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Density matrix and Entropy

In qguantum mechanics, a physical state is described by a vector which
belongs to the Hilbert space of the total system.

However, in many situations, it is more convenient to consider
guantum mechanics of a subsystem.

In a finite temperature system which contacts with heat bath,

Ignore the part of heat bath and consider a physical state given by
a statistical average (Mixed state). ‘

A physical observable (O) = Try,.,[O - ptot]



Density matrix and Entropy

Density matrix of a pure state  piot = |F)(¥| mp (O) = (¥|0|¥)
Density matrix of canonical ensemble

e PH

Z — rI‘I"HtotEB_IB‘H p— 8_’8F
7 B =1/T

Ptot —

Thermodynamic entropy

OF

Stot = ——= = —Try,_.|Ptotlo o
tot T ’Ho[Ptt 8Pt t]

von Neumann entropy



Entanglement entropy

Decompose a quantum many-body system into its subsystems

A and B. Heoo — Ha® He

Trace out the density matrix over the Hilbert space of B.

The reduced density matrix @ Spin Chain ®) Ouantum Field Theory
_ ——————
pa = Try,[ptot]
A l| B
Entanglement entropy b4 4

Sis = —Tr lo
A Ha [PA ) PA] Nishioka, Ryu, Takayanagi (2009)



Entanglement entropy

Consider a system of two electron spins

|¥) = cosB|0)a|l)p +sinB|1)4|0)B « Pure state
The reduced density matrix :
pa = Try, | ) (¥| = cos? 0|0)4(0|a + sin®0|1) 4 (1|4 « Mixed state
Entanglement entropy : S4 = — cos? flog cos? 8 — sin? flog sin” @

Maximum: S, = log2

. EPRpair |¥) = (10)[1)5 — 1) 4l0)B) /V'2
cos’ 0 = —

2 Quantum entanglement



Entanglement entropy

v When the total system is a pure state,

The entanglement entropy represents the strength of
quantum entanglement.

v' When the total system is a mixed state,

The entanglement entropy includes thermodynamic
entropy.

Any application to particle phenomenology or cosmology ??



Decoupling in the Universe

Particles A are no longer in thermal contact with particles B
when the interaction rate is smaller than the Hubble expansion rate.

T'ap = npl{oap|v|) < H ~ T?/Mp

e.g. neutrino decoupling Total system ® o O

(Thermal equilibrium) ) ® ® Subsystem A
Decoupled subsystems are P—— e . L S
treated separately. e ® ° o

. Lt N :
Neutrino temperature drops * ., o . : :
independently from photon - Decoupling 1, Subsystem B
° S

temperature. . o B

Thermodynamic entropy is expected to be conserved in each subsystem.



Decoupling in the Universe

However, this paradigm assumes that thermal equilibrium is maintained
in the subsystems during and after the decoupling.

Can we refine the argument of decoupling?

e o o Trace out the information of
Total system
(Thermal equilibrium) e ® 4| SubsystemA the other subsystem.
o PY [y
e o @ ° ° A
owwe ©® ° ° ’ (@ Spin Chain ®) Quantum Field Theory
‘e o ° b
(] . .““‘g ‘ ° ¢ ° ‘
Decoupling ° ) Subsystem B A . B
Stot B b A
. Se |

Thermodynamic entropy is generalized to entanglement entropy!



Entanglement entropy

Before decoupling, the total system is in thermal equilibrium
and the density matrix is given by a grand canonical ensemble.

e_B(Htot_”ANA_IJBNB)

Zior = Tr'Htot e—B(Htot —puaNa—upNEB)
Ztot

Ptot — ’

After decoupling, in terms of the subsystem A,
the system B can be seen as an environment and be traced out.

Entanglement entropy Ss = —Try, [palogpal
A unitary evolution : pa(to) — pa(t) = e Halt=to), , (¢,) ettalt—to)

The entanglement entropy is conserved due to the nature of the trace!



Research background

v Entanglement entropy has been extensively discussed for
the case of a spatial submanifold.

v The case of field trace out has been paid attention to
only in the context of condensed matter physics or CFT.

v A general formulation of is still lacking.

Formulate perturbation theory and present Feynman rules!

Discuss its applications to cosmology!



Path integral formulation

Consider two interacting fields: ¢a(t,x) ¢B(t, )
The total system is in thermal equilibrium.

