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Abstract6

A measurement of correlations between reaction plane anglesΦn is presented as a func-7

tion of centrality for Pb-Pb collisions at
√

sNN = 2.76 TeV. These correlations are esti-8

mated from correlations of event plane anglesΨn reconstructed using the calorimeters over9

a large pseudorapidity range|η| < 4.8, followed by a resolution correlation that accounts10

for the dispersion ofΨn relative toΦn. Significant positive correlation signals are observed11

for 4(Φ2 − Φ4), 6(Φ2 − Φ6), 6(Φ3 − Φ6), 2Φ2 + 3Φ3 − 5Φ5 and 2Φ2 + 4Φ4 − 6Φ6 and12

−10Φ2 + 4Φ4 + 6Φ6, while the correlation signals are negative for 2Φ2 − 6Φ3 + 4Φ4. These13

results may shed light on the nature of the fluctuation of the created matter at theinitial state14

as well as the subsequent hydrodynamic evolution.15
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1 Introduction73

The central focus of the heavy ion program at RHIC and LHC is to understand the properties of the74

strongly interacting Quark Gluon Plasma (sQGP) created in heavy ion collisions. A common tool used75

to study the properties of the sQGP is the azimuthal anisotropy of particles emittedin the transverse76

plane. A non-zero anisotropy can be traced to the elliptic shape of the initial fireball and the strong77

final state interaction, which transfers such spatial asymmetry into the transverse momentum (pT) space.78

Such final state interactions lead to an effective anisotropic pressure gradient in the overlap region, with79

a larger pressure gradient along the shorter axis of the fireball. This anisotropic pressure gradient drives80

an anisotropic collective expansion (or flow) of the fireball, which can bemodeled via relativistic viscous81

hydrodynamic models. The magnitude of the azimuthal anisotropy is sensitive toproperties of the sQGP,82

such as the ratio of the shear viscosity to the entropy density and to the equation of state [1, 2].83

If we treat the nucleus as a smooth function described by Woods-Saxon geometry, then the over-84

lap region has an almost elliptic shape (see Fig.1). This spatial asymmetry can be quantified by the85

eccentricity of the overlap region and its direction:86

ǫ2 =
〈y2〉 − 〈x2〉
〈y2〉 + 〈x2〉

=

√

〈r2 cos 2φ〉2 + 〈r2 sin 2φ〉2
〈r2〉

(1)

tan 2Φ∗2 =
〈r2 sin 2φ〉
〈r2 cos 2φ〉

(2)

where (x, y) andφ are the position and azimuthal angle of a participating nucleon defined in a frame87

shifted to the center-of-gravity (i.e.〈x〉 = 〈y〉 = 0), y is along the major axis direction, andr2 = x2 + y2.88

The spatial asymmetry leads to momentum anisotropy of final state particledN/dφ ∝ 1+2v2 cos 2(φ−Φ2),89

whereΦ2 is direction of maximum emission (called reaction plane or RP) which is strongly aligned with90

minor axis of the fireball:Φ∗2 + π/2. The coefficientv2 = 〈cos 2(φ − Φ2)〉 characterizes the magnitude of91
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the anisotropy. Measurements from RHIC and LHC suggest thatv2 ∝ ǫ2, with the proportional constant92

being sensitive to shear viscosity to entropy density ratio and EOS [3].93

  Medium 

Expansion

Figure 1: The elliptic fireball formed in a
heavy-ion collision. The pressure gradient is
larger along the minor axis (called reaction
plane) than along the major axis. This results in
a greater yield of particles along the minor axis
direction. The reaction plane (RP) is defined
by the directions of beam and minor axis.

So far we just considered the elliptic component of the overlap region. In general, the fireball may94

have other higher-order shape deformations. This is because each nucleus is consists of finite number of95

nucleons whose positions could fluctuate from event to event. Such fluctuations can lead to significant96

additional shape components, each at a different angular scale (illustrated in the top-left panel of Fig2).97

The amplitude and the directions of these shape components can be estimated from the participating98

nucleons via a simple Glauber model as:99

ǫn =

√

〈rn cosnφ〉2 + 〈rn sinnφ〉2
〈rn〉

, (3)

tannΦ∗n =
〈rn sinnφ〉
〈rn cosnφ〉

(4)

These shape deformations, similar toǫ2, can be transferred into higher-order azimuthal anisotropy in the100

pT space via hydrodynamic evolution, leading to additional Fourier moments in the azimuthal distribu-101

tion of particles:102

dN/dφ ∝ 1+ 2
∞
∑

n=1

vn cosn(φ − Φn) (5)

wherevn andΦn represent the magnitude and phase of thenth-order anisotropy (or flow) at corresponding103

angular scale (2π/n), andvn = 〈cosn(φ − Φn)〉.104

Experimentally, RP anglesΦn are estimated using the azimuthal distribution of particles in the event.105

The precision of such estimation depends on the kinematic selection of the particles such aspT or η.106

The estimated directionΨn is known as event-plane (EP) to distinguish from the reaction plane. With107

the above definition,Φn,Ψn andΦ∗n all have a periodicity of 2π/n, and are uniformly distributed over108

[−π/n, π/n] in heavy ion collisions.109

When fluctuations are small, one expectvn ∝ ǫn, and theΦn to be correlated with minor-axis direction110

Φ∗n + π/n. However, model calculations show that the values ofǫn are large, and the alignment between111

Φn andΦ∗n +π/n are strongly violated forn > 2 due to non-linear effects in hydrodynamic evolution [4].112

Detailed measurements ofvn have been performed at the LHC, and significant signals are observed113

for n ≤ 6 [5, 6, 7]. In contrast, not much attention has been given to the study ofΦn, in particular114

the correlation between them. If the fluctuations are small and totally random, theorientations of the115

RP of different order are expected to be uncorrelated. Calculations based on a simple Glauber model116

show that the initial geometry have strong correlation betweenΦ∗2 andΦ∗4 in mid-central or peripheral117

collisions, while the correlation is generally weak in central collisions [9]. Furthermore, correlations118
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Figure 2: The schematic view of the different shape components arising from fluctuations of nucleons
in the initial state (left panel), and Fourier expansion of particle azimuthal anisotropy in the transverse
momentum space (right panel).

involving odd planes forn > 2 are found to be generally weak, e.g. betweenΦ∗2 andΦ∗3 or betweenΦ∗2119

andΦ∗5, except in very peripheral collisions [8]. Previous measurements at RHIC and the LHC support120

a strong correlation betweenΦ2 andΦ4 [10], and a weak correlation betweenΦ2 andΦ3 [11, 12]. The121

correlations among three event-planes of different order have also been investigated recently in a model122

framework [9, 13, 15], but no experimental measurements exist to date. Hence a detailed measurement123

of the correlation between two and three event-planes can shed light on thenature of the fluctuation of124

the initial state geometry and dynamic mixing between differentΦn during hydrodynamic evolution in125

the final state.126

This measurement focuses on event-planes withn ≤ 6, using the transverse energies in the electro-127

magnetic calorimeters ECal and Forward calorimeters FCal within rapidity range |η| < 4.9. ECal and128

FCal are divided into a set of subevents, each covering a different rapidity range. The correlation signals129

are obtained from the relative angle distributions between the EPs of these subevents. This note is orga-130

nized as follows. We first lay out the basic framework for measuring the correlations; we then present131

analysis details for two-plane correlators, including the EP measurement, resolution determination, and132

estimation of systematic uncertainties; we then discuss the measurement of three-plane correlators, fol-133

lowed by a summary of the main physics plots. The details of additional cross-checks of the measurement134

are included in the Appendix I and II.135

2 Event and track selections136

This analysis is based on the Pb-Pb data collected in 2010. The list of runs and cut conditions are sum-137

marized at https://twiki.cern.ch/twiki /bin/viewauth/Atlas/HeavyIonRunList. The minimum bias events138

are selected with the following set of standard selection criteria as in previous analysis:139
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Run Good LBs Total Luminosity (mb−1) Run Good LBs Total Luminosity (mb−1)
169045 333 75.6 169136 545 171.7
169175 458 376.1 169206 374 186.9
169207 56 76.7 169223 405 378.4
169224 96 45.6 169226 366 257.2
169270 311 298.1 169564 140 123.7
169566 192 126.2 169567 114 69.7
169627 385 364.6 169648 63 66.5
169693 568 396.3 169750 368 199.3
169751 163 96.1 169765 307 161.8
169783 63 31.5 169839 222 197.2
169864 240 231.7 169927 575 526.5
169961 326 314.0 169964 93 94.6
169966 121 83.1 170002 462 522.8
170004 409 421.6 170015 161 236.1
170016 206 227.3 170080 27 28.2
170082 116 147.9 170398 380 392.6
170459 295 253.2 170482 212 314.3

Sum 9269 7493.1

Table 1: List of runs used in this analysis.

• The event must be from a good lumi-block140

• The event must pass at least one of the following triggers after prescale:141

– MBTS 1 1142

– MBTS 2 2143

– MBTS 3 3144

– MBTS 4 4145

– L1 ZDC AND146

– L1 ZDC A C147

• The event must pass L1ZDC AND or L1 ZDC A C triggers before prescale.148

• It must have good MBTS timing defined as follows:149

– |timeA | or |timeC| must not equal 75 or 0 ns150

– |timeA − timeC| < 3 ns151

• It must have a reconstructed vertex152

In addition, the events passing the trigger selection are required to have a reconstructed z-vertex within153

150 mm of the nominal center. A total of 48 million events are obtained from 34 runs. The list of runs154

and associated luminosity information is summarized in Table1.155

The Pb-Pb event centrality is characterized with the total transverse energy (
∑

ET) deposited in the156

FCal over the pseudorapidity range 3.2 < |η| < 4.9 at the electromagnetic energy scale. An analysis157

of this distribution after all trigger and event selections gives an estimate of the fraction of the sampled158
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non-Coulomb inelastic cross-section to be 98± 2% [14]. This estimate is obtained from a shape analysis159

of the measured FCal
∑

ET distributions compared with a convolution of proton-proton data with a160

Monte Carlo Glauber calculation. The FCal
∑

ET distribution is then divided into a set of 5% or 10%161

percentile bins, together with bins defined for the 5% most central events in 1% bins. The uncertainty162

associated with the centrality definition is evaluated by varying the effect of trigger and event selection163

inefficiencies as well as background rejection requirements in the most peripheral FCal
∑

ET interval.164

An example FCal energy distribution passing the above trigger selection criteria and the corresponding165

centrality percentile distributions are shown in Fig.3. Note that the central collisions correspond to166

smaller centrality number, e.g. centrality (0-5)% corresponds to the 5% events with the highest FCalET.167
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Figure 3:ET distribution in the FCal and the corresponding centrality percentile distribution(normalized
to unity).

While the majority of the analysis uses only Calorimeter information, the charged tracks from the168

inner detector (ID)care used for cross-checks. The default selection criteria from previousv2 and vn169

papers are used [6, 16]. They are listed here for completeness (more detailed definition can be found in170

[17]):171

• Number of B-Layer hits> 0 if expected number of B-layer hits=1172

• Number of Pixel hits> 0173

• Number of Pixel holes= 0174

• Number of SCT Hits> 7175

• Number of SCT Holes<2176

• 0.5 < pT < 20GeV177

• 2.5 < η < 2.5178

• χ2/nd f < 6.0179

• |d0| < 1mm180

• |z0 × sin(θ)| < 1mm181

Note that the cuts on|d0| and|z0× sin(θ)| used here are 1.5 mm rather than the 1 mm cuts used in [6, 16].182

Loosening this cut increases the number of tracks and thus increases theresolution for determining the183

EP correlations.184
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3 Methodology185

This section sets out the basic mathematical framework for measuring the planecorrelations. The ob-186

servables used to quantify the event-plane correlations are defined, and the analysis steps for determining187

the correlation strength are presented.188

3.1 Observables189

As illustracted in Fig.4, thenth-order harmonic planeΦn hasn-fold symmetry in azimuth. A general190

definition of the relative angle between two reaction planesanΦn + amΦm has to be invariant under a191

phase shift:192

Φn → Φn +
2π
n

orΦm → Φm +
2π
m
, (6)

and a global rotation by any angleθ:193

Φn → Φn + θ andΦm → Φm + θ (7)

The first condition requiresan (am) has to be multiple of n (m), while the second condition requires that194

the sum of the coefficients has to be zeroan+am = 0. The relative angleΦn,m = k(Φn−Φm), with k being195

the least common multiple (LCM) of n and m, satisfies these constraints, as does any integral multiple of196

Φn,m. The correlation between the reaction planesΦn andΦm is completely described by the differential197

distributiondNevts/(d (k(Φn − Φm)). This distribution is an even function due to symmetry, hence it can198

be expanded into the following Fourier series:199

dNevts

d (k(Φn − Φm))
∝ 1+ 2

∞
∑

j=1

V j
n,m cos jk(Φn − Φm) (8)

V j
n,m = 〈cos jk(Φn − Φm)〉 (9)

The measurement of the two-plane correlation boils down to measuring the event average of a set of200

cosine functions〈cos jk(Φn − Φm)〉.201

Figure 4: Illustration of the azimuthal shape of the harmonic component n=2-6. The angle ofnth-
order harmonic shapeΦn has n-fold ambiguity, i.e.dNevts/dΦn has to be invariant under transformation:
Φn → Φn +

2π
n .

