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Mapping the CGC fluctuating initial conditions to hydro

⌧0 ⇠ 1/Qs

⌧hydro ⇠ 1 fm

Rnuc Rprot `mfp

CGC

Hydro

Use QCD kinetic theory to map the CGC initial state to hydrodynamics with approximations:

Rnuc � Rprot ∼ `mfp � 1/Qs



Mapping the CGC fluctuating initial conditions to hydro

⌧0 ⇠ 1/Qs

⌧hydro ⇠ 1 fm

Rnuc Rprot `mfp

2 c (⌧ � ⌧0)

CGC

Hydro

causal circle

Causality limits the equilibration dynamics within a causal circle

Rnuc � Rprot ∼ `mfp ∼ cτhydro � 1/Qs



An approximation scheme for the equilibration dynamics:

2 c (⌧ � ⌧0)

look in causal circle
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e(τ) + δe(τ,x)

1. Determine the evolution of the average (homogeneous) background

Bottom-Up Thermalization!

2. Construct a Green function to propagate the linearized fluctuations.

δe(τ,x)

e(τ)︸ ︷︷ ︸
final energy perturb

=

∫
d2x′G(x− x′; τ, τo)

δe(τ0,x
′)

e(τ0)︸ ︷︷ ︸
initial energy perturb



How to compute the background and perturbations:

∂τf +
p

|p| · ∇f −
pz
τ
∂pzf

︸ ︷︷ ︸
Bjorken expansion

= −C2↔2[f ]︸ ︷︷ ︸− C1↔2[f ]︸ ︷︷ ︸ ,

Gluon distribution function for background and perturbations

f = f̄p︸︷︷︸
uniform background

+ δfk⊥,pe
ik⊥·x⊥

︸ ︷︷ ︸
transverse perturbations

.

(∂τ −
pz
τ
∂pz)f̄p = −C[f̄ ] background

(∂τ −
pz
τ
∂pz +

ip⊥ · k⊥
p

)δfk⊥,p = −δC[f̄ , δf ] perturbation

We will discuss the background and perturbations separately



Outline

I. Evolution of the backgound: “bottom-up” thermalization

II. Evolution of the perturbations



The background and “bottom-up” thermalization Baier, Mueller, Schiff, Son
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FIG. 1. A typical entropy density profile (times �init) for a
single event used as an initial condition in current hydrody-
namic simulations at the LHC for a 0-5% centrality class [21].
An event averaged initial condition is shown by the dashed
line. Often the initial flow velocity is set to zero. The di�erent
scales are discussed in the text.

for the initial energy profile to hydrodynamics, the weak
coupling approximations made in the IP-glasma model
lead naturally to e�ective kinetic theory.

Fig. 1 shows a typical transverse (entropy) profile that
is used in current hydrodynamic simulations [21]. Clearly
during the equilibration process the profile will change
and generate intial flow. The equilibration time, c⌧init, is
short compared to the nuclear radius, R. For this reason
the prethermal evolution is insensitive to the global col-
lision geometry. Indeed, we may decompose the trans-
verse plane into causally disconnected patches of size
c⌧init � R whose prethermal evolution can be separately
determined. In these patches, the global nuclear geom-
etry determines a small gradient that can be considered
as a linear perturbation over a translationally invariant
background. Thus, corrections to initial conditions for
hydrodynamics from the global geometry are of order
c⌧init/R [22]. In addition to the global geometry, the ini-
tial energy density profile includes event-by-event fluc-
tuations at smaller scales set by the nucleon size Rp,
which is comparable to the causal horizon Rp ⇠ c⌧init.
Event-by-event fluctuations at these length scales are
suppressed by 1/

�
Npart where Npart is the number of

participating nucleons in the event, Npart ⇠ 100 � 300.
Therefore, such fluctuations can also be treated in a lin-
earized way as fluctuations over a translationally invari-
ant background. The structure of the initial profile at
even smaller scales is less well known, but in models based
on CGC, one expects fluctuations to subnuclear scales of
order the saturation momentum, Q�1

s ⇠ 0.1 fm.

Finally, an important scale is set by the mean free path,
which in a weakly coupled theory is of order 1/�2Te�

for states not too far from equilibrium. In practice, this
length scale is comparable, though slightly shorter than
the causal horizon and the nucleon scales. Without the
scale separation, the medium prethermal response to ini-
tial perturbations in the transverse plane can only be
computed by a calculation within the EKT. Fortunately,
as discussed above linearized kinetic theory is su�cient
to determine this response.

To summarize, our strategy is to use linearized ki-
netic theory to follow the hydrodynamization of pertur-
bations on top of a far-from-equilibrium Bjorken back-
ground with translational symmetry in the transverse di-
rections. This determines the stress tensor for hydrody-
namics at the initialization time. The length scales of
relevance are the nuclear-geometry, the nucleonic scale,
the causal horizon c⌧init, and the mean free path

R � Rp ⇠ c⌧init ⇠
1

�2Te�
.

