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Atmospheric neutrinos

Neutrinos in the atmosphere originate from the 
interactions of cosmic rays
(etc. protons) with nuclei.
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Atmospheric neutrinos
• Conventional: decays of lighter mesons

τ ∼ 10
−8

sMean lifetime:

π±, K±

Long lifetime: interaction occurs before decay

Lint < Ldec

Long-lived mesons 
loose energy

Steeply falling flux of 
neutrinos Φν ∼ E
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Prompt neutrinos
• Prompt: decays of heavier, charmed or bottom mesons

τ ∼ 10
−12

sMean lifetime:

D±, D0, Ds

Short lifetime: decay, no interaction

Lint > Ldec

Flat flux, more energy 
transferred to neutrino Φν ∼ E

−2.7
ν

u

c

-baryon Λc cD
+

D
0



Prompt vs conventional flux

High energy atmospheric neutrino flux as a function of energy
conventional: 
decay of long 
lived pions and 
kaons: loose 
energy.
Soft spectrum.

prompt: decay of 
short lived charmed 
mesons: do not loose 
energy.
Hard spectrum.

•Conventional flux: constrained by the low energy neutrino data.

•Prompt flux: poorly known, large uncertainties. Essential to evaluate as it can 
dominate the background for searches for extraterrestrial high energy neutrinos.
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where the flux is somewhat smaller. The low energy deficit reflects the same deficit

of the cross section shown in fig. 6 since the kT factorization model applies to small x

physics and therefore applies to high energies. At the high energies shown, the linear

kT approach is about 7 times larger than the non-linear kT flux prediction, reflecting

the range of impact that small-x e↵ects can have on the high energy prompt flux.
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Figure 21. Comparison of the muon neutrino plus antineutrino fluxes using all the ap-

proaches: NLO perturbative QCD with nCTEQ15 (blue) and EPS09 (orange), dipole model

(magenta), kT factorization (green) with the other calculations (black): BERSS [11], ERS

[10], GMS [12] and GRRST [14].

Finally, in fig. 21, we compare the three approaches using the broken power law with

the BERSS [11], ERS [10], GMS [12] and GRRST [14] results. Relative to the BERSS

flux, the dipole model predicts a larger low energy flux, while the kT factorization

model based on the linear evolution predicts a larger high energy flux. On the other

hand the flux based on the kT factorization with nuclear corrections is consistent with

the lower end of the NLO pQCD calculation. Our new perturbative result lies below

the BERSS band for most of the energy range, due to a combination of the nuclear

shadowing and the rescaling of the fragmentation fractions to sum to unity. The total
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gluon

gluon

charm-quark

charm-antiquark

D meson

neutrino

production

fragmentation

decaySources of  uncertainties:

• Initial Cosmic Ray flux: shape and composition

• Strong interaction cross section: framework 
(collinear, small x, saturation), parton distribution 
functions, nuclear effects, intrinsic charm

• Charm meson fragmentation

• Decay

• Interaction cross section of neutrino

cosmic ray

neutrino
interaction

and detection

From cosmic ray to 
neutrino detection



Frameworks for  heavy quark production

• Standard NLO perturbative QCD collinear calculation.

• High-energy factorization with small x BFKL/DGLAP resummed 
evolution, including saturation effects (through nonlinear evolution 
equation).

• Small x dipole model with saturation.

Also:

Nuclear corrections.

b quark contribution.



Heavy quark production in hadron collisions
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Schematic representation of charm production in pp scattering:

parton distribution function at 
scale  
parametrized at scale    
evolved to higher scales with QCD 
evolution equations

partonic cross section calculable in 
a perturbative way in QCD

µ
µ0

x1, x2 longitudinal momentum fractions 
(of a proton momentum) of gluons 
participating in a scattering process

Factorization formula for cross section:

d�pp!c+X

dxF
=

X

i,j

fi(x1, µF )⌦ �̂gg!cc̄(ŝ,mc, µF , µR)⌦ fj(x2, µF )

�̂gg!cc̄(ŝ, µF , µR,↵s)

�̂gg!cc̄(ŝ, µF , µR,↵s)

fi(x, µ) fi(x1, µ)

fj(x2, µ)



 pQCD collinear calculation

For the cosmic ray interactions we are interested  in the forward production: charm quark is 
produced with very high fraction of the momentum of the incoming cosmic ray projectile. 

Other participating gluon will have very small fraction of longitudinal momentum:

xF � x2 x2 ⇠ M2
cc̄

xF s
xF ' Ec

Ep

s � M2
cc̄

The cross section is sensitive to the domain of 
parton densities  which are at very small values of x.
This is poorly constrained region.

d�pp!c+X

dxF
=

X

i,j

fi(x1, µF )⌦ �̂gg!cc̄(ŝ,mc, µF , µR)⌦ fj(x2, µF )
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Fig. 2. Top left: the dependence of χ2 per degree of freedom (d.o.f.) on Q2
min of LO,

NLO and NNLO fits to the combined data. Top right: comparison of NLO PDFs
xuv, xdv , xS = 2x(U +D) and xg between HERAPDF2.0 and 1.0. Bottom left:
The combined low-Q2 NC e+p cross section data in comparison with predictions
from high Q2 version of NNLO HERAPDF2.0. Dotted lines indicate extrapolation
into kinematic regions not included in the fit. Bottom right: χ2−χ2

min vs. αs(M2
Z
)

for fits with different Q2
min using (upper part) inclusive charm and jet production

at NLO, (middle part) inclusive ep scattering data only at NLO and (lower part)
inclusive ep scattering data only at NNLO.

from HERAPDF1.0. The new PDFs have substantially better precision in
particular at high x and the new u and d valence quarks are slightly harder



 Hybrid kT factorization calculation
Use kT factorization for heavy quarks with off-shell gluon and unintegrated parton density. 
Suitable for the high energy - low x regime.
Catani,Ciafaloni,Hautmann; Collins,Ellis; Levin,Ryskin,Shabelski,Shuvaev
Since it is forward production, use ‘hybrid’ calculation: treat large x gluon as collinear, and small 
x gluon as off-shell.

Heavy quark production

kT-factorization

• The HQ pair production cross section in hybrid formalism:

�(pp ! qq̄X) =

Z
dx1

x1

dx2

x2
dz dxF �(zx1 � xF )x1g(x1,MF )

⇥
Z

dk2T
k2T

�̂o↵(z, ŝ, kT ) f(x2, k
2
T )

- collinear approximation for the incoming parton from the CR particles.
- kT factorization for the low x parton from target nucleus

• The small x resummation is incorporated in the unintegrated PDF. 
• Parton saturation can be included through nonlinear evolution of the 

unintegrated parton density

off-shell gluon with kT dependence

collinear gluon

c

c̄

collinear

kT

incoming cosmic ray

target air nucleus

Unintegrated gluon density obtained 
from the resummed small x evolution 
equation with non-linear term

Kutak,Sapeta;
based on KMS (Kwiecinski,Martin,AS) 



 Dipole model calculation

At high energy the production of the heavy quark pair is viewed as interaction of 
color dipole:

Gluon fluctuation into heavy quark-antiquark pair : color dipole

Interaction of the color dipole with the hadronic target.

Advantage of this framework: saturation and nuclear effects can be easily included as 
multiple scattering of the color dipole off the target.

3

FIG. 2: The perturbative diagrams giving rise to the scatter-
ing of a gluon with the g → qq̄ pair fluctuation in hadronic
collisions.

for each quark flavor f with fractional charge ef by [26]

|Ψf
T (z, r, Q2)|2 = (5)

e2
f
αemNc

2π2

[(

z2 + (1 − z)2
)

ϵ2K2
1(ϵr) + m2

fK2
0(ϵr)

]

,

where ϵ2 = z(1−z)Q2+m2
f , and K0 and K1 are modified

Bessel functions.
The cross section for the high energy interaction of a

small-size qq̄ configuration with the nucleon, σqq̄N (r), can
be calculated in leading-order perturbative QCD. In this
approximation, one sets σqq̄N (r) equal to [27]

σpQCD
d =

π3

3
r2 αs(µ)xG(x1, µ

2). (6)

This cross section is, as discussed above, proportional to
the square of the size of the pointlike configuration as
a consequence of color transparency in QCD. However,
the singular behavior of the wave function and the strong
scaling violation of the gluon distribution in the small-x
region as r decreases can compensate the smallness of the
cross section due to color transparency.

Ultimately, gluon saturation effects need to be included
for a more realistic σqq̄N (r). One would then derive an
approximate expression for the dipole cross section from
theory, including saturation effects, and use experimen-
tal data to determine incalculable parameters in this ex-
pression. Before we turn to saturation and the types of
functional forms used to fit the dipole cross section, in
the next section we describe how heavy quark produc-
tion in proton-proton scattering is treated in the dipole
picture.