This discussion can be generalized for correlation involving three reaction planes or more. The202

multi-plane correlator can be written as〈cos(c1Φ1 + 2c2Φ2... + lclΦl)〉, with the constraint [13]:203

c1 + 2c2... + lcl = 0. (10)
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wherenth-order RP angleΦn always appears as multiple ofnΦn in the correlator due to itsn-fold sym-204

metry. Furthermore, since experiment has no control on the overall orientation of the collision geometry,205

the relative angle has to be invariant under arbitrary global rotation. Thisleads to Eq.10. The two-plane206

correlator defined in Eq.9, satisfies this constraint. For convenience, we shall refer to correlationinvolv-207

ing two event-planesΦn, Φm as “n-m” correlation, and three event-planes,Φn, Φm andΦh as “n-m-h”208

correlation.209

The multi-plane correlators are interesting because they carry additional information not accessible210

through two-plane correlators. The relative angle containing three or moreΦn can be generally expressed211

as a linear combination of several two-plane relative angles. For example:212

2Φ2 + 4Φ4 − 6Φ6 = 4(Φ4 − Φ2) − 6(Φ6 − Φ2)

−10Φ2 + 4Φ4 + 6Φ6 = 4(Φ4 − Φ2) + 6(Φ6 − Φ2)

2〈sin 4(Φ4 − Φ2) sin 6(Φ6 − Φ2)〉 = 〈cos(2Φ2 + 4Φ4 − 6Φ6)〉 − 〈cos(−10Φ2 + 4Φ4 + 6Φ6)〉 (11)

and213

2Φ2 + 3Φ3 − 5Φ5 = 3(Φ3 − Φ2) − 5(Φ5 − Φ2)

−8Φ2 + 3Φ3 + 5Φ5 = 3(Φ3 − Φ2) + 5(Φ5 − Φ2)

2〈sin 3(Φ3 − Φ2) sin 5(Φ5 − Φ2)〉 = 〈cos(2Φ2 + 3Φ3 − 5Φ5)〉 − 〈cos(−8Φ2 + 3Φ3 + 5Φ5)〉 (12)

Therefore the combination of two three-plane correlators reflects the correlation of two angles relative to214

the third: ifΦ4 andΦ6 preferably appear on the same side ofΦ2, then the sine product in Eq.11 would215

be positive, otherwise it would be negative. Recent study via a simple Glauber simulation suggests that216

some three-plane correlators may also be large and can be measured experimentally. One example is217

the famous〈cos(Φ1 + 2Φ2 − 3Φ3)〉 [9], but unfortunately this requires the determination ofΦ1, which218

is complicated by effects from global momentum conservation. Momentum conservation does notaffect219

higher-order planes. More detailed Glauber model simulations also suggest other three-plane correlators220

may be important [15], including 〈cos(2Φ2 + 4Φ4 − 6Φ6)〉 and〈cos(2Φ2 + 3Φ3 − 5Φ5)〉. To date, no221

experimental measurements of three-plane correlations exist. As we will demonstrate in this analysis,222

these three-plane correlators are large and can be measured experimentally.223

The discussion so far focuses on the correlation of true reaction planes. In a real experiment, the un-224

derlying reaction plane directionsΦn are unattainable due to limited detector acceptance and finite multi-225

plicity. They are approximated by the measured event-plane angle,Ψn, calculated from the azimuthal dis-226

tribution of particles or energy in the detector acceptance. The coefficients〈cos(c1Φ1+2c2Φ2...+ lclΦl)〉227

can be obtained by measuring the raw coefficients, followed by a simple correction for finite event-plane228

resolution (see appendix for a simple derivation for this formula):229

〈cos(c1Φ1 + ... + lclΦl)〉 =
〈cos(c1Ψ1 + ... + lclΨl)〉
Res{c1Ψ1}...Res{cllΨl}

(13)

Res{cnnΨn} = 〈coscnn(Ψn − Φn)〉 (14)

(15)

The resolution factor Res{cnnΨn} can be determined using the standard two-subevent or three-subevent230

methods [20]. For convenience, we shall introduce a short-hand notation for the products of the resolution231

factors:232

Res{c1Ψ1 + ... + lclΨl} ≡ Res{c1Ψ1}...Res{cllΨl}. (16)

To avoid auto-correlations, the variousΨn should be measured using subevents covering differentη233

ranges, preferably with a gap in between.234
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A very large number of correlators could be studied. However, the measurability of these correlators235

is dictated by the experimental resolution factors: correlators may not be measurable if the associated236

resolutions for the event-planes are poor. To get a qualitative feeling, recall that the EP resolution depends237

on the resolution parameterχn as [20]:238

Res{ jnΨn} = 〈cos jn(Ψn − Φn)〉 = χn
√
π

2
e−
χ2n
2















I( j−1)/2(
χ2

n

2
) + I( j+1)/2(

χ2
n

2
)















(17)

≈



















1− j2

8z +
j2( j2−4)
128z2 −

j2( j2−4)( j2−16)
3072z3 , z = χ2

n/2 for largeχn√
π

2j
Γ( j+1

2 )
χ

j
n for smallχn

,

where the modified Bessel functions,Iα, have been Taylor-expanded in the limit of largeχn and small239

χn. Such dependence of resolutions onn (throughχn) and j limits the types of two- and three-plane240

correlations one can study in practice.241

Our previous publication [6] has demonstrated that the ATLAS calorimeters provide good resolution,242

Res{nΨn}, for n = 2 − 6 using FCal (see Fig.5). The value of theχn is controlled by the magnitude of243

the physical flow signal; they typically decrease very quickly with increasing n as shown by Fig.5 for244

the FCal detector. Therefore, Res{ jnΨn} are expected to decrease very quickly for increasingn (the245

right panel of Fig.5 shows the case for j=1). However, they should decrease more slowly withj for246

fixed n, especially for n=2 and 3 cases whenχn is bigger than 1. Note that the previous analysis [6]247

chooses FCal for the EP measurement, primarily to maintain a clear separation inrapidity from the ID,248

which provided the differentialvn measurement for charged tracks. Since this analysis concerns only the249

determination of the event planes, we can use the full calorimeter. The only limitation is that different250

event-planes involved in Eq.13should be measured using subevents covering differentη ranges to avoid251

auto-correlations. For two-plane correlation,Φn andΦm can be determined using the positiveη and252

negativeη side of a symmetric detector. For three-plane correlation, one can divide the full detector into253

three non-overlapping subevents with comparable resolution.254

Centrality [%]
80 60 40 20   0

nχ

0

1

2

n=2
n=3
n=4
n=5
n=6

ATLAS =2.76 TeVNNsPb−Pb 

full FCal -1bµ= 8 intL

Centrality [%]
80 60 40 20   0

} n
Ψ

R
es

{n

0

0.5

1

n=2
n=3
n=4
n=5
n=6

ATLAS =2.76 TeVNNsPb−Pb 

full FCal -1bµ= 8 intL

Figure 5: The FCal resolution parameterχn (left) and and EP resolution factor Res{nΨn} (right) vs.
centrality for n= 2–6. Figure taken from thevn paper [6].

Table2 gives a summary of the set of two-plane correlations and required resolution terms in this255

analysis, and the corresponding information for the three-plane correlations is shown in Table3. These256

lists are identified by requiringn = 2 − 6 and the combined resolution to be at least a few % (they can257

be identified from Fig.28). The two-plane and three-plane correlations are listed separately, because258
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different detectors are used (discussed in Section3.6), which requires the separate evaluation of the259

resolution corrections. The key to this analysis is to determine correctly the resolution correction as a260

function of centrality.

〈cos 4(Φ2 − Φ4)〉 Res{4Ψ2}, Res{4Ψ4}
〈cos 8(Φ2 − Φ4)〉 Res{8Ψ2}, Res{8Ψ4}
〈cos 12(Φ2 − Φ4)〉 Res{12Ψ2}, Res{12Ψ4}
〈cos 6(Φ2 − Φ3)〉 Res{6Ψ2}, Res{6Ψ3}
〈cos 6(Φ2 − Φ6)〉 Res{6Ψ2}, Res{6Ψ6}
〈cos 6(Φ3 − Φ6)〉 Res{6Ψ3}, Res{6Ψ6}
〈cos 12(Φ3 − Φ4)〉 Res{12Ψ3}, Res{12Ψ4}
〈cos 10(Φ2 − Φ5)〉 Res{10Ψ2}, Res{10Ψ5}
Φ2 plane Res{4Ψ2}, Res{6Ψ2}, Res{8Ψ2}, Res{10Ψ2}, Res{12Ψ2}
Φ3 plane Res{6Ψ3}, Res{12Ψ3}
Φ4 plane Res{4Ψ4}, Res{8Ψ4}, Res{12Ψ4}
Φ5 plane Res{10Ψ5}
Φ6 plane Res{6Ψ6}

Table 2: The list of two plane correlators and associated event-plane resolution factors that need to be
measured.

261

〈cos(2Φ2 + 3Φ3 − 5Φ5)〉 Res{2Ψ2}, Res{3Ψ3}, Res{5Ψ5}
〈cos(2Φ2 + 4Φ4 − 6Φ6)〉 Res{2Ψ2}, Res{4Ψ4}, Res{6Ψ6}
〈cos(−8Φ2 + 3Φ3 + 5Φ5)〉 Res{8Ψ2}, Res{3Ψ3}, Res{5Ψ5}
〈cos(−10Φ2 + 4Φ4 + 6Φ6)〉 Res{10Ψ2}, Res{4Ψ4}, Res{6Ψ6}
〈cos(2Φ2 − 6Φ3 + 4Φ4)〉 Res{2Ψ2}, Res{6Ψ3}, Res{4Ψ4}
〈cos(−10Φ2 + 6Φ3 + 4Φ4)〉 Res{10Ψ2}, Res{6Ψ3}, Res{4Ψ4}

Φ2 plane Res{2Ψ2}, Res{8Ψ2}, Res{10Ψ2}
Φ3 plane Res{3Ψ3}, Res{6Ψ3}
Φ4 plane Res{4Ψ4}
Φ5 plane Res{5Ψ5}
Φ6 plane Res{6Ψ6}

Table 3: The list of three plane correlators and associated event-plane resolution factors that need to be
measured.

Figure6 shows the predicted correlations from a simple Glauber model for various two- and three-262

plane correlators studied in this analysis [15]. They are presented as a function of number of participating263

nucleons(Npart) in the model. Note they are calculated using the participant nucleons in configuration264

space,and not from the final state particles in momentum space. So detailed agreement with the results265

obtained in this analysis is not to be expected. Nevertheless, it is interesting that the Glauber model266

predicts strong correlations betweenΦ∗2 andΦ∗4, Φ∗3 andΦ∗6, Φ∗2 andΦ∗6 for two-plane correlations. For267

three-plane correlations, strong signals are predicted for〈cos(2Φ∗2 + 3Φ∗3 − 5Φ∗5)〉 and〈cos(2Φ∗2 + 4Φ∗4 −268

6Φ∗6)〉.269

3.2 Calibration of Ψn270

The first step in the analysis is to measure the event-plane anglesΨn for n=2-6. They are defined as the271

directions of the “flow vector”
−→
Qn, calculated from the transverse energy flow (ET) of a given calorimeter272



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 11

partN
0 50 100 150 200 250 300 350 400

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
〉*)4Φ*-

2
Φcos2(〈

〉*)3Φ*-
2

Φcos6(〈

〉*)6Φ*-
2

Φcos6(〈

〉*)6Φ*-
3

Φcos6(〈

〉*)4Φ*-
3

Φcos12(〈

〉*)5Φ*-
2

Φcos10(〈

partN
0 50 100 150 200 250 300 350 400

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
〉*)5Φ*-53Φ*+3

2
Φcos(2〈

〉*)5Φ*+53Φ*+3
2

Φcos(-8〈
〉*)6Φ*-64Φ*+4

2
Φcos(2〈

〉*)6Φ*+64Φ*+4
2

Φcos(-10〈
〉*)4Φ*+43Φ*-6

2
Φcos(2〈

Figure 6: The correlation between the planes angles calculated in configuration space [15], as defined by
Eq.4.

detector as:273

−→
Qn = (Qx,n,Qy,n) = (

∑

ET cosnφ − 〈
∑

ET cosnφ〉,
∑

ET sinnφ − 〈
∑

ET sinnφ〉) ,

tannΨn =
Qy,n
Qx,n

, (18)

−→
Qraw

n = (〈Qraw
x,n 〉, 〈Qraw

y,n 〉) = (〈
∑

ET cosnφ〉, 〈
∑

ET sinnφ〉) (19)

where the sum ranges over towers in the ECal and the first two layers of the FCal (see Section3.6).274

Subtraction of the event-averaged centroid removes biases due to detector effects [21]. This re-centering275

is simply a Fourier expansion of the rawET flow in the lab frame:276

〈

dET

dφ

〉

= Q0 + 2
∞
∑

n=1

∣

∣

∣

∣

−→
Qraw

n

∣

∣

∣

∣

cosn(φ − Ψraw
n ) (20)

