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» Why we need spin degrees of freedom in hydrodynamics
» Equations for perfect-fluid hydrodynamics with spin

» Analytic and numerical results
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Motivation

Non-central nuclear collisions = Large global angular momentum
= May generate spin polarization of hot and dense matter

Connection between spin polarization and vorticity
Measurement of A hyperon polarization: "Most vortical fluid"
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Basic conservation laws

Poincare symmetry leads to basic conservation laws

Energy-momentum tensor TH¥
Conservation of energy and momentum:

9, T" =0 J

Total angular momentum tensor ("orbital"+"spin")

j),;u/ — T—)\y Y :,\')\[L + §)\,uu

Conservation of total angular momentum:

AT = 0 s 9y 5M = T T

Spin tensor SM*¥ is in general not conserved
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Pseudo-gauge transformations

Total energy-momentum and angular momentum must be fixed
p :/d3>:A TR g :/d3ZA N

Densities are defined up to divergences
—> Pseudo-gauge transformations:
(F. W. Hehl, Rep. Mat. Phys. 9, 55 (1976))

?\-/;u/ _ ?uy + 18)\ as/\uy + au,u)\ + a\)l/, nA
2
§/)\,;w _ §>\,p,u . a;)\,;u/

Leave P* and J*¥ invariant )

Belinfante's case
Tétéll _ /w la (SA v + S;L VA Su, /L)\)

A\ pv
SBeI =0
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Density operators for local equilibrium

F. Becattini, W. Florkowski, ES (in preparation)

Belinfante’s case: Constraints on energy and momentum (S3./” = 0)

pBe.—exp[ [ a0 )ﬂu]

Canonical case: constraints on energy, momentum and angular momentum

pem=ep |- [ T, (T8 008 - 332 hon. )|

After pseudo gauge transformation (considering Dirac theory):

e =0 |~ [ 5,00 (T83008 — 5 (0 + 5005, — 0.6 )|
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Density operators for local equilibrium

F. Becattini, W. Florkowski, ES (in preparation)

Belinfante’s case: Constraints on energy and momentum (S3./” = 0)

pBe.—exp[ [ a0 )ﬁu]

Canonical case: constraints on energy, momentum and angular momentum

Pean = exp [f [#50 (?a”n(x) sc“;ﬁ“(xm)}

After pseudo gauge transformation (considering Dirac theory):

e =0 |~ [ 5,00 (T83008 — 5 (0 + 5005, — 0.6 )|

ﬁBeI 7é Z)\Can unless Wpr = _%(ap&ﬁu - avﬂu) J

Measurable quantities related to W(p),.,» = tr(pa’(p)oa(p)o-),

In general Wegel(p)o,or # Wean(P)o,o’ )
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Global thermodynamic equilibrium

Density operator for quantum mechanical system

peew |~ [ @0 (7008 - 355 (s )

Global thermodynamic equilibrium

U

p independent of time

4

6;“81/ + 81/5# =0,

1
War = —5 (0uBy — 0uB,) = const  (thermal vorticity)
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Global vs. local equilibrium

Present phenomenology prescription used to describe the data:

1) Run any type of hydro (perfect or viscous)

2) Find ,(x) = uu(x)/ T(x) on the freeze-out hypersurface

3) Calculate thermal vorticity

4) Identify thermal vorticity with the spin-polarization tensor w,,,,
5) Make predictions about spin polarization

This talk:

In local equilibrium thermal vorticity and w,,, are in general
different

wpu7é_% (8u6u - allﬂ,u)

Bu(x) and wy,(x) are independent quantities

Eventually, 5, and w,,, become related at global equilibrium
Spin polarization may be early-stage effect that survives the whole

evolution
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» Starting point (Becattini et al., Annals. Phys. 338 32):

P 00p) = 5 B(X us(p), i (x,p) = — 5 B(P)X u(p)

m
Xt = exp [+&(x) — Bu(x)p"] Mm*
M* = exp {:I:%wm,(x)z*“’]

with g* = u"/T, £ = p/T, T = (i/4)[*,7"]
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Local distribution functions for spin-1/2 particles
Starting point (Becattini et al., Annals. Phys. 338 32):
£ 00p) = oo B(P)X Tus(p), i (x,p) = — 5 B(R)X Wi(p)
X* = exp [£€(x) — B (x)p"] M*
M* = exp {:ﬁ:%ww(x)zw}
with g = u*/T, £ = p/T, 2" = (i/4)[y",7"]
Wy analogue to EM field-strength tensor Fp, = E,u, — E uy + €5, u” BY

