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1. Seeing the Unseen at Colliders

(First, a few comments on the Triumph of the Standard Model at Accelerators)

• High energy accelerators offer the most direct window to short-lived quantum processes,
potentially including transient exotic states of matter.

• The strategy of probing matter at short distances has resulted in the identification/discovery
of the gauge and matter fields of the Standard Model and to a new phase of strongly-
interacting matter.

• Accelerator programs, however complex and costly, remain experiments following
scientific canon. They are capable of design, replication and variation in response to the
demands of nature and the imagination.

• I will review a little of how quantum field theory is applied in accelerator experiments,
how jets emerge in final states, and what they tell us.
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We can sum it up with a picture worth a thousand words:

From SU(3) color through the Higgs into SU(2)L × U(1).

Every observed final state is the result of a quantum-mechanical set of stories, and so
far the stories supplied by the Standard Model, built on an unbroken SU(3) color gauge
theory (very much like the original Yang-Mills Lagrangian) and a spontaneously-broken
SU(2)L × U(1), account for all observations at accelerators.
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And recently, Z + H → bb̄ as revealed in boosted dijet decays:
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• The Standard Model developed through the latter half of the Twentieth Century in par-
allel with modern field-theoretic ideas of flow: couplings within theories (renormalization
group) and between theories (Wilsonian).

• A primary theme of Twenty-first Century physics is strongly coupled theories with emer-
gent degrees of freedom. This is part and parcel of the contemporary understanding of
the strong interactions.

• The historic picture of strong interactions: nucleons, nuclei bound by meson exchange,
with multiple excitations evolved into:

• THE QUARK MODEL, with (mostly) qqq′ baryons and qq̄′ mesons.

• QUANTUM CHROMODYNAMICS a part of the Standard Model, is in some ways the
exemplary QFT, still not fully understood, but illustrating the fundamental realization
that quantum field theories are protean: manifesting themselves differently on different
length scales, yet experimentally accessible at all scales.
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• To make a long story short: Quantum Chromodynamics (QCD) reconciled the irrecon-
cilable. Here was the problem.

1. Quarks and gluons explain spectroscopy, but aren’t seen directly – confinement.

2. In highly (“deep”) inelastic, electron-proton scattering, the inclusive cross section
was found to well-approximated by lowest-order elastic scattering of point-like (spin-
1/2) particles (=“partons” = quarks here) a result called “scaling”:

dσe+p(Q, p · q)
dQ2

|inclusive ∝ F
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2p · q
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is a quark, how can a confined quark scatter freely?
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• This paradoxical combination of confined bound states at long distances and nearly free
behavior at short distances was explained by asymptotic freedom: In QCD, the force
between quarks behaves at short distances like

F (r) ∼ αs(r)

r2
, αs(r

2) =
4π

ln
(

1
r2λ2

)

where Λ ∼ 0.2 GeV. For distances much less than 1/(0.2GeV ) ∼ 10−8cm the force
weakens. These are distances that began to be probed in deep inelastic scattering
experiments at SLAC in the 1970s.

• The short explanation of DIS: Over the times ct ≤ h̄/GeV it takes the electron to scatter
from a quark-parton, the quark really does seem free. Later, the quark is eventually
confined, but by then it’s too late to change the probability for an event that has already
happened.

• The function F (x) is interpreted as the probability to find quark of momentum xP in a
target of total momentum P – a parton distribution.
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• To explore further, SLAC used the quantum mechanical credo: anything that can happen,
will.

• Quarks have electric charge, so if they are there to be produced, they will be. This
can happen when colliding electron-positron pairs annihilate to a virtual photon, which
ungratefully decays to just anything with charge

3.0 STUDY OF QCD IN HADRON PRODUCTION 

3.1 Testing the QCD Differential Cross Section 

3.2 The Strong Interaction Coupling Constant 

3.3 Quark and Gluon Fragmentation 

3.4 Characteristics of the Final State Hadrons 

4.0 ELECTROWEAK INTERACTIONS 

4.1 Bhabha Scattering 

4.2 Muon and Tau Pair Production 

4.3 Charge Asymmetry 

4.4 Interpretation of Leptonic Data 

4.5 Electroweak Reactions of Quarks 

4.6 B Meson Lifetime Limit 

4.7 Production of Leptons in Hadronic Events 

4.8 Search for Structure in the Fermions 

4.9 Search for Symmetry Breaking Scalars. 

1.0 SIMPLE ELECTRON POSITRON INTERACTION 

At high energies, the dominant processes electron positron 

collisions are particularly simple. Most of the interactions which 

we measure are fermion pair production, calculable using the 

Feynman diagram below. 

f 
The electron and positron annihilate forming a virtual photon which 

has a mass equal to the center of mass energy. This photon may 

then decay into any pair of charged fermions that is energetically 

allowed. The processes of this sort which have been observed at 

PETRA are 

370 

j
EM

• But of course because of confinement it’s not that simple. But more generally, we believe
that a virtual photon decays through a local operator: jem(x) .