A non-zero
∣

∣

∣

∣

−→
Qraw

n

∣

∣

∣

∣

would bias the measured event-plane towards some fixed directionΨraw
n , which is277

taken out by the re-centering. The re-centering step removes almost all non-flatness of theΨn distribu-278

tion. A standard flattening technique is then used to remove the small residual non-uniformities in the279

event-plane angular distribution [22]. The calibration procedure for the ID detector is almost identical,280

except that theET is replaced withpT of tracks everywhere. These calibration procedures are similar281

to those used by the RHIC experiments [21, 23]. They are performed for each detector separately. The282

details of the calibration forΨn documented in the previous analysis [16, 18].283

3.3 Procedure for obtaining correlation function and applying the resolution correction284

Each subevent provides its own measurement of event-planeΨn for n=2-6. However to minimize the285

auto-correlations, the planes involved in the correlation should not all be measured by the same detector.286

For example, theΨ2 andΨ4 in relative angle 4(Ψ2 − Ψ4) should be measured from non-overlapping287
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detectors A and B, and the correlation is obtained as288

〈cos 4(Φ2 − Φ4)〉 =
〈cos 4(ΨA

2 − Ψ
B
4 )〉

Res{4ΨA
2 }Res{4ΨB

4 }
. (21)

Ideally, the acceptance of these detectors should be chosen to maximize the product of the resolution,289

which requires Res{4ΨA
2 } ≈ Res{4ΨB

4 }. Since the resolution for 4Ψ2 is typically larger than that of the290

4Ψ4, detector B should be chosen to have larger acceptance than detector A,and this optimization should291

be done for each centrality class. The same argument also applies for correlations involving three or292

more planes. In practice, this optimization procedure can become rather sophisticated, and we leave it293

for future studies. Noting that the products of resolution factors we use are satisfactorily large.294

Figure 7: Schematic illustration of strategy to obtain the raw signal for two-plane correlation (top) and
three-plane correlation (bottom)

In this analysis, the detectors for event-planes of different order are simply chosen to have approxi-295

mately equal acceptance. Figure7 illustrates the idea behind the two-plane and three-plane correlations.296

In the two-plane correlation, the two subevents are chosen to be symmetric around the center of the297

ATLAS detector, so they nominally have the same resolution. Each subeventprovides its own measure-298

ment of the two event-planes:ΨP
n andΨP

m for positiveη andΨN
n andΨN

m for negativeη, resulting in two299

independent measurements of the correlations:300

〈cosk(Φn − Φm)〉 =

〈

cosk(ΨP
n − ΨN

m)
〉

Res{kΨP
n}Res{kΨN

m}
=

〈

cosk(ΨN
n − ΨP

m)
〉

Res{kΨN
n }Res{kΨP

m}
(22)

where the resolution factors are calculated from two- or three- subevent methods discussed below. Since301

Res{kΨP
n}Res{kΨN

m} = Res{kΨN
n }Res{kΨP

m} for symmetric detectors, we simply take the average of the302

two measurements for the correlation.303

〈cosk(Φn − Φm)〉 =

〈

cosk(ΨP
n − ΨN

m)
〉

+
〈

cosk(ΨN
n − ΨP

m)
〉

Res{kΨP
n}Res{kΨN

m} + Res{kΨN
n }Res{kΨP

m}
(23)

To measure a three-plane correlation, three non-overlapping subevents, labeled as A, B and C, are304

chosen to have approximately the sameη ranges. Here, subevent A and C are chosen to be symmetric305

and have identicalη acceptance (hence same resolution), while the resolution of B in general could be306

different. There are 6 independent ways of obtaining the three-plane correlator. But since A and C307
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have same resolution, only three of them are independent. For example, thethree estimations for the308

correlation 2Φ2 + 3Φ3 − 5Φ5, denoted by subscript Type1-Type3, are309

〈cos(2Φ2 + 3Φ3 − 5Φ5)〉Type1 =

〈

cos(2ΨB
2 + 3ΨA

3 − 5ΨC
5 )
〉

+
〈

cos(2ΨB
2 + 3ΨC

3 − 5ΨA
5 )
〉

Res{2ΨB
2 }Res{3ΨA

3 }Res{5ΨC
5 } + Res{2ΨB

2 }Res{3ΨC
3 }Res{5ΨA

5 }
,(24)

〈cos(2Φ2 + 3Φ3 − 5Φ5)〉Type2 =

〈

cos(2ΨA
2 + 3ΨB

3 − 5ΨC
5 )
〉

+
〈

cos(2ΨC
2 + 3ΨB

3 − 5ΨA
5 )
〉

Res{2ΨA
2 }Res{3ΨB

3 }Res{5ΨC
5 } + Res{2ΨC

2 }Res{3ΨB
3 }Res{5ΨA

5 }
,(25)

〈cos(2Φ2 + 3Φ3 − 5Φ5)〉Type3 =

〈

cos(2ΨA
2 + 3ΨC

3 − 5ΨB
5 )
〉

+
〈

cos(2ΨC
2 + 3ΨA

3 − 5ΨB
5 )
〉

Res{2ΨA
2 }Res{3ΨC

3 }Res{5ΨB
5 } + Res{2ΨC

2 }Res{3ΨA
3 }Res{5ΨB

5 }
,(26)

Again the resolutions are determined from two- or three- subevent methods. These three measurements310

are statistically combined, and the spreads between them are used as estimationfor the systematic un-311

certainty.312

3.4 Determining the resolution313

In the two-subevent (2SE) method, the event-plane angles are determinedseparately for either side of314

the symmetric detector, as illustrated in Fig.8. The correlation of the event-planes at the “same order”315

between the positiveη and negativeη are related directly to the resolution for each of the subevent:316

〈

cosk
(

ΨN
n − ΨP

n

)〉

=
〈

cosk
(

ΨN
n − Φn − (ΨP

n − Φn)
)〉

(27)

=
〈

cosk
(

ΨN
n − Φn

)

cosk
(

ΨP
n − Φn

)〉

+

❤
❤
❤
❤
❤

❤
❤
❤

❤
❤
❤
❤

❤
❤
❤

〈

sink
(

ΨN
n − Φn

)

sink
(

ΨP
n − Φn

)〉

=
〈

cosk
(

ΨN
n − Φn

)〉 〈

cosk
(

ΨP
n − Φn

)〉

=
〈

cosk
(

Ψ
P(N)
n − Φn

)〉2
= Res{kΨn}2 ,

Res{kΨn} =
√

〈

cosk
(

ΨN
n − ΨP

n

)〉

= Res{kΨP
n } = Res{kΨN

n } = Res{kΨP(N)
n } (28)

where it is assumed that the dispersion ofΨn relative toΦn is random, and the dispersion is not corre-317

lated between two subevents. In this case, all the sine terms vanish:〈sink
(

Ψ
P(N)
n − Φn

)

〉 = 0. On the318

other hand, the detector effects (dead area, inefficiency, mis-calibration etc) may lead to non-physical319

correlations between the measured event-planes, and hence the values of 〈sink
(

ΨP
n − ΨN

n

)

〉 can be used320

as a measure of such detector effects1.321

In three-subevent (3SE) method, the resolution of detector A fornth-order event-plane is calculated322

from its correlation with the event-planes of the reference detectors B andC at the “same-order”:323

Res{kΨA
n } =

√

√

√

√

〈

cosk
(

ΨA
n − ΨB

n

)〉 〈

cosk
(

ΨA
n − ΨC

n

)〉

〈

cosk
(

ΨB
n − ΨC

n

)〉 (29)

to prove this, one just needs to plug in the following relations324

〈

cosk
(

ΨA
n − ΨB

n

)〉

=
〈

cosk
(

ΨA
n − Φn

)〉 〈

cosk
(

ΨB
n − Φn

)〉

〈

cosk
(

ΨA
n − ΨC

n

)〉

=
〈

cosk
(

ΨA
n − Φn

)〉 〈

cosk
(

ΨC
n − Φn

)〉

〈

cosk
(

ΨB
n − ΨC

n

)〉

=
〈

cosk
(

ΨB
n − Φn

)〉 〈

cosk
(

ΨC
n − Φn

)〉

(30)

1The notation used in this analysis is slightly different from what was used in previous paper [6]. We nominally use Res{kΨn}
to refer to the resolution for the subevents (instead of the combined event); but sometime we spell the sides out explicitly as
either Res{kΨP

n }, Res{kΨN
n } or Res{kΨP(N)

n }.
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Figure 8: Schematic illustration of the two-subevent method (top) and three subevent method (bottom)

Note that A, B and C should all cover differentη regions to avoid autocorrelations. This method has325

the advantage of no need to assume equal resolutions as in the 2SE method, and it is quite flexible in326

choosing references. On the other hand, the 3SE method can suffer from systematics from the reference327

detectors B and C. In order words, difference from the two-subevent could be caused by the poor choice328

of reference detector instead of reflecting the real systematics of detector A. So one should keep this329

caveat in mind.330

3.5 Source of systematic errors331

It is useful to focus on the Eq.23 and Eq.24–26 to understand how various systematic effects enter332

the two- and three-plane correlations. There are two primary sources ofsystematic uncertainties. 1)333

Detector effects can bias the determination of the event-plane angleΨn, and hence can influence both the334

correlation signal as well as the resolution correction. Most of these detector effects should be removed335

by the event-plane calibration, Section3.2. 2) Correlations other than flow (non-flow) such as resonance336

decays and jet fragmentations. These correlations typically have limited range in rapidity, and can be337

suppressed by requiring anη gap between the subevents used in measuring the correlation or resolution338

determination.339

The residual systematics include the following:340

• The remaining detector effects can manifest themselves as non-vanishing sine terms in the correla-341

tion function〈sin jk (Ψn − Ψm)〉, 〈sin(cnnΨn + cmmΨm + chhΨh)〉 or the 2SE and 3SE correlations342
〈

sin jn
(

ΨA
n − ΨB

n

)〉

.343

• The remaining non-flow effects can influence the resolution determination. For a given subevent,344

it is important to compare resolutions from 2SE and 3SE methods with varyingη gaps.345

• Thanks to the largeη coverage of the ATLAS detector, a given two-plane or three-plane correlation346

can be measured independently using detectors at differentη. It is useful to compare the results347

obtained using different detectors. However, one caveat is that the differences could also be due to348

η dependence of detector bias and/or the flow physics itself.349
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3.6 Choice of Detectors350

The calorimeters (EM barrel, EM end-cap and FCal) are used to determine the event planes and study351

their correlations. The EM-Barrel (EMBR) and EM-endcap (EMEC) are further divided into six seg-352

ments each covering roughly 0.5-0.7 unit inη as shown in Fig.9 and listed in Table4. These segmenta-353

tions of the EMEC and EMBR and their combinations (listed in Table4) give a large choice of subevents354

for both the 2SE and 3SE studies. This flexibility allows for a detailed estimation ofsystematic uncer-355

tainties in the measured correlations. Note that the edge towers of FCal(approximatelyη ∈ 3.2− 3.3 and356

4.8 − 4.9) are excluded as they show large non-uniformity in azimuth (as done in previous analysis as357

well).

Figure 9: Schematic representation of the different detectors used for the analysis. Both the positive and
negative sides of each detector are used.

358

The guiding principle for choosing the subevents is that they should have as largeη acceptance359

as possible, but still have a sufficient η gap from each other. For two-plane correlations, the default360

subevents are FCal+EMCEC+EMBR12 at positiveη (−4.8,−0.5) and negativeη (0.5,4.8), with a 1 unit361

gap in between. For three-plane correlation, the default subevents are(EMBR12+EMEC01)P (0.5 < η <362

2.7), FCal (3.3 < |η| < 3.8), and (EMBR12+EMEC01)N (−2.7 < η < −0.5). The resolution of each of363

these subevents is determined via various 2SE and 3SE methods.364

Figure9 also shows theη coverage of the inner detector (ID):|η| < 2.5. The ID only detects charged365

particles above 0.5 GeV with about 60-80% efficiency, depending on the centrality [17]. The inefficiency366

leads to significant non-uniformity in the azimuthal direction. On the other hand, a calorimeters usually367

has better resolution for the sameη range due to its ability to detect neutral particles; The azimuthal368

acceptance of calorimeter is also more uniform, resulting in a smaller re-centering correction in the event369

plane calibration.370

4 Two-plane correlation analysis371

In this section, we discuss results obtained for default detector ECalFCal(denoted as “Det” in this sec-372

tion); Detailed results from tracking detectors are included in Appendix I.373

4.1 Correlation function and extraction of raw signal374

Figures10-15 show the raw two-plane relative angle distributions for selected centrality intervals. The375

red and blue histograms are foreground and background distributions,respectively. The background376
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Detector Name Description |η| coverage Comments