The usual finite-temperature field theory T — %t

The partition function of the total system : B =1/T

B
78) = / DpaDer exp (— /0 dr f de c(ch,qu))

T € (0,0)



Path integral formulation

Trace out the density matrix over the Hilbert space of B.

The reduced density matrix :
(palpa|dy)

1 B
0)

tot

NOT the form of a grand canonical ensemble in general.
The entanglement entropy is defined as the von Neumann entropy.

Sa = —Try, [palogpal



Path integral formulation
It is not easy to evaluate the trace of palogpa

We first calculate the Renyi entropy and take the limit n — 1

S(n) — 1 | Trp™ - (n)
A — 1 —n og ( PA) 11mn—>15A = Sa

n Zed) o (TP d_. r() ()
™= i = gy | PAPen o "X g He @ o)
ba 7€ (0,np) LO (pa, 7)) = L(ba,d3))

P (j=1,---,n) Te(G-1)8ib—¢



Path integral formulation

$4(0) = (—1)F42pa(nP), ¢ 4 has periodicity of np.
(J)((J —1)8) = (— l)Fqu(”)(jﬁ — €) (’) has periodicity of f.
Fap=20 (1) 7;' 'f
Identified
O ..... 0 .....
> X » X

Pa P



Path integral formulation

Non-interacting part Quantum correction
\ ~(n3) (8)
Z Z
(n) (n) tot tot
Sa’  =Sa0+ (log —~ — n log )
a0
Z“”—/'Dqs ex (—]ﬁd /dd c )
a,0 — (e |y T L a,O(qba)
0
(o = A, B)
SA,O = log (,6’) .
1-m ~(Z44)"  The thermodynamic entropy

of a free field



Perturbative expansion
) = 5P 4 gnh)

ng iB—e
n _ d d,. ) ()
l Zt(otﬁ) / ’T/d x Lo(da) + E / Y /d x Ly (P5)
(nB) (/3)
ZAO (Z5 o)™ IP—e d_ ~G) )
diz [ ,
+§:f N / 2 LD (¢ a, D)

We can consider this action as the theory of (n+1) scalar fields.
/ Wm = 2rmT/n (m € Z)

i(a’m""f'p x)

D‘(ﬁlnﬁ)(TSm) Z / (2ﬂ.)d w2 + p2 + M2 (0 <7 <np),
Propagator :

D(’B) (T, ) —% i

i(wm‘r—|—p-£t:)

(27T)d w2 + p? + M3
F

(G —1)B<T7<308),

— Wy, = 2TmT’



Fevnman rules (Position space)

5(n8)
] tot AA AB A
o8 ng)(zg?))n L= Iqbi; + qu% + quiqsz
A =, (nB)
L (ra) e ¢ () =Dz )
B,j
2. (1,x) o (7', x') = D_ggﬂ,)j(’r — 7 x—a)
A B,j
/! 17 _ Ip—e 1/ d 1
3 (77, ") = - dr” [ dx
(1—1)8
A B,j

4.  Divide by the symmetry factor.

A scalar-scalar system
in d+1 dimensions.

There exists a line for
each qbg).

Lines with different js
do not directly connect
with each other.

Only connected
diagrams contribute.



Fevnman rules (Momentum space)

(a}mzap?) (wm3,p3) /jﬁ—ﬁ
(

d+" ddﬂj'” 62’(631%1 " +p1 -w")ei(ﬁmz " +pa-x’)
A B,j

J—1)pB
Xe'é(me T”—l—pg-:c”)ei(wm4 T”—I—p4-:13”)
A B,

_ d c(d X 0 Win —Wout —1 B
(ajml ,pl) (wm4,P4) — (27T) 5( )(pln _pout) B € ( )i=1) f

(

1 & 1 i )
7/ Win —Wou " —
fwlna Wout = E/(; dT ’ T < e'i'("‘"in_"‘"out)ﬁ_]_

. for wj W
\ z(win_wout)ﬁ n # out

Wm = 2rtmT /n (m € Z)

B Energy is not necessarily conserved at a vertex.

Win , Wout *



The Ieading order diagrams

B
O J O « Counter terms

High temperature limit

soove [ () () e
A= 45 12 \ 4! 12 \ 4!

The correction terms are important when the couplings are
sufficiently strong.