• This enables translating measurements into correlation functions . . . In fact, the cross
section for electron-positron annihilation probes the vacuum with an electromagnetic
current.
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• On the one hand, all final states are familiar hadrons, with nothing special about them
to tell the tale of QCD, |N〉 = |pions, protons, neutrons . . .〉,

σe+e−→ hadrons(Q) ∝ ∑

N
|〈0|jµem(0)|N〉|2 δ4(Q− pN)

• On the other hand,
∑
N |N〉〈N | = 1, and using translation invariance this gives

σe+e−→ hadrons(Q) ∝
∫
d4x e−iQ·x 〈0|jµem(0) jµem(x)|0〉

• We are probing the vacuum at short distances, imposed by the Fourier transform as
Q→∞. The currents are only a distance 1/Q apart.

• Asymptotic freedom suggests a “free” result: QCD at lowest order (“quark-parton
model”) at cm. energy Q,

σtote+e−→hadrons =
4πα2

EM

3Q2
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• This works for σtot to quite a good approximation (with calculable corrections)

51. Plots of cross sections and related quantities 5

σ and R in e+e− Collisions
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Figure 51.5: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2015. Corrections
by P. Janot (CERN) and M. Schmitt (Northwestern U.))

Green line is 
parton model

• So the “free” theory again describes the inclusive sum over confined (nonperturbative)
bound states – another “paradox”.
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• Is there an imprint on these states of their origin? Yes. What to look for? The spin of
the quarks is imprinted in their angular distribution relative to the electron:

dσ(Q)

d cos θ
=

πα2
EM

2Q2

(
1 + cos2 θ

)

• It’s not quarks, but can look for a back to back flow of energy by finding an axis that
maximizes the projection of particle momenta (“thrust”) measuring a “jet-like” structure

dσe+e−→ hadrons(Q)

dT
∝ ∑

N
|〈0|jµem(0)|N〉|2 δ4(Q− pN) δ


T − 1

Q
maxn̂

∑

i∈N
|~pi · n̂|




b

¡Q

• When the particles all line up T → 1 (neglecting masses). So what happens?
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• Here’s what was found (from a little later, at LEP):
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Figure 1: (a) Fit of equation (6) to the corrected data corresponding to the thrust bin
0.70 < T < 0.75; it has χ2/d.o.f.=79/90. The fitted region is −0.92 < cos θTh < 0.92. The
contributions from the longitudinal and transverse cross-sections are shown separately. (b)
The residuals from the fit.
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• For e+e−:

Y

X
Z

200. cm.

Cent re of screen i s ( 0.0000, 0.0000, 0.0000)

50 GeV20105

Run:event 4093: 1000 Date 930527 Time 20716

Ebeam45.658 Evis 99.9 Emiss -8.6 Vtx ( -0.07, 0.06, -0.80)

Bz=4.350 Thrust=0.9873 Aplan=0.0017 Oblat=0.0248 Spher=0.0073

Ct rk(N= 39 Sump= 73.3) Ecal (N= 25 SumE= 32.6) Hcal (N=22 SumE= 22.6)

Muon(N= 0) Sec Vtx(N= 3) Fdet (N= 0 SumE= 0.0)

• Thrust is peaked near unity and follow the 1 + cos2 θ distribution – reflecting the pro-
duction of spin 1

2
particles – back-to-back. All this despite confinement. Quarks have

been replaced by “jets” of hadrons. What could be better? But what’s going on? How
can we understand persistence of short-distance structure into the final state, evolving
over many many orders of magnitude in time? Check it with other initial states.
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• 1990’s – 2005: The great Standard Model machines: HERA, the Tevatron Run I, and
LEP I and II provided jet cross sections over multiple orders of magnitude. The scattered
quark appears.

• And for DIS:

 Q**2 = 21475   y = 0.55   M = 198 

13



• And now . . . a new era of jets at the anticipated limits of the SM, ushered in by Tevatron
Run II, and then the LHC: 2 → 7 → 8 → 13 TeV .

• Events at the scale δx ∼ h̄
1 TeV

∼ 2× 10−19 meters . . . observed about 10 meters away.

Let’s explore the relationship to the underlying principles of quantum field theory.
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2. From Short to Long Distances in Quantum Field Theory:
Why We Can Compute Anything

• At the short distances accessible to accelerators, we assume that we can expand around
the free field theory. Virtual states are “stories” that provide predictions.

• Perturbation theory really just follows from Schrödinger equation for mixing of
free particle states,

ih̄
∂

∂t
|ψ(t) >=

(
H(0) + V

)
|ψ(t) >

Usually with free-state “IN” boundary condition :

|ψ(t = −∞) >= |m0 >= |pIN
1 , p

IN
2 〉

• Notation : Vji = 〈mj|V |mi〉 (vertices)

• Theories differ in their list of particles and their (hermitian) V s.
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For QCD, the Lagrange density

From the Lagrangian to Feynman graphs

• Here is QCD Lagrangian with all colour indices shown.29

LQCD =  i(i�
µ@µ �m) i � 1

4F
µ⌫
a F a

µ⌫ � gs  i�
a
ij j �

µAa
µ

Fµ⌫
a = @µA⌫

a � @⌫Aµ
a � 2gs fabcA

µ
b A

⌫
c

We have introduced here a second colour index a = (1, . . . , 8) to

label the gluon fields and the corresponding SU(3) generators.