1 EMBR0 EMcal Barrel 0.0-0.5
2 EMBR1 EMcal Barrel 0.5-1.0
3 EMBR2 EMcal Barrel 1.0-1.5
4 EMBR12 EMcal Barrel 0.5-1.5 sum of Detectors 2 and 3
5 EMBR Full EMcal barrel 0.0-1.5 sum of Detectors 1-3
6 EMEC0 EMcal End Cap 1.5-2.1
7 EMEC1 EMcal End Cap 2.1-2.7
8 EMEC2 EMcal End Cap 2.7-3.2
9 EMEC01 EMcal End Cap 1.5-2.7 sum of Detectors 6 and 7
10 EMEC Full EMcal End Cap 1.5-3.2 sum of Detectors 6-8
11 EMBR12+EMEC0 EM Barrel+ End Cap 0.5-2.1 sum of Detectors 4 and 6
12 EMBR12+EMEC01 EM Barrel+ End Cap 0.5-2.7 sum of Detectors 4 and 9

a.k.a. ECal
13 FCal Forward Calorimeter 3.3-4.8 layer1 and 2 excluding

edge towers
14 FCal+EMEC FCal+EMEC 1.5-4.8 sum of Detectors 10 and 13
15 FCal+EMEC+EMBR2 FCal+EMEC+EMBR 1.0-4.8 sum of Detectors 3,10 and 13
16 FCal+EMEC+EMBR12 FCal+EMEC+EMBR12 0.5-4.8 sum of Detectors 4, 10 and 13

a.k.a ECalFCal
17 FCal+EMEC2 FCal+EMEC2 2.7-4.8 sum of Detectors 8 and 13
18 Trk1234 Tracking Dets 0.5-2.5 pT weighted tracks
19 Trk34 Tracking Dets 1.5-2.5 pT weighted tracks
20 Trk01 Tracking Dets 0.0-1.0 pT weighted tracks

Table 4: List of detectors used for two-plane and three-plane correlations, as well as for various 2SE
and 3SE methods in determining the resolution for these detectors. If only oneside of the detector is
used, a superscript “N” or “P” is used to indicate negative or positiveη. The detectors in red are the
main detectors used for the 2-Plane correlation analysis and the ones in blueare used for the 3-Plane
corrrelations. The other detectors are used for 3SE checks.

distributions are calculated from mixed events, i.e. by combining theΨn from one event withΨm from377

another event with similar centrality (matched within 5%) and z vertex (matched within 3cm). Both378

the foreground and mixed-event distributions are normalized to unity. The mixed-event distribution379

provides an estimate of detector effects, while the foreground distribution contains both detector effects380

and physics. The background distributions are almost flat, but do indicatesome small variations on the381

order of about 1/1000. To cancel these non-physical structures, the correlation functions are obtained by382

dividing the foreground (S) by the mixed-event distributions(B):383

C(k(Ψn − Ψm)) =
S (k(Ψn − Ψm))
B(k(Ψn − Ψm))

(31)

The correlation functions show significant positive signal for 4(Ψ2 − Ψ4), 6(Ψ2 − Ψ6), 6(Ψ3 − Ψ6), but384

the signals for 6(Ψ2 − Ψ3), 12(Ψ3 − Ψ4) and 10(Ψ2 − Ψ5) are very weak.385

These correlation functions allow us to calculate the various cosine terms〈cos jk(Ψn − Ψm)〉 listed386

in Table2 and the associated sine terms〈sin jk(Ψn − Ψm)〉 to estimate the systematic uncertainty in the387

correlation signal.388

Figure16 summarizes the centrality dependence of the raw signal together with the estimatedsys-389

tematic uncertainties. They are also given in 10% centrality steps in Fig.17. The systematic errors are390
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Figure 10: 4(Ψ2 − Ψ4) distributions measured in FCal+EMEC+EMBR12 for four different centralities.

caluclated from the quadrature sum of the〈sin〉 in the raw correlation and the〈cos〉 term for mixed-391

background events. The〈sin〉 and〈cos〉mixed terms are estimated by averaging over the 0-75% centrality392

range. These are shown in Figs18and Fig.19 respectively.393



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 18

)6Ψ-2Ψ6(
-3 -2 -1 0 1 2 3

0.99

0.995

1

1.005

1.01
00-05%
FCalEMEC_EMBR12

<cos>=2.0e-03
<sin>=5.3e-06

correlation
foreground
background

)6Ψ-2Ψ6(
-3 -2 -1 0 1 2 3

0.97

0.98

0.99

1

1.01

1.02

1.03

1.04

1.05 15-20%
FCalEMEC_EMBR12

<cos>=1.6e-02
<sin>=-6.1e-04

)6Ψ-2Ψ6(
-3 -2 -1 0 1 2 3

0.96

0.98

1

1.02

1.04

1.06
30-35%
FCalEMEC_EMBR12

<cos>=2.1e-02
<sin>=-2.4e-04

)6Ψ-2Ψ6(
-3 -2 -1 0 1 2 3

0.97

0.98

0.99

1

1.01

1.02

1.03

1.04
45-50%
FCalEMEC_EMBR12

<cos>=1.2e-02
<sin>=-1.4e-04

Figure 11: 6(Ψ2 − Ψ6) distributions measured in FCal+EMEC+EMBR12 for four different centralities.
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Figure 12: 6(Ψ3 − Ψ6) distributions measured in FCal+EMEC+EMBR12 for four different centralities.
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Figure 13: 6(Ψ2 − Ψ3) distributions measured in FCal+EMEC+EMBR12 for four different centralities.
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Figure 14: 12(Ψ3−Ψ4) distributions measured in FCal+EMEC+EMBR12 for four different centralities.
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Figure 15: 10(Ψ2−Ψ5) distributions measured in FCal+EMEC+EMBR12 for four different centralities.
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Figure 16: The centrality dependence of raw correlation signals for the eight two-plane correlators stud-
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Figure 17: The centrality dependence of raw correlation signals for the eight two-plane correlators stud-
ied in this note. They are presented for 10% centrality intervals.
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Figure 18: The centrality dependence of the sine term in the correlation signals for the eight two-plane
correlators studied in this note. The solid black line shows the mean value of thesine term while the
dashed lines show the 1-sigma error band of the mean.
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Figure 19: The centrality dependence of the mixed-background cos termfor correlation signals for the
eight two-plane correlators studied in this note. The solid black line shows themean value of this term
while the dashed lines show the 1-sigma error band of the mean.
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4.2 Resolution determination394

This section provides a detailed discussion of the systematic uncertainties forthe resolution corrections.395

The nominal resolution factors are obtained via two-subevent method, andthe systematic uncertainties396

are estimated by comparing with results obtained from various three-subevent studies.397

4.2.1 2SE results398

Figure20 shows relative angle distribution between two subevents:dN/d
(

n
(

ΨN
n − ΨP

n

))

. These are the399

distributions from which the resolution factors are calculated, i.e. Res{ jnΨn} =
√

〈

cos jn
(

ΨN
n − ΨP

n

)〉

.400

The red and blue histograms are foreground and background distributions, respectively. The background401

distributions are calculated from mixed-events, i.e. by combining theΨN
n from one event (at the N-402

side) withΨP
n from another event (at the P-side) with similar centrality (matched within 5%) and z403

vertex (matched within 3cm). Both the foreground and mixed-event distributions are normalized to404

unity. The mixed-event distributions serve as estimations of the detector effects, while the foreground405

distribution contains both detector effects and physics. To cancel these non-physical structures, the406

correlation functions are obtained by dividing the foreground by the mixed-event distributions:407

C(n(ΨN
n − ΨP

n )) =
S (n(ΨN

n − ΨP
n ))

B(n(ΨN
n − ΨP

n ))
(32)

The resolution factors are then calculated from these correlations functions. This procedure is almost408

identical to that was used to obtain the correlation signal in the Section4.1, except here the correlations409

are between the event-planes of the “same order”.410
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Figure 20: The 2SE correlation functionsC(n(ΨN
n − ΨP

n )) for event-plane at same order. Top to bottom
rows corresponds to n=2-6, and columns correspond to different centrality intervals.
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Figure21shows the centrality dependence of the cosine average,
〈

cos 2
(

ΨN
2 − Ψ

P
2

)〉

, calculated from411

the 2SE correlation function for n=2. According to Eq.28, the square root of the cosine average gives412

the subevent resolution. The same figure also shows the values of
〈

sin 2
(

ΨN
2 − Ψ

P
2

)〉

as an estimate of the413

systematic effects. The magnitude of the sine terms correlates with the cosines and has a negative sign.414

The origin of these non-zero sine terms can be understood as the result of a simple rotation ofΨ angle415

in the P-side relative to theΨ angle in the N-side. Such a rotation can arise from relative misalignment416

of the two sides of the ATLAS calorimeter, energy mis-calibration or dead area or low efficiency area.417

These effects can lead to detector level correlations between the two-sides. Denotingthe systematic shift418

between the two-sides asδ, the measured cosine and sine terms are modified due to this shift:419

〈

cosk
(

ΨN
n − ΨP

n + δ
)〉

≈
〈

cosk
(

ΨN
n − ΨP

n

)〉

coskδ (33)
〈

sink
(

ΨN
n − ΨP

n + δ
)〉

≈
〈

cosk
(

ΨN
n − ΨP

n

)〉

sinkδ (34)
〈

cosk
(

ΨN
n − ΨP

n + δ
)〉

〈

cosk
(

ΨN
n − ΨP

n + δ
)〉 ≈ tankδ ≈ kδ (35)

(36)

where the ratio is used to quantify the value of sine (systematics) relative to thecosine (signal). If the420

sine term is purely related to a global rotation of energy flow of one-side relative to the other side, then421

the ratio should be independent of centrality and proportional tok. Figure21show that the shift is indeed422

independent of centrality. The amount of rotation is aboutδ ≈ 0.01 radian or half a degree. Note that423

a pure rotation is not removed by dividing by the mixed-event distribution. This is because a rotation424

of a uniform distribution still yields a uniform distribution, and hence the rotation only manifests itself425

if the amplitude of the correlation is non-zero. Therefore the event-mixing technique accounts only for426

non-physical correlations that lead to non-uniform distributions inn
(

ΨN
n − ΨP

n

)

427
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Figure 21: Centrality dependence of
〈

cos 2
(

ΨN
2 − Ψ

P
2

)〉

and
〈

sin 2
(

ΨN
2 − Ψ

P
2

)〉

(left) and the ratio be-
tween the two (right).

The same study is repeated for differentk = jn values:
〈

cos jn
(

ΨN
n − ΨP

n

)〉

= Res{ jnΨn}2, and the428

results are summarized in Fig.22. The corresponding sine/cosine ratios are also shown and they are429

found to be independent of centrality and to increase linearly withn and j. They are all consistent with430

the same rotation value ofδ ∼ 0.0085, which supports the hypothesis of a small rotation. The fractional431

change in the cosine term due to a rotationδ is 1− coskδ ≈ (kδ)2/2 ≈ tan2 kδ/2. This is assigned as432

the systematic error on the resolution. Note that the contribution to the systematic error from this source433
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is quite small: even fork = 12, the fractional change is only about (0.12 ∗ 0.085)2/2 = 0.7% in the434

resolution value.435

4.2.2 3SE results436

The systematic uncertainties of the resolution correction are evaluated usingthe three-subevent method437

Eq. 29, with reference detectors taken from differentη ranges. It should be emphasized that all the438

cosines in Eq.29are calculated from the correlation function defined in Eq.32.439

The checks can be roughly divided into two types. In Type-I analysis, the resolutions are calculated440

separately for DetP and DetN in two separate 3SE studies with the reference detectorsB andC chosen to441

have anη separation greater than 1.0 from the Det and from each other.442

In the Type-II analysis, we choseA andB as DetN and DetP, and choseC from the list of reference443

detectors situated between A and B. This allows us to calculate the resolution for DetP from Eq. 29.444

We then swap theA andB while keep the sameC and calculate the resolution forDetN . Both can be445

compared with results from 2SE method. The Type-II checks are similar to the2SE method, as one can446

see from the following equation,447

Res{ΨDetP
n } =

√

√

√

√

〈

cos
(

n
(

Ψ
DetP
n − ΨB

n

))〉 〈

cos
(

n
(

Ψ
DetP
n − ΨDetN

n

))〉

〈

cos
(

n
(

Ψ
DetN
n − ΨB

n

))〉 (37)

Res{ΨDetN
n } =

√

√

√

√

〈

cos
(

n
(

Ψ
DetN
n − ΨB

n

))〉 〈

cos
(

n
(

Ψ
DetP
n − ΨDetN

n

))〉

〈

cos
(

n
(

Ψ
DetP
n − ΨB

n

))〉 (38)

In fact cos
(

n
(

Ψ
DetN
n − ΨB

n

))

and cos
(

n
(

Ψ
DetP
n − ΨB

n

))

would cancel each other if their resolution are the448

same, and the end results would be identical to the two-subevent formula Eq.28. However the main449

advantage here is that we do not need to assume the DetN and DetP to have same resolution explicitly.450

The list of checks are summarized in Table5.

Type-I checks Type-II checks
DetP− EMBRN − FCALN DetP− EMBR0− DetN
DetN − EMBRP− FCALP DetN − EMBR0− DetP

Table 5: A list of 3SE checks. See Table4 for description of the detectors.