By linearizing the problem and solving for the response,
we will determine a Green function describing how an
energy fluctuation at the earliest moments, ⌧ ⇠ 1/Qs,
evolves during the equilibration process to the hydrody-
namic fields, i.e. the energy and momentum densities,
�T 00(⌧init,x�) and �T 0i(⌧init,x�) respectively. We will
verify that the subsequent evolution is described by sec-
ond order hydrodynamics to certifiable precision.

In Section II we outline the linearized EKT, and study
the linear response of the EKT in equilibrium. In Sec-
tion III we systematically study the approach to equi-
librium of Fourier modes of specified k, starting with
a far from equilibrium initial state. In Section IV we
Fourier transform these results and determine a coor-
dinate space Green function which produces the appro-
priate initial conditions for hydrodynamics at ⌧init when
convolved with a specified initial state. We also analyze
the long wavelength limit of these Green functions, mak-
ing contact and providing additional insight into previous
work on preflow [22]. Finally, we discuss our conclusions
in Section V.

II. LINEARIZED KINETIC THEORY

A. Setup

At weak coupling the non-equilibrium evolution of the
boost invariant color and spin averaged gluon distribu-
tion function is described in terms of an e�ective kinetic
equation [14]

��fx�,p +
p

|p| · �x�fx�,p � pz

⌧
�pz

fx�,p = �C[fx�,p],

(1)

where the e�ective collision kernel C[f ] incorporates the
elastic 2 � 2 and inelastic 1 � 2 processes as required
for a leading order description in the coupling constant
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FIG. 1. A typical entropy density profile (times �init) for a
single event used as an initial condition in current hydrody-
namic simulations at the LHC for a 0-5% centrality class [21].
An event averaged initial condition is shown by the dashed
line. Often the initial flow velocity is set to zero. The di�erent
scales are discussed in the text.

for the initial energy profile to hydrodynamics, the weak
coupling approximations made in the IP-glasma model
lead naturally to e�ective kinetic theory.

Fig. 1 shows a typical transverse (entropy) profile that
is used in current hydrodynamic simulations [21]. Clearly
during the equilibration process the profile will change
and generate intial flow. The equilibration time, c⌧init, is
short compared to the nuclear radius, R. For this reason
the prethermal evolution is insensitive to the global col-
lision geometry. Indeed, we may decompose the trans-
verse plane into causally disconnected patches of size
c⌧init � R whose prethermal evolution can be separately
determined. In these patches, the global nuclear geom-
etry determines a small gradient that can be considered
as a linear perturbation over a translationally invariant
background. Thus, corrections to initial conditions for
hydrodynamics from the global geometry are of order
c⌧init/R [22]. In addition to the global geometry, the ini-
tial energy density profile includes event-by-event fluc-
tuations at smaller scales set by the nucleon size Rp,
which is comparable to the causal horizon Rp ⇠ c⌧init.
Event-by-event fluctuations at these length scales are
suppressed by 1/

�
Npart where Npart is the number of

participating nucleons in the event, Npart ⇠ 100 � 300.
Therefore, such fluctuations can also be treated in a lin-
earized way as fluctuations over a translationally invari-
ant background. The structure of the initial profile at
even smaller scales is less well known, but in models based
on CGC, one expects fluctuations to subnuclear scales of
order the saturation momentum, Q�1

s ⇠ 0.1 fm.

Finally, an important scale is set by the mean free path,
which in a weakly coupled theory is of order 1/�2Te�

for states not too far from equilibrium. In practice, this
length scale is comparable, though slightly shorter than
the causal horizon and the nucleon scales. Without the
scale separation, the medium prethermal response to ini-
tial perturbations in the transverse plane can only be
computed by a calculation within the EKT. Fortunately,
as discussed above linearized kinetic theory is su�cient
to determine this response.

To summarize, our strategy is to use linearized ki-
netic theory to follow the hydrodynamization of pertur-
bations on top of a far-from-equilibrium Bjorken back-
ground with translational symmetry in the transverse di-
rections. This determines the stress tensor for hydrody-
namics at the initialization time. The length scales of
relevance are the nuclear-geometry, the nucleonic scale,
the causal horizon c⌧init, and the mean free path

R � Rp ⇠ c⌧init ⇠
1

�2Te�
.

By linearizing the problem and solving for the response,
we will determine a Green function describing how an
energy fluctuation at the earliest moments, ⌧ ⇠ 1/Qs,
evolves during the equilibration process to the hydrody-
namic fields, i.e. the energy and momentum densities,
�T 00(⌧init,x�) and �T 0i(⌧init,x�) respectively. We will
verify that the subsequent evolution is described by sec-
ond order hydrodynamics to certifiable precision.