• If we multiply-out the field tensor contraction Fµ⌫
a F a

µ⌫, we see all

the elements of a QCD Feynman diagram in the Lagrangian:

 ̄i(i�
µ@µ �m) i quark propagator

(@µA⌫
a � @⌫Aµ

a)(@µAa
⌫ � @⌫Aa

µ) gluon propagator

gs  ̄i�
a
ij j�

µAa
µ quark-gluon vertex

gs (@µA⌫
a � @⌫Aµ

a)fabcA
b
µAc

⌫ 3-gluon vertex

g2
s fabcA

µ
b A⌫

c fadeA
d
µAe

⌫ 4-gluon vertex

29Summation over repeated indices is implied, irrespective of their position (upper or lower); the colour indices
are just placed wherever the Lorentz indices leaves room for them.

6–4

And vertices

From the Lagrangian to Feynman graphs

• Here is QCD Lagrangian with all colour indices shown.29

LQCD =  i(i�
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4F
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µ
b A

⌫
c

We have introduced here a second colour index a = (1, . . . , 8) to

label the gluon fields and the corresponding SU(3) generators.

• If we multiply-out the field tensor contraction Fµ⌫
a F a

µ⌫, we see all

the elements of a QCD Feynman diagram in the Lagrangian:

 ̄i(i�
µ@µ �m) i quark propagator

(@µA⌫
a � @⌫Aµ

a)(@µAa
⌫ � @⌫Aa

µ) gluon propagator

gs  ̄i�
a
ij j�

µAa
µ quark-gluon vertex

gs (@µA⌫
a � @⌫Aµ

a)fabcA
b
µAc

⌫ 3-gluon vertex

g2
s fabcA

µ
b A⌫
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µAe

⌫ 4-gluon vertex

29Summation over repeated indices is implied, irrespective of their position (upper or lower); the colour indices
are just placed wherever the Lorentz indices leaves room for them.

6–4
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• Solutions to the Schrödinger equation are sums of ordered time integrals.

“Old-fashioned perturbation theory.”

〈mn|m0〉 =
∑

τ orders

∫ ∞
−∞ dτn . . .

∫ τ2
−∞ dτ1

× ∏

loops i

∫ d3`i

(2π)3

∏

lines j

1

2Ej
× ∏

vertices a
iVa→a+1

× exp


 i

∑

statesm




∑

j inm
E(~pj)


 (τm − τm−1)




• Time integrals of elementary transition amplitudes summed over intermediate states
with energy-dependent phases

• Perturbative QFT in a nutshell: integrals are divergent in QFT from:

τi → τj (UV ) and τi →∞ (IR).
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Each term in the solution to the Schrödinger equation corresponds to diagram

The vertices are time-ordered. Sums of orderings give (topologically equivalent) “Feyn-
man diagrams”, which exhibit Lorentz invariance manifestly. But the basic problem and
its solution can be seen at this deeper level.

For QCD, asymptotic freedom enters through renormalization: cut off the limit τi →
τi+1 → 0 at a “renormalization: scale 1/µ. In QCD, the “bigger the better” for µ.
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• So what are we after? – something like an “ideal cross section”
made from our time-ordered amplitudes:

• one with only a single kinematic scale, to which we can set µ:

Q2 σ̂SD(Q2, µ2, αs(µ)) =
∑

n
cn(Q2/µ2) αs

n(µ) +O



1

Qp




=
∑

n
cn(1) αs

n(Q) +O



1

Qp




• The key is to find quantities that are observable, and for which the coefficients are
well-behaved, and do not depend on momentum scales at which the coupling is too
large.

• Such quantities are commonly called “infrared safe”

• This is far from automatic.
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• What is the specific problem?

• Degenerate states in perturbation theory

• Now go back to solutions to the Schrödinger equation:

〈mn|m0〉 =
∑

τ orders

∫ ∞
−∞ dτn . . .

∫ τ2
−∞ dτ1

× ∏

loops i

∫ d3`i

(2π)3

∏

lines j

1

2Ej
× ∏

vertices a
iVa→a+1

× exp


 i

∑

statesm




∑

j inm
E(~pj)


 (τm − τm−1)




• Time integrals extend to infinity, but Long-time, “infrared” divergences (logs) come
about when phases vanish and the t integrals diverge. This doesn’t always happen –
oscillations can damp them to give finite answers.
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• When do we get divergences? Here’s the phase:

exp


 i

∑

statesm




∑

j inm
E(~pj)


 (τm − τm−1)


 =

exp


 i

∑

verticesm




∑

j inm
E(~pj) − ∑

j inm−1
E(~pj)


 τm




• Divergences for τi →∞ require two things:

i) (RHS) the phase must vanish ↔ “degenerate states”

∑

j ∈m
E(~pj) =

∑

j ∈m+1
E(~pj) , and

ii) (LHS) the phase must be stationary in the sum over states:

∂

∂`iµ
[ phase ] =

∑

statesm

∑

j inm
(±βµj )(τm+1 − τm) = 0

where the βjs are normal 4-velocities:

βj = ±∂Ej/∂`i .
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• Condition of stationary phase:

∑

statesm

∑

j inm
(±βµj )(τm+1 − τm) = 0

• βµ∆τ = xµ is a classical translation. For IR divergences, there must be free, classical
propagation as t→∞. Easy to satisfy if all the βj’s are equal.

