrant-number for correct (wrong)
combination as the ‘row’ (‘column’) in the 4 by
4 matrix. Three symbols represent correctly re-
solved, wrongly resolved and unresolved cases, re-
spectively.

To facilitate discussion in the rest of paper, we introduce the following Cartesian coor-

dinate system based on the two kinematic variables, m
b`

and M

(b`)
T2 as shown in Fig. 5. We

choose m

top

� M

(b`)
T2 (or m

top

� M

(b`)
2CC

) for the x-axis and m

max

b`

� max{m
b`

+ ,m
b`

�} for the

x-axis, respectively. Then the correct combination of b-quark and lepton will be registered in

the first quadrant (labelled as ‘I’) up to the finite width e↵ect, while the wrong combination

will spread out in other quadrants as well. Fig. 6 shows scatter plots of m
top

� M

(b`)
T2 (top),

– 12 –

III	  
IV	  

II	  
I	  

correct combination of (b, `) satisfies (up to finite width e↵ect)

M

(b`)
T2 6 M

(b`)
2CC

6 m

top

, (4.1)

M

(`)
T2 6 M

(`)
2CC

6 m

W

, (4.2)

max{m
b`

+ ,m

b`

�} 6 m

max

b`

=

s�
m

2
top

� m

2
W

��
m

2
W

� m

2
⌫

�

m

2
W

, (4.3)

while the wrong combination could violate the end points. While both M

(b`)
T2 and M

(b`)
2CC

preserve the end point structure for correct partitioning, the wrong partitions extend beyond

the expected end point. (see the dotted (in blue) distributions in middle (M (b`)
T2 ) and right

(M (b`)
2CC

) panel.) Therefore the wrong partition will fail to satisfy constraints in Eqs. (4.1)-

(4.3). As we see later, M2CC

provides slightly better results. This is because the tail in the

M

(b`)
2CC

distribution is longer for the wrong combination than M

(b`)
T2 and therefore the wrong

partition will fail more often.

Unlike M

(b)
T2 and M

(`)
T2 which do not depend on the b` pairing, M (b)

2CC

and M

(`)
2CC

exhibits

some dependence via mass shell constraints by construction. Among all, di↵erences in m

b`

,

M

(b`)
T2 , and M

(b`)
2CC

distributions are more pronounced. We note that M

(`)
2CC

also shows a good

discrimination between two partitioning and this has not been exploited in literature.

Figure 5. Definition of quadrants in the plane
of (m

top

�M

(b`)
T2 , mmax

b`

�max{m
b`

+
,m

b`

�}). We

also use M

(b`)
2CC

replacing M

(b`)
T2 .

Quadrant Quadrant for P

W

for P

C

I II IV III

I

II

IV

III

Table 2. Quadrant counts based on Fig. 5.
Each event is tagged with two quadrant-numbers.
We use the quadrant-number for correct (wrong)
combination as the ‘row’ (‘column’) in the 4 by
4 matrix. Three symbols represent correctly re-
solved, wrongly resolved and unresolved cases, re-
spectively.

To facilitate discussion in the rest of paper, we introduce the following Cartesian coor-

dinate system based on the two kinematic variables, m
b`

and M

(b`)
T2 as shown in Fig. 5. We

choose m

top

� M

(b`)
T2 (or m

top

� M

(b`)
2CC

) for the x-axis and m

max

b`

� max{m
b`

+ ,m
b`

�} for the

x-axis, respectively. Then the correct combination of b-quark and lepton will be registered in

the first quadrant (labelled as ‘I’) up to the finite width e↵ect, while the wrong combination

will spread out in other quadrants as well. Fig. 6 shows scatter plots of m
top

� M

(b`)
T2 (top),

– 12 –

correct combination of (b, `) satisfies (up to finite width e↵ect)

M

(b`)
T2 6 M

(b`)
2CC

6 m

top

, (4.1)

M

(`)
T2 6 M

(`)
2CC

6 m

W

, (4.2)

max{m
b`

+ ,m

b`

�} 6 m

max

b`

=

s�
m

2
top

� m

2
W

��
m

2
W

� m

2
⌫

�

m

2
W

, (4.3)

while the wrong combination could violate the end points. While both M

(b`)
T2 and M

(b`)
2CC

preserve the end point structure for correct partitioning, the wrong partitions extend beyond

the expected end point. (see the dotted (in blue) distributions in middle (M (b`)
T2 ) and right

(M (b`)
2CC

) panel.) Therefore the wrong partition will fail to satisfy constraints in Eqs. (4.1)-

(4.3). As we see later, M2CC

provides slightly better results. This is because the tail in the

M

(b`)
2CC

distribution is longer for the wrong combination than M

(b`)
T2 and therefore the wrong

partition will fail more often.