_ B,
Wuy = kuuy — kpuy + €y w

Assumptions: k- w=k-u=w-u=0,and k- k —w-w >0 (Cis real)

M* = cosh(¢) + sin2h<(§) W X ¢ = % k k—w-w J
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Local distribution functions for spin-1/2 particles

Starting point (Becattini et al., Annals. Phys. 338 32):
£ 00p) = oo B(P)X Tus(p), i (x,p) = — 5 B(R)X Wi(p)
X = exp [HE(x) — fu(x)p"] M*
M* = exp {:ﬁ:%ww(x)):‘“’}
with 3 = u /T, & = p/T, X" = (i/4)[v",7"]
Wy analogue to EM field-strength tensor Fp, = E,u, — E uy + €5, u” BY

_ B,
Wuy = kuuy — kpuy + €y w

Assumptions: k- w=k-u=w-u=0,and k- k —w-w >0 (Cis real)

M* = cosh(¢) + sin2h<(§) W X ¢ = % k k—w-w J

¢ imaginary — W. Florkowski, ES, F. Becattini, arXiv:1803.11098
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Charge current and energy-momentum tensor

Charge current (de Groot, van Leeuwen, van Weert)
d®p _
N = | o p" [tra(XT) — tra(X7)] = nu”
/2(27r)3E,,p [tra(XT) — tra(X7)] = nu

particles — antiparticles

—_——~
n = 4 cosh(¢) sinh(&) ny(T) = <e< + e7C> (65 - ef‘g) noy(T)
—————

spin-up + spin-down

Boltzmann average

noy(T) = / (;ﬁ(u p)e P

Energy-momentum tensor (de Groot, van Leeuwen, van Weert)

v d? y B ) )
T+ :/ﬁp“p [tr4(X+)+tr4(X )] = (e + P)u"u” — Pgh,
P

€ = 4cosh(¢) cosh(€) g)(T)
P = 4 cosh(¢) cosh(&) Py(T),
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Entropy current

Generalization of the Boltzmann expression

St = / A (tre [XT(nXF = 1)) + trg [X~(In X~ = 1)] )
2(27)3E,
e+ P—pun—Qw
T
Q defined through the relation ( = Q/T

— 2 —
s=u,S"=

w = 4 sinh(() cosh(&) n(q)
New thermodynamic variable 2 — "Spin chemical potential"

OP(T, 11, Q) OP(T, 1, Q) OP(T, 1, Q)
s=——>2""* | p=-—""1""7 , w= ———"~
oT 10 ou 7.0 0 T
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Hydrodynamic spin background equations

Conservation of energy and momentum:

dP

0T =0 = ulle+ P = uw'9,P =T

Evaluating the derivatives
T Ou(sut) + p o, (nu*) + Q 0, (wut) = 0.
Charge conservation:
Ou(nut) = 0.
Perfect fluid = entropy conservation = we demand:

Additional conservation law

Ou(wu") =0

Self-consistent entropy conservation 0, (su*) = 0
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Spin dynamics

Symmetric TH

4

OHSM =0

Form of the spin tensor (Becattini, Tinti, Annals Phys. 325, 1566)

d3p wu
Apv A t X+ X\ = n2
s PTG ==

Rescaled spin-polarization tensor " = wh” /(2()

domv
Po e = = =0 J
dt

Parallel transport of the spin polarization direction along the fluid
stream lines

Non-trivial spin dynamics
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» Hydrodynamic flow u* = ~(1, v) (rigid rotor):

UOI’)’, ulz—fyfzy’ u :’YQXa u :Oa
Qis a constant, v = 1/V/1 —Q2r2, 12 = x% + 2
Due to limiting light speed, 0 < r < R < 1/Q
> Solution for hydrodynamic spin background:
T=Toy, p=poy, Q=07
0.4, 315 " ut=p(1, -riy, Ox, 0) boundary
condition
3.10] radius
0.3
sosf
s 1T
0.2 2 3,00 e
<
2.95
2.90
0.0 2 ) 6 10 2855 2 4 6 8 10 k=0°y(0,x,y, 0T

w,=3 y(0,0,0, 1T,



» Unpolarized vortex: w,, =0 and g =0

»~ Polarized vortex (global equilibrium):

0 0 0 0
o o QT 0 -
R (VI o  r S N O =2

0 0 0 0

Spin-polarization tensor = thermal vorticity:

1
e = =5 (0uby = B,,)
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Isolated vortex (1)

External boundary is removed = Expansion into external vacuum

lved numerically

(0]

