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Abstract6

We present a measurement of the harmonic flow coefficent vn in Pb+Pb collisions at7 √
sNN=2.76 TeV using the event plane determined by the Forward Calorimeter (Fcal)in8

ATLAS which situated symmetrically along the beam line in both the positiveη and negative9

η. Significantvn signals are observed for n=2-6 in a broard ranges ofpT , centrality andη.10

We see that thepT dependence of the higher order coefficents (n=3 and above) has similar11

pT dependence asv2, namely it increases to about 3-4 GeV and then decreases at higherpT ,12

however such dependence is quantitatively much stronger than that oberved forv2. A simple13

scaling relationv1/nn ∝ v1/22 are found to discribe these differentpT dependence rather well.14

The centrality dependence of thevn suggest that they all increases to mid-central collisions15

and then drop towards peripheral collisions. however the level of centrality varition is much16

smaller forv3 − v6 than that forv2. We also measured theη dependence of thevn, only a17

weak decrease within 0< |η| < 2.5 is seen. Suggesting that thevn is almost boost invariant18

in a rather larger rapidity window.19
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1 Introduction60

The central focus of heavy ion program at RHIC and LHC is to understand the properties of the strongly61

interacting Quark Gluon Plasma (sQGP) created in heavy ion collisions. A common tool used to study62

the properties of the sQGP is the azimuthal anisotropy of particles emitted in the transverse plane. A63

non-zero anisotropy can be traced to the elliptic shape of the initial fireball and the strong final state64

interaction which transfers such spacial asymmetry into the transverse momentum (pT ) space. Such65

final state interactions lead to an effective anisotropic pressure gradient in the overlap region, with a66

larger pressure gradient along the short axis of the fireball. This anisotropic pressure gradient drives an67

anisotropic collective expansion (or flow) of the fireball, which can be modelled via relativistic viscous68

hydrodynamic models. The magnitude of the azimuthal anisotropy is sensitive toproperties of the sQGP69

such as the kinetic viscosity (the ratio of shear viscosity to entropy densityη/s) and equation of state70

(EOS).71

  Medium 

Expansion

Figure 1: The elliptic fireball formed in a heavy-ion collision. There is a greated pressure gradient along
the minor axis (called reaction plane) than along the major axis. This results in a greater yield ofparticles
along the in-plane direction.

If we treat the nucleus a smooth function described by Woods-Saxon geometry, then the overlap re-72

gion has an almost elliptic shape (see Fig.1). This spatial asymmetry can be quantified by the eccentricity73

of of the overlap region.74

ǫ2 =
〈y2〉 − 〈x2〉
〈y2〉 + 〈x2〉

(1)

=

√
〈r2 cos 2φ〉 + 〈r2 sin 2φ〉

〈r2〉

where the (x, y) andφ are the position and azimuthal angle of a participating nucleons, andr2 = x2 + y2.75

The anisotropy of particles in final momentum space relative to the short axiscan be approximated76

as77

dN/dφ ∝ 1+ 2v2 cos 2(φ − Ψ2) (2)

WhereΨ2 is the orientation of the short axis(called reaction plane or RP) andv2 = 〈cos 2(φ−Ψ2)〉 charac-78

terizes the magnitude of the anisotropy. Measurements from RHIC and LHC suggests thatv2 ∝ ǫ2, with79

the proportional constant being sensitive toη/s and EOS. Current best fit of the viscous hydrodynamic80
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calculation to RHIC suggest aη/s to be∼ 1− 2.5 times 1
4π , the conjectured lower bound from AdS/CFT81

gravity-gauge dual theory.82

Experimentally, the direction of RP is usually estimated using event shape (the azimthal distribution83

of particles of the whole event). The precision of such estimation depends on the kinematic selection of84

the particles such aspT or η. The estimated direction is known as event plane (EP) to distinguish from85

the truth reaction plane.86

So far we just considered the elliptic component of the overlap region. In general, the fireball may87

have other higher order shape deformations. This is because each nucleus is consists of finite number of88

nucleons whose positions could fluctuate from event to event. Such fluctuations were shown to lead to89

significant event-by-event higher moment shape distortions of the overlap region (see Figure 2).90

Figure 2: Fluctuating geometry of an heavy ion collision from Galuber model calculations.

These shape deformations, similar toǫ2, can be transferred into higher order azimuthal anisotropy91

in the pT space via hydrodynamic evolution. Thus the azimuthal distribution of particlesmay contains92

higher moments of modulation:93

dN/dφ ∝ 1+ 2
∞∑

n=1

vn cosn(φ − Ψn) (3)

WhereΨn is thenth order reaction plane and the harmonicsvn = 〈cosn(φ−Ψn)〉 characterize the strength94

of thenth order azimuthal anisotropy.95



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

January 15, 2012 – 17 : 08 DRAFT 4

Figure 3: Depiction of a heavy-ion collisions showing the elliptic, triangular and square anisotropies .
However, instead of the usualr2 weighting, the deformations relevant fornth order azimuthal anisotropy
were found to take the following form

ǫn =

√
〈rn cosnφ〉 + 〈rn sinnφ〉

〈rn〉

Due to thern weighting, the higher order harmonics are more sensitive to later stage evolution of the96

fireball, where the effect of the viscosity is more pronounced. The general expectation is that the higher97

order harmonic flow should be more strongly damped relative tov2. Thus measurement of thevn can98

help to constrain the initial geometry and provide independent constraints onthe EOS andη/s.99

Finally, measurement of higher order harmonics also serves very importantrole to properly interpret100

the two-particle correlation results at the RHIC and LHC. These correlationmeasurement was aimed101

to probe the in-medium modification of jet and dijets in heavy ion collisions. Previous measurements102

have shown novel long range∆η correlation structure at the near-side (the ridge) and split double peak103

structure at the away-side (the cone). These structures has been argued to reflect medium response to104

quenched jets, however they could also be mimicked the presence of higherorder collective harmonic105

flow, such asv2, v3, v4. So a direct and detailed measurement of thevn allows a systematic decomposition106

of medium response from the collective flow.107

ATLAS detector is well suited for collective flow measurement in heavy ion collisions. It not only108

has an extensive coverage for charged hadrons (2π in azimuth and±2.5 units inη) measurement, and109

but also provides precision measurement of the event plane (EP) in forward rapidity (3.3 < η < 4.8).110

ATLAS recorded 9ub−1 high quantity Pb+Pb from last year’s heavy ion run. This large high quality111

dataset, combined with excellent detector capabilities allow a detailed measurement of harmonic flow to112

un-precedented precision. In this note, we present a detailed differential measurement of the harmonic113

flow v2 to v6 as a functionpT , centrality andη. The standard event plane (EP) method with a large114

rapidity gap is used.115

This note is organized as follows, we first discuss the basic cuts for run and track selection, we then116

present EP measurement, resolution determination,vn measurement and studies on systematic errors,117

followed by the results.118

2 Event and Track selections119

From Nov6-Dec.6, ATLAS recorded 9.17µb−1 of Pb+Pb data. The list of runs and cut conditions is120

summarized at https://twiki.cern.ch/twiki /bin/viewauth/Atlas/HeavyIonRunList. In order to select good121

events, we also apply some additional cuts to remove background (these are the minimum bias cuts):122
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• The event must be from a good lumi-block123

• The event must pass atleast one of the following triggers (after Pre-scale):124

– MBTS 1 1125

– MBTS 2 2126

– MBTS 3 3127

– MBTS 4 4128

– L1 ZDC AND129

– L1 ZDC A C130

• The event must pass L1ZDC AND or L1 ZDC A C triggers (before prescale)131

• It must have good MBTS timing132

– |mbtime timeA| or |mbtime timeC| must not equal 75 or 0133

– |mbtime timeA − mbtime timeC| must be less than 3134

• It must have a reconstructed vertex135

We also reject small runs (with less than 10mb−1). We obtain a total of 45.7 Millons good events136

from 34 runs. We also apply a|Zvtx| < 150mm cut and only analyze events withcentrality < 95%137

which reduces the number of evente to 37.4M. The list of runs and associated luminosity information is138

summarized in Table 1.139
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Run Good Total live events cent< 95% &events cent< 95% & events
LB Luminosity |zvtx| < 250mm |zvtx| < 150mm |zvtx| < 100mm

169045 333 75.6 508461 485299 460903
169136 545 171.7 1158058 1088462 998830
169175 458 376.1 2388525 2240828 2045971
169206 374 186.9 1226132 1144846 1028244
169207 56 76.7 461753 430201 385537
169223 405 378.4 2020777 1865148 1628519
169224 96 45.6 281777 258823 222817
169226 366 257.2 1745883 1630158 1461450
169270 311 298.1 2011015 1873270 1668055
169564 140 123.7 840386 784638 702633
169566 192 126.2 864655 796759 692390
169567 114 69.7 473710 446278 403882
169627 385 364.6 2308700 2131652 1859507
169648 63 66.5 448841 418645 375627
169693 568 396.3 2641298 2446958 2153561
169750 368 199.3 1339548 1255121 1134400
169751 163 96.1 652424 607893 540507
169765 307 161.8 1086637 1014877 907601
169783 63 31.5 211231 199004 183284
169839 222 197.2 1323701 1226869 1077826
169864 240 231.7 1561529 1464078 1325156
169927 575 526.5 3546973 3277671 2869331
169961 326 314.0 2116371 1973672 1749519
169964 93 94.6 636116 600539 543873
169966 121 83.1 550913 518079 468713
170002 462 522.8 3470018 3229078 2839374
170004 409 421.6 2877836 2672519 2347999
170015 161 236.1 1576022 1474166 1306844
170016 206 227.3 1511267 1396119 1205492
170080 27 28.2 188816 178615 162787
170082 117 147.0 982653 922273 824207
170398 380 392.6 2676024 2501053 2218872
170459 295 253.2 1726034 1622258 1457597
170482 212 314.3 2137288 2008045 1802582
Sum 9153 7639.5 49,551,372 46,183,894 41,053,890

Table 1: List of used runs showing the total luminosity, the number of events passing the trigger cuts
(“events” column).

The centrality class is then defined using the the transverse energy deposited in FCal to categorize the140

event into percentiles. Details of the event centrality selections are documented in Heavy Ion centrality141

note. An Example Fcal energy distribution passing the trigger cuts and the corresponding centrality142

percentile distributions produced using the official centrality definition are shown in Fig. 4.143
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Figure 4:ET distribution if FCal and the corresponding Centrality distribution of events

The charged particles used in this analysis are required to pass the following cuts (these are the ”tight144

cuts” also used by the Flow group):145

• Number of B-Layer hits> 0 if expected number of B-layer hits=1146

• Number of Pixel hits> 0147

• Number of Pixel holes= 0148

• Number of SCT Hits> 7149

• Number of SCT Holes<2150

• 0.5 < pT < 20GeV151

• 2.5 < η < 2.5152

• χ2/nd f < 6.0153

• |d0| < 1mm154

• |z0 × sin(θ)| < 1mm155

3 Methodology156

The event plane or EP method involves determining the reaction plane for an event using one detector and157

then measuring the distribution of particles (orET ) about that plane using another detector. A rapidity158

gap is required to suppress the auto-correlations between the two detectors. The detailed discussion of159

the mathematics of this method is provided in the appendix, here we only presentthe most relevant steps160

and formulas.161

The reaction plane angle of a event is defined by the azimuthal anisotropy of particles in that event;162

thus it can be estimated independently using detectors sitting at differentη region. The large acceptance163

and radial segmentation of the ATLAS detectors provide many independentways to measure the EP.164

Some of these studies have been documented in he Physics Performance Report for the heavy ion group.165

This analysis uses the first two layers of the Forward Calorimeter (Fcal) detector as the reaction plane166

detector, which provide reasonable precision forv2 to v6, while minimizing the auto-correlations with the167
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tracks. Once the orientation of thenth order reaction planeΨn is determined, we then correlate the tracks168

reconstructed in the Inner Detector w.r.t this plane to obtain thevn values.169

Figure5 illustrate the idea behind the method. The elongated red blob in this figure is the fireball170

extended in theη direction. Detector situated at differentη sees the same collision geometry. Thus171

we can use the FcalET to measure the orientation of the EPΨn, then correlate the tracks to the EP to172

determine the flow coefficients. Due to flow correlations theET distribution can be expressed as a Fourier173

series174

dET/dφ = Q0 + 2
inf∑

n=1

|−→Qn| cosn(φ − Ψn) (4)

where the flow vector
−→
Qn can be calculated by summing theET of individual towers which has a seg-175

mentation of 0.1× 0.1 in φ andη.176

−→
Qn = (Qx,n,Qy,n) = (

∑

i

ET,i cos 2φi,
∑

i

ET,i sin 2φi) (5)

The orientation of the Q vector gives the EP angleΨn,177

Ψn =
1
n

tan−1
(

Qy,n

Qx,n

)
=

1
n

tan−1
(
Σ ET sin(nφ)
Σ ET sin(nφ)

)
(6)

Figure 5: Schematic description of the event plane method. Both the Reaction Plane detector, Fcal, and
the tracks are correlated to the same geometry. Thus one can use the FcalET to measure the orientation
of the EPΨn, then correlate the tracks to the EP to determine the flow coefficients. The rapidity gap
between the two suppress the short range and jet correlations.