Dark radiation

Dark radiation is now explored by precise measurements.

Planck: Neg = 3.15 == 0.23 CMB-S4: AN = 0.0156

If the subsystem A enters thermal equilibrium again, ...

45 S,y 1/3
The temperature of the subsystem A: T, = * Tao
27w2ga V ’

A correction to the effective neutrino number

—1

7 2 & . T —4/3 T 4
ANefprA(z._.W_.Tj) __Q_A(Q(D)) ( A)
8 30 72 \ 43/4 Tao

p)




Summary

v' Thermodynamic entropy is generalized to entanglement
entropy!

v' Formulation of to derive the entanglement
entropy of coupled quantum fields and

v A possible effect on dark radiation.
(Its measurement is now becoming more and more precise!)

v The correction may be important in circumstances of

instantaneous decoupling. Nk
ank you.



Extra slides



Perturbative expansion

Consider a scalar-scalar system in d+1 dimensions.

AA AB A
_ 4 4 2 12
Lr= quA | Al O + Z¢A¢B
Preserve two independent parities: ¢a — —¢pa B = —dB
Formulate perturbation theory and present Feynman rules !
(log Zé&ﬁ) — n log Zt(gt) )
n8) [ (B) \n B) (B
Ze(Z5)) Zab Zio

(ii) (i)




/eroth-order contributions

Neutral scalar field

1 | 0d; 2
Lo@) = 5 | (o) + (V60" + MP4:

The result of the functional integration : See e.g. Kapusta, Gale (2011).

logZ(gi)O_V/(zw):g{ 5 w—log(l—e_ﬁ“’)} w:\/p2—|—Mi2




Perturbative expansion

Theterm (i) 8® =5 + s Averaged over the
unperturbed ensemble.
Z8 X1 [DpaDppe 5 (5P)!
log — & @ — o8| 1+ 2 7 <
Z a0 ZB,0 =1 [ DpaDope 5

The usual finite temperature perturbation theory.

ddp
(2m)4

Propagator - D((xﬁ) (7-, JJ) — e‘i(wm7+p-a3)_5((f}) (wma p)

(o = A, B)

Wm = 2memT (m € Z)



L.

4.

Fevnman rules (Position space)

The term (i)
(1,2) o 4, (r',2") =D
(1,2) v, (r',2') =DV

Divide by the symmetry factor.

Kapusta, Gale (2011).

Draw all topologically
inequivalent diagrams
at a given order.

Only connected
diagrams contribute.



Fevnman rules (Momentum space)

(wm27p2) (wmsap?))
f dTll/dd /1 z(wmlT +p1-x’) z(wmz'r +p2-x’’)

Xez(meT +ps3-x’) z(wm47' +pa-x’’)

(w pl) (w p4) - (27T)d5(d) (pln B pOUt) BCSwin: Wout *
™y My

Energy and momentum are conserved at each vertex.

1. For each propagator of ¢4 p, assign a factor - Z | (gi’)’d D('B) 5 (Wm, D).

2. Include a factor —A(27)%46(? (pin, — Pout) Bdw,,.. w.., fOr each vertex.
3. Divide by the symmetry factor.



Fevnman rules (Momentum space)
The term (ii

1. For each propagator of ¢4, assign a factor B Y om f Dg"'ﬁ ) (Wms D).

(27r)d

2. For each propagator of qbg), assign a factor = 3 Y om f (27r)d D(ﬁ) i (Wm, ).

3. Include a factor —A(27)%5D (pin — Pout) B eH@in—wout) G—DB £ | for each vertex of

)\(qb ¢(J))2.

iny Yout

4. Include a factor —)\A(27T)d5(d’) (Pin — Pout) nﬁéwm,wout for each vertex of 2 qb4
N 4
5. Include a factor —)\3(271')d6(d) (Pin — Pout) Bw;,, w.y. fOr each vertex of );—1!3 ( g)) .

6. Divide by the symmetry factor.



The coupled ¢* theory

Calculate the leading order correction to the thermodynamic entropy.

£(¢Aa qu) — EO + EI + Ecounter ’
1 1
Lo(ba,¢B) =  [(Buda)® + MAGL] + - [(Buén)® + MESE]

A A A 2 2 2
Li(barsb5) = 7 dh + 75 + [ Padh (0.9)% = (8:9)* + (V)

1 1
ﬁcounter(qua qu) — 5 [6ZA (8M¢A)2 =F 6MA¢?4:| + 5 [5ZB (8M¢B)2 + 6MB¢2B]

Ox, Oxp O
SIS ?qu + Tﬁb% + Z¢?4¢2B

Divergence is renormalized by counter terms of the usual zero-
temperature field theory.