C. Heavy quark production

Heavy quark production in hadronic collisions can be
obtained in the same formalism [28, 29, 30, 31]. In this
case, the dipole is produced from a gluon instead of a
photon, so that the dipole can be in a color octet state.
As shown in Figure 2, there is now an additional diagram
that contributes, in which the gluon interacts with the
target before fluctuating to a dipole.

The differential cross section for heavy quark produc-
tion is [28]

dσ(pp → QQ̄X)

dy
≃ x1 G(x1, µ

2)σGp→QQ̄X(x2, µ
2, Q2),

(7)

where x1 and x2 are the partonic momentum fractions,
y = 1

2 ln(x1/x2) is the QQ̄ pair rapidity and σGp→QQ̄X is
the partonic cross section calculated in the dipole model,

σGp→QQ̄X(x, µ2, Q2) =

∫

dz d2
r|ΨQ

G(z, r)|2σdG(x, r) .

(8)

The probability of finding a QQ̄ pair with a separation r

and a fractional momentum z, is given by

|ΨQ
G(z, r, Q2 = 0)|2 = (9)

αs(µ)

2π2

[(

z2 + (1 − z)2
)

m2
QK2

1 (mQr) + m2
QK2

0 (mQr)
]

,

where µ ∼ 1/r is the factorization scale. For heavy quark
production we have Q2 = 0, so µ ∼ mQ and ϵ = mQ.

The dipole cross section that describes the interaction
of a heavy quark–antiquark pair from the fluctuation of
a gluon with the target nucleon is given by [28]

σN
GQQ̄(x2, r) =

9

8
[σd(x2, zr) + σd(x2, (1 − z)r)]

− 1

8
σd(x2, r), (10)

where σd is the color singlet dipole cross section of Eq.
(4). The first term corresponds to the quark–gluon
(G−Q) separation zr, the antiquark–gluon (G− Q̄) sep-
aration (1 − z)r and the quark–antiquark (Q − Q̄) sepa-
ration r. This expression includes contributions from the
three different color and spin states in which QQ̄ can be
produced [30].

Finally, to take threshold corrections for charm pro-
duction at large x into account, the dipole cross section
is multiplied with a factor (1 − x2)7 [32]. We find this
correction to be negligible for energies above 103 GeV.

D. The dipole–proton cross section and saturation

The dynamics of the scattering process at small x is, in
principle, included in the dipole cross section. Thus, to
compute the differential cross section dσ/dxF we must
find the cross section for a cc̄ dipole to scatter on the
proton, including the effects of saturation.

A simple model for saturation was proposed by Golec-
Biernat and Wüsthoff [33]. In their model, the dipole
cross section is parametrized as

σGBW
d = σ0

[

1 − e−r2Q2
s(x)/4

]

, (11)

where Qs is the saturation scale,

Qs = Qs(x) = Q0(x0/x)λ/2 (12)

with Q0 = 1 GeV. The parameters λ and x0 in the
above expressions were fitted to HERA data on the struc-
ture function F2 and the diffractive structure function
FD

2 [33].

Mueller;Nikolaev,Zakharov; Kopeliovich, Tarasov; Raufeisen,Peng



 Dipole model calculation

Heavy quark production

Dipole Model

�(pp ! qq̄X) '
Z

dy x1g(x1,MF )�
gp!qq̄X(x2,MR, Q

2 = 0)

• The HQ pair production cross section in dipole model: 

�gp!qq̄X(x,MR, Q
2) =

Z
dz d2~r | q

g(z,~r,MR, Q
2)|2�d(x,~r)

• the partonic interaction has two step process:
- Gluon fluctuation into the quark-antiquark pair (color dipole) →
- Interaction of the color-dipole with the target particle             →

| q
g|2

�d(x,~r) =
9

8
[�d,em(x, z~r) + �d,em(x, (1� z)~r)]� 1

8
�d,em(x,~r)

• The partonic interaction cross section:

Heavy quark cross section in the dipole model:

Partonic cross section:

Heavy quark production
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Z
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g(z,~r,MR, Q
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• the partonic interaction has two step process:
- Gluon fluctuation into the quark-antiquark pair (color dipole) →
- Interaction of the color-dipole with the target particle             →

| q
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�d(x,~r) =
9

8
[�d,em(x, z~r) + �d,em(x, (1� z)~r)]� 1

8
�d,em(x,~r)

• The partonic interaction cross section:

Dipole cross section:

Heavy quark production

Dipole Model

�(pp ! qq̄X) '
Z

dy x1g(x1,MF )�
gp!qq̄X(x2,MR, Q

2 = 0)

• The HQ pair production cross section in dipole model: 

�gp!qq̄X(x,MR, Q
2) =

Z
dz d2~r | q

g(z,~r,MR, Q
2)|2�d(x,~r)

• the partonic interaction has two step process:
- Gluon fluctuation into the quark-antiquark pair (color dipole) →
- Interaction of the color-dipole with the target particle             →

| q
g|2

�d(x,~r) =
9

8
[�d,em(x, z~r) + �d,em(x, (1� z)~r)]� 1

8
�d,em(x,~r)

• The partonic interaction cross section:

2

in the strong coupling constant, αs(µ2), is given by

dσLO

dxF
=

∫

dM2
cc̄

(x1 + x2)s
σgg→cc̄(ŝ)G(x1, µ

2)G(x2, µ
2) (1)

where x1,2 are the momentum fractions of the gluons,
xF = x1 − x2 is the Feynman variable, G(x, µ2) is the
gluon distribution of the proton, and µ is the factoriza-
tion scale. Given the charm–anticharm invariant mass
Mcc̄, the fractional momenta of the gluons, x1,2, can be
expressed in terms of the the Feynman variable, xF ,

x1,2 =
1

2

(
√

x2
F +

4M2
cc̄

s
± xF

)

. (2)

Typically the factorization scale is taken to be of the
order of 2mc.

For the flux calculation we need the differential cross
section as a function of incident proton energy (Ep) and
final charm energy (Ec), convoluted with the incident
cosmic ray proton flux. Clearly at high energies, given
the relationship of Eq. (2), the charm cross section has
dominant contribution when one gluon parton distribu-
tion function (PDF) is at x1 ∼ xF and the other gluon
distribution is at x2 ≪ 1. Since the gluon distribution
cannot be measured directly, its value at very small x
has large uncertainties, especially for the low factoriza-
tion scale µ ∼ 2mc. The dipole picture gives a theo-
retically motivated description of small x physics which
can effectively take into account resummation of the
large αs ln(1/x) contributions [21] to the evolution of the
PDFs. Thus by using the dipole picture, we avoid the
large uncertainty due to the unknown behavior of the
gluon distribution at very small x.

The dipole picture is most straightforwardly described
in the DIS context, which we do next. We then elaborate
how this is applied to hadron–hadron scattering.

B. Dipole picture formalism in deep inelastic
scattering

In deep inelastic lepton–hadron scattering, the high Q2

virtual photon can penetrate the nucleon and probe the
partonic degrees of freedom. This partonic interpreta-
tion based on perturbative QCD is most relevant in the
infinite momentum frame. The Q2-dependence of the
nucleon structure function FN

2 (x, Q2) is well accounted
for by the DGLAP evolution equations [22] given some
non-perturbative initial condition FN

2 (x, Q2
0). As noted

above, at small x one needs to consider the resumma-
tion of large logarithms ln 1/x, which leads to the BFKL
evolution equation [21].

Another feature of the nucleon structure function FN
2

in the DGLAP framework is the strong growth of the
gluon density in the nucleon in the small x region. In
the infinite momentum frame, because of the high nu-
cleon and parton densities, quarks and gluons that be-
long to different nucleons in the nucleus may recombine

FIG. 1: The perturbative diagrams giving rise to scattering
with a gluon of the γ∗ → qq̄ fluctuation in deep inelastic
scattering.

and annihilate, leading to the recombination effect first
proposed by Gribov, Levin and Ryskin (GLR) [20] and
later detailed by Mueller and Qiu [23].

An alternative approach is to consider instead the in-
teraction in the target rest frame (laboratory frame),
where the virtual photon interacts with nucleons via its
quark–antiquark pair (qq̄) color-singlet fluctuation [24].
If the coherence length of the virtual photon fluctuation
is larger than the radius of the nucleus, lc > RA, the qq̄
configuration interacts coherently with all nucleons, with
a cross section given by the color transparency mecha-
nism for a pointlike color-singlet configuration [25]. That
is, the cross section is proportional to the transverse sep-
aration squared, r2, of the q and q̄.

In the dipole picture, the cross section for the absorp-
tion of a virtual photon in the small x region is dominated
by the scattering of a gluon off the qq̄ pair fluctuation of
the virtual photon. The generic perturbative QCD di-
agrams giving rise to the qq̄ fluctuation are shown in
Figure 1. The invariant mass of the incoming virtual
photon-proton system at small x is related to the photon
virtuality Q2 by

s = (q + p)2 ≃ 2p · q =
Q2

x
, (3)

where q and p are the four-momenta of the photon and
the target nucleon, q2 = −Q2 and x = Q2/2p·q. Thus the
region of small x corresponds to a high energy scattering
process at fixed Q2.