Once thenth order event planeΨn is determined, one then correlate it with the tracks from ID to178

obtain the raw harmonic coefficient vobs
n . However, due to smearing of theΨn around truenth order RP179

ΨRP,n. The observedvn is diluted by a resolution factor Res{Ψn}180

dN
dφ

∝ 1+ 2
∞∑

n=1

vn cosn
(
φ − ΨRP,n

)
= 1+ 2

∞∑

n=1

vnResn cosn (φ − Ψn) = 1+ 2
∞∑

n=1

vobs
n cosn (φ − Ψn)

where

Res{Ψn} = 〈cos
(
n(Ψn − ΨRP,n)〉

)
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Thus the observed the observed coefficient need to be corrected by this dilution factor,181

vn =
vobs

n

Res{Ψn}
=
〈cos(n(φ − Ψn)〉)
〈cos

(
n(Ψn − ΨRP,n)〉

) . (7)

and the main task in EP analysis involves determining the resolution factor Resn and measure the raw182

harmonic flow signalvobs
n .183

4 Data reduction184

4.1 Reaction plane detector185

The Fcal detectors cover pseudo-rapidity range 3.2 < |η| < 4.9, and are consists two symmetric subde-186

tectors along the beam direction: one on the positiveη (FcalP) and the other at the negativeη (FcalN).187

Each fcal detector has three longitudinal segmentations. The first layer isan EM calorimeter and the188

second and third layers are hadronic calorimeters. Each layer are subdivided into cells with 0.1 × 0.1189

segmentation inη andφ. We only use cells from the first two layers, as the third layer contains little190

energy and is more susceptable to noises; we also restrict the cells in the range 3.3 < |η| < 4.8,as the first191

η segments overlap with EM endcap detector, and the lastη segment has some non-uniformities.192

Each of the two fcal detectors can be used to measure the EP. In this analysis, we employed two193

different, but complimentary ways of measuring the event plane. The first method calculate the raw194

harmonic flowvobs
n by correlating tracks in−2.5 < η < 2.5 with the combined EP measured by both both195

Fcal detectors (Full-Fcal EP); one then apply the correction for the full Fcal resolution to obtain the final196

vn accoring to Eq. 7. The second method, tracks are correlated with the EP calcualted with the Fcal in197

the opposite hemisphere, i.e tracks withη ≥ 0 (η < 0) are correlated with the EP obtained fromFcalN198

(FcalP), known asSub-FcalEP; one then apply the correction for the Sub-Fcal resolution to obtain the199

final vn accoring to Eq. 7. This method is illustrated by Figure 6. This second method greatly increases200

the rapidity seperation between the tracks and the EP. In comparision with the first method, the average201

gap is increased from about 3 units to about 5 units inη. Thus the second method is much less affected202

by the non-flow correlations. This is especially useful for measuring the rapidity dependence of thevn.203

The downside with the second method, however, is that it has poor RP resolution, and does not measure204

the higher order hamornics very well. In this analysis, we present the results from both the Full-Fcal and205

Sub-Fcal method.206

Figure 6: Illustraction of the second EP (Sub-Fcal) method. The tracks atpositive hemisphere is corre-
lated withFcalN and thos in negative hemisphere withFcalP.

4.2 Reaction plane calibration207

We shall use the Full-Fcal detector to illustrate the calibration procedures. The methodology discussed208

in section 3 assumes an ideal reaction plane detector, that is the azimuthal anisotropy of the FcalET209

distribution is caused by the physical flow, instead of detector effects. Since the RP direction varies210

randomly event to event, such anisotropy should not be correlated with detector geometry, thus should211
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be averaged out in the ATLAS lab frame. On the other hand, the detector effects such as dead modules212

or inefficiencies would lead to false modulation of theET flow which, after averaged over many events213

in the lab frame (so real flow drops out), can be expanded into a Fourier series214

〈dET

dφ
〉 = Q0 + 2

∞∑

n=1

(〈Qraw
x,n 〉 cos(nφ) + 〈Qraw

y,n 〉 sin(nφ)) = Q0 + 2
∞∑

n=1

Qraw
n cos(n(φ − Φn)) (8)

where

Qraw
n =

√
〈Qraw

x,n 〉2 + 〈Qraw
y,n 〉2, Φn =

1
n

tan−1
( 〈Qraw

y,n 〉
〈Qraw

x,n 〉

)
(9)

Note thatQraw
n should be zero for an ideal detector. A non-zeroQraw

n would bias the measured event215

plane towards some fixed directionΦn.216

Figure 7 shows the event averaged 2-DET map, or acceptance function, of Full-Fcal inφ andη.217

Some detector structures are clearly visible. We then project this 2-D distribution ontoφ axis and expand218

it into a Fourier series according to Eq. 8. Each Fourier coefficient can be calculated directly via Discrete219

Fourier Transformation. The left panel of Figure 8 shows the 1-D acceptance function, and the first six220

Fourier moments plotted individually around the mean values of the histogram, together with the sum of221

all terms up ton = 6 (dashed line). The phases of eachn, Φn, are drawn as vertical bars on the same222

figure.The Fcal acceptance function shows a significant modulation for n=1, 2,4 and are relatively small223

for other moments.224
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Figure 7: FCal layer 1&2ET distribution, intergated from 0-70% centrality range for positive (left) and
negativeη(right). The first and lastη slices centered at|η|=3.25 and|η|=4.85 are not used in this analysis
and has been excluded from the figures.
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Figure 8: Left: FCalET layer 1&2 distribution integrated from 0-70% centrality range and over theη

range. Right: same plot obtained from ATLAS GEANT simulations with HIJING.

The right panel of Figure 8 shows the same plot obtained from ATLAS HIJING simulati on, it only225

shows a significant n=1 component and even that is somewhat out of phase with what is observed from226

the data. This suggests that more tuning of FCal simulation is required in orderto properly represent the227

structures seen in the data.228

To eliminate the EP biases due to detector effects, we use a standard procedure of re-centering and229

flattening methods employed by the RHIC experiments (see Appendix 7.5). In the re-centering step, the230

flow vectors are shifted and normalized by its mean and width231

Qx,n =
Qraw

x,n − 〈Qraw
x,n 〉

σQraw
x,n

, Qy,n =
Qraw
y,n − 〈Qraw

y,n 〉
σQraw

y,n

(10)

Any residual high order distortion can be removed using the flattening method,in which the reaction232

plane angle calculated after the re-centering,Ψn = tan−1
(Qy,n

Qx,n

)
, is corrected by a angleδΨn that is a233

function of theΨn itself:234

Ψn → Ψn + δΨn, (11)

nδΨn =

kmax∑

k=1

2
k

[−〈sin(knΨn)〉 cos(knΨn) + 〈cos(knΨn)〉 sin(knΨn)]

this procedure basically force the final distribution to be uniform (since thedistribution true reaction235

plane angle is distribution uniform in azimuth. ) at a small cost of the resolution1. We choosekmax = 10236

in this analysis. We tried otherkmax values, the results are essentially identical. So we conclude no237

systematic uncertainty due to choice ofkmax is necessary.238

The detector biases on the EP, if purely due to detector acceptance or inefficiency, should be large in-239

dependent of the occupancy. On the other hand, the biases could also arise from detector mis-calibrations,240

such as residual non-linearity or noises that might depend on the occupancy. Also total energy of the Fcal241

also fluctuate event to event, thus the amount shiftQraw
n would also be multiplicity dependent. Thus we242

apply the re-centering and flattening corrections in 1% centrality bins and then group them into larger243

centrality bins. These calibration procedure is also done independently for each harmonic plane. Fig-244

ure 9 shows the second to sixth event plane distributions for FCal with and without the re-centering and245

flattening calibration. Most of the corrections arises from the a single re-centering procedure, while the246

flattening step has very little effect. This suggests that the raw Q vector distribution has no additional247

1There are many ways to make the EP distribution to be flat, each would be supplemented by its own resolution, and
subsequently its own measuredvn signal for tracks. In principle one can apply the flattening procedure without re-centering,
but that would worsen the resolution.
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anomalies other than a simple global shift from origin. Such anomaly would arise, for example, if the248

detector has higher efficiency atnφ andnφ + π which would stretch the Q vector distribution to be an249

elliptic shape pointing tonφ, but has no net shift.250
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Figure 9: The effects of the reaction plane angle calibration for Full-Fcal detector fromn = 2 to n = 6.
A central bin (top) and mid-central bin (bottom) are used. One can see thatthe most of the calibration
arises from the re-centering step.

If the most of the corrections arises from a global shift of the Q vector, itshould be correlated among251

different centrality, Figure 10 shows the〈
−−−→
Qraw

n 〉 values obtained forn = 1− 6 in 5% centrality bin steps.252

Left panel show a very nice correlations between directions of the shiftsfor different centrality selections253

(the points for given color corresponds to different centrality) for alln values. The relative spacing254

between the this and next centrality point are also highly correlated among differentn values (right255

panel), suggesting that the magnitude of the shift is proportional to total Fcal transverse energy. This256

correlation of shift direction between different centrality can be better seen in Figure 11, where we plot257

directly the magnitude of the shift versus the direction of the shift. We also overlay with the direction258

obtained directly from Fourier analysis of theET map as shown in Figure 8. We see they agree very259

well with the directions obtained in the calibration procedure. Small deviation does arises in peripheral260

collisions, especially forn = 5. On the other hand, this is the region where the magnitude of the average261

shift 〈
−−−→
Qraw

n 〉 is less than 1 GeV (usually 100 MeV) where it is start to be sensitive to detector noises and262

residual calibrations. It is actually amazing to see that we can pick up this centrality dependent detector263

effects, which is only≪ 1% level of the totalET in peripheral collisions.264
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Figure 10: Left: the average flow vector for six harmonicv1-v6, each one has 10-18 points each cor-
responding to a 5% centrality bin. Right: the average flow vector divided bythe most central bin 5%
result.
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Figure 11: The average flow vector plotted in polar coordinate system (magnitude vs the angle). Left:
nΦn, right Φn. The lines indicates those obtained directly from theET map shown in the left panel of
Figure 8.

Looking at Figure 11 and 9 together, we can make the following interesting observations. First we265

see the peak position of the raw event plane direction in 9 are tightly correlated with the direction of266

the average shift vector ,nΨn, order by order. However the magnitude of the peak strongly depends on267

n value. This is because the magnitude of the peak depends on the relative length of the physical flow268

vector and average shift of the flow vector. The flow vector is largest for n = 2 and are small forn > 4.269

On the other hand the magnitude of the average shift, hence the acceptanceeffect, as shown by the left270

panel of the Figure11 is large forn = 4 and 1, thus they have the strongest effect for Q1 and Q4. In271

the left panel of Figure11, the magnitude of the false flow vector relative toaverage value ,Qraw
r,n /Q0, is272

1.45%, 0.5%, 0.2%, 1.1%, 0.08%, and 0.25% forn = 1− 6, respectively.273

We check the stability of the Fcal detector and its influence on the reaction plane measurement by274

checking the run by run dependence ofQraw
r,n andΨraw

n . They are shown in Figure 12. As one see they are275

stable throughout the runs.276
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Figure 12: Run dependence of the average shift in Q vectors for 0-5%(top panels) and 25-30% (bottom
panels) centrality selections.

After the calibration is applied, the Q vector angle should be uniformly distributed in the transverse277

plane, centered at the origin. One can think it as a vector with finite length rotating randomly event278

by event around the origin (thus the mean value of the x,y projections shouldbe zero). Thus when the279

resolution is good, the Q vector distribution should appear a ring centered around origin as illustrated280

by Figure13. The magnitude of the Q vector relative to the width of the ring, reflects the precision with281

which we can measure the Q vector. This ratio is calledχ, and directly relates to the resolution factor282

Res{Ψn}. Figure 14 shows the Q vector distribution obtained from data for the full Fcal detector for283

n = 2. We clearly see that the mean radial position of Q vector is non zero and random orientation284

gives rise to the ring like structure. This is the first time that we have ever seen a ring like structure in285

Heavy ion collisions, thanks to the excellent detector resolution provided bythe ATLAS. The method of286

determining the reaction plane resolution is centered around calculating the values ofχ and estimating287

the associated systematic errors.288
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Figure 13: Cartoon showing the Q vector that has finite length but random orientation.
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Figure 14: The experimentally measured Q vector distributions from Full-FCal for n = 2 and several
centrality selections, they are normalized according to Eq.10

.