451

We can now compare the resolution found by Type-I or Type-II to the resolution found by the 2SE452

method. Figure23 shows, as a function of centrality, the ratio of these resolutions (i.e Type-I/2SE and453

Type-II/2SE) for the 2nd-order event plane (i.e n=2) and for various values of j in Res{2 jΨ2}. Type-I454

results show an almost centrality independent deviation from unity, which increases almost linearly with455

increasingj values, while the Type-II results are consistent with no deviation from the 2SE results, except456

for very peripheral collisions. Note that the “mirror-image” behaviour ofthe two sets of points in the457

right-hand plots (Type-II/2SE) follows from the defining formulae Eq.37 and Eq.38 and the choice of458

detectors used.459

These comparisons are repeated forn = 3 − 6 in Figs. 24-27, respectively. Similar systematic460

deviations are observed, however the deviations seem show slight centrality dependence, and the trends461

also seem to differ for differentn values. In this analysis, the systematic uncertainties are quoted as462

centrality independent deviations from both types of checks and then added in quadrature. They are463

summarized in the top part of Table6.464
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4.2.3 Resolution results465

Figure28 summarizes the event-plane resolutions forn = 2− 6 used in this analysis together with their466

systematic uncertainties. They include both contributions of the non-vanishingsine terms from the 2SE467

correlation, as well as the deviations of the 3SE results (error summarized inTable6).468

Figure29and30shows the combined resolution terms for the eight two-plane correlators in Table2,469

using the notation of Eq.16:470

Res{k(Ψn − Ψm)} ≡ Res{kΨn}Res{kΨm} . (39)

These combined resolution values lie in the range of a few percent up to about 40%. They also show471

quite different centrality dependence trends. The systematic uncertainties for combined resolutions are472

propagated from individual resolution terms, and they are summarized in Table6.473

4.3 Corrected results474

The final event-plane correlations are obtained by dividing the raw signals (Fig. 16) by the combined475

resolution factors (Fig.29). They are shown in Fig.31 and32. The various sources of the systematic476

uncertainties for this measurements are summarized in Table6.477

The top part of the table lists the uncertainties for the individual event-planeresolution. They are478

estimated from Fig.22for the sine term in the 2SE correlation, as well as the deviations between the 3SE479

from 2SE results, estimated conservatively to cover the deviation in 0-70% centrality range (Fig.23-480

Fig. 27). The bottom part of the table shows the uncertainty for the raw cosine signal of the correlation481

function and the combined event-plane resolution. The former is evaluated as the absolute values of the482

sine terms and the sine and cosine terms of the mixed-events distribution and is quoted as the absolute483

error on the raw signal, so is correlated with the statistical error. This error is important when either484

the raw signal is small or the resolution is poor. The latter is calculated via Eq.39 using standard error485

propagation.486

Error for Res{ jnΨn}
n 2 3 4 5 6

0.85j%( j ≤ 2)
3SE comparison 3%(j=3) 3.0j% 2.5j% 3.5j% 9j%

4.5%,6%,8% (j=4,5,6)
sin component 0.5× (0.085jn)2%

Error for 〈cos jk(Φn − Φm)〉 correlators
(j,n,m) (1,2,4) (2,2,4) (3,2,4) (1,2,3) (1,2,6) (1,3,6) (1,3,4) (1,2,5)
Res{ jk(Ψn − Ψm)} 3.06% 6.73% 11.0% 6.71% 9.49% 10.8% 15.9% 9.24%
Raw distribution
from sine and mixed-events 5-15
(absolute error on raw×10−4)

Table 6: (top table) summary of sources of systematic uncertainties for individual Res{ jnΨn} terms
coming from 2SE/3SE comparision (Figs.24-27), and sine component of the 2SE correlations (Fig.22
and the discussion at the end of Section4.2). Note that the uncertainties of Res{ jnΨn} are found to be
proportional to values ofj. (bottom table) summary of sources of systematic uncertainties for the final
correlators〈cos jk(Φn − Φm)〉, including those for the combined resolution caculated from Res{ jnΨn}
terms, and the raw correlations.
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Figure 22: Centrality dependence of
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(

ΨN
n − ΨP
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values (left panels) and
〈

sinjn
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)〉

/
〈
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values (right panels). Each row corresponds to the order
of the event-plane (n = 2–6 from top to bottom). The different symbol in each panel corresponds to
different values ofj.
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Figure 23: The centrality dependence of the ratios of 3SE results to 2SE results for Type-I (left panels)
and Type-II (right panels) checks for 2nd-order event-plane. Each row is for different j as in Res{2 jΨ2}.
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Figure 24: The centrality dependence of the ratios of 3SE results to 2SE results for Type-I (left panels)
and Type-II (right panels) checks for 3rd-order event-plane. Each row is for different j as in Res{3 jΨ3}.
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Figure 25: The centrality dependence of the ratios of 3SE results to 2SE results for Type-I (left panels)
and Type-II (right panels) checks for 4th-order event-plane. Each row corresponds to different values of
j as in Res{4 jΨ4}.
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Figure 26: The centrality dependence of the ratios of 3SE results to 2SE results for Type-I (left panels)
and Type-II (right panels) checks for 5th-order event-plane. Each row corresponds to different values of
j as in Res{5 jΨ5}.

0 20 40 60 80 100

 R
at

io
} 6

Ψ
R

es
{6

0.8

0.9

1

1.1

1.2

DetP-EMBRN-FCalN

DetN-EMBRP-FCalP

0 20 40 60 80 1000.8

0.9

1

1.1

1.2

DetP-EMBR0-DetN

DetN-EMBR0-DetP

Figure 27: The centrality dependence of the ratios of 3SE results to 2SE results for Type-I (left panels)
and Type-II (right panels) checks for 6th-order event-plane Res{6Ψ6}.
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Figure 28: Summary of the event-plane resolution Res{ jnΨn} and associated systematic uncertainties for
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N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 31

Centrality [%]
0 20 40 60

)} 4
Ψ- 2

Ψ
R

es
{4

(

0

0.2

0.4

0.6
ATLAS Internal

=2.76 TeVNNsPb-Pb 
-1bµ= 7 intL

Centrality [%]
0 20 40 60

)} 4
Ψ- 2

Ψ
R

es
{8

(
0

0.05

0.1

0.15

ATLAS Internal
=2.76 TeVNNsPb-Pb 

-1bµ= 7 intL

Centrality [%]
0 20 40 60

)} 4
Ψ- 2

Ψ
R

es
{1

2(

0

0.01

0.02

0.03

0.04 ATLAS Internal
=2.76 TeVNNsPb-Pb 

-1bµ= 7 intL

Centrality [%]
0 20 40 60

)} 3
Ψ- 2

Ψ
R

es
{6

(

0

0.1

0.2

0.3

0.4
ATLAS Internal

=2.76 TeVNNsPb-Pb 
-1bµ= 7 intL

Centrality [%]
0 20 40 60

)} 6
Ψ- 2

Ψ
R

es
{6

(

0

0.05

0.1

ATLAS Internal
=2.76 TeVNNsPb-Pb 

-1bµ= 7 intL

Centrality [%]
0 20 40 60

)} 6
Ψ- 3

Ψ
R

es
{6

(

0

0.02

0.04

0.06

ATLAS Internal
=2.76 TeVNNsPb-Pb 

-1bµ= 7 intL

Centrality [%]
0 20 40 60

)} 4
Ψ- 3

Ψ
R

es
{1

2(
0

0.01

0.02

ATLAS Internal
=2.76 TeVNNsPb-Pb 

-1bµ= 7 intL

Centrality [%]
0 20 40 60

)} 5
Ψ- 2

Ψ
R

es
{1

0(

0

0.01

0.02

0.03

ATLAS Internal
=2.76 TeVNNsPb-Pb 

-1bµ= 7 intL

Figure 29: Combined resolution for eight cases of two-plane correlationsRes{k(Ψn − Ψm)} (Eq. 39) in
fine centrality intervals, together with the systematic uncertainties.
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Figure 30: Combined resolution for eight cases of two-plane correlationsRes{k(Ψn − Ψm)} (Eq. 39) in
coarse centrality intervals, together with the systematic uncertainties.
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Figure 31: The centrality dependence of the two-plane correlation resultsin fine centrality intervals for
eight cases of〈cosk (Φn − Φm)〉 list in Table6.
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Figure 32: The centrality dependence of the two-plane correlation resultsin coarse centrality intervals
for eight cases of〈cosk (Φn − Φm)〉 list in Table6.
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4.4 Cross checks487

One potential source of the systematic uncertainty arises from non-flow effects. These effects can lead488

to auto-correlations between the subevents, and hence influence the correlation function and the deter-489

mination of the event-plane resolutions. Therefore, it is important to check the sensitivity of the final490

correlation on the rapidity gap between the subevents, and/or compare the correlations obtained indepen-491

dently from different subevents. This is the main goal of this section.492

4.4.1 Dependence on theη gap493

A ∆η gap between theP-side and theN-side subevents is necessary to reduce short-range auto-correlations494

(such as jets, Bose-Einstein correlation. resonance decays). By increasing theη gap between theP- and495

N-side subdetectors, the influence of auto-correlations is expected to decrease, as does the resolution496

and raw correlation signal. Therefore a compromise must be made between maximizing the signal and497

suppressing the auto-correlations.498

For this purpose, two-plane correlations between the P- and N-side are studied as a function of their499

rapidity separation. A total of 17 cases listed in Table7 are studied. The full analysis chain is repeated500

independently for each case.

Detector No Minimum |η| Maximum |η| |η| Coverage Minimum ∆η gap Average∆η gap

1 0.0 4.8 4.8 0.0 4.8
2 0.1 4.8 4.7 0.2 4.8
3 0.2 4.8 4.6 0.4 5.0
4 0.3 4.8 4.5 0.6 5.1
5 0.4 4.8 4.4 0.8 5.2
6 0.5 4.8 4.3 1.0 5.3
7 0.6 4.8 4.2 1.2 5.4
8 0.7 4.8 4.1 1.4 5.5
9 0.8 4.8 4.0 1.6 5.6
10 0.9 4.8 3.9 1.8 5.7
11 1.0 4.8 3.8 2.0 5.8
12 1.2 4.8 3.6 2.4 6.0
13 1.5 4.8 3.3 3.0 6.3
14 2.1 4.8 2.7 4.2 6.9
15 2.7 4.8 2.1 5.4 7.5
16 3.3 4.8 1.5 6.6 8.1
17 4.1 4.8 0.7 8.2 8.9

Table 7: The detectors used in studying the dependence of two-plane correlations on the minimum
separation inη.

501

Figures33-38 show the raw signal, combined resolution, as well as the corrected correlations as a502

function of the minimumη gap between theP-side andN-side subevents. The correlation function and503

the resolution decrease considerably with increasingηmin, very often by more than a factor of 4, but the504

corrected correlations are remarkably stable. This gives us confidence that we are indeed measuring the505

global event-plane correlations.506

In most cases, the raw correlation signal changes smoothly withηmin, even for smallηmin values.507

This is because the short-range correlations, such as resonance decays, Bose-Einstein correlation or jet508

fragmentation can influence individual harmonics, but the influences usually have weak correlations509
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Figure 33:∆η dependence of〈cos 4(Φ2 −Φ4)〉 for several 5% centrality intervals. Top-left panel: Corre-
lation before resolution corrections. Second panel: The resolution factor. Third Panel: Correlation after
resolution correction.
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Figure 34:∆η dependence of〈cos 8(Φ2−Φ4)〉 for several 5% centrality intervals. Top-left panel: Correla-
tion before resolution corrections. Top-right panel: The resolution factor. Bottom-left panel: Correlation
after resolution correction.

between EPs of different order. In contrast, the estimated event-plane resolution factors have a sharp510

increase towards smallηmin for many cases. Such enhancement of the resolution leads to a suppression511

of the corrected correlation signal at smallηmin. This behavior is also understandable: since the event-512

plane resolution is estimated from the subevent correlation of the same order, they are more affected by513
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Figure 35: ∆η dependence of〈cos 12(Φ2 − Φ4)〉 for several 5% centrality intervals. Top-left panel:
Correlation before resolution corrections. Top-right panel: The resolution factor. Bottom-left panel:
Correlation after resolution correction.
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Figure 36:∆η dependence of〈cos 6(Φ2−Φ6)〉 for several 5% centrality intervals. Top-left panel: Correla-
tion before resolution corrections. Top-right panel: The resolution factor. Bottom-left panel: Correlation
after resolution correction.

the short-range correlations. In all cases, however, these short-range correlations seem to only affect the514

resolution at smallη gap, and they become negligible forηmin > 0.2 (or equivalently a gap of> 0.4).515



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 36

MIN
η

0 0.5 1 1.5 2 2.5 3 3.5 4

))
> 

R
aw

6
Ψ- 3

Ψ
<c

os
(6

(

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02
ATLAS Internal

MIN
η

0 0.5 1 1.5 2 2.5 3 3.5 4

) 6
Ψ- 3

Ψ
R

es
o 

6(

0

0.01

0.02

0.03

0.04

0.05

0.06 ATLAS Internal

MIN
η

0 0.5 1 1.5 2 2.5 3 3.5 4

))
>

6
Φ- 3

Φ
<c

os
(6

(

0

0.1

0.2

0.3

0.4

0.5

0.6

ATLAS Internal

 (0,5)∈Centrality 

 (10,15)∈Centrality 

 (20,25)∈Centrality 

 (30,35)∈Centrality 

-1bµL=8∫ =2.76 TeVNNsPb-Pb  

ATLAS Internal

Figure 37:∆η dependence of〈cos 6(Φ3−Φ6)〉 for several 5% centrality intervals. Top-left panel: Correla-
tion before resolution corrections. Top-right panel: The resolution factor. Bottom-left panel: Correlation
after resolution correction.
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Figure 38:∆η dependence of〈cos 6(Φ2−Φ3)〉 for several 5% centrality intervals. Top-left panel: Correla-
tion before resolution corrections. Top-right panel: The resolution factor. Bottom-left panel: Correlation
after resolution correction.