In Section II we outline the linearized EKT, and study
the linear response of the EKT in equilibrium. In Sec-
tion III we systematically study the approach to equi-
librium of Fourier modes of specified k, starting with
a far from equilibrium initial state. In Section IV we
Fourier transform these results and determine a coor-
dinate space Green function which produces the appro-
priate initial conditions for hydrodynamics at ⌧init when
convolved with a specified initial state. We also analyze
the long wavelength limit of these Green functions, mak-
ing contact and providing additional insight into previous
work on preflow [22]. Finally, we discuss our conclusions
in Section V.

II. LINEARIZED KINETIC THEORY

A. Setup

At weak coupling the non-equilibrium evolution of the
boost invariant color and spin averaged gluon distribu-
tion function is described in terms of an e�ective kinetic
equation [14]

��fx�,p +
p

|p| · �x�fx�,p � pz

⌧
�pz

fx�,p = �C[fx�,p],

(1)

where the e�ective collision kernel C[f ] incorporates the
elastic 2 � 2 and inelastic 1 � 2 processes as required
for a leading order description in the coupling constant
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A numerical realization of bottom-up

• Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 1 anisotropic

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling constant of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists version of αs = 0.3

corresponding to

η

s
= 0.6 =

7.5

4π

We see “Bottom-Up” in the computer code.



A numerical realization of bottom-up

• Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 5 soft 
stabilization

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling constant of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists version of αs = 0.3

corresponding to

η

s
= 0.6 =

7.5

4π

We see “Bottom-Up” in the computer code.



A numerical realization of bottom-up

• Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 20 minijet 
quenching

then

hydro

Qs⌧ ⇠ ↵�13/5
s

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling constant of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists version of αs = 0.3

corresponding to

η

s
= 0.6 =

7.5

4π

We see “Bottom-Up” in the computer code.



A numerical realization of bottom-up

• Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 500 isotropic
and 

cooling down

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling constant of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists version of αs = 0.3

corresponding to

η

s
= 0.6 =

7.5

4π

We see “Bottom-Up” in the computer code.



When does the background stress tensor approach second order hydrodynamics?
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FIG. 3: Background energy density matching with hydrodynamic evolution.need to change
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Thanks to the scaling of the background evolution with ⌘/s, the same fitted kinetic theory

curve can be used for di↵erent values of ⌘/s in the scaling regime and di↵erent values of the

initial energy density.

In Appendix A we give the parametrization of universal background evolution curve E(x)

and describe the details of the mapping procedure.

III. RESPONSE FUNCTIONS

We now discuss the calculation of the response functions describing the linearized evo-

lution of energy-momentum perturbations. We will consider boost invariant perturba-

tions only, and focus on the energy-momentum response to perturbations of the conserved

charges—initial energy-density �T ⌧⌧ and initial momentum density �T ⌧i. By normalizing

the perturbations to the background energy density T
⌧⌧

(⌧,x), the evolution of energy-

11

Different values of coupling
give different       

In terms of eta/s, all couplings
thermalize at same scaled time

Gives a basis for interpolating 
from  weak coupling results to 

 stronger coupling

Keegan, Kurkela, Romatschke,Schee, Zhu

⌘/s

Hydro regime

Measure time in a physical relaxation time given by τR ≡ η/sTeff instead of αs:

τ

τR
≡ τTeff(τ)

η/s
with τR ≡

η

sTeff

Can start hydro when τTeff/4πη/s ∼ 1



Translating earliest hydro starting time into physical units:

1. At late times the dynamics is ideal hydro: Teff(τ) = ΛT /(ΛT τ)1/3

This integration constant determines
dN/dy at the end of hydrolim

⌧!1
⌧T 3(⌧) = ⇤2

T

2. Hydro fits to multiplicity give:
〈
τe3/4

〉∣∣∣
τ=1.2 fm

= 1.6 GeV2 ∝ Λ2
T︸ ︷︷ ︸

highly constrained by dN
dy !

3. The estimate for τhydro:

τhydroTeff(τhydro)

4π(η/s)
= 1

Find that hydrodynamics is applicable for times later than:

τhydro ≈ 0.85 fm

(
4π(η/s)

2

) 3
2

(
1.6 GeV〈
τe3/4

〉
)1/2 (νeff

16

)3/8



How much to gluons multiply during the equilibration process?
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FIG. 6: a) Boltzmann entropy production. During the kinetic pre-equilibrium stage

⌧Tid.

⌘/s
< 1 about ⇠ 40�55% of final entropy is produced b) number of gluons relative to the

final gluon density. During the kinetic pre-equilibrium stage ⌧Tid.