4.3 Methods for calculating reaction plane resolution289

All the results in this section are derived in the appendix section 7.6. Here wejust mention the final290

formulae. As mentioned earlier,χ is the single most important parameter in determining the resolution291

correction. Since it is given by the ratio of strength of the flow divided by the fluctuation term, we expect292

χ is proportional to average flow strength of each and the square root ofnumber of particles in the Fcal293

acceptance.294

χ ∝ vn

√
N (12)

It was shown that if fluctuations of the spread particle flow around the meanvalue is Gaussian, the295

resolution factor for a detector is related to theχ value as (see Eq. 61) :296

Res{Ψn} = 〈cosn∆Ψn〉 =
χ
√
π

2
e−

χ2

2

[
I0(
χ2

2
) + I1(

χ2

2
)

]
. (13)

χ can be obtained from thetwo-sub-event method, which divides a given reaction plane detector into297

two sub-detectors covering equal but oppositeη ranges, one in positive and one in negative hemisphere,298
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such that the two sub-detectors have the same resolution. The symmetry inη between the positive and299

negative side of Fcal provide such a natural division. The distribution of difference of the two event plane300

angles,Ψ′n = Ψ
P
n −ΨN

n , can be parametrized with an analytical function of the sub-detectorχsub(= χ/
√

2)301

as (see Eq.63) :302

dN
d∆nΨ′n

=
e−χ

2
sub

2

[
2
π

(1+ χ2
sub) + z(I0(z) + L0(z)) + χ2

sub(I1(z) + L1(z))

]
(14)

Wherez = χ2
sub cos(n∆Ψ′n), In is the modified Bessel functions of the first kind andLn is the modified303

Struve function.304

We can deriveχ value directly by fitting the measureddN/d∆Ψ′n distribution; or we first calculate305

the sub-event resolution fromdN/d∆Ψ′n distribution (see Eq.68):306

〈cos(n[ΨP(N)
2 − ΨRP,n])〉 =

√
〈cos(n[ΨP

n − ΨN
n ])〉,

This resolution can be directly used in the Sub-Fcalvn analysis. However if we want to do the Full-Fcal307

vn analysis, we need to calculate theχsub value for the sub-event with Eq.13, and then obtain the full308

eventχ asχ =
√

2χsub. Onceχ is obtained, we then plug back it into Eq.13 to obtain the full event309

resolution.310

The two-sub-event method has the disadvantage that it relies on the assumption that the two sub-311

detectors have the same resolution. The second method, known asthree-sub-event method, calculates312

Res{Ψn} of a given detectorA directly from the correlation of its event plane with those of two other313

detectors sitting at differentη windowsB andC,314

Res{ΨA
n } = 〈cos(n(ΨA

n − ΨRP,n))〉 =

√√√√〈
cos

(
n
(
ΨA

n − ΨB
n

))〉 〈
cos

(
n
(
ΨA

n − ΨC
n

))〉
〈
cos

(
n
(
ΨB

n − ΨC
n

))〉 (15)

We denote the resolution obtained this way as A-B-C three-sub-event method. The three-sub-event315

method does not require to determine theχ, instead Res{ΨA
n } is obtained directly, one can then calculate316

theχ using Eq. 13. The second advantage of the three-sub-event method is that, for a given detectorA, we317

can have many choices ofB andC, which provide independent estimates. The drawback though is that318

the precision with which one can determine the Res{Ψn} now also depends on the reference detectors we319

choose, that is, if we choose reference detectors with poor resolution,then the Res{Ψn} obtained would320

have large systematic errors.321

We now present results from the two-subevent and three-subevent studies of reaction plane resolution322

for both the Full-Fcal and Sub-Fcal.323

4.4 Resolution from two-sub-event method324

In Fig.15 we show some of theΨP − ΨN distributions for the FCal. Also shown are the fits to the325

functional form in Eq.14. One can obtained the Sub-Fcal resolution eitherfrom fit (obtainχsub then use326

Eq.68) or calculate it directly via Eq. 15. For the Full-Fcal resolution, we first calculate theχsub directly327

from the Eq 15 or obtain it from this fit. After that theχ =
√

2χsub for Full-Fcal is calculated, and its328

resolution can be obtained from Eq.68.329
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Figure 15:ΨP − ΨN distributions for FCal for two different 10% centrality bins. Also shown is the fit to
the functional form in Eq.14 used to obtain the value ofχsub

Figure 16 show the ratio of the full-Fcal resolution obtained using these two slightly different ap-330

proaches; the same comparison for sub-Fcal resolution is shown in Figure 17. The results agree with331

each other very well for alln, only a 0.5% (1%) systematic deviation is observed forn = 2 in mid-central332

collisions for Full-Fcal(Sub-Fcal), with the fitting method giving a higher value. This is the region where333

ΨP − ΨN distribution deviates from the fit. We shall include this difference in the final systematic error334

table.335
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Figure 16: The ratio of the full Fcal resolution for two methods of obtaining full Fcal χ: fitting of the
two sub-event distribution or calculating via Eq 15 .
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Figure 17: The ratio of the Sub-Fcal resolution between fitting of the two sub-event distribution or
calculating directly via Eq 15 .

The two sub-event method is our main method for obtaining theχ and hence the resolution of the336

FCal. The resolution that we obtain from this method is the resolution that we useto calculate our337

final results. However, we have carried out a detailed study of three-sub-event method to estimate the338

systematic uncertainty associated with the FCal resolution.339

4.5 Resolution from three-sub-event methods340

As we said earlier, the main advantage of three-sub-event method is that341

• It makes no assumptions about the functional form of the dispersion distribution ofΨn relative to342

ΨRP,n.343

• We can directly calculate the resolution of the full FCal, as opposed to the two sub-event method,344

which gave us the resolution of the sub-detector (FCalP/FCalN) which we used to obtain the full345

resolution346

On the other hand, the three detectors has to be well separated inη in order to minimize the auto-347

correlations. also the reference detector (B andC) themselves must have good resolution, otherwise the348

resolution for detectorA obtained from this method would have large statistical and systematic error.349

4.5.1 Detectors used for three sub-event study350

The large coverage of the ATLAS Electro-magnetic Calorimeter (EMCal) system, including Barral EM-351

Cal (|η| < 1.5) and Endcap (1.5 < |η| < 3.2) with fine segmentation, allows a very flexible choices of352

theB andC. For the three-sub-event study, we choose the EM barrel calorimeter (denote as EMB), EM353

endcap calorimeter (denote as EMC), and tracks from Inner detector (denote as ID) as the nominal set of354

reference detectors. These detectors are then divided into a set of sub-detectors each covering 0.5 unit in355

η. In total we have 22 calorimeter segments and 10 inner detector segments. Their relative positions in356

η are illustrated by Figure 18. The naming convention for the detectors used are listed in Table 2. The357

names refer to detector with both the positiveη and negativeη segments. When just one side is used we358

add a subscript, for exampleEMBN would refer to the EMcal barrel detector on the negativeη.359
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Figure 18: A schematic representation of the detectors(besides the FCal) used in the three sub-event
calculations. See Table.2 for the descriptions. The detectors are represented by red-lines. The other two
detectors are : EMB (all grey boxes) EMEC (all purple boxes).

Detector Name Description |η| coverage Calorimeter-Layers

1 EMB0 EMcal Barrel 0-0.5 presamp+layer1,2
2 EMB1 EMcal Barrel 0.5-1.5 presamp+layer1,2
3 EMB2 EM Barrel 0-1.5 sum of Detectors 1 and 2
4 EME0 EMcal End Cap 1.5-2.1 presamp+layer1,2
5 EME1 EMcal End Cap 1.5-2.7 Detector 4+

presamp+layer1,2,3 for 2.1 < η < 2.7
6 EME2 EMcal End Cap 1.5-3.2 Detector 4+

presamp+layer1,2 for 2.7 < η < 3.2
7 EMB1EME0 EM Barrel+ End Cap 0.5-2.1 sum of Detectors 2 and 4
8 ID0 Inner Detector 0.5-2.0 charged particlespT > 0.5 GeV
9 ID1 Inner Detector 0-2.5 charged particlespT > 0.5 GeV

Table 2: Detectors used in the three sub-event method to determine Full-FCaland Sub-Fcal resolution.
If only one side of the detector is used, we use a substript “N” or “P” to indicate the either negative or
the positiveη.

4.5.2 Three types of three-sub-event studies360

To suppress the short range correlations, a minimum 1 unit separation in choosing the three detectors.361

We have performed many three-sub-event studies, and they can be roughly divided in to three types. In362

Type-I analysis,A is chosen to be the Full Fcal, andB andC are chosen such as to be symmetric in+363

and -η, one example is|η| < 0.5 for B and 1.5 < |η| < 2.0 for C. The list of combinations used are listed364

in Table 3.Note the choice ofB andC are such that they totally symmetric with respect toFcalN and365

FcalP. The advantage of this type is that we can calculate the resolution for full-Fcal directly. However366

by definition this method is not designed for Sub-Fcal method.367
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Type-I checks
Check1 FCal− EMB0− EME0
Check2 FCal− EMB1P− EMB1N

Check3 FCal− EMB1EME0P− EMB1EME0N

Check4 FCal− EME0P− EME0N

Table 3: A list of Type-I combinations, they can only be used for Full-Fcalresolution. See Table.2 for
description of the detectors.

Fig.19 shows the Full-Fcal resolution forn = 2− 6 obtained for theFcal for various Type-I combi-368

nations as a function of centrality. We also show the resolution obtained fromthe two sub-event method.369

The different combinations have been given small offsets on the x-axis so that they can be clearly seen.370

Fig.20 shows the ratios to the two-sub-event method results. Forn = 2, the ratios is systematicall be-371

low one in central collisions by up to 5% and then become about 1% in mid-central collisions, then the372

ratio spread out in peripheral collisions by about±5%. Forn = 3 and 4, we see a small systematically373

increasing trend of the ratio towards peripheral collisions, but the change is within 3%. Forn = 5, the374

ratio is systematicall above one and increases toward more peripheral collisions to about 5-10%. For375

n = 6, we see there is a large spead of the ratios with about±30% variation, and in some cases, the ratio376

is systematically lower than 1.377
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Figure 20: The ratio of Full-Fcal resolutions forv2− v6 obtained for the fullFCal from Type-I combina-
tions to the ones obtained from the two sub-event method. Error bars are statistical errors. The vertical
dashed red line indicates the centrality range over which we will quote our final results.

In Type-II analysis, we choseA andB as FcalN and FcalP, and choseC from the list of reference378

detectors. DetectorsC has anη separation> 1 form bothFcalP/N and is symmetrically placed in between379

them. This allow us to calculate the resolution forFcalP from Eq. 15. We then swap theA andB while380

keep the sameC and calculate the resolution forFcalN . We then calculateχ values for the FcalN and381

FcalP according to Eq 13, then combine them to get the full Fcalχ =
√
χ2

FcalN
+ χ2

FcalP
. Finally use382

Eq 13 again to obtain the resolution for Full-Fcal. In total 5 Type-II checkswere performed as listed in383

Table 4. Note that sinceFcalP or FcalN resolution is calculated at the intermediate step, it can also used384

for the Sub-Fcal method.385

Type-II checks
Check1 FCalN − EMB0− FCalP and FCalP− EMB0− FCalN
Check2 FCalN − EMB1− FCalP and FCalP− EMB1− FCalN
Check3 FCalN − EME1− FCalP and FCalP− EME1− FCalN
Check4 FCalN − EMB2− FCalP and FCalP− EMB2− FCalN
Check5 FCalN − EMB1EME0− FCalP and FCalP− EMB1EME0− FCalN

Table 4: A list of Type-II combinations, they can be used to calulate resolution for both the Full-Fcal and
Sub-Fcal. See Table 2 for description of the detectors.

This method is similar to the two-sub-event method, as one can see from the following equation,386

Res{ΨFcalP
n } =

√√√√〈
cos

(
n
(
Ψ

FcalP
n − ΨB

n

))〉 〈
cos

(
n
(
Ψ

FcalP
n − ΨFcalN

n

))〉
〈
cos

(
n
(
Ψ

FcalN
n − ΨB

n

))〉 (16)

Res{ΨFcalN
n } =

√√√√〈
cos

(
n
(
Ψ

FcalN
n − ΨB

n

))〉 〈
cos

(
n
(
Ψ

FcalP
n − ΨFcalN

n

))〉
〈
cos

(
n
(
Ψ

FcalP
n − ΨB

n

))〉 (17)

In fact cos
(
n
(
Ψ

FcalN
n − ΨB

n

))
and cos

(
n
(
Ψ

FcalP
n − ΨB

n

))
would cancel out with each other if their resolu-387

tion are the same, and the end results would be identical to the two-sub-eventformula Eq. 15. However388
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the main advantage here is that we do not need to assume the FcalN and FcalP tohave same resolution389

explicitly.390

Fig.21 shows the ratio of Full-Fcal resolutions forn = 2− 6 obtained forFcal from Type-II combi-391

nations to the ones obtained from the two sub-event method as a function of centrality. Same ratios are392

also shown for Sub-Fcal resolutions in Figure 22. We see that agreement for Full-Fcal are very good for393

all harmonics and we do not see any systematic variation of the ratios with centrality. The only noticible394

difference is about 1% downward shift of the ratios forn = 3 and 5, and a 2% downward shift of the395

ratios forn = 4. The agreements for the Sub-Fcal resolutions are even better for all harmonics, and we396

do not see any visible differnces. This suggest the assumption assumption made in the two sub-event397

method thatFcalP andFCalN have identical resolution is justified.398
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Figure 21: The ratio of Full-Fcal resolutions forv2 − v6 obtained forFCalp from Type-II combinations
to the ones obtained from the two sub-event method. Error bars are statistical errors.
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Figure 22: The ratio of Sub-Fcal resolutions forv2 − v6 obtained forFCalp from Type-II combinations
to the ones obtained from the two sub-event method. Error bars are statistical errors.