Our default detector has a gap of 1 unit in|η|, which should be sufficient to suppress these short-range516

correlations.517
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One may also notice a lack of influence of short-range correlations on the resolution for 4(Φ2 − Φ4)518

and 6(Φ2 − Φ3): the sharp increase associated with short range correlation is only observed in very519

peripheral collisions. We believe this is because the flow signal is strong for v2, v3 andv4, and combined520

resolution factor is very good (more than 0.3 as shown in Fig.29), and so these cases are less sensitive521

to the non-flow effects.522

4.4.2 Comparison of results obtained for different detectors523

Results from previous study suggest that aη gap of 1 unit is more than sufficient to suppress the short-524

range correlations. Table4 gives a full list of possible symmetric detectors that satisfy such|η| gap525

requirement. Each detector provides its own measurement of the two-plane correlations as well as esti-526

mation of its own systematic uncertainties. However, many of these detectors have overlapping accep-527

tance, so the results are not fully independent from each other. Out ofall these checks, the subevent528

FCal, EMEC, EMBR12 have non-overlapping acceptances, while the ID has different sets of systemat-529

ics. Theirη coverage are summarized in Table8. These four detectors provide a maximally independent530

cross-check of the measurement. The detailed results for the tracking detectors are presented in Appendix531

I. Here we just present the final results for comparison.532

Detector Name Description |η| coverage Calorimeter-Layers

1 FCal Forward Calorimeter 3.3-4.8 layer1 and 2
2 EMEC EM EndCap 1.5-3.2 EM compartments
3 EMBR12 EM Barrel 0.5-1.5 EM compartments
4 ID1234 part of Inner detector 0.5-2.5 tracks above 0.5 GeV

default ECalFCal ECalfCal 0.5-4.8 sum of Detectors 1,2,3

Table 8: Detectors that provide independent cross-checks for the results obtained for default detector.

Figure39 and40 compare the extracted raw correlation signals and the combined resolution cor-533

rections from these detectors. These detectors usually have smaller raw signal and poorer resolution,534

but the corrected results as shown by Fig.41 and Fig.42 are consistent with those obtained from the535

default detector. Small deviations are observed for FCal detector, especially for 〈cos 4(Φ2 − Φ4)〉 and536

〈cos 6(Φ2 − Φ3)〉, but they are well within their own systematic uncertainties. It is possible that these537

differences reflect the real rapidity dependence of the underlying event-plane correlation themselves, in-538

stead of detector effects. However, we are not in a position to draw a definite conclusion on these small539

differences. On the other hand, the ID is an entirely different detector. It samples only charged particles540

above 0.5 GeV with a very different efficiency and weighting (bypT) from the Calorimeters. Hence the541

comparison with Calorimeter results serves a powerful check of the detector systematics. The fact that542

the ID results agree with the default Calorimeter measurement (well within their respective systematics),543

suggest that there is no need to quote additional uncertainties.544
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Figure 39: The centrality dependence of the two-plane raw correlation signal in 10% centrality intervals
compared between different detectors for eight cases of〈cosk (Φn − Φm)〉.
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Figure 40: The centrality dependence of the combined event-plane resolution in 10% centrality intervals
compared between different detectors for eight cases of〈cosk (Φn − Φm)〉.
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Figure 41: The centrality dependence of the combined event-plane resolution in fine centrality intervals
compared between different detectors for eight cases of〈cosk (Φn − Φm)〉.
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Figure 42: The centrality dependence of the combined event-plane resolution in 10% centrality intervals
compared between different detectors for eight cases of〈cosk (Φn − Φm)〉.
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5 Three-plane correlation analysis545

5.1 Analysis with default detector546

For three-plane correlation, the default subevents are ECalP (0.5 < η < 2.7, labeled as “A”), FCal547

(3.3 < |η| < 3.8, labeled as “B”), and ECalN (−2.7 < η < −0.5, labeled as “C”) (see Table4). They548

are schematically shown in Fig.43. Given the symmetry between the ECalP and ECalN , there are three549

independent measurements (see Eq.24), which we shall label as Type 1, 2 and 3. Due to the require-550

ment of three non-overlapping planes in the three-plane correlation, the available independent detector551

combinations for cross checks are limited. One such check is provided by dividing the ID into three552

subevents with aη gap in between (discussed in Section5.2). Note that the uncertainty of the resolution553

correction for each detector can be done via standard 2SE and 3SE methods, and this in fact has been554

done already in the discussion of the two-plane correlation results. Thus for this study we can apply the555

same systematic uncertainties discussed in the previous section.556

Figure 43: Schematic representation of the three detectors used for three-plane correlation analysis.

Figure44- 49 show the correlation functions for the six three-plane correlators studiedin this analy-557

sis, and for each correlator, separately for each independent measurement (Type 1,2,3). The red and blue558

histograms are foreground and background distributions, respectively. The background distributions are559

calculated from mixed events, i.e. the three individual plane angles are obtained for the correspond-560

ing subevents from three different events with similar centrality and z-vertex. Both the foreground and561

mixed-event distributions are normalized to unity. In the first three figures,strong correlations are al-562

ready observed at the raw level, a weak signal is also seen for Fig.48 (second to the last). In contrast,563

the distributions obtained by combining the angles from different events are consistent with zero signal.564

This mixed-event procedure gives us great confidences that the signal that we measure is real.565

Figure50shows the extracted raw correlation signal. The magnitude is about 5-9% for 2Ψ2 + 3Ψ3 −566

5Ψ5, 2-4% for 2Ψ2+4Ψ4−6Ψ6, 1-2% (but negative) for 2Ψ2−6Ψ3+4Ψ4, about 1% for−10Ψ2+4Ψ4+6Ψ6567

and consistent with 0 for−8Ψ2 + 3Ψ3 + 5Ψ5 and−10Ψ2 + 6Ψ3 + 4Ψ4.568

Figure51shows the resolution terms for individual event-planes for different values ofn and j, as in569

Res{ jnΨn}, for subevents “A”, “B” and “C”. The systematic uncertainties were obtained via 2SE and 3SE570

estimates, which are discussed in great detail in section4.2 and the appendix. Note that the resolution571

and systematic uncertainties associated with “A” and “C” are almost the same. This is expected as they572

have the same acceptance.573

Once we obtain the individual resolution, they can be combined to give the total resolution for the574

three-plane correlators. We then obtain the corrected results by dividingthe raw signal in Fig50 with575

these combined resolutions. The results are summarized in Fig.52. The systematic uncertainty comes576

from both the raw signal and resolution correction. The individual sources of the systematic uncertainties577

are summarized in Table9. The top part of the table lists the uncertainties for the individual event-plane578

resolution. They are estimated from the sine term in the 2SE correlation, as well as the deviations between579



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 41

-3 -2 -1 0 1 2 3
0.92

0.94

0.96

0.98

1

1.02

1.04

1.06

1.08

1.1

1.12 00-10%
Type 1

correlation
foreground
background

-3 -2 -1 0 1 2 3
0.92

0.94

0.96

0.98

1

1.02

1.04

1.06

1.08

1.1

1.12
Type 2

-3 -2 -1 0 1 2 3
0.92

0.94

0.96

0.98

1

1.02

1.04

1.06

1.08

1.1 Type 3

-3 -2 -1 0 1 2 3
0.85

0.9

0.95

1

1.05

1.1

1.15

1.2
20-30%

-3 -2 -1 0 1 2 3
0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

-3 -2 -1 0 1 2 3
0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

5Ψ-53Ψ+32Ψ2
-3 -2 -1 0 1 2 3

0.9

0.95

1

1.05

1.1

1.15
30-40%

5Ψ-53Ψ+32Ψ2
-3 -2 -1 0 1 2 3

0.9

0.95

1

1.05

1.1

1.15

5Ψ-53Ψ+32Ψ2
-3 -2 -1 0 1 2 3

0.9

0.95

1

1.05

1.1

1.15

Figure 44: Distribution of 2Ψ2 + 3Ψ3 − 5Ψ5 in several centrality intervals. Each column corresponds to
one type of correlation for the same correlator.
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Figure 45: Distribution of 2Ψ2 + 4Ψ4 − 6Ψ6 in several centrality intervals. Each column corresponds to
one type of correlation for the same correlator.

the 3SE from 2SE results. The bottom part of the table shows the uncertainties for the raw cosine signal580

of the correlation function and the combined event-plane resolution. The former is evaluated as the581

absolute values of the sine terms and the sine and cosine terms of the mixed-events distribution and is582

quoted as the absolute error on the raw signal, so is correlated with the statistical error.583

As one can see from Table9, most of the uncertainty arises from the resolution correction. For each584
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Figure 46: Distribution of 2Ψ2 − 6Ψ3 + 4Ψ4 in several centrality intervals. Each column corresponds to
one type of correlation for the same correlator.
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Figure 47: Distribution of−8Ψ2 + 3Ψ3 + 5Ψ5 in several centrality intervals. Each column corresponds
to one type of correlation for the same correlator.

three-plane correlator, the three independent estimates agree with each other within their uncertainties.585

One can then take a simple weighted average between the three measurements toobtained the final586

corrected correlations. The results are shown in Fig.53. The systematic uncertainties are calculated as587

the quadrature sum of two sources: 1) the weighted-average of the systematic uncertainties for the three588

individual measurements; 2) the point-to-point differences between the three measurements.589
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Figure 48: Distribution of−10Ψ2 + 4Ψ4 + 6Ψ6 in several centrality intervals. Each column corresponds
to one type of correlation for the same correlator.
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Figure 49: Distribution of−10Ψ2 + 6Ψ3 + 4Ψ4 in several centrality intervals. Each column corresponds
to one type of correlation for the same correlator.
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Figure 50: Centrality dependence of the raw cosine signal for six three-plane correlators. They are
compared with the sine values as well as the sine and cosine obtained from mixed-events.
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Figure 51: Centrality dependence of the resolution for individual event-planes associated with the three
detectors used in the three-plane correlations.
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Figure 52: Centrality dependence of the raw signal (left column), combined resolution (middle column)
and correlated correlation (right column) for〈cos(2Φ2 + 3Φ3 − 5Φ5)〉, 〈cos(2Φ2 + 4Φ4 − 6Φ6)〉,
〈cos(2Φ2 − 6Φ3 + 4Φ4)〉, 〈cos(−8Φ2 + 3Φ3 + 5Φ5)〉, 〈cos(−10Φ2 + 4Φ4 + 6Φ6)〉 and
〈cos(−10Φ2 + 6Φ3 + 4Φ4)〉 from top to bottom row. The three set of data points correspond to
the three types of correlations in Eq.24-26.
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Error for Res{ jnΨn}
n 2 3 4 5 6
Detector A&C 1.1, 10.0, 13.0% (j=1,4,5) 6.0, 12.0% (j=1,2) 6.0% (j=1) 10.0% (j=1) 13.0 (j=1)
Detector B 0.7, 5.0, 7.0% (j=1,4,5) 1.75, 3% (j=1,2) 1.75% (j=1) 5.0% (j=1) 20% (j=1)

Error for three-plane correlators:〈cos(
∑

Φ)〉
∑

Φ 2Φ2 + 3Φ3 − 5Φ5 2Φ2 + 4Φ4 − 6Φ6 2Φ2 − 6Φ3 + 4Φ4

Type-1 Type-2 Type-3 Type-1 Type-2 Type-3 Type-1 Type-2 Type-3
Combined resolution 11.7% 10.2% 7.9% 20.9% 20.1% 20.9% 13.4% 7.8% 12.2%
raw distribution (×10−4) 2-10

−8Φ2 + 3Φ3 + 5Φ5 −10Φ2 + 4Φ4 + 6Φ6 −10Φ2 + 6Φ3 + 4Φ4

Type-1 Type-2 Type-3 Type-1 Type-2 Type-3 Type-1 Type-2 Type-3
Combined resolution 12.7% 14.3% 12.7% 22.1% 23.9% 24.6% 15.1% 14.6% 17.8%
raw distribution (×10−4) 2-10

Table 9: Summary of relative systematic uncertainties for individual Res{ jnΨn} terms (top part) and
the final three-plane correlators (bottom part). Note that the uncertainty of Res{ jnΨn} are found to be
proportional to values ofj.
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Figure 53: Centrality dependence of the corrected correlation signal for the six types of three-plane
correlators.

5.2 Cross check with other detectors590

Three additional three-plane correlation analysis with different choices of detectors have been carried591

out. The choice of the detectors are listed in Table10. The first check also uses only Calorimeters,592

but have quite different rapidity coverage for the three subevents from the default detector. The second593

cross-check has very similarη coverage of subevents as the first check, except that the subeventA and594

C are chosen as part of the inner detectors. These two cross-checkshave comparable precision as the595

default measurement, hence can better reveal any potential systematic effects. The third cross-check596

involves only inner detectors, hence provide very different set of systematics. This cross-check have a597

0.5 unit gap between the three subevents, however as we have demonstrated in Section4.4.1, a gap of598

> 0.4 is more than enough to suppress the influence of autocorrelations on the correlation as well as the599

resolution determination.600

Combination A B C

1 (FCal+EMEC2)P η ∈(2.7,4.8) EMBR η ∈(-1.5,1.5) (FCal+EMEC2)N η ∈(-4.8,-2.7)
2 ID1234P η ∈(0.5,2.5) FCal |η| ∈(3.3,4.8) ID1234N η ∈(-2.5,-0.5)
3 ID34P η ∈(1.5,2.5) ID01 η ∈(-1,1) ID34N η ∈(-2.5,-1.5)

Default BR12EC01P η ∈(0.5,2.7) FCal |η| ∈(3.3,4.8) BR12EC01N η ∈(-2.7,-0.5)

Table 10: Detectors that provide cross-checks for the three-plane correlation results.