Unlike M

(b)
T2 and M

(`)
T2 which do not depend on the b` pairing, M (b)

2CC

and M

(`)
2CC

exhibits

some dependence via mass shell constraints by construction. Among all, di↵erences in m

b`

,

M

(b`)
T2 , and M

(b`)
2CC

distributions are more pronounced. We note that M

(`)
2CC

also shows a good

discrimination between two partitioning and this has not been exploited in literature.

Figure 5. Definition of quadrants in the plane
of (m

top

�M

(b`)
T2 , mmax

b`

�max{m
b`

+
,m

b`

�}). We

also use M

(b`)
2CC

replacing M

(b`)
T2 .

Quadrant Quadrant for P

W

for P

C

I II IV III

I

II

IV

III

Table 2. Quadrant counts based on Fig. 5.
Each event is tagged with two quadrant-numbers.
We use the quadrant-number for correct (wrong)
combination as the ‘row’ (‘column’) in the 4 by
4 matrix. Three symbols represent correctly re-
solved, wrongly resolved and unresolved cases, re-
spectively.

To facilitate discussion in the rest of paper, we introduce the following Cartesian coor-

dinate system based on the two kinematic variables, m
b`

and M

(b`)
T2 as shown in Fig. 5. We

choose m

top

� M

(b`)
T2 (or m

top

� M

(b`)
2CC

) for the x-axis and m

max

b`

� max{m
b`

+ ,m
b`

�} for the

x-axis, respectively. Then the correct combination of b-quark and lepton will be registered in

the first quadrant (labelled as ‘I’) up to the finite width e↵ect, while the wrong combination

will spread out in other quadrants as well. Fig. 6 shows scatter plots of m
top

� M

(b`)
T2 (top),

– 12 –

To
ta
l	  e
ve
nt
s	  1

84
56
	  

Correct	  ParUUon	  

Wrong	  ParUUon	  
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Is	  85	  %	  good	  	  
enough?	  

	  
	  

We	  could	  use	  
subsystem	  M2	  

variables	  
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The	  subsystem	  	  variables	  

Subsystem	  (bl):	  

Subsystem	  (l):	  

Extra	  constraint	  

Extra	  constraint	  

Endpoint	  of	  M2CW	  :	  mtop	  

Endpoint	  of	  M2Ct	  :	  mW	  
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Improvement	  over	  M2CC	  

Both	  transverse	  and	  longitudinal	  components	  of	  invisible	  parUcle	  
momenta	  are	  determined	  more	  accurately	  with	  M2Ct	  and	  M2CW	  than	  
M2CC.	  

	  q
ztr

ue
	  -‐	  
q z
	  

M2CC	  

	  qxtrue	  -‐	  qx	   	  qxtrue	  -‐	  qx	  	  qxtrue	  -‐	  qx	   	  qxtrue	  -‐	  qx	  

M2Ct
(l)	   M2CW

(bl)	  

AddiUonal	  mass	  informaUon	  definitely	  helps	  
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Mbl,	  M2Ct,	  M2CW	  combined	  method	  

Count	  based	  on	  endpoint	  violaUons	  

•  Replace	  M2CC	  by	  M2Ct	  	  and	  M2CW.	  DistribuUons	  for	  the	  correct	  
parUUon	  are	  bounded	  by	  the	  endpoints	  

•  We	  declare	  parUUon	  with	  fewer	  
endpoint	  violaUons	  as	  correct	  
parUUon.	   Green:	  Correctly	  resolved	  

Red:	  Wrongly	  resolved	  
White:	  Unresolved	  

Efficiency	  of	  tagging	  
correct	  parUUon	  =	  88%	  

8	  quadrants	  method	  

N
to
ta
l	  	  =

	  1
84
56
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88%	  sounds	  good.	  
But	  	  Mbl-‐M2Ct-‐M2CW	  method	  

uses	  mass	  info	  

How	  to	  generalize	  the	  method	  in	  	  BSM	  scenarios?	  
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No	  mass,	  no	  endpoint	  informaUon	  

•  We	  	  consider	  this	  behavior	  as	  a	  criteria	  to	  discriminate	  between	  
correct	  and	  wrong	  parUUons.	  