In Type III analysis, the Sub-Fcal resolution is calculated for two sides of Fcal separately in two399

separate three sub-event studies, and then combined according to the standard formula Eq.13 and 15 that400

relates the two sub-detector resolution to the the full detector resolution. Notethat detectorsB andC401
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are any two detectors that have anη separation greater than 1.0 from the first detector (FCalp or FCaln)402

and from each other. The main difference from Type-II check is that the reference detector B and C are403

chosen to be just half at either P or N side, but the choice are total symmetric for the two cases. As404

listed in Table 5, a total of 6 Type-III checks were performed. Again since FcalP or FcalN resolution is405

calculated at the intermediate step, it can also used for the Sub-Fcal method.406

Type-III checks
Check1 FCalP− EMB2P− EME2N and FCalN − EMB2N − EME2P

Check2 FCalP− EMB1P− EME2N and FCalN − EMB1N − EME2P

Check3 FCalP− EMB1EME0P− EMB1EME1N and FCalN − EMB1EME0N − EMB1EME1P

Check4 FCalP− EMB1EME0P− ID0N and FCalN − EMB1EME0N − ID0P

Check5 FCalP− ID1P− EMB1EME0N and FCalN − ID1N − EMB1EME0P

Check6 FCalP− ID0P− EMEN and FCalN − ID0N − EMEP

Table 5: A list of Type-III combinations where eitherFcalP or FcalN is chosen as the first detector (but
they are not used at the same time as in Type-II case). They can be used tocalulate resolution for both
the Full-Fcal and Sub-Fcal. See Table 2 for description of the detectors.

Figure 23 shows the ratio of Full-Fcal resolutions forn = 2 − 6 obtained forFcal from Type-III407

combinations to the ones obtained from the two sub-event method as a functionof centrality.We see408

extremely good agreement with the two sub-event values forn = 2 except in peripheral events. For409

n = 3 andn = 4, the three sub-event values are systematically higher than the two sub-event values410

but are within∼ 4% in the chosen region. Forn = 5, we see that the ratio is systematically larger than411

one by about 10% in peripheral collisions, Forn = 6, the three-sub-event results are now systematically412

lower than those obtained from two-sub-event methods by as much as 30% inmid-central and peripheral413

collisions. Same ratios for Sub-Fcal resolutions are shown in Figure 24, the systematic trends as function414

of centrality are quite similar as the Full-Fcal case. However we see that the deviation for n=2, 3 and 4415

are somewhat larger (but remains independent of centrality), reachingabout 5% for both n=3 and n=4.416

The level of deviation for n=5 and 6, however are quite similar to that for the Full-Fcal case.417
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Figure 23: The ratio of Full-Fcal resolutions forv2 − v6 obtained forFCalp from Type-III combinations
to the ones obtained from the two sub-event method. Error bars are statistical errors.
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Figure 24: The ratio of Sub-Fcal resolutions forv2 − v6 obtained forFCalp from Type-III combinations
to the ones obtained from the two sub-event method. Error bars are statistical errors.

To put all these results together we compiled an systematic error table in Table 6. The error are418

chosen, such that it covers the systematics for both the Full-Fcal and Sub-Fcal methods. In general, the419

spread of these different estimates is less than 5% forn = 2− 4, grow to about 5-7% forn = 5 and about420

30% forn = 6. To account for the systematic and sizable difference between the three and two sub-event421

methods forn = 5 and 6, we apply a 5% upward correction forn = 5 and a 15% downward correction422

for n = 6 on the two-sub-event resolution to particially account for this systematic differences. Also note423

that the size of the speard between three and two sub-event method also determine the range in centrality424

we used to present our final results. It is 0-80% forv2, 0-70% forv3 andv4, and 0-50% forv5 andv6425

beyond which the error becomes too large.426

centrality 0-20% 20-40% 40-50% 50-70% 70-80%
n=2 0.05-0.02 0.015-0.01 0.015-0.02 0.03-0.04 0.04-0.06
n=3 0.03 0.03 0.03 0.03-0.05
n=4 0.04 0.04 0.04 0.04-0.05
n=5 0.1 0.1 0.1
n=6 0.3 0.3 0.3

Table 6: Summary of the systematic errors for the reaction plane resolutions for both Full-Fcal and
Sub-Fcal method.

Figure 25 summarize the Res{Ψn} andχ values together with the systematic errors for the Full-fcal427

detector. similar plot for the Sub-Fcal detector is shown in Figure 26. Note that the statistical errors on428

the Full-fcal and Sub-Fcal resolution are almost identical, as they are all derived from the same two-sub-429

event resolution (but the error onvobs
n is larger for sub-fcal than for Full-fcal).430
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Figure 25: The final resolution (left) andχ (right) values for the full-Fcal detector together with the
syetmatic error band.

Centrality (%)
0 10 20 30 40 50 60 70 80

} n
Ψ

R
es

{

0

0.5

1 n=2
n=3
n=4
n=5
n=6

N or FcalPFcal

Centrality (%)
0 10 20 30 40 50 60 70 80

 fo
r 

ha
lf 

F
ca

l
χ

0

0.5

1

1.5

n=2
n=3
n=4
n=5
n=6

N or FcalPFcal

ATLAS Preliminary

Figure 26: The final resolution (left) andχ (right) values for the sub-Fcal detector together with the
syetmatic error band.

4.6 Determination of the rawvn (vobs
n )431

In this section, we describe how the rawvn (vobs
n ) is calculated, and we shall use the Full-Fcal to illustrate432

the procedure. As explained in the Appendix (7.3), thevobs
n is the value of thenth order harmonic433

calculated by directly measuring the distribution of the particles about thenth order event plane. This has434

to be corrected by the reaction plane resolution to obtain the truevn value.435

For each event, we calculate the corrected event plane angleΨn for a given reaction plane detector.436

Then we bin the azimuthal angle relative to the EP (∆φ = φ−Ψn) and obtain the distributiondN/d (n∆φ).437

Note that we multiply byn such that the full distribution is a even periodical function with a unit range438

from −π to π. Examples of such distribution in 2nd, 3rd and 4th event plane (folded onemore time into439

0− π since it is an even function) are shown in Figure 27. We have 48 bins fromin plane (n∆φ = 0) to440

the out of plane direction (n∆φ = π). The raw flow signal can be obtained by expanding the distribution441

with a Fourier series.442

dN/d∆φ = A(1+ 2vobs
n cosn∆φ + 2vobs

2n cos 2n∆φ + ..) (18)



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

January 15, 2012 – 17 : 08 DRAFT 26

Where∆φ = φ − Ψn. However, instead of a least chi square fit, we calculate the Fourier coefficients443

directly via Discrete Fourier Transformation (DFT) as :444

vobs
kn =

∑48
i=0 Ci coskn∆φi

∑48
i=0 Ci

, k = 1,2,3.. (19)

whereCi is the number of counts in a given∆φi bin, a small bin shift correction has been applied as well.445

Note that higher order harmonic flow can appear at lower order event plane due to physical corre-446

lations between different order of plane. In general, one can measure knth order flow innth order plane447

wherek = 1,2,3...... This higher moments in a fix order plane are so called mixed harmonics, which is448

not a topic of current study. We just show its existance in the harmonics parameterization449

dN/dφ ∝ 1+ 2
∞∑

k=1

vkn coskn(φ − Ψn) (20)

See the appendix (section 7.4) for a brief discussion on the mixed harmonics.450

We noticed that the mean∆φ of charged hadron in a given bin is not necessarily located at the center451

of the bin. This leads to a bin shift correction, defined as the ratio of the average yield to the expected452

yield at the bin center. This correction is<< 1% for k value up to 3, but we nevertheless applied it. The453

final vkn is then obtained by applying the resolution correlation asvkn =
vraw

kn
Res(Ψk|n) for each centrality and454

pT selections and values of k and n.455
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Figure 27: The azimuthal distribution of charged particles in 2-3 GeV/c relative to theΨn determined by
the FCal12 for 20-30%.

To see the contributions from different order of mixed harmonics to the∆φ. We calculate the expected456

distributions using the valuedvkn values but truncated the formula Eq. 18 to include only the first few457

harmonics. The red line in Figure 27 shows the distribution including only the lowest order (k=1) term,458

i.e. only thevn term innth harmonic plane, while the black line include the contributions up to k=3. We459

can see that the mixed harmonic contribution in the 2nd order event plane is clearly required. However460

higher order contribution in the 3rd order event plane is already very small, and it becomes negligible in461

the 4th order event plane.462

4.7 Residual〈sin(nφ − Ψn)〉 values inΨn plane463

The flattening procedure applied to the event plane is to ensure the distributionto be flat, and removes464

any detector effect. One way to check wether there are any residual detector effects that may lead to465

artifical correlation between tracks and the EP is to calcualte the sin componentof the distribution of466

tracks with respect to the EP:467

sobs
n = 〈sinn(φ − Ψn)〉 (21)
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This term should vanish since the reaction plane seen by the tracks is the sameplane as measured by the468

Full-Fcal or Sub-Fcal. We quanty this residual sin term by taking the ratio ofsobs
n to the observed cos469

term charactorized by thevobs
n .470

The results for this check are shown in Figure 28 and 31 for several centrality selections for Full-Fcal471

(Since the same two-sub-event method are used. This residual sin term is almost identical for Sub-Fcal).472

One does see small but significant sin signal for particle relative to the measured EP. Thesobs
n signal rel-473

ative tovobs
n seems to be independentpT , suggesting that this is a residual effects of the EP determination474

that affects all particles indepndent of their momentum. However, we do not see anyobvious centrality475

dependence for such shifts, suggesting if may arise from the residual correlation between the Inner De-476

tector and Fcal (for example deadarea appearing at the sameφ location). A conservative estimate of the477

shift is about 0.5% , 1% , 2% and 4% forn = 2, 3, 4, and 5 respectively and they are always show a478

negative value. However forn = 6 shift is significantly larger and it is positive with an average deviation479

of about 10%.480
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Figure 28: The ratio of raw observed sin term (sobs
n ) to the cos term (vobs

n ) as function ofpT for 0-5%
centrality
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Fractional sin term relative to cos

20-30% centrality
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Figure 29: The ratio of raw observed sin term (sobs
n ) to the cos term (vobs

n ) as function ofpT for 20-30%
centrality
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Figure 30: The ratio of raw observed sin term (sobs
n ) to the cos term (vobs

n ) as function ofpT for 30-40%
centrality
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Figure 31: The ratio of raw observed sin term (sobs
n ) to the cos term (vobs

n ) for n = 2− 4 as function ofpT

for 50-60% (top) and 60-70% (bottom) centrality

5 Systematic errors discussion481

5.1 Resolution correction andvobs
n482

Since vn is calcualted as the ratio ofvobs
n to the resolution factor Res{Ψn}, so the all the systematic483

uncertainty arise from these two factors. The systematic error on the resolution correction has been484

evaluated with the three sub-event method, while those for thevobs
n are evaluated by the sin term for485

distribution of tracks relative to the EP. Both of these two sources of errorhas been discussed and final486

uncertainty has been obtained. However in addition to these studies, we should also check the stablity487

of the results against the track and event selection we used in this analysis.That include the track cuts,488

centrality selection, and run by run variation of thevn. We only use the Full-Fcal results for this check,489

since the results are essentially the same for Sub-Fcal. We shall focus on these sources of uncertainty in490

this section.491

5.2 Effect of Tracking Cuts on vn492

As we did with the correlation analysis, we check to see if the cuts forz0 × sin(θ) andd0 affect the493

measured flow harmonics or not. As before, we choose three different classes of cuts:494

1. The standart “Tight cuts” :d0 < 1mm andz0 < 1mm495

2. 3.5σ cuts :d0 < 3.5σd0 andz0 sin(θ) < 3.5σZ0496

3. 1.0σ cuts :d0 < σd0 andz0 sin(θ) < σZ0497

whereσd0/z0 are given by:498

σd0 =

√

(0.0211)2 +

(
0.182

(pT/GeV)

)2

mm

σz0 =

√

(0.0542)2 +

(
0.252

(pT/GeV)

)2

mm (22)
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Thedcut
0 andzcut

0 are momentum dependent 1 standard deviation value of thed0 andz0 distributions. They499

are obtained by fitting thed0 andz0 distributions inpT slices with double Gauss. The fit results for a500

representative central and peripheral bins are shown in Figure 32.501
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Figure 32:d0 andz0sin(θ) distributions for tracks as a function ofpT . The red curves indicate thepT

dependent cuts (used on top of the 1mm cuts).

Figure 33-36 summarize the varation of thevn as functionpT for several centrality selections. The502

variation is quantified in terms of the ratios between thevn with the matching cuts and without matching503

cut. We see in general the variation is small for allpT centrality selections forn = 2,3 and 4, but are504

somewhat larger forn = 5 and 6. We also notice a small but significantpT dependence especially at
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Figure 33: Ratios of the Full-Fcalvn for tracks with matching cuts to those without matching cut tod0

andz0 sinθ. This is for 0-5% most central events.
505

pT < 2 GeV in most central collisions. Such variation can be up to 2% atpT ∼ 0.5 GeV, suggesting506

that thevns are slightly smaller when a tight cut is used. This can be understood from the changing of507

the particle mixture when a tight matching is used. Namely, the protons and kaonstend to have large508

multiple scattering than that for charged pions, so they tends to have broader matching distribution and509

wold be preferablely removed when a tigher cut is used. In addition, the feed-down contribution also510

tends to have larger matching distribution as well. If these particle species have a largervn, then a tighter511
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matching cut tends to throw them away, leading to a smallervn. However thispT dependence seems is512

only significant for 0-5% most central collisions.513

Ratios to Tight cuts

20-30% centrality
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Figure 34: Ratios of the Full-Fcalvn for tracks with matching cuts to those without matching cut tod0

andz0 sinθ. This is for 20-30% most central events.
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30-40% centrality
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Figure 35: Ratios of the Full-Fcalvn for tracks with matching cuts to those without matching cut tod0

andz0 sinθ. This is for 30-40% most central events.
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60-70% centrality
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Figure 36: Ratios of the Full-Fcalv2 − v4 for tracks with matching cuts to those without matching cut to
d0 andz0 sinθ for 50-60% (top) and 60-70% (bottom) centrality selections.