The imaginary part of the sum of the amplitudes in
Figure 1 is related to the photoabsorption cross section,
which has been calculated by Nikolaev and Zakharov [26]
assuming that the size of the qq̄ pair is frozen in the scat-
tering process and that the one-gluon exchange process
of Figure 1 dominates. The transverse cross section can
be cast into an impact parameter representation

σ(γ∗N) =

∫ 1

0
dz

∫

d2
r|ΨT (z, r, Q2)|2σqq̄N (x, r) , (4)

where z is the Sudakov variable, defined to be the fraction
of the qq̄ pair momentum carried by the quark, and r is
the variable conjugate to the transverse momentum of the
quark, representing the transverse size of the pair. The
function ΨT (z, r, Q2) can be interpreted as the wave func-
tion of the qq̄ fluctuations of the virtual photon. Thus,
|ΨT (z, r, Q2)|2 is the probability of finding a qq̄ pair with
a separation r and a fractional momentum z. It is given

3

FIG. 2: The perturbative diagrams giving rise to the scatter-
ing of a gluon with the g → qq̄ pair fluctuation in hadronic
collisions.

for each quark flavor f with fractional charge ef by [26]

|Ψf
T (z, r, Q2)|2 = (5)

e2
f
αemNc

2π2

[(

z2 + (1 − z)2
)

ϵ2K2
1(ϵr) + m2

fK2
0(ϵr)

]

,

where ϵ2 = z(1−z)Q2+m2
f , and K0 and K1 are modified

Bessel functions.
The cross section for the high energy interaction of a

small-size qq̄ configuration with the nucleon, σqq̄N (r), can
be calculated in leading-order perturbative QCD. In this
approximation, one sets σqq̄N (r) equal to [27]

σpQCD
d =

π3

3
r2 αs(µ)xG(x1, µ

2). (6)

This cross section is, as discussed above, proportional to
the square of the size of the pointlike configuration as
a consequence of color transparency in QCD. However,
the singular behavior of the wave function and the strong
scaling violation of the gluon distribution in the small-x
region as r decreases can compensate the smallness of the
cross section due to color transparency.

Ultimately, gluon saturation effects need to be included
for a more realistic σqq̄N (r). One would then derive an
approximate expression for the dipole cross section from
theory, including saturation effects, and use experimen-
tal data to determine incalculable parameters in this ex-
pression. Before we turn to saturation and the types of
functional forms used to fit the dipole cross section, in
the next section we describe how heavy quark produc-
tion in proton-proton scattering is treated in the dipole
picture.

C. Heavy quark production

Heavy quark production in hadronic collisions can be
obtained in the same formalism [28, 29, 30, 31]. In this
case, the dipole is produced from a gluon instead of a
photon, so that the dipole can be in a color octet state.
As shown in Figure 2, there is now an additional diagram
that contributes, in which the gluon interacts with the
target before fluctuating to a dipole.

The differential cross section for heavy quark produc-
tion is [28]

dσ(pp → QQ̄X)

dy
≃ x1 G(x1, µ

2)σGp→QQ̄X(x2, µ
2, Q2),

(7)

where x1 and x2 are the partonic momentum fractions,
y = 1

2 ln(x1/x2) is the QQ̄ pair rapidity and σGp→QQ̄X is
the partonic cross section calculated in the dipole model,

σGp→QQ̄X(x, µ2, Q2) =

∫

dz d2
r|ΨQ

G(z, r)|2σdG(x, r) .

(8)

The probability of finding a QQ̄ pair with a separation r

and a fractional momentum z, is given by

|ΨQ
G(z, r, Q2 = 0)|2 = (9)

αs(µ)

2π2

[(

z2 + (1 − z)2
)

m2
QK2

1 (mQr) + m2
QK2

0 (mQr)
]

,

where µ ∼ 1/r is the factorization scale. For heavy quark
production we have Q2 = 0, so µ ∼ mQ and ϵ = mQ.

The dipole cross section that describes the interaction
of a heavy quark–antiquark pair from the fluctuation of
a gluon with the target nucleon is given by [28]

σN
GQQ̄(x2, r) =

9

8
[σd(x2, zr) + σd(x2, (1 − z)r)]

− 1

8
σd(x2, r), (10)

where σd is the color singlet dipole cross section of Eq.
(4). The first term corresponds to the quark–gluon
(G−Q) separation zr, the antiquark–gluon (G− Q̄) sep-
aration (1 − z)r and the quark–antiquark (Q − Q̄) sepa-
ration r. This expression includes contributions from the
three different color and spin states in which QQ̄ can be
produced [30].

Finally, to take threshold corrections for charm pro-
duction at large x into account, the dipole cross section
is multiplied with a factor (1 − x2)7 [32]. We find this
correction to be negligible for energies above 103 GeV.

D. The dipole–proton cross section and saturation

The dynamics of the scattering process at small x is, in
principle, included in the dipole cross section. Thus, to
compute the differential cross section dσ/dxF we must
find the cross section for a cc̄ dipole to scatter on the
proton, including the effects of saturation.

A simple model for saturation was proposed by Golec-
Biernat and Wüsthoff [33]. In their model, the dipole
cross section is parametrized as

σGBW
d = σ0

[

1 − e−r2Q2
s(x)/4

]

, (11)

where Qs is the saturation scale,

Qs = Qs(x) = Q0(x0/x)λ/2 (12)

with Q0 = 1 GeV. The parameters λ and x0 in the
above expressions were fitted to HERA data on the struc-
ture function F2 and the diffractive structure function
FD

2 [33].

�d,em(x,~r)

�d(x,~r)
gluon dipole

color singlet dipole
Dipole xsection  constrained 

by collider data



Total charm production cross section
• NLO collinear calculation, HVQ, 

Nason, Dawson,Ellis; Mangano,  Nason, 
Ridolfi

• Default parton distribution set is 
CT15 Central.

• Charm quark mass 

• Variation of factorization and 
renormalization scales with respect to                          
charm quark mass. Using range 
provided by Nelson,Vogt,Frawley

• Magenta-free nucleons, blue-nitrogen

• Comparison with RHIC and LHC 
data. Data are extrapolated with NLO 
QCD from measurements in the 
limited phase space region.

mc = 1.27 GeV

Expt.
p
s [TeV] � [mb]

PHENIX [31] 0.20 0.551+0.203
�0.231 (sys)

STAR [32] 0.20 0.797± 0.210 (stat)+0.208
�0.295 (sys)

ALICE [27] 2.76
4.8± 0.8 (stat)+1.0

�1.3 (sys)± 0.06 (BR)

±0.1(frag)± 0.1 (lum)+2.6
�0.4 (extrap)

ALICE [27] 7.00
8.5± 0.5 (stat)+1.0

�2.4 (sys)± 0.1 (BR)

±0.2(frag)± 0.3 (lum)+5.0
�0.4 (extrap)

ATLAS [28] 7.00
7.13± 0.28 (stat)+0.90

�0.66 (sys)

±0.78 (lum)+3.82
�1.90 (extrap)

LHCb [30] 7.00 6.100± 0.930

Table 1: Total cross-section for pp(pN) ! cc̄X in hadronic collisions, extrapolated based

on NLO QCD by the experimental collaborations from charmed hadron production mea-

surements in a limited phase space region.

2 Charm production cross section

The PeV energy range for atmospheric neutrinos corresponds to an incident energy Ep ⇠
30 PeV for pA fixed target interactions. The LHC center of mass energy

p
s = 7 TeV

is equivalent to a fixed target beam energy in pp collisions of Eb = 26 PeV. The LHC

measurements of the charm production cross section [27–30] together with recent RHIC

[31, 32] and modern parton distribution functions (PDFs) have narrowed down some of the

uncertainty in the rate of charm production in the atmosphere. The experimental results

at high energy for the charm production cross-section in hadronic collisions are listed in

Table 1.

In Ref. [33], Nelson, Vogt and Frawley have investigated a range of factorization and

renormalization scales using the CT10 PDF’s [34] and the NLO order QCD calculation of

Nason, Dawson and Ellis [35, 36]. Using a charm quark mass central value of mc = 1.27

GeV based on lattice QCD determinations of the charm quark mass, as summarized in

Ref. [37], and a combination of fixed target, PHENIX, and STAR charm production cross-

sections, they find that MF /mc = 1.3–4.3 and µR/mc = 1.7–1.5 with MF = 2.1mc and

µR = 1.6mc as central values. We use these values of parameters as a guide to the range

of theoretical NLO charm cross sections expected at high energies.