• Whenever fast partons (quarks or gluons) emerge from the same point in space-time,

they will rescatter strongly with collinear partons.

But note, all these states describe the same energy flow.
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• Let’s illustrate the role of classical propagation.

• Example: degenerate states that cannot give long-time divergences:

!"#

$%%&'()**

#

#

• This makes identifying enhancements a lot simpler! Jets don’t change direction.
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• RESULT: For particles emerging from a local scattering, (only) collinear or soft lines can
give long-time behavior and enhancement. Example:

!"!##!$!
%&'()*

"
$

!!"!##!$!
%+,&-.()*

"/0

122!34'))

122!34'))

• This generalizes to any order, and any field theory, but gauge theories alone have soft
(k→ 0) divergences.

• These are what we can’t compute (as physical processes).

24



• But, if we include all the states that can result from these collinear rescatterings, the
τ →∞ divergences are guaranteed to cancel, because the total probability for something
to happen has to be one (unitarity).

• If we calculate detailed final states (exactly how many quarks, exactly how many gluons)
we get totally unphysical answers, but if we sum over all possibilities so as to preserve
energy flow, perturbation theory can give good answers.

• Just as in the original parton model, an inclusive process that is nonperturbative at
long distances can be described by the lowest order in the perturbative coupling, with
calculable corrections.
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• The same applies jet cross sections, if they are designed to respect the flow of energy

• These are what we can compute.

(technically, all these singularities can be derived from rotationally non-invariant – but still hermitian –

truncations of the QFT hamiltonian. See also Soft-Collinear Effective Theory.)

b

¡Q

• The smaller (larger) the “resolutions” ε and δ, the more (less) sensitivity to long times.
We follow the stories only to times like 1/Qδ or 1/Qε.

ENERGY FLOW IS THE ORGANIZING PRINCIPLE OF THE CLASSICAL STORIES
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• General condition for IR safety: treat states with the same flow of energy the same way.

Introduce IR safe weight en({pi}):

dσ

de
=

∑

n

∫

PS(n)
|M({pi})|2δ (en({p1 . . . pn})− w)

with

en(. . . pi . . . pj−1, αpi + δp, pj+1 . . .) =

en−1(. . . (1 + α)pi . . . pj−1, pj+1 . . .) +O





δp

Etot




p


for some p > 0.

• Neglect long times in the initial state for the moment and see how this works in e+e−

annihilation: event shapes and jet cross sections.

• Weight function en can pick out jets and/or fix their properties.
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• “Seeing” Quarks and Gluons With Jet Cross Sections

• Simplest example: cone jets in e+e− annihilation. All but fraction ε of energy flows into
cones of size δ.

b

¡Q

• Intuition: eliminating long-time behavior ⇔ recognize the impossibility of resolving
collinear splitting/recombination of massless particles
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Check at order αs:

Virtual gluon contribution looks like:

virtual : = −
∫ Q
0

dk

2k

∫ 1

−1

2π d cos θ

1 − cos2 θpk

k = gluon energy, θ = angle to the quark direction.

Real gluon emission has smaller phase space, but still includes all regions where

k = 0 and | cos θ| = 1

corresponding to soft and collinear configurations (and divergences).

real : ∼ +
∫ εQ
0

dk

2k

∫ 1−δ2/2
−1+δ2/2

2π d cos θ

1 − cos2 θpk

+
∫ Q
0

dk

2k



∫ 1

1−δ2/2 +
∫ −1+δ2/2

−1




2π d cos θ

1 − cos2 θpk

Singularities cancel (even without IR regularization).
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• No factors Q/m or ln(Q/m) Infrared Safety.

• In this case,

σ2J(Q, δ, ε) =
3

8
σ0(1 + cos2 θ)

×

1− 4αs

π


4 ln δ ln ε+ 3 ln δ +

π2

3
+

5

2







• Perfect for QCD: asymptotic freedom → dαs(Q)/dQ < 0.

• Some Lessons:

– No unique jet definition. ↔ Each event a sum of possible histories.

– The relation of a jet to quarks and gluons is always approximate
but corrections to the approximation computable.

– A single jet may have an enormous amount of information.

– Judicious choices of IR safe event shapes can reveal that information.
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• Simplest Case: The general form of an e+e− annihilation jet cross section:

σjet = σ0

∞∑
n=0

cn(yi, N,CF )αns (Q)

• Dimensionless variables yi include direction and information about the ‘size’ and ‘shape’
of the jet:

• δ, cone size as above

• To specify the jet direction, may use a Shape variable, e.g. thrust

T =
1

s
maxn̂

∑

i
|n̂ · ~pi| =

1

s
maxn̂

∑

i
Ei | cos θi|

with θi the angle of particle i to the “thust” axis, which we can define as a jet axis.