In other centrality bins the variations are always less than 0.5% forv2 andv3, it becomes about 2%514

for v4, 3% forv5 and up to 10% forv6. In Table 7 list the final systeamtic error we quote on the results.515

The systematic error due to track cuts
Centrality pT < 1 GeV 1 < pT < 2 GeV 2 < pT GeV

v2 0-10% 2% 0.5% 0.2%
¿10% 0.5% 0.5% 0.2%

v3 0-10% 2% 0.5% 0.2%
¿10% 0.5% 0.5% 1%

v4 0-40% 2% 1% 1%
¿40% 2% 2% 2%

v5 0-50% 3% 3% 3%
v5 0-50% 10% 10% 10%

Table 7: Summary of systematic errors for thevn associated with track cuts

5.3 Run by run variations of vn516

The ATLAS detector performance could also vary from run to run. Suchvariation in principle should517

largely be smoothed out when we present the results for the full datasets.Nevertheless, it is important to518

see whether the detector is stable over the time of the whole heavy ion running,and how much change519

it translate into thevn in the correlation analysis. Since such check severely lowers event statistics, we520

organize all the runs into 4 different running periods or groups with approximately the same statistics.521

The run ranges and corresponding luminosity are listed in Table 8. The waywe used to check the522

variation is by taking the ratio of thevn obtained in each run group with those for the full statistics.523

Run range 169405-169270 169564-169839 169864-170002 170004-170482

luminosity(µb−1) 1866.3 1832.9 1772.7 1873.3

Table 8: The four run groups and corresponding integrated luminosity.
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Figure 37-40 shows the dependence of thevn variation onpT for several centrality selections. Overall524

we do not see a clear dependence on the targetpT nor centrality, although the ratios shows larger spread525

due to increasing statistical error. The level ofpT and centrality dependent deviations beyond statistical526

fluctuation is about< 0.5%, 1%, 2%, 3% and 10% forv2 − v6, respectively.527
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Figure 37: pT dependence of the run by run variation of the full-fcalvn obtained for four run groups.
From top to bottom they are for 0-10% centrality selections.
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Figure 38: pT dependence of the run by run variation of the full-fcalvn obtained for four run groups.
From top to bottom they are for 20-30% centrality selections.
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Figure 39: pT dependence of the run by run variation of the full-fcalvn obtained for four run groups.
From top to bottom they are for 40-50% centrality selections.
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Figure 40: pT dependence of the run by run variation of the full-fcalvn obtained for four run groups.
From top to bottom they are for 60-70% centrality selections.

5.4 Monte Carlo studies528

A detailed Monte-Carlo study of the flow analysis method had been done by theflow group forv2 mea-529

surements using HIJING with an afterburner that implement thev2 signal before the GEANT simulation.530

In general a good agreement has been observed between the reconstructedv2 value and those at the truth531

level. This is shown by Figure 41 directly copied from their note.532
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Figure 41: Relative differences between the reconstructed and truev2 for |η| < 1.

Figure 42: Relative differences between the reconstructed and truev2 for 1 < |η| < 2.

Figure 43: Relative differences between the reconstructed and truev2 for 2 < |η| < 2.5.

Since this is the first time the higher order harmonic is measured. No such physics signal has been533

introduced in the ATLAS Monte Carlo simulation. So we did not check the reproducibility of thevn in534
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MC. However we expect the performance should be quite similar. At current stage we do not quote any535

systematic error associated with thevn from MC.536

5.5 Data driven cross-checks with Fcal sub-detectors537

One advantage of flow analysis in ATLAS is the fine segmentation of the detector allow measurement of538

vn using event plane determined by many different detectors. We have seen the demontration of this in the539

section where determine the Fcal resolution by correlating it with the EP determined by other detectors.540

In this section, we are going to divide Fcal into several sub-detectors and measure thevn indpendently.541

In this study we use the following set of sub-detectors542

• FCal layer one (FCal1)543

• FCal layer two (FCal2)544

• FCal layer three (FCal3)545

• FCal layer one at 3.3 < |η| < 4.0 (FCal1-low)546

• FCal layer one at 4.0 < |η| < 4.8 (FCal1-high)547

• FCal layer one and two (FCal12)548

Where the last one is our default analysis which have discussed in greatlength so far. The analysis549

procedure for the first five cases are exactly the same as those for the default. Including the calibration550

and fattening of the event plane, and resolution correction. We then compare thevn results with those551

obtained by the full Fcal layer1 and layer2 (our default results).552

The first three checks are useful in the sense that they are situated at exactly the same rapidity, thus553

they are suppose to measure the same underlying reaction plane. So by comparing these three cases, we554

can check how well we can reproduce thevn. Note that tee composition of particles that contribute to555

theET in the three layers of the FCal are expected to be somewhat different (π0 contribute mostly to first556

layer, while charged hadron can contribute to all layers. The last two checks are useful because they have557

different rapidity gap from the inner detectors, thus a comparison between thetwo allows use to quantify558

the effects of auto-correlations, especally those from jets.559

Figure 44 compare the resolutions obtained by the three different layers of the Fcal forΨ2 − Ψ5560

together with Fcal12. We see that Fcal1 has the best much better resolution compare to Fcal2 which in561

turn is much better than FCal3. ForΨ4 andΨ5 the Fcal3 resolution is very poor hence was not used562

in the analysis. We see than the resolution for Fcal12 which is obatined bu combining Fcal1 and Fcal2563

is only slightly better than Fcal1. In Figure 45, we make similar comparisons between FCal1-low and564

FCal1-high to FCal1 (which is the combination of FCal1-low and FCal1-high). We see that forn = 2565

the resolutions between FCal1-low and FCal1-high are comparable, but for higher order harmonics the566

resolution of FCal1-high drops much lower than FCal1-high.567
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Figure 44: The centrality dependence of thenth reaction plane resolution factor for n=2 to 5, compared
between FCal1, FCal2, FCal3.

Centrality (%)
0 10 20 30 40 50 60 70 80 90

}
2

Ψ
R

es
{

0

0.2

0.4

0.6

0.8

1

1.2

ATLAS Preliminary

FcalLayer1
[3.3-4.0]∈ ηFcalLayer1 
[4.0-4.8]∈ ηFcalLayer1 

Centrality (%)
0 10 20 30 40 50 60 70 80 90

}
3

Ψ
R

es
{

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ATLAS Preliminary

Centrality (%)
0 10 20 30 40 50 60 70 80 90

}
4

Ψ
R

es
{

0

0.1

0.2

0.3

0.4

0.5

ATLAS Preliminary

Centrality (%)
0 10 20 30 40 50 60 70 80 90

}
5

Ψ
R

es
{

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

ATLAS Preliminary

Figure 45: The centrality dependence of thenth reaction plane resolution factor for n=2 to 5, compared
between FCal1low, Fcal1high and FCal1



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

January 15, 2012 – 17 : 08 DRAFT 38

Figures 46-49 show the ratios of thevn using the EPs measured by different parts of the FCal de-568

tectors. The top panels show the comparison ofvn from FCal1, FCal2 and FCal3 relative to Fcal12.569

The lower panels show comparison of FCal1-low and FCal1-high to FCal1. For v2 values compared in570

Figure 46, we see that FCal1 and FCal2 adree within 1%, while the results from FCal3 are a few per-571

cent higher. This is not unexpected, as the FCal3 resolution is very poorand we expect it has its own572

addtional systematics. Forv3 values (figure 47 we also have good agreement within 2%− 5%, here we573

dont show the values for FCal3 in the 60− 70% bin as the resolution is very poor. Figures 48 and 49574

show comparisons forv4 andv5, we exclude FCal3 from here because it has very poor resolution. Forv4575

andv5 also we see good agreement wherever the statistics alow us make such comparisons.576
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Figure 46: Top panels: Ratios ofv2 obtained using different layers of Fcal (top row) to that obtained using
Full-Fcal. Bottem panels: Ratios ofv2 obtained using differentη segments of Fcal-layer1 (Fcal1-low and
FCal1-high) to full Fcal-layer1(FCal1). Both comparisons are shown for four representative centrality
selections.
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Figure 47: Same as previous figure, but forv3
;
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Figure 48: Same as previous figure, but forv4
;
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Figure 49: Same as previous figure, but forv5
;

In general, the summary of these checks are that they have shown that thesystematic effects due577

to reaction plane determination and autocorrelation are quite small (¡5%), butare slightly different for578

different order of harmonic flow. However, asn increase, the precision ofvn measurement decreases,579

and the systematic errors increases, especially in the case ofv6. One caveat with this comparision is580

that different detectors has their own set of associated systemtics. The systematic errors for detectors581

with poor resolution should be larger. For example FCal2has a smaller weightto combined EP plane for582

FCal12, but in general has poor performance compare to the first layer(more noise and worse energy583

resolution, the shower profile is also larger). However, the fact that these detectors can have up to factor584

4 difference in their resolution correction, while still agree with each other within 2-10% is amazing.585

This also give us confidence to our results.586

Table 9 summarize the systematic difference seen between different measuremnents forv2 − v5.Most587

likely this difference comes from the detectors with poor resolution, thus not representative of the true588

resolution of the combined detector Fcal12. So we shall treat the study in this section as cross checks589

and do not include them in the final systematic error table.590

Table 9: Summary of the cross-checks forvn measurements using different EP detectors
Layer1 vs Layer2 Low vs highη

central mid-central peripheralcentral mid-central peripheral
v2 2% 1% 3% 1-5% 1% < 5% atpT < 4 GeV
v3 2% 2% 3 % 2% 3% 3%
v4 1% 1% 1% 3% 1% 1%
v5 3% 2% 3% 3% 3% 3%
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5.6 Summary of the systematic uncertainties591

Table 10-14 summarize the list of systematic errors onv2 − v6 measurement for Full-Fcal and Sub-Fcal592

methods for various centrality ranges. They are quoted nominally for 5% centrality bins. For example593

0-20% refer to 0-5, 5-10, 10-15, and 15-20% bins, the corresponding errors refer the range of errors for594

that four bins. For example an 5-2% error would mean that the error for 0-5% centrality bin is 5% and595

that for 15-20% centrality bin is 2%. We also quote the error for a special 0-1% centrality bin, which596

usually has the same systematic errors as that for 0-5%. However it has its own statistical uncertainty for597

the resolution correction, which can become very big forv6.598

Error type comment Centrality
0-20% 20-40% 40-50% 50-70% 70-80%

Resolution Sys. 5-2% 1.5-1% 1.5-2% 3-4% 4-6%
stat. 0.06-0.1% 0.01% 0.02% 0.04-0.1% 0.2-0.4%

track cut pT < 1 GeV 2% 0.5% 0.5% 0.5% 1%
1 < pT < 2 GeV 0.5% 0.5% 0.5% 0.5% 1%

2 < pT GeV 0.1% 0.1% 0.1% 0.5% 1%
residual sin term 0.8% 0.6% 0.6% 0.5% 0.2%

run-by-run variation 0.2% 0.1% 0.2% 0.5% 1%
Total pT < 1 GeV 5.5-3% 1.3-1.7% 1.3-2.2% 3.2-4.1% 4.3-6.2%

1 < pT GeV 1% 1.3-1.7% 1.3-2.2% 3.2-4.1% 4.3-6.2%

Table 10: Summary of systematic errors for thev2 for both full-FCal and sub-FCal

Error type comment Centrality
0-20% 20-40% 40-50% 50-70%

Resolution Sys. 3% 3% 3% 3-5%
stat. 0.09% 0.1-0.17% 0.3% 0.4-2.6%

track cut pT < 1 GeV 2% 0.5% 0.5% 0.5%
1 < pT GeV 0.5% 0.5% 0.5% 2%

residual sin term 1% 1% 1% 1.5%
run-by-run variation 0.5% 0.5% 1.5% 2%

Total pT < 1 GeV 3.8% 3.4% 3.7% 4-6.2%
1 < pT GeV 3.3% 3.4% 3.7% 4.4-6.5%

Table 11: Summary of systematic errors for thev3 for both full-FCal and sub-FCal
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Error type comment Centrality
0-1% 0-20% 20-40% 40-50% 50-60% 60-70%

Resolution Sys. 4% 4 5%
stat. 0.7% 0.3% 0.3-0.5% 0.7-1.1% 1.8-3.2 5.9-15%

track cut 1% 1% 1% 2% 4% 4%
residual sin term 2% 2% 2% 2% 3% 5%

run-by-run variation 1% 1% 1.5% 2% 4% 4%
Total 4.8% 4.7% 4.9% 5.4% 7.8-8.2% 11-17.5