In our calculation we use the NLO Fortran code of Cacciari et al. [38, 39] that includes

the total cross section [35] as well as the single [36] and double di↵erential [40] distributions

of charm (i.e., d�/dy and d2�/dydpT respectively). The cross sections shown in figure 1 for
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Figure 3. Left: Energy dependence of the total nucleon-nucleon charm and bottom cross

section obtained in NLO pQCD approach using the nCTEQ15-01 PDFs for protons incident

on a free proton target (dashed red curves) and nCTEQ15-14 for an isoscalar nucleon target

bound in nitrogen (solid blue curves). The central curves are for (MF ,MR) = (2.1, 1.6)mQ,

while the upper and lower curves are for scaling with factors of (1.25,1.48) and (4.65,1.71)

correspondingly. The dashed black curve is the BERSS result [11]. The data points for the

total charm cross section from pp collisions at RHIC and LHC energies are from refs. [15, 60–

69], while the lower energy data are from a compilation of fixed target data in ref. [70]. Right:

Energy dependence of the charm and bottom total cross section in nucleon-nucleon collision

obtained in NLO pQCD approach using NLO CT14 PDFs and the EPS09 NLO nuclear

modification factor RA
i (solid blue curve) [51] and (MF ,MR) = (2.1, 1.6)mQ. The upper and

lower curves correspond to the same variation of the factorization and renormalization scales

as in the left panel.

of the unintegrated PDFs, which should provide for a reliable dynamical extrapolation

of the gluon density towards the small x regime.

2.2 Dipole model

The color dipole model [25–27, 32, 33, 36] is an alternative approach to evaluating the

heavy quark pair production cross section. The advantage of this framework is that

gluon saturation at small x can be included in a relatively straightforward way, as a

unitarization of the dipole-proton scattering amplitude. The partonic interaction cross

section of the gluon with the target can be described in the regime of high energy by

a two-step process. First, a gluon fluctuation into a qq̄ pair is accounted by a wave

function squared, then this dipole interacts with the target with a dipole cross section.

In this framework, the partonic cross section for qq̄ production can be written as [25]

�gp!qq̄X(x, MR, Q2) =

Z
dz d2~r | q

g(z,~r, MR, Q2)|2�d(x,~r) , (2.2)

– 10 –
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• BERSS: Bhattacharya, Enberg,Reno,Stasto,Sarcevic: previous NLO calculation

• AAMQS,Albacete,  Armesto,Milhano,Quiroga-Arias,Salgado: rcBK

• Soyez: based on Iancu,Itakura,Munier parametrization inspired by BK solution

• Block: phenomenological parametrization of the structure function

• kT calculation underestimates data at low energy. 

• Need additional diagrams there (or energy dependent K-factor). 

kT dipole model



Nuclear corrections

NLO pQCD

Dipole model

� = ���

��= ���� ���

	
����

����	��� �����
���	���� �����

������������	� �-� (�)

�������	
�����	

��-� ��-� ��-� ��-� ��-� ����� �����
�

��

��

��

��

�

�

��
(�
��

)

Figure 1. The gluon distribution functions for free protons (upper, magenta) and isoscalar

nucleons bound in nitrogen (lower, blue) in the nCTEQ15 PDF sets [50] with Q = 2mc. The

standard distribution of the PDF sets are shown with dashed lines. Small-x extrapolations

with xg(x,Q) ⇠ x��(Q) for x < 10�6.5 are shown with dotted lines. The solid lines show

PDFs with grids extended to treat the small-x regime [59], with a shaded band to show the

range of predictions for the 32 sets for nitrogen, likely an underestimate of the uncertainty

since the fits were made for x > 0.01.

curve the total charm cross section per nucleon, �(pA ! cc̄X)/A, for nitrogen with

the EPS09 nuclear correction. As noted above, we do not include set 55 of CT14NLO.

The cross section with nitrogen (per nucleon) falls within the data constrained QCD

scale uncertainties (shaded blue area) evaluated for the isoscalar nucleon cross sections

in ref. [11]. In fig. 3, we vary the factorization scale from MF = 1.25mc to 4.65mc

and the renormalization scale from MR = 1.48mc to 1.71mc. The data points for the

total charm cross section in proton-proton collisions at RHIC and LHC energies in the

figures are from [15, 60–69], while the lower energy data are from a compilation of fixed

target data in [70].

The nCTEQ15-01 free nucleon sets yield slightly larger isoscalar nucleon cross

section for charm production than the CT10 evaluation of BERSS [11] which are shown

by the black dotted lines in fig. 3. The nuclear corrections to the CTEQ15-01 set

decrease the cross section relative to the BERSS evaluation using CT10, with a net

decrease relative to CT10 of 10% at the highest energies, where the di↵erences in the

small x distribution of the PDFs are most important. The EPS09 parametrizations

– 7 –

kT factorization

Use of nuclear PDFs, 
nCTEQ and EPS

Glauber-Gribov formalism for nuclear rescattering

Small x  evolution with the nonlinear density term enhanced by factor proportional 
to mass number A
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Figure 4. The ratio of the NLO pQCD charm (solid curves) and bottom (dashed curves) total

cross sections per nucleon with partons in nitrogen and partons in free nucleons for nCTEQ15

(red curves) and for the EPS09 (blue curves) nuclear corrections to the CT14 PDFs. Here, the

factorization and renormalization scales are set to be (MF ,MR) = (2.1, 1.6)mQ for mc = 1.27

GeV and mb = 4.5 GeV.

for gluon momentum squared Q2 and renormalization scale MR. The wave function

squared, for pair separation ~r and fractional momentum z for q = c and q = b, is

| q
g(z,~r, MR, Q2 = 0)|2 =

↵s(MR)

(2⇡)2
⇥�

z2 + (1 � z)2
�
m2

qK
2
1(mqr) + m2

qK
2
0(mqr)

⇤
, (2.3)

in terms of the modified Bessel functions K0 and K1. The dipole cross section �d

can be written in terms of the color singlet dipole �d,em applicable to electromagnetic

scattering [27, 32]

�d(x,~r) =
9

8
[�d,em(x, z~r) + �d,em(x, (1 � z)~r)] � 1

8
�d,em(x,~r) . (2.4)

Using eqs. (2.3,2.4) in the expression given by eq. (2.2), the heavy quark rapidity

distribution in proton-proton scattering is given by [10]

d�(pp ! qq̄X)

dy
' x1g(x1, MF )�gp!qq̄X(x2, MR, Q2 = 0) , (2.5)

where we use

x1,2 =
2mqp

s
e±y . (2.6)
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Ep
�(pp ! cc̄X) [µb] �(pA ! cc̄X)/A [µb] [�pA/A]/[�pp]

MF,R / mT MF,R / mc MF,R / mT MF,R / mc MF,R / mT MF,R / mc

102 1.51 1.87 1.64 1.99 1.09 1.06

103 3.84 ⇥ 101 4.72 ⇥ 101 4.03 ⇥ 101 4.92 ⇥ 101 1.05 1.04

104 2.52 ⇥ 102 3.06 ⇥ 102 2.52 ⇥ 102 3.03 ⇥ 102 1.00 0.99

105 8.58 ⇥ 102 1.03 ⇥ 103 8.22 ⇥ 102 9.77 ⇥ 102 0.96 0.95

106 2.25 ⇥ 103 2.63 ⇥ 103 2.10 ⇥ 103 2.43 ⇥ 103 0.93 0.92

107 5.36 ⇥ 103 5.92 ⇥ 103 4.90 ⇥ 103 5.35 ⇥ 103 0.91 0.90

108 1.21 ⇥ 104 1.23 ⇥ 104 1.08 ⇥ 104 1.09 ⇥ 104 0.89 0.89

109 2.67 ⇥ 104 2.44 ⇥ 104 2.35 ⇥ 104 2.11 ⇥ 104 0.88 0.86

1010 5.66 ⇥ 104 4.67 ⇥ 104 4.94 ⇥ 104 3.91 ⇥ 104 0.87 0.84

Table 1. The NLO pQCD total cross section per nucleon [µb] for charm pair production

as a function of incident energy [GeV] for scale factors (NF , NR) = (2.1, 1.6) (the central

values for charm production) for protons incident on isoscalar nucleons. The PDFs are for

free nucleons (nCTEQ15-01) and the target nucleons bound in nitrogen (nCTEQ15-14) using

the low-x grids. For these calculation, we use ⇤QCD = 226 MeV, NF = 3 and mc = 1.27

GeV.

bution, which is not very well constrained at present. The standard DGLAP evolution,

which is based on the resummation of large logarithms of scale, does not provide con-

straints on the small x region. Therefore, it is worthwhile to explore other approaches

which resum the potentially large logarithms ↵s ln 1/x. There are two approaches at

present, the dipole model and the kT factorization. The dipole model [25–31, 34, 35, 37–

45] is particularly convenient for including corrections due to parton saturation. Parton

saturation in this approach is taken into account as multiple rescatterings of the dipole

as it passes through the nucleus. The dynamics is encoded in the dipole cross section,

which can be either parametrized or obtained from the nonlinear evolution equation.