⌘/s
< 1, the number of

gluons increase by a factor ⇠ 1.7�1.9

21

n⌧ =
1

A

dN

dy

The final gluon multiplicity is 2.5 times the initial gluon multiplicity

independent of the coupling or η/s!



Outline

X Evolution of the background: “bottom-up” thermalization

II. Evolution of the perturbations



The Green functions fourier mode by fourier mode:

• Compute the response in “bottom-up” to an initial perturbation, δfke
ik⊥·x⊥

? Then sum them up

δe(τ0,x
′)

e(τ0)
,
∂xe(τ0,x

′)

e(τ0)

Green

functions
G(x; τ, τ0)

δe(τ,x)

e(τ)
,
gx(τ,x)

e(τ)

Properties of Green Functions

1. Has free streaming for k →∞
2. Has hydro for k → 0

3. Depends on η/s and time through

τTeff(τ)

4π(η/s)

For hydro need:

τTeff(τ)

4π(η/s)
> 1



A practical algorithm for implementation:

⌧0 ⇠ 0.1 fm

⌧hydro ⇠ 1.2 fm

causal circle
Implemented for

TRENTO and
IP-Glasma

(i) For each point, average the energy in causal circle

? Find the scaling time corresponding to τ0 and τhydro for given η/s and energy

(ii) Propagate background and perturbations in scaled time

? Sometimes need to regulate the response



A practical algorithm for implementation:

⌧0 ⇠ 0.1 fm

⌧hydro ⇠ 1.2 fm

causal circle
Implemented for

TRENTO and
IP-Glasma

(i) For each point, average the energy in causal circle

? Find the scaling time corresponding to τ0 and τhydro for given η/s and energy

(ii) Propagate background and perturbations in scaled time

? Sometimes need to regulate the response



Do hydro results depend on τhydro ?

1. Implementation in TRENTO. η/s = 2/4π. Central LHC.

2. Kinetics runs from τ0 = 0.1 up to τhydro, then hydro up to τrmout.

Energy 
Density
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Remarkably insensitive to τhydro as we want !



Do hydro-results depend on τhydro ?

1. Implementation in TRENTO. η/s = 2/4π. Central LHC

2. Kinetics runs from τ0 = 0.1 up to τhydro, then hydro up to τout

Velocity
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Are the constitutive relations are satisfied at late times?

• For times sufficiently late times Navier-Stokes should be valid:

πµν = −ησµν︸ ︷︷ ︸
navier stokes

for
τTeff

4πη/s
> 1

0

0.5
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1.5

2

−10 −5 0 5 10

τ
T

e
ff
/
(4

π
η
/
s)

x fm

τhydro = 0.8 fm
τhydro = 1.0 fm
τhydro = 1.2 fm

Expect the cells near
the line to be equilibrated

and obey constitutive equations

Scaling
variable



Are the constitutive relations are satisfied at late times?

• For times sufficiently late times Navier-Stokes should be valid:

πµν = −ησµν︸ ︷︷ ︸
navier stokes

for
τTeff

4πη/s
> 1
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−10 −5 0 5 10
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x
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+
π

y
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G
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τhydro = 0.8 fm
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τhydro = 1.2 fm
∼ η(σxx + σyy)

Black lines 
are navier

stokes.

Color lines
are kinetics  

Constitutive
relations are satisfied!

⇡µ⌫



Comparison with free streaming to kinetics at τhydro = 1.2:
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In free streaming + hydro we readjust the initial energy density to reproduce dN/dy,

leading to an ambiguity in the early-time energy density



Comparison with free streaming to kinetics at τhydro = 1.2:
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In free streaming + hydro we readjust the initial energy density to reproduce dN/dy,

and πxx + πyy evolves discontinuously.



Hadronic observables are forgiving:

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0 0.2 0.4 0.6 0.8 1 1.2 1.4

⟨p
π T
⟩(

G
eV

)

τhydro (fm)

ϵ ∝ τ−4/3

0

100

200

300

400

500

600

0 0.2 0.4 0.6 0.8 1 1.2 1.4

d
N

π
/
d
y

τhydro (fm)

ϵ ∝ τ−4/3

dN

dy

hpT i
retune retune

Kinetic theory results are independent of τhydro,

while the free streaming results are (mostly) independent after retune



Hadronic observables are forgiving:
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while the free streaming results are (mostly) independent after retune



Kinetics give a smooth transition from CGC to Hydro
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A leading order smooth matching of effective theories and the whole collision



Summary

1. Still under the spell of “bottom-up” after all these years.

? A big next step are non-linear corrections – especially for small systems!

2. The tool is easy to use and fast. Use it!

? It gracefully connects any initial state to fully developed hydro

Other items:

1. Hadronic observables – no surprises!

2. Comparison with other approaches:

? Free streaming:

? The Pratt pre-flow (in super-SONIC) is a low k limit of our results.

Thank You!