Table 12: Summary of systematic errors for thev4 for both full-FCal and sub-FCal

Error type comment Centrality
0-1% 0-20% 20-40% 40-50%

Resolution Sys. 10%
stat. 4% 2% 2-4% 5-20%

track cut 1% 1% 1% 2%
residual sin term pT < 1 GeV 5%

pT > 1 GeV 2% 2% 5% 2%
run-by-run variation 2% 2% 2% 4%

Total 12.3% 11.8% 13% 13-23%

Table 13: Summary of systematic errors for thev5 for both full-FCal and sub-FCal

Error type comment Centrality bins
0-1% 0-20% 20-40% 40-50%

Resolution Sys. 30%
stat. 50% 16-7% 6-9% 12-23%

track cut 10%
residual sin term 10%

run-by-run variation 10%
Total 61% 38-35 36% 37-42%

Table 14: Summary of systematic errors for thev6 for both full-FCal and sub-FCal

6 Results599

Let us quickly summarize the process used to obtain thevn values. The whole process has been discussed600

previously, here we doa quick recap. The analysis involved two passesthrough the data and one final601

analysis:602

• First Pass : This pass is used for obtaining the correation factors for theQ-vectors for each order603

which includes〈Qraw〉 and the flattening corrections. The calibration constants obtained in this604

pass are used in the second pass.605

• Second Pass : In this pass, for each event the rawQ-vectors for each harmonic are measured after606

the shifting and flattening corrections are applied. TheQ-vectors are then used to determine the607
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event plane orientation. Finally the distribution of the charged particles w.r.t. the event plane (Ψn)608

are stored in bins ofpT , η (of track) and centrality(of event). Also the correlations between the609

event planes obtained by the the positive and negative sides of the FCal (i.e. ΨP
n − ΨN

n ) are stored610

for all centrality bins. This correlation will be used to obtain the reaction planeresolution.611

• Final Analysis : The correlation betweenΨP
n − ΨN

n is used to obtain the reaction plane resolution612

for each harmonic. Also by taking the fourier transformation of the particle distributions about613

the event plane, the rawvn values are obtained. The rawvn values are corrected to account for the614

reaction plane resolution to obtain the final correctedvn values.615

• Systematic Errors : For estimating the various systematic errors discussed in the text, usually616

specialized analysis similar to the one above are run with the necessary parameter (such as tracking617

cut or reaction plane detector) appropriately modified. For the final result, the systematic errors618

from the various sources are put together (as discussed in the systematic-errors-section).619

6.1 η dependence620

Theη dependence ofvn is more sensitive to jet influence, especially at highη where the track is close to621

the FCal. Hence a resonableη gap is necessary between the tracks and the detector used to determine622

the reaction plane. The Full-Fcal has a minimum 0.8 unit seperation from the tracks while the Sub-Fcal623

has a minimum of 3.3 unit seperation from the track. Figure 50-54 summarize theη dependence of the624

vn for selected centrality andpT . In each panel the results from Full-Fcal(top two rows) and Sub-Fcal625

(bottom two rows) are always shown together to illustract the effects of the auto-corrleations. We see626

the results for Sub-Fcal has a slight decrease of thevn towards largeη by about 5%; Since the EP is in627

opposite hemisphere relative to tracks, largerη implies a even larger rapidity seperation (so it reaches628

5.8 unit seperation atη = 2.5). The Full-Fcal also show a small decrease in some cases, but in general629

much flatter than the sub-fcal results. These few % difference between the two methods could indicate630

the level of auto-correlations.631

Based on this observation, we decide to use the Sub-Fcal to present theη dependence, while use632

the Full-Fcal for thepT and centrality dependence study. The reason for this is that The full FCal has a633

better resolution that the Sub-FCal. This is especially important forv5 andv6 measurements where the634

resolution is very low (in which case the full FCal has∼
√

2 times higher resolution. The difference635

between Full-Fcal and sub-fcal forη integratedvn results differs by about 2.5% on average.636
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Figure 50:η dependence ofvn for 0.5-1 GeV bin, Each panel corresponds to a different centrality class.
Top two rows corresponds results using Full-Fcal while the bottom corresponds Sub-Fcal.
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Figure 51: same as previous figure except for 1-2 GeV
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Figure 52: same as previous figure except for 2-3 GeV
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Figure 53: same as previous figure except for 3-4 GeV
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Figure 54: same as previous figure except for 4-8 GeV

6.2 vn vs pT637

Figure55 shows thepT dependence ofv2-v6 for several centrality selections. We see that they all show a638

similar pT dependence trend, namely, they first increase withpT to about 3-4 GeV, then decrease with639

pT . However, the overall magnitude of thevn generally decrease for largern, except in most central bins640

where thev3 seems to be the largest.641
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Figure 55:pT dependence ofvn. Each panel corresponds to a different centrality class.

We notice that the rate with which thevn reach the corresponding maximum also depends onn. It642

has been argued that thevn is controlled by the eccentricityǫn, and it has been shown that theǫn scales643

asrn. Thus we calculateǫ1/n
n , and scale it relative toǫ1/2

2 . The result is shown in Figure 56. We see644

that the ratios only depend weakly onpT , suggesting that the that this scaling properly account for the645

pT dependence (with in 10%). However the magnitude of the ratios seem to varyslightly with n and646

centrality.647
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Figure 56:vn scaling withpT . The plotted quantity isv
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6.3 vn vs centrality648

Figure57 shows the centrality dependence of thevn for severalpT bins. The centrality bins are 5% in649

width, but we have a special bin for the top 1% most central events. This binis importance, when we650

compare the results obtained here to the ones obtained from the two-particle correlation analysis. Similar651

results for 10% centrality binning is shown in Figure58. Going from centralto peripherial collisions,v2652

first increases, reaches maximum at around 30-40% centrality, and thendecreases;v3 shows a similar but653

much weaker centrality dependence; whilev4-v6 almost show no clear centrality dependence trend. We654

also see that the tail end of the centrality dependence (that is at peripheral events)v2 again increases. And655

the higher inpT we go, the earlier (in centrality) this upward appears. This tail indicates the breakdown656

of collective behavior and the emergence of the jet influence. We see thatthis bending near the tail is657

much less prominent for other harmonics. This is because the jet shape hasa naturalv2 in it (due to its658

back-to-back nature), but doesnot havev3, v4 etc.659

We also notice that in generalv2 is much larger than the other harmonics. This is because the fireball660

produced in the collisiosn has a naturalǫ2 which translates into largev2. However, in the most central661

events (in the top 5% and more so in the top 1%) which correspond to (almost) complete overlap between662

the colliding nuclei, there is no naturalǫ2 present in the fireball. In these events, all eccentricities come663

from fluctuations in the initial shape of the fireball. A very interesting thing we see from the centrality664

plots in that for these top 5% most central events, thev3 values are larger than thev2 , and in somepT665

bins, evenv4 andv5 are larger thanv2.666
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Figure 57:vn as a function of centrality for differentpT bins in 5% centrality steps plus a 0-1% most
central bin. The right-hand end of the X-axis corresponds to most central and the origin corresponds to
peripheral events.



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

January 15, 2012 – 17 : 08 DRAFT 51

1-Centrality (%)
20 30 40 50 60 70 80 90 100

nv

0

0.1

0.2

<1.0 GeV
T

0.5<p

ATLAS Preliminary
2v
3v
4v
5v
6v

1-Centrality (%)
20 30 40 50 60 70 80 90 100

nv

0

0.1

0.2

<2.0 GeV
T

1.0<p ATLAS Preliminary

1-Centrality (%)
20 30 40 50 60 70 80 90 100

nv

0

0.1

0.2

<3.0 GeV
T

2.0<p ATLAS Preliminary

1-Centrality (%)
20 30 40 50 60 70 80 90 100

nv

0

0.1

0.2

<4.0 GeV
T

3.0<p ATLAS Preliminary

1-Centrality (%)
20 30 40 50 60 70 80 90 100

nv

0

0.1

0.2

<8.0 GeV
T

4.0<p ATLAS Preliminary

1-Centrality (%)
20 30 40 50 60 70 80 90 100

nv

0

0.1

0.2

<20.0 GeV
T

8.0<p ATLAS Preliminary

Figure 58:vn as a function of centrality for differentpT bins in 10% centrality steps. The right-hand end
of the X-axis corresponds to most central and the origin corresponds toperipheral events.

6.4 Comparision between results for full FCal and FCalP(N)667

Figure shows the ratios ofvn obtained from from FCalP(N) to those obtained full FCal for various cen-668

trality selections. The FCalP(N) results are higher than those from full FCal forv2 by about 5%, but669

the difference decreases towards mid-central collsions to about 2%. However, the differene is almost670

independent ofpT , except for most central 0-5% and peripheral collisions (> 70%).671
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Figure 59: Ratios ofvn obtained from FCalP(N) to those obtained from full FCal for various centrality
selections (0-40% for top panels and 40-80% in the bottom panels). From left to right, they arev2 − v6.

To further dissect these systematic differences. In Figure 60, we plot thevn ratios between FCalP(N)672

and full FCal as function ofη for 1-2 GeV and for various centrality selections. Again we see that the673

FCalP(N) results are sytematically higher than those from full FCal. Forv2, the ratios decrease slightly674
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with η suggesting that the full FCal has weakerη dependence; in most peripheral collisions (eg 70-675

80%), the ratio drops by amost 20%, this just reflects the fact that the FCalP(N) has a much strongerη676

dependence while full FCal has none. The reason as we explained before is due to the fact that the full677

FCal has more influence from di-jet which bias the RP measurement due to a smallerη gap between ID678

and full FCal. Forn > 2, we see the ratios drops withη by about 10% indepdent of centrality selections,679

again suggesting that FCalP(N) has strongerη dependence. Similar comparisons ofη dependence for680

other pT bins can be found in Appendix. However based on these observations,we concluded that the681

differences between the full FCal and FCalP(N) are within 1-5% forη integrated results, the only outlier682

would be thev2 in 0-5% central collisions which shows about 5% difference.683
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Figure 60: Ratios of thevn from FCalP(N) to those obtained from full FCal for 1-2 GeV for various
centrality selections. From the left to right they arev2, v3, v4, v5 andv6, respectively.

6.5 Comparision with thev2 from the elliptic flow paper684

There is an independent analysis ofv2 carried out by the Krakow flow group. They employed a different685

EP calibration procedure, in which they re-weight the tower energy of theFCal to make the EP to be686

flat, instead of applying a shifting and flattening procedure used in our analysis. The other difference is687

that we include events inz vertex in range of|zvtx| < 150mm while the Krakow group only use events in688

|zvtx| < 100mm. So the natural question is how well our measurement compare with theirs. Figure 61689

plot the ratio of thev2 obtained from our analysis to those from the flow paper (ATLAS-HION-2011-690

05-001). The green band indicate our systematic error on the reactionalplane resolution estimated by691

comparison between two sub-event-method and three-sub-event methods. The two measrements show692

excellent agreements within errors.693
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Figure 61: comparison ofv2 from this analysis for FCalP(N) with flower paper (ATLAS-HION-2011-05-
001) results in|η| < 1 (top), 1< |η| < 2 (middle) and 2.0|η| < 2.5 (bottom).
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7 Appendix694

7.1 more comparison between full FCal and FcalP(N)695
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Figure 62: Ratios of thevn from the full FCal to that for the FCalP(N) for 2-3 GeV for various centrality
selections. From the left to right they arev2, v3, v4, v5 andv6, respectively.
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Figure 63: Ratios of thevn from the full FCal to that for the FCalP(N) for 3-4 GeV for various centrality
selections. From the left to right they arev2, v3, v4, v5 andv6, respectively.
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Figure 64: Ratios of thevn from the full FCal to that for the FCalP(N) for 4-8 GeV for various centrality
selections. From the left to right they arev2, v3, v4, v5 andv6, respectively.

7.2 Determining the reaction plane angle696

Here we explain the method used for determining the reaction plane angle. Themeasured anisotropy for697

a given detector, where the RP angle is estimated, can be expressed as a Fourier series,698

2πdN/dφ = Q0 +
∑

n

(Qx,n cosnφ + Qy,n sinnφ)

= Q0 +
∑

n

Qn cosn(φ − Ψn), (23)

= Q0(1+
∑

n

2vobs
n cosn(φ − Ψn)),

with

Qx,n =
∑

i

wi cosnφi, Qy,n =
∑

i

wi sinnφi,

Q2
n = Q2

x,n + Q2
y,n, Ψn =

1
n

tan−1
(

Qy,n

Qx,n

)
, (24)

and

vobs
n =

Qn

2Q0
=

Qn

2
∑

i wi
≡ 〈cos(n(φ − Ψn)〉) . (25)

wi is the appropriate weight for each detector channel, be it number of charged particles, or total699

transverse energy.Ψn is n’th order event plane (EP) defined by then’th order flow vector700

−→
Qn = (Qx,n,Qy,n) = (Qn cosnΨn,Qn sinnΨn), (26)

and the usual definition of raw flow coefficient vobs
n , is simply the magnitude of the flow vectorQn701

normalized by twice of the total weight (or twice number of particles ifwi = 1). Ψn could be different702

from the n’th order true reaction plane,ΨRP,n, due to finite multiplicity fluctuations. One may also703
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measure thekn’th order
−−→
Qkn andvobs

kn from n’th order event planeΨn for any natural numberk. This is704

because of different order of harmonics flow may correlated with each other, and such correlation may705

result in measureable higher order flow relative to the lower order EP.vobs
kn determined this way is known706

as the mixed harmonics flow coefficient.707

Once the event plane angleΨn is determined using forward detectors, the flow signal for tracks at708

mid-rapidity, can be expressed as (similar to Eq.25),709

dN/dφ = A(1+ 2
∑

n

vobs
n cosn(φ − Ψn)) (27)

7.3 Reaction plane resolution710

Due to finite statistics in the determination of the reaction plane (orQ − vector), the measured reaction711

plane is different than the true reaction plane. We now consider how the difference between the true712

reaction plane and the observed reaction plane affects the measured harmonics and how we can correct713

for this. For deriving most of the results in this section, we follow the work done in [REFERENCES].714

We denote the truen′th order reaction plane byΨtrue
n and the observed reaction plane byΨobs

n . The715

distribution of particles can now be written as:716

N(φ) = N0

(
1+ 2vncos(n(φ − Ψtrue

n ))
)