Below we shall explore improvements to the previous calculation based on the dipole

model [10], which include using more modern parametrizations for the dipole scattering

cross section. Another approach to evaluating the prompt neutrino flux is based on kT

factorization [46–49]. In this approach the dynamics of the gluon evolution is encoded

in the unintegrated parton densities, which include information about the transverse

momentum dependence of the gluons in addition to the longitudinal components. We

shall be using the unified BFKL-DGLAP evolution approach to compute the evolution

– 9 –

Nuclear modifications to 
the total charm production 
cross section are small:

10%-15% for charm
5%-10%  for bottom



Differential charm cross section

xc =
Ec

Ep

Differential charm cross section in proton-nucleon collision as a function of 
the fraction of the incident beam energy carried by the charm quark.

Differential charmed hadron cross section as a function of the energy: need to convolute with the fragmentation function

Figure 1: The charm production cross section �pN!cc̄+X at NLO with mc = 1.27 GeV

using the CT10 parton distributions for a range of scales described in the text, with the

central set with factorization and renormalization scales MF = 2.10mT and µR = 1.6mT ,

respectively. Apart from experimental data points listed in table 1, results from HERA-B

[43] and lower energy experiments summarized in [44] for pN scattering are shown (labelled

as Fixed target expts.). For comparison, we also show the lower and upper limits (grey

fine-dashed curves) when the renormalization and factorization scales are made to vary

proportionally to mc rather than to mT .

2.1 Di↵erential cross section

While we seek compatibility of the total charm quark pair production cross section with

the results reported by the experimental collaborations, the dominant contribution to the

prompt flux is from forward production of charm, including fragmentation into charmed

hadrons. In our semi-analytic evaluation of the prompt atmospheric lepton flux, we require

the di↵erential charmed hadron energy distribution,

d�

dEh
=
X

k

Z
d�

dEk
(AB ! kX)Dh

k

 
Eh

Ek

!
dEk

Ek
(2.1)

in terms of the parton level di↵erential distribution and the fragmentation function Dh
k .

Here, h = D±, D0(D̄0), D±
s ,⇤

±
c and k = c, c̄. We approximate the fragmentation functions
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Using Kniehl, Kramer fragmentation functions. 

Figure 1: The charm production cross section �pN!cc̄+X at NLO with mc = 1.27 GeV

using the CT10 parton distributions for a range of scales described in the text, with the

central set with factorization and renormalization scales MF = 2.10mT and µR = 1.6mT ,

respectively. Apart from experimental data points listed in table 1, results from HERA-B

[43] and lower energy experiments summarized in [44] for pN scattering are shown (labelled

as Fixed target expts.). For comparison, we also show the lower and upper limits (grey

fine-dashed curves) when the renormalization and factorization scales are made to vary

proportionally to mc rather than to mT .

2.1 Di↵erential cross section

While we seek compatibility of the total charm quark pair production cross section with

the results reported by the experimental collaborations, the dominant contribution to the

prompt flux is from forward production of charm, including fragmentation into charmed

hadrons. In our semi-analytic evaluation of the prompt atmospheric lepton flux, we require

the di↵erential charmed hadron energy distribution,

d�

dEh
=
X

k

Z
d�

dEk
(AB ! kX)Dh

k

 
Eh

Ek

!
dEk

Ek
(2.1)

in terms of the parton level di↵erential distribution and the fragmentation function Dh
k .

Here, h = D±, D0(D̄0), D±
s ,⇤

±
c and k = c, c̄. We approximate the fragmentation functions
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corrections are also non-negligible in this approach, and further reduce the cross section

for higher energies and large values of xF . Finally, in Fig. 15 we compared calculations

from all approaches which include the nuclear corrections. The NLO perturbative

and kT factorization seem consistent with each other, on the other hand the dipole

calculation is somewhat higher than the other two.
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Figure 12. Charm quark di↵erential cross section d�/dxE obtained in NLO QCD at

energies of 106 GeV (left) and 109 GeV (right), compared with the central BERSS result

(black dotted curve) for free proton targets (magenta dashed) and bound nucleons (solid blue

curve).

3 Prompt fluxes

3.1 Overview

The prompt fluxes are evaluated using the semi-analytic Z-moment method. This

procedure is described in detail in, e.g., refs. [88] and [89]. This one-dimensional method

consists of using spectrum weighted di↵erential cross section for the production of

hadrons, and for decays of hadrons to neutrinos, as inputs to approximate low energy

and high energy solutions to the coupled cascade equations for p, N, h, ⌫. The prompt

flux contributions come from charmed hadrons h = hc = D0, D+, Ds, ⇤c and b hadrons

h = hb = B0, B+, Bs, ⇤b and their antiparticles. The general form of the cascade

– 24 –



Differential charm cross section
Figure 13. The di↵erential cross section d�/dxF as a function of xF from the dipole models

for cc̄ production, evaluated with ↵s = 0.373 and µF = 2mc using the CT14 LO PDF set.

The charm mass is used 1.4 GeV for the Soyez dipole and 1.27 GeV for the AAMQS and the

Block dipoles. The di↵erential cross section from ref. [11] is presented for comparison.
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Figure 14. Left: The di↵erential cross section d�/dxF as a function of xF for two energies

E = 106 GeV and E = 109 GeV from kT factorization, with linear evolution (solid upper blue),

and non-linear evolution (lower dashed magenta). Shown for comparison is the perturbative

di↵erential cross section from ref. [11]. Right: Comparison of the kT factorization with

nonlinear evolution for the proton case (dashed magenta) and the nitrogen (solid black).

equations for particle j and column depth X are

d�j(E, X)

dX
= ��j(E, X)

�j(E)
� �j(E, X)

�dec
j (E)

+
X

S(k ! j) , (3.1)

S(k ! j) =

Z 1

E

dE 0�k(E 0, X)

�k(E 0)

dn(k ! j; E 0, E)

dE
, (3.2)
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• Parton saturation effects affect the differential cross section more than 
the integrated cross section.

• Reduction of the cross section, at large energy of the charm quark.

• Nuclear effects in nitrogen are non-negligible at these energies.



Differential charm cross section
Comparison of NLO pQCD, dipole model, and kT factorization

• NLO calculation and kT factorization calculation consistent with each other.

• Dipole calculation systematically above the other two : need for improvements in this model.
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Figure 15. The comparison of the di↵erential cross section d�/dxF as a function of xF from

NLO pQCD (Blue), the dipole model (Magenta) and the kT factorization with non-linear

evolution (Green) at energies of E = 106 GeV and E = 109 GeV. All calculations contain

nuclear corrections.

dn(k ! j; E 0, E)

dE
=

1

�kA(E 0)

d�(kA ! jY ; E 0, E)

dE
(interaction) , (3.3)

dn(k ! j; E 0, E)

dE
=

1

�k(E 0)

d�(k ! jY ; E 0, E)

dE
(decay) . (3.4)

The Z-moment method approximates the source term for k ! j with interaction length

�k

S(k ! j) ' Zkj(E)
�k(E, X)

�k(E)
, (3.5)

Zkj(E) =

Z 1

E

dE 0�
0
k(E

0)

�0
k(E)

�k(E)

�k(E 0)

dn(k ! j; E 0, E)

dE
, (3.6)

for �k(E, X) = �0
k(E)f(X). The factorization of the X dependence in the flux is a good

approximation for the Earth’s atmosphere, where we approximate the target nucleon

density with an exponential atmosphere

⇢ = ⇢0 exp(�h/h0) , (3.7)

where h0 = 6.4 km and ⇢0h0 = 1300 g/cm2. The column depth is then given by

X(`, ✓) =
R1
` d`0⇢(h(`0, ✓)), where h(`, ✓) is the height at distance from the ground `

and zenith angle ✓. We shall be focusing on vertical fluxes, ✓ = 0.

Using the assumption of the exponential dependence of density on height in the

atmosphere, the approximate solutions can be conveniently written in terms of the

interaction lengths ⇤k = �k/(1 � Zkk), giving f(X) = exp (�X/⇤k). For particle k
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Comparison with LHCb 7 and 13 TeV
Transverse momentum distributions

• NLO pQCD and kT factorization consistent with each other.

• Bands on NLO pQCD calculation correspond to scale variation.