• T = 1 for “back-to-back” jets.

• Once jet direction is fixed, we can generalize thrust to any smooth weight function:

τ [f ] =
∑

particles i in jets
Ei f(θi)

(For example “Angularities” – see recent work by Z.-B. Kang, K. Lee, R. Ringer)
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• The distribution as seen at high energies, compared
to experiment (Davison & Webber, 0809):4 R.A. Davison, B.R. Webber: Non-Perturbative Contribution to the Thrust Distribution in e+e− Annihilation
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Fig. 3. Fixed-order (NNLO), resummed (NNLO+NLL) and
experimental thrust distributions: Q = 189 − 207 GeV.

where

C (αs) = 1 +

∞�

n=1

Cnᾱ
n
s ,

lnΣ (y,αs) =
∞�

n=1

n+1�

m=1

Gnmᾱn
s Lm

= Lg1 (αsL) + g2 (αsL) + αsg3 (αsL) + . . . ,
(11)

L = ln(1/y) and D (y,αs) is a remainder function that
vanishes order-by-order in perturbation theory in the two-
jet limit y → 0. The functions gi (αsL) are power se-
ries in αsL (with no leading constant term) and hence
Lg1 (αsL) sums all leading logarithms αn

s Ln+1, g2 (αsL)
sums all next-to-leading logarithms (NLL) αn

s Ln and the
subdominant logarithmic terms αn

s Lm with 0 < m < n
are contained in the g3, g4, . . . terms. The functions gi thus
resum the logarithmic contributions at all orders in per-
turbation theory, and knowledge of their form allows us
to make accurate perturbative predictions in the range

αsL � 1 – a significant improvement on the fixed-order
range αsL

2 � 1.
For thrust, the first two functions can be determined

analytically by using the coherent branching formalism [11,
12], which uses consecutive branchings from an initial quark-
antiquark state to produce multi-parton final states to
NLL accuracy. The results of this calculation depend upon
the jet mass distribution J

�
Q2, k2

�
– the probability of

producing a final state jet with invariant mass k2 from a
parent parton produced in a hard process at scale Q2 –
and its Laplace transform J̃ν

�
Q2

�
. To the required accu-

racy, the thrust distribution is

1

σ

dσ

dt
=

Q2

2πi

�

C

dνetνQ2
�
J̃µ
ν

�
Q2

��2

, (12)

where the contour C runs parallel to the imaginary axis
on the right of all singularities of the integrand,

ln J̃µ
ν

�
Q2

�
=

� 1

0

du

u

�
e−uνQ2 − 1

��� uQ2

u2Q2

dµ2

µ2
CF

αs (µ)

π

�
1 − K

αs (µ)

2π

�−1

+ . . .

�
, (13)

and2

K = N

�
67

18
− π2

6

�
− 5

9
NF . (14)

This expression demonstrates explicitly that the diver-
gence of αs (µ) at low µ will affect the perturbative thrust
distribution – such effects are related to the renormalon
mentioned earlier. To NLL accuracy, however, we can ne-
glect the low µ region (although we will return to it in
Sect. 4) to give the thrust resummation functions [10]

g1 (αsL) = 2f1 (β0ᾱsL) ,

g2 (αsL) = 2f2 (β0ᾱsL) − lnΓ [1 − 2f1 (β0ᾱsL)

− 2β0ᾱsLf �
1 (β0ᾱsL)],

(15)

where

f1 (x) = − CF

β0x
[(1 − 2x) ln (1 − 2x)

− 2 (1 − x) ln (1 − x)],

f2 (x) = − CF K

β2
0

[2 ln (1 − x) − ln (1 − 2x)]

− 3CF

2β0
ln (1 − x) − 2CF γE

β0
[ln (1 − x)

− ln (1 − 2x)] − CFβ1

β3
0

�
ln (1 − 2x)

− 2 ln (1 − x) +
1

2
ln2 (1 − 2x) − ln2 (1 − x)

�
,

(16)

2 By writing the K dependence in the form shown in (13), we
change from the MS renormalisation scheme to the so-called
bremsstrahlung scheme [13].

• Strongly peaked near, but not at, T = 1, due to radiation.
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• For possibly multi-jet events, “cluster algorithms”.

• ycut Cluster Algorithm: Combine particles i and j into jets until all yij > ycut, where
(e.g., “Durham alogrithm” for e+e−):

yij = 2min
(
E2
i , E

2
j

)
(1− cos θij)

• The number of jets depends on the variable ycut, and the dependence on the number of
jets was an early application of jet physics. (Reproduced from Ali & Kramer, 1012)

Will be inserted by the editor 41

Fig. 25. Measured distributions of thrust, T, (left-hand frame) and the C-parameter in
comparison with QCD predictions at

√
s =206.2 GeV [From L3 [148]].