Time dependent problem s

~
~
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Color gradient: strength of fluid velocity
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Isolated vortex (II)

0.04,

-0.02

[ pansameTES.

r{fm] T [fm]

Time increases by 2 fm: red — black lines

Spin-polarization tensor # thermal vorticity

r [fm]

17/20



Quasi-realistic model for low energy collisions

Initial temperature and flow profile
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Polarization evolution

y [im]

y [fm]

0
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Conclusions

Summary
Hydrodynamic framework which includes evolution of spin density in a
consistent fashion
Minimal extension of well-established perfect-fluid picture
Polarization evolution in heavy-ion collisions

Advantage to study dynamics of systems in local equilibrium,
compared to studies where global equilibrium was assumed

Outlook

Spin-orbit interaction

Dissipative effects
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Local distribution functions for spin-1/2 particles
Starting point (Becattini et al., Annals. Phys. 338 32):

F00p) = o B(P)X Tus(p), i (x,p) = — 5 B(R)X ()

X* = exp [£€(x) — Bu(x)p"] M*
M* = exp {:ﬁ:%ww(x)zuu}
with 8" = u# /T, & = p/T, T = (i/4)[",~"]

wyy analogue to EM field-strength tensor F,, = E,u, — Eyuy + €0y u’ B
W = Kty — kyty + €upyu’w?

Polarization tensor expressed like EM field-strength tensor

0 et e? el
=€t 0 —-b*  b?
Wnr =1 e p3 0 —bt

—e3 —p% bt 0

20/20



Spin-density matrix

Pure state: |[¢) = )", a\|\)
Expectation value of an operator (O) = (¥|O|v)

Mixed state: incoherent mixture of |1;) with statistical weight a;

AN

F= Yl = X A J

v = a cﬁ\")ci",)*. Expectation value: (O) = Tr(f O)
Spin-1/2 particle (2 x 2 hermitian matrix):
1
Polarization 3-vector: P = (o) = Tr(f o)
|P| =1 Pure state
0<|P|] <1 Mixed state
|P| =0 Completely unpolarized mixed state
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Polarization 3-vector P

Expansion in terms of Pauli matrices

fE(x,p) = e**=PF {cosh(() — sinzhc(C) P o’}
1 .
P=— {prpxe Eermp} = b.

« denotes the PARTICLE REST FRAME
Average polarization vector

Lirg [(FT 4 F7)o] 1 P

S A Y Y V(e

2 [ 4] 5 tanh(C)5z

1 1 b.
’P——Etanh 5 b*'b*_e*'e* b*-b*—e*'e*

CAUTION: Valid for small w,,,, and particle momenta p
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Spin tensor SN

Total energy-momentum and angular momentum must be fixed
pH = /di“zA T = /a/3zA S

Densities are defined up to divergences
— Pseudo-gauge transformations:

T/;w — THV + %a)\(q))\,m/ + (Du,u)\ + oY [L)\)
5/)\,;1,1/ _ SA,;LV . q))\,p,u + aazak,uu

Leave P¥ and J*¥ invariant )
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Pauli-Lubanski four-vector (1)

Phase-space density of total angular momentum of particle with momentum p

A, v
E, dJ> (x, p)
d3p

Pauli-Lubanski four-vector

dAN.(x,p) _ lewaﬁ AT (x) E,

E [
P d3p 2

d3p

Which spin tensor do we use?

d? -
St — ?p ptra [(XT=XT)ZH] = w
Total angular momentum density becomes

JA ua(X P)

dJ e (x, p) p°

A

ac”

EPT 5P (P =X P! tra(XT 4 XT) 4 2 p M [(XT - XT) 2]
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Pauli-Lubanski four-vector (1)

Particle density in the volume AY

dAN K " _
gy 2 AT Pt (XTI XT)

PL per particle

o AHH(X, p)
"l P) = A p)

PL four-vector in the PRF agrees with the Polarization vector (!)

WS:O, T =P }

What about other forms for spin tensor?
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Different form for spin tensor

PL four-vector

dAN,(x.p) _ 1 47 (x,p) p’
By = e AW T B

Canonical spin tensor

d3p _
Shiv — n/ — (pMtry [(XT = X7)Z]
2E,
—pttry [(XT = XT)ZM] + pUtry [(XT — X7)ZM])

de Groot, van Leeuwen, van Weert spin tensor
Sty = / (tr4 (Xt — X))
+2m try [(X* — X7 )pay® (¥1p” — 7“#‘)])

PL is identical for all forms of spin tensor considered! )
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