•  DistribuUons	  for	  wrong	  parUUons	  are	  broader	  compared	  to	  
correct	  parUUons.	  	  

Red:	  Correct,	  Blue:	  Wrong	  

mbl	   M2CC
(bl)	   M2CC

(l)	  
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No	  mass,	  no	  endpoint	  informaUon	  

No	  mass	  constraint	  is	  used	  

Green:	  Correctly	  resolved,	  Red:	  Wrongly	  resolved	  

•  ΔT	  is	  expected	  to	  be	  posiUve	  (+)	  for	  correctly	  resolved	  events.	  

Event	  counts	  based	  on	  combined	  ΔT	  method	  	  

Efficiency	  of	  tagging	  correct	  
parUUon	  =	  85	  %	  

•  We	  use	  three	  variables	  mbl,	  M2CC,	  M2CC
(l)	  .	  These	  variables	  do	  not	  

require	  mass	  informaUon	  of	  parent	  parUcles.	  

Ntotal	  	  =	  18456	  
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Summary	  

•  Constrained	  M2	  variables	  provide	  unique	  momenta	  of	  invisible	  
parUcles.	  

•  When	  combined	  with	  mass	  informaUon	  (like	  top	  or	  W	  	  mass	  in	  
dilepton	  `bar	  topology	  ),	  precision	  on	  momentum	  reconstrucUon	  
improves	  significantly.	  

•  Two	  fold	  ambiguity	  can	  be	  resolved	  with	  a	  high	  efficiency	  with	  
constrained	  M2	  .	  

•  Full	  momentum	  reconstrucUon	  of	  dilepton	  `bar	  topology	  is	  
possible	  at	  high	  precision,	  without	  using	  matrix	  element.	  

	  
•  ApplicaUon	  in	  any	  two	  step	  two	  body	  decay	  is	  possible.	  
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What	  if	  there	  are	  all	  
jets	  in	  final	  states?	  

Let’s	  work	  on	  
jet	  

combinatorics	  

Stay	  Tuned!	  
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Back	  Up	  Slides	  
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Comparison	  with	  hemisphere	  method	  

Hemisphere	  method:	  Clusters	  the	  visible	  parUcles	  into	  two	  groups	  
trying	  to	  keep	  the	  invariant	  mass	  of	  each	  cluster	  to	  a	  minimum.	  

Event counts based on (++) (+�) (�+) (��) e�ciency

(�T1(PW

, P

C

), �T2(PW

, P

C

)) 14,477 693 559 2,727 81.8%

(�T1(PW

, P

C
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C

)) 14,677 493 1,003 2,283 83.6%

Table 16. Event counts based on the number of sign in (�T1(PW

, P

C

), �T2(PW

, P

C

)).

Event counts based on (�T1(PW
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(+ + +) (+ + �) (+ � +) (� + +) (+ � �) (� + �) (� � +) (� � �)

12,301 2,376 175 856 318 147 1,017 1,266

Table 17. Event counts based on the number of sign in (�T1(PW

, P

C

), �T5(PW

, P

C

), �T6(PW

, P

C

)).
The resulting e�ciency is 85.1%.

Figure 11. Comparison (left panel) of the e�ciencies for choosing the correct partitioning for the
hemisphere (i.e., �T1) method (middle panel) and our method (right panel).

Exercise with di↵erent masses of (m
t

, m

W

, m

⌫

) and compare against other

methods such as hemisphere method / T1 method.
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•  Both	  methods	  seem	  to	  work	  well.	  
•  ∆T’s	  method	  works	  be`er	  when	  MW	  is	  small.	  
•  The	  hemisphere	  method	  performs	  be`er	  when	  MW	  is	  large.	  