= N0

(
1+ 2vncos

(
n(φ − Ψobs

n ) − n(Ψobs
n − Ψtrue

n )
))

= N0

(
1+ 2vncos

(
n(φ − Ψobs

n )
)

cos
(
n(Ψobs

n − Ψtrue
n )

))

+N0

(
2vnsin

(
n(φ − Ψobs

n )
)

sin
(
n(Ψobs

n − Ψtrue
n )

))
(28)

Note that byΨobs
n we mean the observed reaction plane that has been corrected for all systematic717

detector effects. Thus any difference betweenΨobs
n andΨtrue

n is purely because of the finite statistics used718

in the determination ofΨtrue
n . Assuming that the fluctuations of the observed reaction plane about the true719

reaction plane are independent of the true reaction plane[REFERENCE Probably not necessary], that is,720

the∆Ψn(= Ψobs
n − Ψtrue

n ) distribution is independent ofΨtrue
n , we have:721

〈
cos

(
n(φ − Ψobs

n )
)

cos
(
n(Ψobs

n − Ψtrue
n )

)〉
=

〈
cos

(
n(φ − Ψobs

n )
)〉 〈

cos
(
n(Ψobs

n − Ψtrue
n )

)〉
(29)

〈
sin

(
n(φ − Ψobs

n )
)

sin
(
n(Ψobs

n − Ψtrue
n )

)〉
=

〈
sin

(
n(φ − Ψobs

n )
)〉 〈

sin
(
n(Ψobs

n − Ψtrue
n )

)〉
(30)

Now, since the fluctuations of the observed reaction plane about the true reaction plane must be722

symmetric (that is, the probability ofΨobs
n − Ψtrue

n to be+∆Ψn and−∆Ψn are the same), when averaged723

over many events we must have:724

〈
sin

(
n(Ψobs

n − Ψtrue
n )

)〉
= 0 (31)

Thus the particle yield averaged over many events can be written as:725

N(φ) = N0

(
1+ 2vn ×

〈
cos

(
n(Ψobs

n − Ψtrue
n )

)〉
× cos

(
n(φ − Ψobs

n )
))

(32)

We see that the difference between the observed reaction plane and the true reaction plane effectively726

reduces the measured value ofvn by a factor of
〈
cos

(
n(Ψobs

n − Ψtrue
n )

)〉
. We define this factor as the727

reaction plane resolution (for thenth-order harmonic) of the detector:728
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Resolution =
〈
cos

(
n(Ψobs

n − Ψtrue
n )

)〉
(33)

Once the resolution is determined, the true value ofvn can me obtained by dividing the observed729

value by the resolution. That is:730

vn =
vobs

n〈
cos

(
n(Ψobs

n − Ψtrue
n )

)〉 (34)

7.4 Mixed harmonics731

Here we explain the concept of mixed harmonics. Mixed harmonics mean the value of themth order732

harmonic in thenth order plane. For example thev4 measured in theΨ2 plane is a mixed harmonic733

(which will be smaller thanv4 aboutΨ4 plane). Let us start with our master equation for the particle734

distribution and write it about theΨn plane.735

dN
dφ

= N0

1+
∞∑

m=1

2vmcos(m(φ − Ψm))



= N0

1+ 2vncos(n(φ − Ψn)) +
∞∑

m,n

2vmcos(m(φ − Ψn) − m(Ψm − Ψn))

 (35)

When averaged over many events, them , n terms become:736

〈cos(m(φ − Ψn) − m(Ψm − Ψn))〉 = 〈cos(m(φ − Ψn))〉 〈cos(m(Ψm − Ψn))〉 (36)

Figure 65: The elliptic, triangular and square anisotropies. Notice the two fold degeneracy inǫ2, three
fold degeneracy inǫ3 and four fold degeneracy inǫ4 .

Now Ψm has anm − f old ambiguity (or degeneracy) in its defenition (see fig.65) whileΨn has an737

n-fold ambiguity. While picking theΨn (orΨm) plane, we get at random one of thesen (or m) values. If738

then different values of the reaction planeΨn are represented byΨi
n with (i = 1,2, ...n) thenm ×Ψi

n will739

differ from each other by a multiple of 2π if m is an exact multiple ofn. Thus if m = kn (wherek is an740

integer),cos(m(Ψm −Ψi
n)) will be the same no matter which of theΨi

n we pick. However, ifm , kn, then741

cos(m(Ψm − Ψi
n)) will be different for eachΨi

n and will be average to zero (when averaged over many742

events).743

Thus the particle distribution averaged over many events about theΨn plane can be written as (keep-744

ing only them = kn terms):745
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dN
dφ

= N0

1+ 2vncos(n(φ − Ψn)) +
∞∑

k=2

2vkn 〈cos(m(Ψm − Ψn))〉 cos(nk(φ − Ψn))



= N0

1+
∞∑

k=1

2̂vkncos(kn(φ − Ψn))

 (37)

Where746

v̂kn = vkn 〈cos(m(Ψm − Ψn))〉 (38)

For k = 1 obviouslŷvkn = vn. From Eq.38, we see that the mixed harmonics directly measure the747

correlation of theΨm plane with theΨn plane. And also that the mixed harmonicv̂kn will always be748

smaller thanvkn as〈cos(m(Ψm − Ψn))〉 ≤ 1.749

7.5 Event plane flattening [put references here]750

The distribution of the true reaction plane should be flat. This means that whenaveraged over many751

events, the reaction plane (or theQ − vector) doesnt have any preferred direction. However due to752

detecter effects such as inefficiencies/dead-regions/hot-regions, the raw event-plane distribution is not753

flat. For example, if the Forward calorimeter has a few towers with higher gains than the rest, then the754

Q − vectors will get more contribution from these towers, and will have a tendency to align along them.755

Similarly dead modules in the pixel detectors will result in theQ − vector having less contribution fomr756

these regions and will be aligned opposite to these modules. In order to account for these detector effects757

on the on theQ− vector (and in turn on the reaction plane), a recentering-flattening procedure us used to758

correct the reaction plane distribution.759

In order to deomstrate the non-flatness of the raw EP (denoted asΨRaw
n ), we plot the distributions of760

ΨRaw
2 andΨRaw

3 obatined from the FCal for a few centralities in Fig.66. (Note by FCal, we always mean761

layers 1 and 2 of the FCal andη ∈ (3.3,4.8)).762

Figure 66: The Event Plane distribution forΨRaw
2 andΨRaw

3 obatined from FCal for four different cen-
tralities. The error bars should be

√
NEvents and are suppressed for calrity.
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7.5.1 Recentering and rescaling of theQ − vector763

As mentioned before, the trueQ − vector distribution distribution doesnot have any prefered direction.764

Thus, we must have :765

〈
Qn,x

〉
=

〈
Qn,y

〉
= 0 (39)

Since the rawQ − vectors averaged over many events, havex andy components, theQ − vector is766

recentered at (0,0) by subtracting these out. This recentering procedure is done order by order for all767

Q− vectors. Also since the mean values of the rawQ− vectors depend on the centrality, this recentering768

in done is narrow bins of centrality (5% bins in our case).769

Qrecentered
n,x = QRaw

n,x − 〈QRaw
n,x 〉

Qrecentered
n,x = QRaw

n,x − 〈QRaw
n,x 〉 (40)

Further, theQ − vectors are renormalized to have a mean value of 1.0. This is acheieved by scaling770

the recenteredQ − vector by theσx/y of the rawQ − vector distribution. As with the recentering, the771

rescaling is again done in narrow centrality bins. The rescaling of theQ− vector doesnot have any effect772

on the reaction plane and is only for plotting purposes and for comparing thedistributions across different773

centralities. We denote theQ − vector obatined after the recentering and rescaling asQmeas. Thus the774

whole recentering and rescaling procedure can be written as:775

Qmeas
n,x =

(
QRaw

n,x − 〈QRaw
n,x 〉

)
/σn,x

Qmeas
n,y =

(
QRaw

n,y − 〈QRaw
n,y 〉

)
/σn,y (41)

7.5.2 Flattening of the event plane776

After recentering theQ − vector the event-plane distributionsΨmeas
n are almost flat. Further corrections777

involve shifting the event plane by small angle∆Ψn:778

∆Ψn =

kmax∑

k=1

2
kn

(
−〈sin(knΨmeas

n )〉cos(knΨmeas
n ) + 〈cos(knΨmeas

n )〉sin(knΨmeas
n )

)
(42)

Wherekmax = 12 in our analysis. Finally the fully corrected reaction plane is obtained as :779

Ψn = Ψ
meas + ∆Ψn (43)

In Fig.67 we plot the raw, recentered and flattened Event planes for two different centralities for780

n = 2,3,4,5,6. From the plots it is clear that the recentering take care of most of the detector anisotropies781

and the flattening only makes minor modifications.782
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Figure 67: The raw, recentered and flattened distributions forΨ2 obatined using FCal (layer1+layer2)

7.5.3 Meaning of the shifts〈QRaw
n,x/y〉783

We not take a detailed look at the shifts〈QRaw
n,x/y〉. First we explain what these〈QRaw

n,x/y〉 mean physi-784

cally. Measured with a calorimeter, the Q-vectors are simply the azimuthal distribution of the transverse785

energy(ET ). The Q-vector in a particular event can be written as a function of phi as:786

QTrue(φ) = Q0

1+
∞∑

n=1

2vn cos(nφ − nψn)



However the measured raw energy distribution will be affected by the detector efficiencyǫ, and we787

have:788

QRaw(φ) = QTrue(φ) × ǫ(QTrue(φ), φ) (44)

Where we have assumed that the efficiency is both a function of the true deposited energyQTrue(φ)789

and the angleφ. If we relax this assumption to make the efficiency only a function ofφ, then we have:790

QRaw(φ) = QTrue(φ) × ǫ(φ) (45)

Now the efficiency function can be expanded in a Fourier series (whose form we keep similar to our791

flow expansion):792

ǫ(φ) = ǫ0

1+
∞∑

n=1

2ǫn cos(nφ − nΦn)

 (46)

Substituting this into the expansion of the RawQ − vector, we get:793

QRaw = Q0

1+
∞∑

n′=1

2vn′ cos(n′φ − n′ψn′)

 × ǫ(φ)

= Q0

1+
∞∑

n′=1

2vn′ cos(n′φ − n′ψn′)

 × ǫ0
1+

∞∑

n′′=1

2ǫn′′ cos(n′′φ − n′′Φn′′)



= ǫ0Q0

1+
∞∑

n′=1

2vn′ cos(n′φ − n′ψn′) +
∞∑

n′′=1

2ǫn′′ cos(n′′φ − n′′Φn′′) + O(ǫn′vn′′)

 (47)
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Where we have ignored terms of OrderO(ǫn′vn′′) in the above formula (Note that these terms are794

actually handled by the flattening procedure). This gives us forQRaw
n,x andQRaw

n,y795

QRaw
n,x =

∫
Q(φ) × cos(φ)dφ = ǫ0Q0 (2vn cos(nψn) + 2ǫn cos(nΦn)) (48)

QRaw
n,y =

∫
Q(φ) × sin(φ)dφ = ǫ0Q0 (2vnsin(nψn) + 2ǫnsin(nΦn)) (49)

were we to calculate the reaction plane angleψn from the rawQn values, we would get :796

ψRaw
n = tan−1(

ǫ0Q0 (2vnsin(nψn) + 2ǫnsin(nΦn))
ǫ0Q0 (2vncos(nψn) + 2ǫncos(nΦn))

) = tan−1(
(vnsin(nψn) + ǫnsin(nΦn))
(vncos(nψn) + ǫncos(nΦn))

) , ψn (50)

Now we explain how the recentering corrects this. When averaged over many events, as the reaction797

plane angles (ψn) are completely random, we get:798

〈
QRaw

〉
= ǫ0Q0

1+
∞∑

n′′=1

2ǫn′′ cos(n′′φ − n′′Φn′′)

 (51)

This gives us:799

〈
QRaw

n,x

〉
=

∫ 〈
QRaw(φ)

〉
× cos(φ)dφ = ǫ0Q0 (2ǫn cos(nΦn))

〈
QRaw

n,y

〉
=

∫ 〈
QRaw(φ)

〉
× sin(φ)dφ = ǫ0Q0 (2ǫnsin(nΦn)) (52)

Equations.51 and 52 also give us the physical meaning of
〈
QRaw

n

〉
.Up to a normalization constant800

Q0(independent ofn),
〈
QRaw

n

〉
measures the nth harmonic coefficient in the Fourier expansion of the801

detector efficiencyǫ(φ). When we go from one centrality to another,Q0 will change, butǫ0, ǫn andΦn802

will remain same. This means that the while the magnitude of
〈
QRaw

n

〉
changes from one centrality to803

another, the direction will remain fixed. Further asQ0 is independent ofn, the magnitudes of the different804 〈
QRaw

n

〉
will scale by the same amount going from one centrality to another. That is, if|

〈
QRaw

2

〉
| change805

by a factor of′x′ going from centrality-1 to centrality-2, then|
〈
QRaw

2/3/4...