• Two lines in kT factorization correspond to the saturation/no-saturation calculation.



p
s

�(pp ! cc̄X) [µb]
NLO (µ / mT ) NLO (µ / mc) DM kT Experiment

7 TeV 1610+480
�620 1730+900

�1020 1619+726
�705 1347÷ 1961 1419± 134

13 TeV 2410+700
�960 2460+1440

�1560 2395+1276
�1176 2191÷ 3722 2369± 192

Table 1: The total cross section for pp ! cc̄X for the rapidity range limited to 2  y  4.5.
In the NLO pQCD evaluation, we take pT  8 GeV and we use scales, (MF ,MR) =
(2.1, 1.6)mT and (MF ,MR) = (2.1, 1.6)mc, with error bars according to upper and lower
scales. The dipole model result shows the central value with the uncertainty band obtained
by varying the factorization scale between MF = mc and MF = 4mc. The values of ↵s

in dipole models are held fixed. Also shown are the ranges for cross sections in the kT -
factorization approach, where the lower band is given by non-linear calculation and upper
by the linear. The experimental data are from LHCb measurements [?, ?].

2

Comparison with LHCb 7 and 13 TeV

Integrated cross section for charm-anticharm production at 7 and 13 TeV. 

2.0 < y < 4.51 < pT < 8 GeV/c



Cosmic ray flux
Important ingredient for lepton fluxes: initial cosmic ray flux.
Parametrization by Gaisser (2012) with three populations and five nuclei groups: 

H,He,CNO,Fe,MgSi

Here

aK ¼
ZpKþ # ZpK#

ZpKþ þ ZpK#

and

Bþ
Kl ¼ BKl $ 1þ bd0aK

1þ bd0aKð1# lnðbÞ=lnðKK=KNÞÞ
:

Combining the expressions for l+ and l# from pions (Eq. (13))
and from kaons (Eqs. (15) and (16)), the muon charge ratio is

lþ

l# ¼ fpþ

1þ Bpl cosðhÞEl=!p
þ

1
2 ð1þ aKbd0ÞAKl=Apl
1þ Bþ

Kl cosðhÞEl=!K

" #

$ ð1# fpþ Þ
1þ Bpl cosðhÞEl=!p

þ
ðZNK#=ZNKÞAKl=Apl
1þ BKl cosðhÞEl=!K

! "#1

: ð17Þ

For the pion contribution, isospin symmetry allows the pion terms
in the numerator and denominator to be expressed in terms of fþp as
defined after Eq. (14) above. The kaon contribution does not have
the same symmetry. Numerically, however, the differences are at
the level of a few per cent, as discussed in the results section.

3. Primary spectrum of nucleons

What is relevant for calculating the inclusive spectrum of
leptons in the atmosphere is the spectrum of nucleons per GeV/
nucleon. This is because, to a good approximation, the production
of pions and kaons occurs at the level of collisions between individ-
ual nucleons in the colliding nuclei. To obtain the composition from
which the spectrum of nucleons can be derived we use the mea-
surements of CREAM [6,7], grouping their measurements into the
conventional five groups of nuclei, H, He, CNO, Mg–Si and Mn-Fe.

Direct measurements of primary nuclei extend only to
' 100 TeV total energy. Because we want to calculate spectra of
muons and neutrinos up to a PeV, we need to extrapolate the direct
measurements to high energy in a manner that is consistent with
measurements of the all-particle spectrum by air shower experi-
ments in the knee region (several PeV) and beyond, as illustrated
in the left panel of Fig. 1. To do this we adopt the proposal of Hillas
[23] to assume three populations of cosmic rays. The first popula-
tion can be associated with acceleration by supernova remnants,

with the knee signaling the cutoff of this population. The second
population is a higher-energy galactic component of unknown
origin (‘‘Component B’’), while the highest energy population is as-
sumed to be of extra-galactic origin.

Following Peters [24] we assume throughout that the knee and
other features of the primary spectrum depend on magnetic
rigidity,

R ¼ pc
Ze

; ð18Þ

where Ze is the charge of a nucleus of total energy Etot = pc. The
motivation is that both acceleration and propagation in models that
involve collisionless diffusion in magnetized plasmas depend only
on rigidity. The rigidity determines the gyroradius of a particle in
a given magnetic field B according to

rL ¼ R=B: ð19Þ

Peters pointed out that if there is a characteristic rigidity, Rc

above which a particular acceleration process reaches a limit (for
example because the gyroradius is larger that the accelerator), then
the feature will show up in total energy first for protons, then for
helium and so forth for heavier nuclei according to

Ec
tot ¼ A$ EN;c ¼ Ze$ Rc: ð20Þ

Here EN is energy per nucleon, A is atomic mass and Ze the nuclear
charge. The first evidence for such a Peters cycle associated with the
knee of the cosmic-ray spectrum comes from the unfolding analysis
of measurements of the ratio of low-energy muons to electrons at
the sea level with the KASCADE detector [15].

In what follows we assume that each of the three components
(j) contains all five groups of nuclei and cuts off exponentially at
a characteristic rigidity Rc,j. Thus the all-particle spectrum is given
by

/iðEÞ ¼
P3

j¼1
ai;jE

#ci;j $ exp #
E

ZiRc;j

! "
: ð21Þ

The spectral indices for each group and the normalizations are given
explicitly in Table 1. The parameters for Population 1 are from Refs.
[6,7], which we assume can be extrapolated to a rigidity of 4 PV to
describe the knee. In Eq. (21) /i is dN/dlnE and ci is the integral
spectral index. The subscript i = 1, 5 runs over the standard five
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Cosmic ray flux

Here

aK ¼
ZpKþ # ZpK#

ZpKþ þ ZpK#

and

Bþ
Kl ¼ BKl $ 1þ bd0aK

1þ bd0aKð1# lnðbÞ=lnðKK=KNÞÞ
:

Combining the expressions for l+ and l# from pions (Eq. (13))
and from kaons (Eqs. (15) and (16)), the muon charge ratio is

lþ

l# ¼ fpþ
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For the pion contribution, isospin symmetry allows the pion terms
in the numerator and denominator to be expressed in terms of fþp as
defined after Eq. (14) above. The kaon contribution does not have
the same symmetry. Numerically, however, the differences are at
the level of a few per cent, as discussed in the results section.

3. Primary spectrum of nucleons

What is relevant for calculating the inclusive spectrum of
leptons in the atmosphere is the spectrum of nucleons per GeV/
nucleon. This is because, to a good approximation, the production
of pions and kaons occurs at the level of collisions between individ-
ual nucleons in the colliding nuclei. To obtain the composition from
which the spectrum of nucleons can be derived we use the mea-
surements of CREAM [6,7], grouping their measurements into the
conventional five groups of nuclei, H, He, CNO, Mg–Si and Mn-Fe.

Direct measurements of primary nuclei extend only to
' 100 TeV total energy. Because we want to calculate spectra of
muons and neutrinos up to a PeV, we need to extrapolate the direct
measurements to high energy in a manner that is consistent with
measurements of the all-particle spectrum by air shower experi-
ments in the knee region (several PeV) and beyond, as illustrated
in the left panel of Fig. 1. To do this we adopt the proposal of Hillas
[23] to assume three populations of cosmic rays. The first popula-
tion can be associated with acceleration by supernova remnants,

with the knee signaling the cutoff of this population. The second
population is a higher-energy galactic component of unknown
origin (‘‘Component B’’), while the highest energy population is as-
sumed to be of extra-galactic origin.

Following Peters [24] we assume throughout that the knee and
other features of the primary spectrum depend on magnetic
rigidity,

R ¼ pc
Ze

; ð18Þ

where Ze is the charge of a nucleus of total energy Etot = pc. The
motivation is that both acceleration and propagation in models that
involve collisionless diffusion in magnetized plasmas depend only
on rigidity. The rigidity determines the gyroradius of a particle in
a given magnetic field B according to

rL ¼ R=B: ð19Þ

Peters pointed out that if there is a characteristic rigidity, Rc

above which a particular acceleration process reaches a limit (for
example because the gyroradius is larger that the accelerator), then
the feature will show up in total energy first for protons, then for
helium and so forth for heavier nuclei according to

Ec
tot ¼ A$ EN;c ¼ Ze$ Rc: ð20Þ

Here EN is energy per nucleon, A is atomic mass and Ze the nuclear
charge. The first evidence for such a Peters cycle associated with the
knee of the cosmic-ray spectrum comes from the unfolding analysis
of measurements of the ratio of low-energy muons to electrons at
the sea level with the KASCADE detector [15].

In what follows we assume that each of the three components
(j) contains all five groups of nuclei and cuts off exponentially at
a characteristic rigidity Rc,j. Thus the all-particle spectrum is given
by

/iðEÞ ¼
P3

j¼1
ai;jE

#ci;j $ exp #
E

ZiRc;j

! "
: ð21Þ

The spectral indices for each group and the normalizations are given
explicitly in Table 1. The parameters for Population 1 are from Refs.
[6,7], which we assume can be extrapolated to a rigidity of 4 PV to
describe the knee. In Eq. (21) /i is dN/dlnE and ci is the integral
spectral index. The subscript i = 1, 5 runs over the standard five
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Multicomponent parametrization by Gaisser (2012) with three populations:

1st population: supernova remnants
2nd population: higher energy galactic component
3nd population: extragalactic component

groups (p, He, CNO, Mg–Si and Fe), and the all-particle spectrum is
the sum of the five.

