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Macroscopic manifestations of chiral anomalies

• condensed matter  
chiral anomaly in Weyl semimetals, transport of energy and information

at room temperature


• astrophysics 
helical perturbations in large scale electro-magnetic fields, magnetic fields

in stars, novel instability mechanisms (=transport)


• cosmology 
baryogenesis, CP violation and the structure of non-Abelian gauge 
theories


• nuclear and high energy physics 
chiral fluids in ultra-relativistic heavy ion collisions, probing the topological

structure of Quantum Chromodynamics

Motivations to understand  
chiral transport
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• Anomalies test P and CP odd field configurations

• Ultra-relativistic Heavy Ion Collisions:  
significant experimental effort

“Magnetic Field related”

“Vortical Effects”

“Polarization of Hyperons”



The life of a chiral fluid
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Out of equilibrium Equilibrium?

“classical statistical  
simulations”

“spin/chiral hydrodynamics”

“kinetic theory and chirality”

“lattice simulations”

“holography”
“EFT”
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QCD: Chiral fluid carries no net chirality
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Towards chiral transport

• Aim for relativistic Boltzmann equation for chiral 
fermions in weak-coupling, dilute limit 

• Chirality, spin and interactions with topological 
background in quasi particle picture? 

• Relevant scales and mechanisms?
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World-line approach
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1. World-line approach to Quantum Field theory

Polyakov; Bern, Kosower; Strassler• One-loop effective action

• Integral representation of log (heat-kernel)

• Effective action: QM path integral of particle on circle (Strassler, 1992)

relativistic point-particle action 
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1. World-line approach to Quantum Field theory

Berezin & Marinov, Barducci, Balachandran, Casalbuoni, Brink, Howe, 
DiVecchia (70s-80s)

• ‘SUSY spinning particle models’ via anti-commuting variables

• Real part

• Heat kernel representation

+ …
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1. World-line approach to Quantum Field theory

• Imaginary part (phase of fermionic determinant)

• Ill defined, variation wrt. B define chiral currents. Cannot be regulated without

violating chiral symmetry

• In world-line formulation explicit! Heat-kernel regularization only after 
breaking chiral symmetry —> Anomaly from imaginary part

• Anomaly related to Grassmann zero modes on the world line (see also Polyakov’s book 80’s)
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Berry’s phase and the adiabatic limit

• real part of world-line effective action contains a Berry phase

• while the anomaly is related to the imaginary part…

c.f. talk by K. Fujikawa, 
see e.g. Phys.Rev. D97 (2018) no.1, 016018

• In non-relativistic, adiabatic limit
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Towards chiral kinetic theory
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2. Towards chiral kinetic theory
• World-line approach to Schwinger-Keldysh (SK) path integral

• In saddle-point limit central object is Wigner distribution

• Chiral Fermion Hamiltonian
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• chiral fermions and local topological fluctuations

• Fluctuations from initial density matrix / Wigner distribution 
(not necessarily thermal)

• What is the dynamics of                            ?

• What are the relevant scales for                      ?

2. Towards chiral kinetic theory
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• Arnold, Son, Yaffe, Thermal non-abelian plasmas, 

 sphaleron transitions, Phys.Rev. D55 (1997) 6264-6273

• Bodeker, real-time dynamics for topological transitions, 

via stochastic Boltzmann-Vlasov equations, 

Phys.Lett. B426 (1998) 351-360 

Relevant work

• Kelly, Liu, Litim, Manuel,  kinetic theory with internal degrees of freedom color,

Phys.Rev.Lett. 72 (1994) 3461-3463, Phys.Rev.Lett. 82 (1999) 4981-4984  

• Jalilian-Marian, Jeon, Venugopalan, Wirstam, kinetic theory from world line

approach to QFT, colored-scalar particles

L



• Equations of motion from world-line Hamiltonian
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• Collision terms from fluctuations

• Equations of motion from world-line Hamiltonian

c.f. BBGKY hierarchy, Landau Lifshitz, “Statistical Physics” and “Physical Kinetics”

• Using Maxwell / Yang-Mills equations —> hierarchy of equations
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2. Towards chiral kinetic theory



Summary

• Consistent Chiral Kinetic Theory using the world-line approach 
to QFT 

• Berry phase and anomaly 

• Issues of Lorentz covariance and chirality/spin/helicity 

• Non-equilibrium many-body (SK) formulation:  
quantum kinetic theory in saddle point limit 

• Fluctuations and scales matter

!17



Back-up:  
Origin of the anomaly and Berry phase

The non-relativistic, 

and adiabatic limit of the world-line representation contains a Berry phase

Interesting related development: K. Fujikawa 2005 and 2017!18



Back-up:  
Origin of the anomaly and Berry phase

The non-relativistic, 

and adiabatic limit of the world-line representation contains a Berry phase

In the adiabatic limit, for large chemical potential and zero mass 
we reproduce the results of Son & Yamamoto, Stephanov and Yin … 

… from the real part, which we have shown to be independent of the anomaly

Interesting related development: K. Fujikawa 2005 and 2017!18



Fujikawa 2005
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3. Bonus: Side-jumps

An issue of Lorentz covariance and spin: side jumps

Seems puzzling, but is not

gauge parameters (Lagrange multiplier), 1st class constraints

mass-shell constraint helicity constraint

• ‘Position’            at given ‘time’ is not gauge invariant, because        is not 
(reparametrization invariance of world line of relativistic particle). 

• Similarly defining the local spin frame is somewhat ambiguous.            



+
-

L
L

• Collision terms generated by (topological) 
fluctuations in the medium

Backup: Chiral Kinetic Theory

• Similar equations exist for the fluctuations, which in the dilute limit  
    can be solved in closed form (c.f. BBGKY hierarchy)
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Backup: Grassmann extended phase space

Poisson/Dirac Brakets
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Backup: Chiral phase space

Weyl equation

Weyl Hamiltonian

Phase space measure
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Large Magnetic Fields

‘Anomalous transport’Fermion production

See talk by  
W. Florkowski

Back-up: Overview and Literature  
Pre-equilibrium dynamics of the CME

Real-time lattice simulations 

M. Mace, S. Schlichting, R. Venugopalan, PRD 93, 074036

M. Mace, NM, S. Schlichting, S. Sharma: PRL 117, 061601, PRD 95, 036023, NPA 967, 752 

N. Tanji, NM, J. Berges: PRD 93, 074507

N. Tanji, J. Berges, PRD 97, 034013

Anomalous Hydro 

Son, Surowka 2009; 
Nair, Ray, Roy 2012 
Hongo, Hirnono, Hirano 2013, 
Hirono, Hirano, Kharzeev 2014, 
Florkowski, Friman, Jaiswal, Speranza 2017

See talk by N. Tanji

Chiral Kinetic Theory

Wigner functions, Gao, Pu, Wang, Huang, Shi, Jiang, Liao, Zhuang, Yang,  … 


Berry phases, Son & Yamamoto, Stephanov & Yi, Stone, 

Manuel, Torres-Rincon, Hidaka, Pu, Yang, Sun, Ko, Li, ….

?
See talks in this session
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