〉
|will also change by a factor of806

′x′.807

Now lets see how accounting for the
〈
QRaw

n

〉
corrects the measurement of the reaction plane. The808

recentered (or shifted)Qn,x/y are given by:809

Qrecentered
n,x = QRaw

n,x −
〈
QRaw

n,x

〉
= ǫ0Q0 (2vn cos(nψn)) (53)

Qrecentered
n,y = QRaw

n,y −
〈
QRaw

n,y

〉
= ǫ0Q0 (2vnsin(nψn)) (54)

and calculating theψn from the recenteredQ − vector, we get:810

ψrecentered
n = tan−1(

Qrecentered
n,y

Qrecentered
n,x

) = tan−1(
ǫ0Q0 (2vnsin(nψn))
ǫ0Q0 (2vn cos(nψn))

) = ψn (55)

We see that the recenteredQ − vectorsgive us the correct reaction plane. We once again note that in811

Eq.47, we had ignored terms ofO(ǫn′vn′′), Had we kept those terms, Eq.55 would be further modified by812

the term in Eq.42. These terms are accounted for by the flattening procedure.813
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7.5.4 Shifts〈QRaw
n,x/y〉 for the FCal814

Now we do a study of the shifts〈QRaw
n,x/y〉 for the FCal. This is also presented in the main text, but we815

show them here again for continuity. We will analyze one run only(run 170002) so that any run-by-run816

changes in the detector acceptance do not affect our observations. in Fig.68, we plot the〈QRaw
n,y 〉vs 〈QRaw

n,x 〉817

distributions forFCal− Layer1 for n=1,2,3,4,5,6. Each harmonic is represented by a different color and818

the different points for a particular harmonic are for different centralities (20 bins of 5% centrality with819

the most central one having the highest magnitude). On the right plot, we have rescaled the Q-vectors820

such that the point corresponding to the most central events (0-5%) hasa magnitude of 1.0.821

From these figures, we can see the two scaling relations that we had expected in the last section.822

We see that as the centrality bin changes, the magnitude of the shifts change (as they should), but the823

direction is extremely stable. We also see the expected scaling in the magnitudes,which is evident from824

the right plot. When the most central class has been scaled to have|QRaw
n | = 1.0, we see that the other825

classes have roughly the same magnitude independent ofn.826
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Figure 68:
〈
QRaw

n,y

〉
vs

〈
QRaw

n,x

〉
for n = 2,3,4,5,6. Left Plot is unscaled, right plot is scaled such that the

most central(0-5%) bin has|
〈
QRaw

n

〉
| = 1.0.

In Fig. we plot this information again but in polar co-ordinates. The left plotis |
〈
QRaw

n

〉
| vs nΦn,827

right plot is |
〈
QRaw

n

〉
| vsΦn. We see that the angles are stable independent of centrality. There is some828

fluctuations in the more peripheral bins, this is because the magnitude|
〈
QRaw

n

〉
| is very small, so the829

angle is susceptible to fluctuations.830
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Figure 69:|
〈
QRaw

n

〉
| vs angle(

〈
QRaw

n

〉
) for n = 2,3,4,5,6. Left plot is vsnΦn, right plot is vsΦn

The anglesΦn can be directly calculated from theET (φ) distribution in the calorimeter averaged over831

all centralities:832

〈
dET

dφ

〉
= ǫ0Q0 +

∞∑

n=1

2QRaw
n cos(nφ − nΦn)

WhereQRaw
n means (weighted) average ofQRaw

n over all events (in all centralities). We plot this833

in the left panel of Fig. 70, the vertical lines in the plot show the angles associated with the different834

harmonics. In the right plot, we show the comparison of these angles obtained by the direct Fourier fit of835

ET to the ones obtained during the recentering procedure (from Figs. 68 and 69). We see extremely good836

agreement between the values. Also from theET Fourier fit, we see that n=4 harmonic is the second837

largest component (after n=1), in fact the background modulation is larger than the truev4 signal(PUT838

REFERENCE TO VN PLOT HERE). We also note that the positions of thenΦn values obtained match839

exactly with the position of the peaks of thenΨRaw
n plotted in Fig.67.840

 (rad)φ
-3 -2 -1 0 1 2 3

 (
a.

u.
)

T
E

28

29

30

31

32

33

610×
n=1
n=2
n=3
n=4
n=5
n=6
sum

Run 170002 layer 1

>raw
n<QΦ

-3 -2 -1 0 1 2 3

2 >
ra

w
y,

n
+<

Q
2 >

ra
w

x,
n

<Q

-210

-110

1

10

n=1
n=2
n=3
n=4
n=5
n=6

Figure 70: Left plot: Fourier fit to theET deposited in FCal(Layer-1), the vertical lines show the angles
associated with the different harmonics. Right plot: Comparison between the angles obtained by direct
Fourier fit(vertical lines), to the ones obtained from calibration(circular points, each point represents one
centrality bin of 5% width).

All the results that we showed in this section pertain to run 170002 only. As mentioned before, we841

took only one run into consideration so that any run-by-run changes in the detector acceptance do not842

affect our results. Finally, in Fig. we show the run dependence of these parameters (both the magnitude843
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and the direction ofQRaw
n ) for two different centralities for all 34 runs that we use in our analysis. As is844

evident from this plot, there is only a small variation in the acceptance/efficiency of the FCal across the845

34 runs.846
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Figure 71: Run by run dependence of|QRaw
n | andnΦn for two different centralities

7.6 Determining the detector resolution847

Event plane determination: As mentioned before, due to the finite number of particles of the system, the848

measured flow vector fluctuates around its true value. Defining the directionof the true flow vector as849

the x-axis, such dispersion distribution can be expressed as (assuming gauss-like distribution which is850

true when multiplicity is large: central-limit theorem)851

dN
dQx,ndQy,n

=
1

πσ2
n

exp


−

∣∣∣∣−→Qn − 〈Qn〉
∣∣∣∣
2

σ2
n


, (56)

with equal variance inx andy direction,852

σ2
y = σ

2
x =

∑

i

w2
i cos2 nφi =

N
〈
w2

〉

2
≡
σ2

n

2
. (57)

where〈w2〉 represent the average of the quadrature weight, andN is the number of particles. We can853

also rewrite the dispersion equation 56 in terms ofQn and relative angle∆Ψn = Ψn − ΨRP,n between854

measured and mean flow vector as855
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dN
QndQnd (n∆Ψn)

=
1

πσ2
n
× (58)

exp

(
−

Q2
n + 〈Qn〉2 − 2Qn〈Qn〉 cosn∆Ψn

σ2
n

)
,

Equations 56-57 show that the precision with which we determineΨn depends only on the magnitude856

of 〈Qn〉 relative to its varianceσn,857

χn =
Qn

σn
, (59)

In fact, integrating out theQn in Eq. 58, gives the expression for the dispersion distribution for the858

reaction plane angle,859

dN
d∆nΨn

=
exp(−χ2

n)
π

{
1+ z

√
π
[
1+ er f (z)

]
exp(z2)

}

(60)

with z = χ2
n cosn∆Ψn. Because〈Qn〉 is proportional to average flow signal〈vn〉 and N, 〈Qn〉 =860

N〈vn〉〈w2〉, assuming〈w〉2 = 〈w2〉, we haveχn =
√

2N〈vn〉. This implies that if we increase the multi-861

plicity by factor of 2,χn would increase by a factor of
√

2. This is the bases for the two sub-event and862

three sub-event methods for calculating the reaction plane resolution.863

Reaction plane resolution: The general expression for reaction plane resolution can be deriveddi-864

rectly from Eq. 60,865

〈cosk∆nΨn〉 =
χn
√
π

2
e−

χ2
n
2

[
I k−1

2
(
χ2

n

2
) + I k+1

2
(
χ2

n

2
)

]

(61)

where theIn is the modified Bessel functions of the first kind. However, in order to calculate the reso-866

lution, we first need to knowχn, which can not be obtained from distribution Eq. 60, since we do not867

knowΨRP,n. Instead, we employ the two-subevent method and three-subevent methodto calculate the868

resolution.869

7.6.1 Two sub-event method870

In order to determineχ we use the two subevent method. This involves dividing the detector into two871

sub-detectors having nearly (possibly exactly) equal acceptance andto determine the event plane for each872

of them. We call the two reaction planes obtained from the two sub-detectors asΨA
n andΨC

n . Both of873

these will fluctuate about the true reaction plane according to Eq.60 but with aχ value
√

2 smaller that874

that of the full detector. This is becauseχ scales with number of particles as∼
√

N and each of the two875

sub-detectors have half the number of particles than the full detector We denote the sub-eventχ by χS .876

Thus we have :877

χsub = χA = χC =
χ
√

2
(62)

Using Eq.60, we can determine the distribution of the relative angle∆nΨ′n = n(ΨA
n − ΨC

n ):878
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dN
d∆nΨ′n

=
e−χ

2
sub

2

[
2
π

(1+ χ2
sub) + z(I0(z) + L0(z)) + χ2

sub(I1(z) + L1(z))

]
(63)

Wherez = χ2
subcos(∆nΨ′n) andL0 andL1 are modified Sturve functions. This distribution is normal-879

ized between 0 andπ. This distribution can be experimentally measured and then fitted with Eq.63 to880

obtainχsub. from which we can obtain the full detector’sχ (by multiplying by
√

2) and the use Eq.61 to881

obtain the full resolution.882

In our analysis, we use the Fcal for determining the reaction plane. We choose theA − S ide FCal as883

one of the sub detectors and theC −S ide FCal as the other. The distribution of∆Ψ′n is similarly obtained884

with ΨA
n being the reaction plane obtained with A side FCal andΨC

n the reaction plane obtained with C885

side FCal. The sub detectorχsub values are then calculated by fitting the distribution of∆Ψ′n with Eq.63.886

Then Eq.61 us used withχ =
√

2χsub to obtain the full resolution.887

There is another method of obtaining the sub-detector resolution. Considerthe cosine ofn(ΨA
n −ΨC

n ):888

cos
(
n(ΨA

n − ΨC
n )

)
= cos

(
n(ΨA

n − ΨTrue
n ) − n(ΨC

n − ΨTrue
n )

)

= cos
(
n(ΨA

n − ΨTrue
n )

)
cos

(
n(ΨC

n − ΨTrue
n )

)

+sin
(
n(ΨA

n − ΨTrue
n )

)
sin

(
n(ΨC

n − ΨTrue
n )

)
(64)

Since the individual fluctuations in (ΨA
n − ΨTrue

n ) and (ΨC
n − ΨTrue

n ) are independent of each other,889

averaging over many events, we have:890

〈
cos

(
n(ΨA

n − ΨTrue
n )

)
cos

(
n(ΨC

n − ΨTrue
n )

)〉
=

〈
cos

(
n(ΨA

n − ΨTrue
n )

)〉 〈
cos

(
n(ΨC

n − ΨTrue
n )

)〉
(65)

〈
sin

(
n(ΨA

n − ΨTrue
n )

)
sin

(
n(ΨC

n − ΨTrue
n )

)〉
=

〈
sin

(
n(ΨA

n − ΨTrue
n )

)〉 〈
sin

(
n(ΨC

n − ΨTrue
n )

)〉
(66)

Now, since the fluctuations of the observed reaction plane about the true reaction plane must be891

symmetric (that is, the probability ofΨA/C
n − Ψtrue

n to be+∆Ψn and−∆Ψn are the same), when averaged892

over many events we must have:893

〈
sin

(
n(ΨA/C

n − Ψtrue
n )

)〉
= 0 (67)

Thus Eq. averaged over many events becomes:894

〈
cos

(
n(ΨA

n − ΨC
n )

)〉
=

〈
cos

(
n(ΨA

n − ΨTrue
n )

)〉 〈
cos

(
n(ΨC

n − ΨTrue
n )

)〉
=

〈
cos

(
n(ΨA/C

n − ΨTrue
n )

)〉2
(68)

The last equality in Eq.68 follows from the fact that
〈
cos

(
n(ΨA/C

n − ΨTrue
n )

)〉
which are the resolu-895

tions of sub-detectorA andC repectively, are equal to each other. Thus we get the sub detector resolution896

as:897

〈
cos

(
n(ΨA/C

n − ΨTrue
n )

)〉
=

√〈
cos

(
n(ΨA

n − ΨC
n )

)〉
(69)

The RHS of the above equation is experimentally evaluated and from which wecan obtain the sub-898

detector resolution. We can then use this resolution in the LHS of Eq.61 to obtainthe sub-detectorχsub.899

Form which we obtain the full detectorχ as
√

2χsub. In principle, both the fit method (Eq.63) and the900

〈cos〉method (Eq.69 and Eq.61) should give us the same value ofχsub (and hence same value ofχ). Any901

difference in between the two values can be used as a systematic error on the reaction plane resolution.902



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

January 15, 2012 – 17 : 08 DRAFT 67

7.6.2 Three sub-event method903

The three-subevent method does not require knowledge ofχn. Instead, we directly calculate the resolu-904

tion of a given detectorA by using its correlation with the event planes from two other detectorsB andC905

sitting at differentη windows.906

Res{ΨA
n|k} = 〈cos(kn(ΨA

n − ΨRP,n))〉 =

√√√√〈
cos

(
kn

(
ΨA

n − ΨB
n

))〉 〈
cos

(
kn

(
ΨA

n − ΨC
n

))〉
〈
cos

(
kn

(
ΨB

n − ΨC
n

))〉 (70)

Once Res{ΨA
n|k} is known, we can calculate theχn using Eq. 61. There are many combinations for A,907

B and C. One such example isA = FCal, B = EMBarrelN andC = EMBarrelP. The main advantage of908

the three-sub-event method is that it allows many independent estimates of theresolution for each event909

plane, thus we can estimate more reliably the associated systematic errors.910