The entire analysis procedure is repeated for each cross-check (thedetailed results of this study for601

the tracking detectors are included in Appendix II). Figure54compares the results from default detector602

to those obtained from the three cross-checks. Good agreements are seen within their own systematic603

uncertainties. In particular, good consistency are observed when comparing with the ID results, despite604

of its bigger fluctuations due to limitedη range of its subevents. Since the ID is an entirely different605

detector, this consistency give us confidence that the measured results are robust.606
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Figure 54: Comparison of the six three-plane correlators between the default detector and cross-check
detectors.
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6 Other systematics607

6.1 Trigger and event selections608

As mentioned in Section2, the efficiency for selecting the minimum bias Pb-Pb events is 98±2% [14].609

The variation of this efficiency leads to a slightly different definition of the centrality class: in the case610

of 96% (100%) efficiency, the events passing the selection criteria are effectively grouped into 96 (100)611

percentile bins. The change of the centrality definition mainly leads to a rescaling of the x-axis in612

Figure41 and 42 by ±2%. This scaling mostly affects the most peripheral events, but has very little613

influence in the central events (as the left end of the x-axis is essentially fixed). The changes in centrality614

range can be approximated asδx = ±0.02xi for ith data point. The influence for each data point is615

estimated based on a interpolation procedure between the neighboring bins:δi = (yi+1−yi)× ±0.02xi
xi+1−xi

. The616

results of this estimation, in terms of the fractional variation, is shown in Fig.55 for various two-plane617

correlators. The estimated changes, when converted into percentage values, are typically less than 1-3%618

most cases (and centrality dependent); In other case, the changes areslightly bigger, but they are typically619

associated with the large point-to-point statistical fluctuations and/or because the values themselves are620

very small.621
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Figure 55: The fractional change in the values of the two-plane correlation signal associated with the
uncertainty in trigger and event selections.

The uncertainty associated with centrality definition is repeated for three-plane correlators, and the622

results are shown in Fig.56. The relative variation is on the order of 1-4% depending on centrality and623

the types of correlators.624

6.2 Run-by-run dependence625

The ATLAS detector performance could also vary from run to run. Suchvariation in principle should626

largely be smoothed out when we present the results for the full datasets.Nevertheless, it is important627

to see whether the detector is stable over the time of the whole heavy ion running, and the extent of any628

change in the correlation signal. To carry out this check, we organize allthe runs into 3 different running629

periods or groups with approximately the same statistics. The run ranges andcorresponding luminosity630
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Figure 56: The fractional change in the values of the three-plane correlation signal associated with the
uncertainty in trigger and event selections.

are listed in Table11. The way we used to check the variation is by taking the ratio of the signals obtained631

in each run group with those for the full statistics.632

Run range 169045-169627 169648-169966 170002-170482

luminosity(µb−1) 2550.5 2398.6 2544.0

Table 11: The four run groups and corresponding integrated luminosity.

Figure57-58 shows the variation of the two-plane correlation with various run groups. The check is633

carried out by taking the ratio of results from each run range to the resultsfrom the full statistics. Overall634

we do not see a clear systematic variation with centrality, although the ratios shows larger spread due to635

increasing statistical error. The level of centrality dependent deviationsbeyond statistical fluctuation are636

conservatively estimated in terms of either percentage (when the signals arelarge) or as absolute values637

(when signals are small). They are< 0.5%, 1%, 5%, 0.004, 3%, 3%, 0.02, and 0.02 for the eight cases,638

respectively.
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Figure 57: Stability of the results for three running periods for eight cases of 〈cosk (Φn − Φm)〉. They are
compared with the results for the full dataset (black).

639

Figure59-60shows the variation of the three-plane correlation with various run groups. The level of640
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Figure 58: Ratios of results for each of the three running periods to the results for the full dataset for
eight cases of〈cosk (Φn − Φm)〉.

deviations are estimated to be 1.5%, 5%, 5%, 0.01, 0.07, 0.03 for the four cases (from left to right and641

top to bottom), respectively.642
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Figure 59: Stability of the results for three running periods for the six typesof three-plane correlators.
They are compared with the results for the full dataset (black).

The errors from these two sources (Trigger efficiency, Run-by-Run checks) are listed in Tables12643

and 13 for the two and three-plane correlators respectively.644
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Figure 60: Stability of the results for three running periods for the six typesof three-plane correlators.
They are compared with the results for the full dataset (black).

Error for 〈cos jk(Φn − Φm)〉 correlators
(j,n,m) (1,2,4) (2,2,4) (3,2,4) (1,2,3) (1,2,6) (1,3,6) (1,3,4) (1,2,5)
Trigger&event selection 0.5-2% 1-4% 3% 3% 1-2% 0.5-2% < 1% < 1%
Run periods < 0.5% 1% 5% 0.004 3% 3% 0.02 0.02

Table 12: Summary of systematic uncertainties for various two-plane correlators from Trigger efficiency
and run by run dependence. Note the uncertainties are given either as percentage or absolute.

Error for various three-plane correlators〈cos(
∑

Φ)〉
∑

Φ 2Φ2 + 3Φ3 − 5Φ5 2Φ2 + 4Φ4 − 6Φ6 2Φ2 − 6Φ3 + 4Φ4

Trigger&event sel. 1-2% 1% 3-4%
Run periods 1.5% 5% 5%
∑

Φ −8Φ2 + 3Φ3 + 5Φ5 −10Φ2 + 4Φ4 + 6Φ6 −10Φ2 + 6Φ3 + 4Φ4

Trigger&event sel. 1-3% 1-3% 1-3%
Run periods 0.01 0.07 0.03

Table 13: Summary of systematic uncertainties for various three-plane correlators from Trigger efficiency
and run by run dependence. Note the uncertainties are given either as percentage or absolute



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 54

7 Summary of results645

Table6 and9 summarize various sources of systematic uncertainties for event-plane correlations. Addi-646

tional uncertainties from Trigger efficiency and run by run checks are given in Tables12 and 13. The647

uncertainties of the final results are calculated as the quadrature sum of all these sources. They are shown648

as shaded bands in the results plots Fig.61-64. Our final results are presented as a function of number649

of participating nucleonsNpart calculated from the Glauber model that has been adapted to ATLAS as650

documented in Ref. [14]. They are also used in previous ATLAS publications [24, 25]. This way of651

presenting the centrality dependence of the measurement is quite standard inthe heavy ion community.652

We refer to Ref. [14] for details of the setup of the Glauber model, and here we simply summarize the653

relationship between the averageNpart and centrality percentile from Ref. [14] in Table14.654

TLhe centrality dependence of various two- and three-plane correlations can be compared with the655

predictions from the Glauber model given in Fig.6. We want to emphasize that these predictions repre-656

sents the correlations between the major axes of the planes in configuration space, and they do not have657

any final state effects from hydrodynamic evolution. Nevertheless, the features for several correlators are658

similar. In particular, the large signal in mid-central collisions predicted for “2-4”, “2-6”, “3-6”, “2-3-5”659

and “2-4-6” are observed. We see very weak correlations for “2-3”, “3-4” and “2-5” similar to the model.660

Further work is needed to establish a complete theoretical understanding ofthe correlations presented661

here, which may lead to new insights on the nature of the fluctuation of the created matter at the initial662

state as well as the subsequent hydrodynamic evolution. In the future, one should explore other two- and663

three-plane or even four-plane correlators that are not covered in this study.664

Finally, Figure65compares our results with the ALICE measurement for〈cos 6(Φ2 − Φ3)〉 [11, 12].665

It is important to point out that the ALICE result was obtained using a different method. However the666

general agreement is very good.667

Centrality 0-1% 1-2% 2-3% 3-4% 4-5%
〈Npart〉 400.6± 1.3 392.6± 1.8 383.2± 2.1 372.6± 2.3 361.8± 2.5
Centrality 0-5% 5-10% 10-15% 15-20%
〈Npart〉 382.2± 2.0 330.3± 3.0 281.9± 3.5 239.5± 3.8
Centrality 20-25% 25-30% 30-35% 35-40% 40-45%
〈Npart〉 202.6± 3.9 170.2± 4.0 141.7± 3.9 116.8± 3.8 95.0± 3.7
Centrality 45-50% 50-55% 55-60% 60-65% 65-70%
〈Npart〉 76.1± 3.5 59.9± 3.3 46.1± 3.0 34.7± 2.7 25.4± 2.3

Centrality 0-10% 10-20% 20-30% 30-40% 40-50%
〈Npart〉 356.2± 2.5 265.7± 3.7 186.4± 4.0 129.2± 3.9 85.5± 3.6
Centrality 50-60% 60-70%
〈Npart〉 53.0± 3.2 30.5± 2.5

Table 14: Relationship between the centrality percentile and theNpart estimated from a Glauber model.
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Figure 61: The centrality dependence of two-plane correlators in 5% bins. with 1% bins for 0-5%.
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Figure 62: The centrality dependence of two-plane correlators in 10% bins.
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Figure 63: The centrality dependence of three-plane correlators in 5% bins, with 1% bins for 0-5%.
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Figure 65: Comparison with ALICE result for〈cos 6(Φ2 − Φ3)〉.
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8 Weighted correlations668

After the EP-Correlations results in the previous sectionswere presentedat HardProbes2012 Conference,669

there was considerable feed back from the theory community. In generalone consideration that they had670

was that the EP method assumes that the EP resolution (Res{kΨn}) is identical for all events in the same671

centrality class. However in reality the resolution depends on thevn signal: Events with largernth order672

flow have better resolution of thenth order harmonic plane. This coupled with the fact that there are673

large event-by-event (EbyE) fluctuations in thevn themselves as outlined in a recent ATLAS publication674

[26], implies that all events a centrality class do not have the same EP resolution. Thus the procedure of675

applying the same “resolution correction” factor to all events, does not properly correct for the resolution.676

As a reminder, the formula for measuring the correlations in the previous sections is given by:677

〈cos(ncnΦn + lclΦl + ...mcmΦm〉 =
〈cos(ncnΨn + lclΨl + ...mcmΨm〉

Res{ncnΨn}Res{lclΨl}...Res{mcmΨm}
(40)

Where theΦ′s refer to the true event-planes and theΨ′s refer to the measured event-planes. The numer-678

ator is the measured raw correlation. And the denominator is the combined resolution for the correlator,679

which is simply the product of the individual single-plane resolutions. The resolution is typically mea-680

sured by the two sub-event method by correlating symmetric detectors at the positive (P) and negative681

(N) η sides as:682

Res{kΨP/N
n } =

√

〈cos(kΨP
n − ΨN

n )〉 (41)

It was pointed out in [27, 28] that a modification of the above equation can remove all the effects that683

are introduced by thevn fluctuations, their proposal for the observable for measuring the EP correlations684

is to measure the following quantity:685

〈qcn
n qcl

l ...q
cm
m cos(ncnΦn + lclΦl + ...mcmΦm〉
√

〈q2cn
n 〉
√

〈q2cl
l 〉...

√

〈q2cm
m 〉

(42)

Whereqn = Qn/Q0 andQn are thenth order flow vectors. In terms of observed quantities (qobs
n andΨn)686

the above correlator is given by:687

〈(qobs
n )cn(qobs

l )cl ...(qobs
m )cm cos(ncnΨn + lclΨl + ...mcmΨm〉

√

〈(qobs,P
n qobs,N

n )cn cos(cn(ΨP
n − ΨN

n ))〉
√

〈(qobs,P
l qobs,N

l )cl cos(cl(ΨP
n − ΨN

n ))〉...
√

〈(qobs,P
m qobs,N

m )cm cos(cm(ΨP
n − ΨN

n ))〉
(43)

where the claim made in [27, 28] is that the above measured correlator (Eq.43) is unambiguously688

equivalent to the true correlator (Eq.42) , unlike in Eq.40, where the LHS and RHS were equivalent only689

in the case of smallvn fluctuations.690

It is quite straightforward to extend the EP analysis to this “weighted” correlation case. The raw691

correlators as well as the resolutions are simply weighted by the appropriateqobs
n as:692

Raw signal = 〈(qobs
n )cn(qobs

l )cl ...(qobs
m )cm cos(ncnΨn + lclΨl + ...mcmΨm〉 (44)

and693

Resolution =

√

〈(qobs,P
n qobs,N

n )cn cos(cn(ΨP
n − ΨN

n ))〉
√

〈(qobs,P
l qobs,N

l )cl cos(cl(ΨP
n − ΨN

n ))〉 (45)

...