Fig. 26. Relative production rates of n-jet events defined in the Durham jet algorithm
scheme [54] as a function of the jet resolution parameter ycut. The data are compared
to model calculations before and after the hadronization process as indicated on the fig-
ure [OPAL[161]].

the solid lines corresponding to a fixed value xµ = 1, and the dashed lines are the
results obtained with a fitted scale, indicated on the figure. This and related anal-
yses reported in [147] yield a rather precise value for the QCD coupling constant
αs(MZ) = 0.11870.0034

−0.0019. At LEP2 (up to
√

s = 206 GeV), the highest jet multi-
plicity measured is five, obtained using the variable ycut, and inclusive measurements
are available for up to six jets. To match this data, NLO QCD corrections to five-jet
production at LEP have been carried out by Frederix "et al. [162], and the fixed-order
perturbative results have been compared with the LEP1 data from ALEPH [149].
Two observables have been used for this comparison:
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• More generally, conventional cluster variables for (symmetric) collisions involving hadron(s)
in the initial state:

dij = min
(
k2p
ti , k

2p
tj

) ∆2
ij

R2

∆2
ij = (yi − yj)2 + (φi − φj)2. R is an adjustable parameter.

• These avoid clustering jets with fragments of initial hadrons. The “classic” choices:

– p = 1 “kt algorithm:

– p = 0 “Cambridge/Aachen”

– p = −1 “anti-kt”

• Each step in a clustering process is IR safe, so can “groom” jets by calculating jet
properties in terms of only energetic clusters. Such constructions are actually more
inclusive in soft radiation. “Mass drop” is one such technique, where “dropping” a
cluster of particles means keeping them in the cross section.
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Summarize: what makes a cross section infrared safe?

• Independence of long-time interactions:

i i  + 1

More specifically: should depend on only the flow of energy into the final state. This
implies independence of collinear re-arrangements and soft parton emisssion.

But if we prepare one or two particles in the initial state (as in DIS or proton-proton
scattering), we will always be sensitive to long time behavior inside these particles. The
parton model suggests what to do: factorize.
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3. The Theory of Jets at Colliders

• Machines with hadrons involve the scattering of “pre-existing” quarks and gluons from
hadrons, whose interactions extend back to nucleosythesis, requiring:

Factorization: Following the New Stories into the Final State

The essence of predictions for event weights e (selecting jets, say),

Q2σphys(Q,m, e) = σ̂(Q/µ, αs(µ), e) ⊗ fLD(µ,m) + O



1

Qp




µ = factorization scale; m= IR scale (m may be perturbative)

This is a “first this and then that” multiplication of probabilities – the essence of fac-
torization. It requires a “sufficiently” inclusive cross section, much as in the calculation
of jets in e+e− annihilation.

• Newly-minted jets are in σ̂; fLD are “universal”
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• Again, a factorized cross section, including the possibility of fragmentation fuctions:

Q2σphys(Q,m, e) = DLD(µ,m) ⊗ σ̂(Q/µ, αs(µ), e) ⊗ fLD(µ,m) + O



1

Qp




• What we do:

– Compute σ and fLD (DLD) in an IR-regulated variant of QCD, where we can prove
the factorization explicitly, then extract σ̂, assuming it is the same in true QCD as in
its IR-regulated version.

– We compare the formula with unknown physical parton distributions to a suite of
data and do a “global fit” for the f(x, µ) for different quarks and the gluon.

• What we get: absolute predictions for the creation of jets and heavy particles from QCD
(and for new degrees of freedom in BSM hypotheses.)

– The process is a “bootstrap”, resulting in feedback between parton distributions,
predictions and measurements. This must be done for each hadron, a task to which
the EIC will contribute greatly.

• Final-state interactions involving more than one parton are in the correction, and are
power formally suppressed. As in AA collisions, these can pile up (jet quenching). There
is no expectation of quenching in eA, for generic jet kinematics. (Viz. Fermlab E665)
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• Although power-suppressed, nonperturbative corrections due to hadronization (and for
proton-proton, underlying event) remain important, but not overwhelming. Their sys-
tematic study should be an EIC targert.
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Figure 4: Non-perturbative correction factors as a function of jet pT for (a,b) the most central and (c,d) most forward
region, for jets defined by the anti-kt algorithm with (a,c) R = 0.4 and (b,d) R = 0.6. The corrections are derived
using Pythia 8 and Herwig++ with several soft physics tunes. The envelope of all MC configuration variations is
shown as a band.

17

• Estimated by Atlas (1706.03192) by comparing output of event generators. No unified
theory framework is available (yet).
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• An illustration of other power-suppressed, but significant corrections – a story in which
a parton scatters in one nucleon, and exchanges another gluon on the way out:
(Y.-L. Du et al 1807.06917)
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FIG. 1: (Color online). The general diagrams for single inclusive heavy meson production in SIDIS o↵ a nuclear
target: (a) single scattering; (b) heavy-quark-gluon double scattering. The thick lines represent heavy quarks.

where the Lorentz invariant variables are defined as

xM =
M2

2p · q
, xB =

Q2

2p · q
, z =

p · `Q
p · q

, zH =
p · `H
p · q

. (7)