The composite spectrum corresponding to Eq. (21) and Table 1
is superimposed on a collection of data in the left panel of Fig. 1. No
effects of propagation in the galaxy or through the microwave
background have been included in this phenomenological model.
For the two galactic components, however, a consistent interpreta-
tion could be obtained with source spectra c⁄ ! 1.3 for population
1 and c⁄ ! 1.07 for population 2 together with an energy depen-
dent diffusion coefficient D ! Ed with d = 0.33 for both components
to give local spectra of c = c⁄ + d of !1.63 and !1.4, respectively.
The extragalactic component comes in above the energy region
of interest for this paper. We do not discuss it further here except
to note that the last line of Table 1 gives the parameters for an
extragalactic component of protons only.

The spectrum of nucleons corresponding to Eq. (21) is given by

/i;NðENÞ ¼ A % /iðAENÞ ð22Þ

for each component and then summing over all five components.
The nucleon spectrum is shown in the right panel of Fig. 1.

The energy-dependent charge ratio d0(EN) needed to calculate
the muon charge ratio follows from Eq. (22) and Table 1. To a good
approximation, it is given by the fraction of free hydrogen in the
spectrum of nucleons, as shown in Fig. 2. The fraction decreases
slowly from its low energy value of 0.76 at 10 GeV/nucleon [26]
to a minimum of 0.63 at 300 TeV and then increases somewhat
at the knee. Note that, because of the relation among Etot, EN and
Rc in Eq. (20), the steepening at the knee occurs for nuclei at
Z=A & 1

2 the energy per nucleon as compared to protons. Hence
the free proton fraction rises again at the knee.

Also shown for comparison in Fig. 2 by the broken line is the d0
parameter for the rigidity-dependent version of the Polygonato
model, which has a common change of slope Dc = 1.9 at the knee
[25]. This gives rise to the sharp cutoff in the spectrum of nucleons
for this model in the right panel of Fig. 1. This version of the Polyg-
onatomodel is meant to describe only the knee of the spectrum and
the galactic component of the cosmic radiation. The behavior of the
primary spectrum for EN > 105 GeV/nucleon does not affect the

charge ratio, which ismeasured only for El < 104 GeV. It is therefore
possible to consider the difference between the two versions of d0 in
Fig. 2 as a systematic effect of the primary composition.

4. Comparison with data

We now wish to compare the calculation of Eq. (17) to various
sets of data using the energy-dependent primary spectrum of
nucleons (Eq. (22)) with parameters from Table 1. There are two
problems in doing so. First, expressions for the intensity of protons
and neutrons from Eqs. (2) and (3) and the subsequent equations
are valid under the assumption of a power-law spectrum with an
energy independent value of d0. The assumption of a power law
with integral spectral index of ' 1.7 is a reasonable approximation
over the range of energies below the knee because it affects both
charges in the same way. The proton–neutron difference, however,
introduces an explicit energy-dependence into Eq. (17) that must
be accounted for. We want to consider the energy range from
10 GeV to PeV over which the composition changes slowly with
energy, as shown in Fig. 2. For estimates here we use the approxi-
mation d0(EN) = d0(10 % El).

The other problem is that the data are obtained over a large
range of zenith angles, and the charge ratio also depends on angle.
The first MINOS publication [1] gives l+/l' as a function of the en-
ergy of the muon at the surface. These data are shown in Fig. 3
along with older high energy data from the Park City Mine in Utah
[27] and data at lower energy from L3 [28] and CMS [29]. The fig-
ure shows three calculations of the muon charge ratio in the verti-
cal direction that follow from Eq. (17). The highest curve assumes a
constant composition fixed at its low energy value, d0 = 0.76 [26].
The middle curve is the result assuming the energy-dependent
composition parameter d0(EN) that corresponds to the parameteri-
zation of Table 1 (solid line in Fig. 2), which is still higher than the
data. Both the higher lines assume the nominal values of the spec-
trum weighted moments from Ref. [11]. The lowest curve is ob-
tained by reducing the level of associated production, by
changing ZpKþ from its nominal value of 0.0090 to 0.0079.

In order to look for the best fit it is necessary first to account for
the dependence on zenith angle. The MINOS paper [1] does not
give the mean zenith angle for each energy bin. However, because
of the flat overburden at the Soudan mine where the MINOS far
detector is located, there is a strong correlation between zenith an-
gle and energy at the surface, as illustrated in Fig. 14 of Ref. [1].
Using this relation we estimate the effective zenith angle as a func-
tion of energy from cos (h) & 0.9 at 1 TeV to cos(h) & 0.5 at 7 TeV.

Table 1
Cutoffs, integral spectral indices and normalizations constants ai,j for Eq. (21).

Rc c p He CNO Mg-Si Fe

c for Pop. 1 — 1.66 1.58 1.63 1.67 1.63
Population 1: 4 PV See line 1 7860 3550 2200 1430 2120
Pop. 2: 30 PV 1.4 20 20 13.4 13.4 13.4
Pop. 3 (mixed): 2 EV 1.4 1.7 1.7 1.14 1.14 1.14
Pop. 3 (Proton only): 60 EV 1.6 200 0 0 0 0
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Converting to nucleon spectrum
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Figure 3: The all-nucleon cosmic ray spectrum as a function of energy per nucleon for

the three component model of ref. [23] with a mixed extragalactic population (H3a) and

all proton extragalactic population (H3p), and for the broken power-law of eq. (3.7).

softening of the spectral shape occurs at around a few PeV energies, where the population

transitions from being dominantly galactic to extra-galactic, before the spectra hardens

again at energies around a few hundred PeV (see figure 3). When translated to the pro-

duction Z-moments, these e↵ects are visible at comparatively lower energies because of the

inelasticity of the high energy pp collision, which implies that only a small fraction (given

by hxEi ⇡ 0.1) of the incident proton energy goes into the produced cc̄. The nature of

the Z-moments, in turn, translates directly to the total prompt lepton flux (as shown in

figure 5a). The central Z-moments obtained using the H3p estimate will henceforth be our

benchmark result when determining the prompt flux and correspondingly the event-rates

at IC.

As discussed above, we use the charmed hadron spectral weights for the decay Z-moments.

These are evaluated using dn/dE from ref. [49, 50, 58].

Additional Z-moments are needed for the flux evaluation, in particular Zpp and Zhh

along with �h. For Zpp, we have approximated the pA ! pX di↵erential cross section with

a scaling form
d�

dxE
' �pA(E)(1 + n)(1� xE)

n (3.8)

with �pA as described above and n = 0.51. With these choices, at E = 103 GeV for the

– 9 –

ai,j

�i,j

Rc,j

normalization
spectral index

magnetic rigidity

Ec
tot = Ze⇥Rc

energy per nucleon

discrepancies in the normalization of the cosmic ray spectrum at high energies, overall the

all-particle cosmic ray spectrum for the energy range of interest, 103–1010 GeV, approxi-

mately follows a broken power-law with the break occurring at E ' 5 ⇥ 106 GeV. Many

earlier evaluations of the prompt lepton flux [18, 20–22, 53] used the broken power-law

form for the nucleon flux with [20]:

�0
p(E) =

(
1.7E�2.7 for E < 5 · 106 GeV

174E�3 for E > 5 · 106 GeV,
(3.7)

for E in GeV and the nucleon flux in units of cm�2 s�1 sr�1GeV�1 . With the fairly recent

measurements from ATIC [54], CREAM [55, 56] and Pamela [57], combined with earlier

measurements, Gaisser [23] and collaborators [24, 25] have taken a multicomponent model

with three or four source populations to develop models for the cosmic ray composition.

Their parametrizations depend on the particles’ electric charges Z and maximum energies

of the source populations, with spectral indices � that vary by population and nucleus. We

use here the parametrization by Gaisser in ref. [23] with three populations: from supernova

remnants, from other galactic sources and from extragalactic sources. The H3a flux from

ref. [23] has a mixed composition in the extragalactic population, while the extragalactic

population in what we call the H3p flux is all protons. Thus, the cosmic ray nucleon

spectrum is identical for H3a and H3p for nucleon energies below ⇠ 107 GeV. Converting

the all-particle flux to the nucleon flux, the H3a and H3p fluxes are shown along with the

broken power-law in figure 3.

The composition of the cosmic rays causes a much steeper drop in the nucleon flux

above the knee energy than when using the simple broken power-law parametrization. This

is particularly important for the high energy prompt lepton flux. To allow for comparisons

with earlier work, we show our results for the prompt lepton flux for the broken power-law

and the H3a and H3p cosmic ray fluxes.