The leading order contributions

A B, .
The symmetry factor is F = 4.

nBV D{? (0,0) DY (0,0) 4@ Divergent

Wma = 2TmaT/n, wmn, =2mmpgT



Renormalization conditions
Decompose the propagators into the T = 0 part and T # 0 part.

- :Z = it = 2mmTi) = /_ ~dpo  [F(po) + F(~po)

1 to00-+€ 1
—_ d F F(—
+ Py /_ioo+e po [F(po) + F(—po)] AP0 _ 1

F(po) = / ((21;))3 (—p2 + p? + M2)!

Perform a contour integral with a residue at po =w = \/p2 + M3

Po — —1P4 D¥(0,0) = DY + DB*(B)

B dPp 1 1
/(271')4 2+p + M3 +/(277)3 webw — 1




Renormalization conditions

Compute the sum of all 1Pl insertions into the propagators.

B A
—Tl5(pg) = g 2 + S 2 ™
_®_
B B B B B B
AB vacC A vac
= —7DB - §DA - (5ZB‘P2E + 5MB) -

° ° d
Reno.rr:nallzatlon Ty (p% = —M2) =0, S T —0
conditions Pe  lpp=-M3

AB vac A vac
W 5, —0, on, = Epwe_2pv

2 2



The leading order diagrams

Sum up the contributions from all the leading order diagrams.

~(npB)
Z (0] A vac ma vac ma
log (nﬁ)t(;(ﬁ))n = ’"’BV[ - (DX° + D*(nB)) (DE* + Dg*(8))
AA vac mat 2 AB vac mat 2
Y (DY + DR*(nB))" — = (DF€ 4+ D2 (83))
1
+ 7 (AaDE® +ADE) (D¢ + DE*(nf))
1
= (ABDJC + ADYC) (DR + Dg** (,3))]

n n V ma ma ma
S - 503 = "2 (D3 () - DI (8)) DE (D)

Renyi entropy : \
+ 22 (D3 (np)? — D3 (9|



The leading order diagrams

Take the limit n — 1

A A
Sa— Sao=—-0B°V [ZDEat(ﬁ) + TADﬁlat(ﬁ)]

Entanglement entropy :

High temperature limit ok \/p2 + M3

ooy [ ()5 )
A~ 45 12 \ 4! 12 \ 4!




Quantum electrodynamics

1 dip ~ ~(npB) 1
p nB / (27)4 2 v ) yp—M
_ Z d’p P (B 9
B / D () ; D%j (p) = p?
1L
j — —e’y“(QW)Sé(g)(pin — pout) /8

X ei(win_wout)(j_l)ﬁfw_ o

The photon field
Divide by the symmetry factor. is traced out.



The leading order diagrams in QED

&
ORe

Energy is not conserved
at a vertex.

~ 0.100}

0.010f

0.001§

|ASAl(aSp,0)

T e L ]
-
-
-

1074
0.1



The Yukawa theory

j = —g(27m)*6®) (pin — Pous) B

//\\ % ei(win _wout)(j_ 1)5fwin yWout '

£counter(¢a ¢) 2 6¢¢



Instantaneous decoupling

Decoupling may proceed much faster than the time scale of cosmic
expansion and the time scale of interactions in a subsystem.

» Thermal equilibrium cannot be maintained during the decoupling.

Thermodynamic entropy is
no longer a good fiducial quantity.

The form of the reduced density
matrix is preserved before and
after the decoupling.

Entanglement entropy is evaluated at
the time just before the decoupling.

Total system
(Thermal equilibrium)

7
N

Decoupling

Subsystem A

Sa

Subsystem B

Sp



Instantaneous decoupling

The coupled ¢* theory with Aa = A =0
Padp <> dadp  T'a =nB(Cpipp—daps?)
Make ¢z massive dynamically and decay into some particles Y.

A2 2 G 5 7 T
L= ¢40p + X ¢ + ydpycpc + Mipcyc

(X) = vx atsome temperature

F¢B_>¢C"EC > H »