Inside a large nucleus, the propagating heavy quark
will encounter additional scatterings with the nuclear tar-
get remnants as shown in Fig. 1(b), which lead to nontriv-
ial medium modifications to heavy quark production. In
this paper, we focus on the radiative energy loss due to
the medium induced gluon radiations with 4-momunta
`. This e↵ect in general is a nuclear enhanced power
correction to final state heavy quark fragmentation func-
tions [16, 17]. Such a power correction can be computed
within the high-twist expansion formalism developed by
Qiu and Sterman [13, 14]. Within this framework, the
collinear QCD dynamics of multiple parton interaction
are contained in the medium modified splitting functions
which are perturbatively calculable, while the medium

property is contained in the high-twist nonperturbative
multi-parton correlation functions. Recently, the QCD
evolution equation for the renormalized twist-4 quark-
gluon correlation function has been derived [19]. In this
paper, we aim to derive the perturbative medium modi-
fied splitting functions through NLO computations.

We apply the recently improved twist-4 collinear fac-
torization technique [20] to calculate the medium in-
duced gluon radiation of heavy quark in DIS. The leading
contribution from double scattering processes can be ob-
tained by taking collinear expansion of the hard partonic
cross section with respect to the transverse momenta of
initial partons

dWD
µ⌫

dzH
=
X

q

Z 1

zH

dz

z
DQ!H(zH/z)

Z
dy�

2⇡
dy�

1 dy�
2

1

2
hA |  ̄q(0)�+F�

+(y�
2 )F+�(y�

1 ) q(y
�) | Ai

⇥
✓
�1

2
g↵�

◆"
@2

@k↵
2T@k�

3T

H̄D
µ⌫(y

�, y�
1 , y�

2 , k2T , k3T , p, q, M, z)

#�����k2T =0
k3T =0

, (8)

where the superscript D stands for double scattering, k2T and k3T are the relative transverse momenta carried by
gluons from the nucleus in the double scattering (see the next section for their definitions) . The hard partonic part
of central-cut diagrams can be written in the following general form

H̄D
C µ⌫(y

�, y�
1 , y�

2 , k2T , k3T , p, q, M, z) =

Z
dx

dx1

2⇡

dx2

2⇡
eix1p+y�+ix2p+y�

1 +i(x�x1�x2)p
+y�

2

Z
d4`

(2⇡)4

⇥ 1

2
Tr

h
p · ��µV p�p⇢Ĥ�⇢V

†�⌫
i
2⇡�+(`2)�(1 � z � `�

q�
). (9)

We apply collinear approximation to simplify the evalu- ation of the trace of � matrices,

p�Ĥ�⇢p
⇢ ⇡ (� · `Q + M)

4`�Q
Tr

h
��p�Ĥ�⇢p

⇢
i
. (10)

• How does such a process interfere with radiation, hadronization? Nuclei should provide
tests in a “controlled” environment. At high energy, we can ask many questions of the
final state.
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• Some precedent in Fermilab E665, 1994 (Phys. Rev.) With z = phad · ptarget/q · ptarget.
“KIn” refers to event selection – Kin1 is low-x, Kin2 is high Q2.
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and the values of the parameters are included on the
plots. The reduced yz's (y per degree of freedom) from
the fits are shown on the plots as g2/NDF. This model
for a fit is simplistic, since it must fail at very low z,
where the distributions diverge like 1jz [23(b)], and also
at high z, where the distributions must vanish due to the
kinematic limit. Nevertheless, in the central-z region, the
model fits reasonably well. We should note that since the
distributions are basically exponential, the fit is heavily
weighted by the lowest couple of points included in the
fit, and hence the parameters of the fit depend heavily
upon the choice of the minimum value of z included in
the fit.
There are several ways of comparing the distributions

to ascertain whether they could belong to different par-
ent distributions. The simplest is to follow the model of
the exponential parent distribution and to compare the
parameters of the fits of the corresponding data distri-
butions along with the errors on those parameters. The
parameters of the data distributions &om both targets
and both kinematic ranges are all within one a of each
other.
The next simplest comparison is to take the ratios of

the data distributions. These are plotted in Figs. 7(e)
and 7(f). The ratios indicate that these distributions are
consistent between the two targets, for both regions of
kinematics. In fact, the distributions are consistent for
the two kinematic regions for a single target. In Fig. 8
we have plotted the ratios of the z distributions for the
low-kinematic region over the high-kinematic region; the
ratio for the xenon target is plotted in Fig. 8(a), and
the ratio for the deuterium target is plotted in Fig. 8(b).
These ratios are both consistent with unity, within our
statistical and systematic error of 14%. This indicates
that the hadron distributions are not dependent strongly
upon the kinematics of the initial scattering and justifies
considering the factorization approximation, even across
these disparate kinematic ranges; we only needed it to
hold within each kinematic range separately.
More sophisticated approaches can yield more precise

exclusions of parent distribution similarity. One common
approach is to integrate over a range of z, yielding a par-
tial multiplicity, and to take the ratio of these quantities.
We define this integration R, pl, as
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FIG. 7. z distributions: Xe and Dq. These plots show the z

distributions from xenon and deuterium and the ratios of the
distributions. The distributions on the left are &om events
in the low kinematic region: Kinj, while those on the right
are &om events in the high kinematic region: Kinq. The data
have been corrected for acceptance but not for target length
sects; they are tabulated in Tables XIX and XXX.