3.2 Z-moment and prompt lepton flux results

The production Z-moments are shown as a function of energy in figure 4a. For each of ZpD0

and ZpD± , the three curves show the moments evaluated for the three respective cosmic-ray

nucleon fluxes presented in figure 3. For the H3p flux, we also show the band of Z-moments

from the range of di↵erential cross sections by taking (MF , µR) = (1.25, 1.48)mT (for

lower limit) and (MF , µR) = (4.65, 1.71)mT (for upper limit). This relative band of

variation is identical for the other Z-moments shown in the figure. Figure 4b shows the

ratio of the central ZpD0-moments obtained using the H3a and H3p fluxes to that evaluated

using the broken power-law nucleon flux.

The major di↵erence between the D-meson production Z-moments when using the

power-law CR flux [from eq. (3.7)] against a more recent CR flux estimate, such as the

Gaisser H3p flux, arises at the high energies > 105 GeV, where the latter noticeably dip,

before rising sharply at energies beyond the tens of PeV. In contrast, the Z-moments when

using the broken power-law follows a more steady behavior. This di↵erence in nature can

be traced to the particular behavior of the Gaisser cosmic ray primary fluxes—a significant

– 8 –

This power law was used widely in previous
evaluations of the prompt neutrino flux

� = dN/d lnE



Neutrino fluxes

• Significant reduction  (factor 2-3) due to the updated cosmic ray spectrum  with respect to the broken power 
law.

• The reduction is in the region of interest, where prompt neutrino component should dominate over the 
atmospheric one.

• Black band: previous calculation.
• The updated fragmentation function reduces flux by 20%.
• B hadron contribution increases flux by about 5-10%.
• Nuclear effects: 20-35%.
• Combined effects: reduction by 45% at highest energies.
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• Sizeable reduction of the flux due to the changes from linear to nonlinear evolution in kT factorization.

• Further reduction of the flux when nuclear effects in nitrogen are included.

where the flux is somewhat smaller. The low energy deficit reflects the same deficit

of the cross section shown in fig. 6 since the kT factorization model applies to small x

physics and therefore applies to high energies. At the high energies shown, the linear

kT approach is about 7 times larger than the non-linear kT flux prediction, reflecting

the range of impact that small-x e↵ects can have on the high energy prompt flux.
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Figure 21. Comparison of the muon neutrino plus antineutrino fluxes using all the ap-

proaches: NLO perturbative QCD with nCTEQ15 (blue) and EPS09 (orange), dipole model

(magenta), kT factorization (green) with the other calculations (black): BERSS [11], ERS

[10], GMS [12] and GRRST [14].

Finally, in fig. 21, we compare the three approaches using the broken power law with

the BERSS [11], ERS [10], GMS [12] and GRRST [14] results. Relative to the BERSS

flux, the dipole model predicts a larger low energy flux, while the kT factorization

model based on the linear evolution predicts a larger high energy flux. On the other

hand the flux based on the kT factorization with nuclear corrections is consistent with

the lower end of the NLO pQCD calculation. Our new perturbative result lies below

the BERSS band for most of the energy range, due to a combination of the nuclear

shadowing and the rescaling of the fragmentation fractions to sum to unity. The total
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Comparison with other calculations:

GMS: Garzelli, Moch, Sigl

GRRST:  Gauld, Rojo, Rotolli,  Sarkar,  Talbert

Consistency within the error bands.



Predictions and IceCube limit

• IceCube limit  on prompt neutrino flux (PoS(ICRC2015)1079).

• NLO perturbative and kT factorization within the limit.

• Dipole model calculation is in slight tension with the IceCube limit.

• Overall the flux is well below the astrophysical flux measured by IceCube.
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where the flux is somewhat smaller. The low energy deficit reflects the same deficit

of the cross section shown in fig. 6 since the kT factorization model applies to small x

physics and therefore applies to high energies. At the high energies shown, the linear

kT approach is about 7 times larger than the non-linear kT flux prediction, reflecting

the range of impact that small-x e↵ects can have on the high energy prompt flux.
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Figure 21. Comparison of the muon neutrino plus antineutrino fluxes using all the ap-

proaches: NLO perturbative QCD with nCTEQ15 (blue) and EPS09 (orange), dipole model

(magenta), kT factorization (green) with the other calculations (black): BERSS [11], ERS

[10], GMS [12] and GRRST [14].

Finally, in fig. 21, we compare the three approaches using the broken power law with

the BERSS [11], ERS [10], GMS [12] and GRRST [14] results. Relative to the BERSS

flux, the dipole model predicts a larger low energy flux, while the kT factorization

model based on the linear evolution predicts a larger high energy flux. On the other

hand the flux based on the kT factorization with nuclear corrections is consistent with

the lower end of the NLO pQCD calculation. Our new perturbative result lies below

the BERSS band for most of the energy range, due to a combination of the nuclear

shadowing and the rescaling of the fragmentation fractions to sum to unity. The total
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Summary and outlook

• Calculation of the prompt neutrino flux using NLO and new PDFs. Charm cross section 
matched to LHC and RHIC data. Consistent with LHCb data on forward charm 
production.

• Updated cosmic ray flux gives lower values (as compared with earlier ERS and BERSS 
evaluation) for the atmospheric neutrino flux.  

• Nuclear effects in the target. Further reduction of the flux by about 20-35%.  Estimate of 
nuclear corrections within the NLO pQCD consistent with the small x calculation.

• Alternative calculations: dipole and kT factorization. Small x resummation leads to 
enhancement, saturation to the reduction of the flux. Dipole model larger than other 
calculations at low energies, needs improvement.

• Other calculations also on the market: consistent but still large uncertainties. Largest 
uncertainties due to the QCD scale variation, PDF uncertainties and CR flux.

• Outstanding questions: fragmentation (forward production, hadronic-nuclear 
environment, differences between PYTHIA and fragmentation functions); intrinsic charm.
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 Hybrid kT factorization calculation

The consistency constraint (19) resums a large part of the subleading corrections coming
from a choice of scales in the BFKL kernel [37, 38]. Additionally, the non-singular (in x)
part of the leading order (LO) DGLAP splitting function is included into the evolution

∫ 1

x

dz

z
K ⊗ f →

∫ 1

x

dz

z
K ⊗ f +

∫ k2

dk′2

k′2

∫ 1

x

dzP̄gg(z)f(
x

z
, k′2) , (21)

where

P̄gg(z) = Pgg(z) −
2Nc

z
. (22)

Additionally, we assume that in our evolution equation αs runs with scale k2 which is yet
another source of important NLLx corrections. The final improved nonlinear equation for
the unintegrated gluon density is as follows

f(x, k2) = f̃ (0)(x, k2)+

+
αs(k2)Nc

π
k2

∫ 1

x

dz

z

∫

k2
0

dk′2

k′2

{

f(x
z , k′2)Θ(k2

z − k′2) − f(x
z , k2)

|k′2 − k2|
+

f(x
z , k2)

|4k′4 + k4|
1

2

}

+

+
αs(k2)Nc

π

∫ 1

x

dz P̄gg(z)

∫ k2

k2
0

dk′2

k′2
f(

x

z
, k′2)−

−

(

1 − k2 d

dk2

)2 k2

R2

∫ 1

x

dz

z

[
∫

∞

k2

dk′2

k′4
αs(k

′2) ln

(

k′2

k2

)

f(z, k′2)

]2

. (23)

In [24] the inhomogeneous term was defined in terms of the integrated gluon distribution

f̃ (0)(x, k2) =
αS(k2)

2π

∫ 1

x

dzPgg(z)
x

z
g

(x

z
, k2

0

)

(24)

taken at scale k2
0 = 1GeV2. This scale was also used as a cutoff in the linear version of

the evolution equation (23). In the linear case this provided a very good description of
F2 data with a minimal number of physically motivated parameters, see [24]. The initial
integrated density at scale k2

0 was parametrised as

xg(x, k2
0) = N(1 − x)ρ , (25)

where N = 1.57 and ρ = 2.5.

Let us finally note that in this model only the linear part of the BK equation has
subleading corrections. We do not know yet how to include these corrections in the
nonlinear term. This would require the exact knowledge of the triple Pomeron vertex [41]
at NLLx accuracy, which is yet unknown beyond the LLx approximation.

4 Numerical analysis

4.1 The unintegrated and integrated gluon density

In this section we recall the method of solving Eq. (23) and we present the numerical
results for the unintegrated gluon distribution function f(x, k2) and the integrated gluon

7

Unintegrated gluon density obtained from the resummed small x evolution 
equation with non-linear term:

BFKL term with kinematical constraint

DGLAP with non-
singular splitting

non-linear term

Unintegrated parton density fitted to the inclusive structure function data at HERA
Two scenarios: linear and non-linear. Included A dependence in the nonlinear term.

Nonlinear term responsible for taming the growth of the gluon density

Kutak,Sapeta; based on KMS (Kwiecinski,Martin,AS) 