FIG. 8. Ratio of kinematic regions. These plots show the
ratios of the z distributions for the low kinematic region over
the high kinematic region, for the xenon target in (a} and for
the deuterium target in (b). The data from these plots are
tabulated in Table XXXI.

40



The range of these predictions is greatly extended by Evolution & Resummation: If we
have factorization, we can automatically extrapolate from one energy scale to another.

• Whenever there is factorization, there is evolution

0 = µ
d

dµ
lnσphys(Q,m)

µ
d ln f

dµ
= −P (αs(µ)) = −µd ln σ̂

dµ

• We can calculate P because we can calculate σ̂.
(Dokshitzer, Gribov, LIpatov, Altarelli, Parisi)

• Wherever there is evolution there is resummation,

σphys(Q,m) = σphys(q,m) ⊗ exp





∫ Q
q

dµ′

µ′
P (αs(µ

′))





• For example: σphys ≡ F̃2(Q
2, N) =

∫1
0 dx x

N−1F (Q2, x), a moment in ep deep-inelastic
scattering. The success of this formalism is extraordinary.
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Computing jet cross sections

• Factorized jet cross sections look like this:

dσ(A+B → {pi}) (1)

=
∫
dxadxb fa/A(xa, µF ) fb/B(xb, µF )

× C


xapA, xbpB,

Q

µF
,
pi · pj
pk · pl



ab→c1...cNjets+X

×d


Njets∏

i=1
Jci(pi, µF )




• Parton distributions, short distance “coefficients” and functions of the jet momenta tell
a story of autonomous correlated on-shell propagations punctuated by a single short-
distance interaction.

Correlated and “autonomous” dynamics. The data confront calculations . . .
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Inclusive jet and dijet cross sections

look at the production of jets of hadrons with large transverse energy in

inclusive jet events pp ! j + X

exclusive dijet events pp ! 2j

cross sections measured as a function of the jet pT , rapidity y and dijet invariant mass mjj in
double differential form

(CMS-PAS-SMP-12-012) (ATLAS-CONF-2012-021)

Inclusive jet cross section

Motivation for NNLO

experimental uncertainties at high-pT smaller than theoretical ! need pQCD predictions to
NNLO accuracy

collider jet data can be used to constrain parton distribution functions

size of NNLO correction important for precise determination of PDF’s

inclusion of jet data in NNLO parton distribution fits requires NNLO corrections to jet cross
sections

↵s determination from hadronic jet observables limited by theoretical uncertainty due to scale
choice
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• We have seen that enhancement of particle correlations is built into QFT, and mutual
autonomy is a feature of classical pictures. Different jets follow different paths.

• The same factorization → evolution step applies to our jets, and they “evolve”

J(scale µ2) ∼ J(scale µ1) exp



∫ µ2
µ1

dµ′

µ′
∫
dx P (x, αs(µ

′))




• Each term in the exponent corresponds to the potential emission of a new “subjet”,
which factors from the remaining jet and evolves nearly autonomously into the final
state, branching further subjets along the way.

• These double-logarithmic exponentiations give the theory curves for event shapes (as
thrust above). Extensions to hadronic environments invite many further analyses.

• This is also exploited systematically to build event generators (PYTHIA, Herwig . . . ),
which simulate the details of events by probabilistic steps specified in detail by the
calculable “spitting functions” P (x, αs).
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Herwig: The Evolution of a Monte Carlo Event Generator

Introduction

A Monte Carlo Event

t

t̄ b̄

W −

b
W +

νℓℓ+

Hadrons

H
ad

ro
n
s

Hadrons

Hadrons

H
ad

ro
n
s

Hadronization
p, p̄

p, p̄

Peter Richardson Herwig: The Evolution of a Monte Carlo Event GeneratorHere’s a representation of an Event generated by Herwig. Although it looks like an
amplitude, each step is probabilistic, and given by splitting functions as above.
(P. Richardson, 2015)

• Which brings us full circle. To model “real” final states, the step has to be made
between perturbative jets given by gluons and quarks, and hadrons. Modern event
generators exploit the calculable momentum and quantum number distributions provided
by perturbation theory to make the final step: hadronization, shown here between final-
state partons that are “close enough” in phase space.
It is close to here that the tide of our theory reaches its current high water mark.

• It is here that nuclear targets can provide filters on the mechanisms of hadronization. A
systematic theory for these effects will be invaluable.
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4. Outlook for Jets (at an EIC)

Jet cross sections will be an important part of DIS at EIC energies. The theory described
above provides a secure starting point.

At expected EIC energies, jet cross sections will be remain sensitive to a range of nonper-
turbative effects associated with both vacuum and medium dynamics.

The dependence of jet properties on target size will shed light on both the time evolution
of hadronization and on target structure.

Of special interest will be the dependence of jet-specific fragmentation functions on kine-
matic properties of the scattering.

Tests of parton-hadron duality analyses are particularly promising. How is the perturbative
probability distribution for parton production (re)distributed among observed hadrons?
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