√

〈(qobs,P
m qobs,N

m )cm cos(cm(ΨP
n − ΨN

n ))〉

The remaining analysis steps as well as cross-checks remain identical to theunweighted case.694



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 59

9 Two-Plane Correlations Weighted695

The analysis for the two-plane correlations case is done only for the Default detector ECalFCal (Detector696

16 in Table4) which consists of calorimeter towers spanningη ∈ (0.5,4.8). The correlations are cross-697

checked are done with measurements using the tracking detectors.698

9.1 Raw Correlations699

As was done with the unweighted correlation analysis, the raw correlations are obtained by an event700

mixing procedure. This is best explained by taking as an example the 4(Ψ2 − Ψ4) correlator. First a701

foreground distribution of the form 4(Ψ2−Ψ4) is made by correlating event-planesΨ2 andΨ4 measured702

in the same event. However, instead of each event having a weight of 1.0 as was in the unweighted case,703

in this weighted distribution, the contribution for each event is weighted by the factor (qobs
2 )2qobs

4 in the704

event. Similarly a mixed event background is made by correlating theΨ2 andΨ4 from individual events705

of the form : 4(Ψevten1
2 − Ψevent2

4 ) with the weight for each entry as (qobs,event1
2 )2qobs,event2

4 . Finally the706

correlation is obtained by dividing the foreground distribution by the mixed event distribution.707

Some such foreground, background and correlation distributions are shown in Figs.66-71 (Similar708

plots for the unweighted cases were shown in Figs.10-15). Note that separate distributions are made709

for each of thej4(Ψ2 −Ψ4) distributions (forj=1,2,3) as the weighting factors are different for the three710

correlators. Forj=1 the weight is (qobs
2 )2qobs

4 while for j=2 and 3 the weights are (qobs
2 )4(qobs

4 )2 and711

(qobs
2 )6(qobs

4 )3 respectively. So unlike the unweighted case where the 4(Ψ2 − Ψ4) distribution contained712

the full information of the 8(Ψ2 − Ψ4) and 12(Ψ2 − Ψ4) distributions (via a simple rescaling of the x-713

axis followed by a refolding into (−π, π)), in the weighted case they have to be evaluated separately.714

They-axis in these figures is rescaled to have a mean value of 1.0. for the foreground, background and715

correlation so that they can be easily compared to the Unweighted case (Figs. 10-15). However while716

calculating the〈cos jk(Ψn − Ψm)〉 the overall scaling is kept.717
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Figure 66: The distributions for the two plane angle differencesj4(Ψ2 − Ψ4) for several centrality inter-
vals.
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Figure 67: The distributions for the two plane angle differences 6(Ψ2−Ψ3) for several centrality intervals.
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Figure 68: The distributions for the two plane angle differences 6(Ψ2−Ψ6) for several centrality intervals.
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Figure 69: The distributions for the two plane angle differences 6(Ψ3−Ψ6) for several centrality intervals.
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Figure 70: The distributions for the two plane angle differences 12(Ψ3 − Ψ5) for several centrality inter-
vals.
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Figure 71: The distributions for the two plane angle differences 10(Ψ2 − Ψ5) for several centrality inter-
vals.
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Fig. 72 shows the centrality dependence of the raw correlations〈cos jk(Ψn − Ψm)〉 for the weighted718

case. Also shown are the〈sin〉 terms in the correlation as well as the〈cos〉 and〈sin〉 terms for the mixed719

background which are used to estimate the systematic uncertainties. In these plots, the first 5 points are720

1% centrality bins (from 0-5% centrality) and the next points are 5% bins (from 5-70% centrality), the721

last bin which spans the range 75-80% is actually the (0-5)% centrality bin. In the final results when the722

1% bins have large fluctuations, they are replaced by the combined (0-5)%bin.723
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Figure 72: The weighted〈cos jk(Ψn − Ψm)〉 obtained from the correlations (Figs.66-71) as a function
of centrality. Also shown are the〈sin〉 terms in the correlation as well as the〈cos〉 and〈sin〉 terms for
the mixed background which are used to estimate the systematic uncertainties. The first 5 points are 1%
centrality bins (from 0-5% centrality) and the next points are 5% bins (from5-70% centrality), the last
bin which spans the range 75-80% is actually the (0-5)% centrality bin.

9.2 Resolution724

9.3 Single-plane resolutions725

For the resolution also an identical procedure is followed as with the unweighted analysis. From Eq.43726

it can be seen that the denominator (i.e.) the resolution is a product of several single-plane resolutions.727

In the unweighted case the single-plane resolutions were of the form
√

〈coskn(ΨP
n − ΨN

n )〉 while in the728

weighted case the resolutions are
√

〈(qobs,P
n qobs,N

n )k coskn(ΨP
n − ΨN

n )〉. The single-plane resolutions are729

calculated by making distributions ofkn(ΨP
n −ΨN

n ) weighted by (qobs,P
n qobs,N

n )k withΨP
n andΨN

n measured730

in the same event. A mixed -event distribution ofkn(ΨP,event1
n − ΨN,event2

n ) is made usingΨP
n andΨN

n731

measured in different events weighted by (qobs,P,event1
n qobs,N,event2

n )k. And finally the correlation of the two732

sub-events is obtained by dividing the foreground distribution by the mixed event distribution. Examples733

of such distributions are shown in Figs.73-77. They-axis in these figures is rescaled to have a mean734

value of 1.0. for the foreground, background and correlation so thatthey can be casually compared to the735

Unweighted case (Fig.20). However while calculating the〈coskn(ΨP
n −ΨN

m)〉 the overall scaling is kept.736

The resolutions are obtained by calculating the
√

〈coskn(ΨP
n − ΨN

n )〉 from these correlation distributions.737

Again, it is worth explicitly pointing out that in the unweighted case all the
√

〈coskn(ΨP
n − ΨN

n )〉 (for738

differentk) could be obtained from then(ΨP
n −ΨN

n ) distributions. While for the weighted case a separate739
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Figure 73: The distributions for the two plane angle differences 2k(ΨP
2 − Ψ

N
2 ) for different centrality

classes (left-right) and different k (top-bottom). Only those values ofk that are used in the analysis are
shown.

distribution needs to be make for each of the differentk values, as the weighting factor is different for740

them.741

9.4 Systematic Errors for resolution742

The systematic errors for the resolution are obtained by the following two sources:743

1. Calculating the〈sin jn(ΨP
n − ΨN

n ))〉 terms in the correlations in between the two sub-events. This744

is used as an estimate of the systematic error on the〈cos jn(ΨP
n − ΨN

n )〉 term as:745

∆〈cos〉
〈cos〉

=

√

〈cos〉2 + 〈sin〉2 − 〈cos〉
〈cos〉

≈ 1
2
〈sin〉2

〈cos〉2
(46)

This error is then propagated to the error of the resolution (which is obtained as
√
〈cos〉). This is746

identical to waht was done for the “Unweighted” correlations.747

2. Several three-subevent (3SE) cross-checks are done to independently determine the single-plane748

resolutions. The deviation from the default resolutions are considered as systematic errors on the749

single-plane resolutions and are propagated into the combined resolution (which is the product of750
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Figure 74: The distributions for the two plane angle differences 3k(ΨP
3 − Ψ

N
3 ) for different centrality

classes (left-right) and different k (top-bottom). Only those values ofk that are used in the analysis are
shown.
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Figure 75: The distributions for the two plane angle differences 4k(ΨP
4 − Ψ

N
4 ) for different centrality

classes (left-right) and different k (top-bottom). Only those values ofk that are used in the analysis are
shown.
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shown.
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Figure 77: The distributions for the two plane angle differences 6k(ΨP
6 − Ψ

N
6 ) for different centrality

classes (left-right) and different k (top-bottom). Only those values ofk that are used in the analysis are
shown.

the individual single-plane resolutions). The choice of reference detectors for the 3SE checks is751

identical to the unweighted case.752

9.4.1 Sine terms in two-subevent resolution753

Figure78 shows the ratio of the〈sin jn(ΨP
n − ΨN

n ))〉 to the〈cos jn(ΨP
n − ΨN

n )〉 terms for the ECalFCal.754

Only those values ofj that are used in the analysis are shown. It is seen that the weighted and unweighted755

resolutions have identical nearly identical ratios for this terms wherever statistics allow. This is especially756

clear in the〈sin j2(ΨP
2 − Ψ

N
2 ))〉 case (first plot). Thus this error is completely correlated between the757

weighted and unweighted cases. The fine-dashed (long-dashed) linesshow the mean value of the ratio758

for the Weighted (Unweighted) case in the (0-50)% centrality interval. The means are calculated by759

statistical weighting (i.e. the points are weighted by 1/(stat err)2 while calculating the mean). These760

mean deviations are quoted as the value of the〈sin〉/〈cos〉 over the whole centrality range.761

It is also worth pointing out that as per Eq.46, these errors becomes much smaller when propagated762

into the error of the〈cos〉 term. For example a 20% value of the〈sin〉 term relative to the〈cos〉 term763

translates to :764

〈sin〉/〈cos〉 = 0.2 (47)

=⇒ ∆〈cos〉
〈cos〉

=
1
2

0.22 = 0.02 (48)

only a 2% relative error on the〈cos〉 term.765
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Figure 78: The〈sin〉 terms obtained in the two-subevent angle differencesjn(ΨP
n − ΨN

n ) relative to the
〈cos〉 terms, as a function of centrality for different j. Both weighted and unweighted cases are shown.
Only those values ofj that are used in the analysis are shown. The fine-dashed (long-dashed) lines show
the mean value of the ratio for the weighted (Unweighted) case in the (0-50)%centrality interval .



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 67

9.4.2 Three-subevent resolution cross-checks766

Several three sub-event checks are done to determine the systematic errors for the unweighted and767

weighted single-plane resolutions. The reference detectors used for the 3SE cross-checks are the same768

ones as described in Table 5 where the checks for the Unweighted case were done (Section 4.2.2). The769

unweighted cases are shown here again for comparison. The ratio of theresolution from the 3SE mea-770

surements to the 2SE values are shown in Figs.79-83 for both the unweighted (left) and unweighted771

(right) cases. The colored-continuous lines show the mean deviation of the3SE value from the default772

2SE value in the (10-50)% centrality range, while the dashed-colored linesshow the error of the mean773

deviation. The mean deviations are obtained by statistically combining the points in the 10-50% cen-774

trality range. The thick-dashed black lines show the error quoted from thischeck (the errors are taken775

symmetric about 1.0). The assigned errors are generally centrality independent except for the Res{4Ψ2}776

and Res{6Ψ2} cases where the peripheral bins are assigned larger errors. The Unweighted and Weighted777

cases show nearly similar deviations, but in most cases the Unweighted casehas slightly larger devia-778

tions. However for simplicity, both are assigned identical errors, by choosing the larger of the deviations779

as the common systematic error. The final errors were already quoted forthe “Unweighted” correlations780

in Table6. The error for the weighted case are identical.781

The problem with the 3SE resolution estimates as mentioned before is that when the reference de-782

tectors have poor resolution, it automatically results in larger deviations for the ECalFCal. Thus in most783

cases the errors are being overestimated.784

Except for the Res{12Ψ4} (Fig. 81) and Res{10Ψ5} (Fig. 82) the assigned error easily cover the785

deviations seen in the (10-50)% interval where the statistical errors are manageable.786

For the Res{12Ψ4} and Res{10Ψ5} the statistical errors in the deviations are too large to allow for787

a meaningful estimation of the deviation. Instead the linearity of the increase withj of ∆Res{ jnΨn} is788

used. This gives for Res{12Ψ4} a 7.5% error, and for Res{10Ψ5} a 7.0% error (see Table6).789
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Figure 79: The ratio of the resolution for the ECalFCalP/N obtained from several three-subevent checks
to the default two-subevent resolution for Res{ j2Ψ2} as a function of centrality. From top to bottom the
plots correspond to different values ofj. The left (right) plots correspond to the Unweighted (Weighted)
case. The colored-continuous lines show the mean deviation of the 3SE value from the default 2SE value
in the (10-50)% centrality range, while the dashed-colored lines show the error of the mean deviation.
The thick-dashed black lines show the error quoted from this check. Onlythose values ofj that are used
in the analysis are shown.
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Figure 80: Same as previous plot but for Res{ j3Ψ3} for $j$=1-4.
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Figure 81: Same as previous plot but for Res{ j4Ψ4}. Only those values ofj that are used in the analysis
are shown.
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Figure 82: Same as previous plot but for Res{ j5Ψ5} for $j$=1, 2. Only those values ofj that are used in
the analysis are shown.
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Figure 83: Same as previous plot but for Res{ j6Ψ6}. Only those values ofj that are used in the analysis
are shown.
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9.5 Uncorrelated resolution errors790

Later on comparison plots will be made between the weighted and unweighted cases. In these compar-791

isons the correlated systematic errors must be removed. It was already seen that the sine terms in the 2SE792

calculations of the single-plane resolutions are completely correlated. Similarlya strong correlation was793

seen in the 3SE resolution estimates (which is the main source of systematic errorfor the resolutions).794

Here the uncorrelated errors in the resolutions (from 3SE checks) arecalculated.795

The 3SE ratios shown in Section.9.4.2indicate the variation in the unweighted and weighted reso-796

lutions when calculated using different reference detectors. In order to get the fractional change ofthe797

Weighted resolution w.r.t. to Unweighted resolution, a double ratio of the form:798

Uncorrelated err =
(3S E/2S E) Weighted

(3S E/2S E) Unweighted
(49)

is made. In this double ratio, the correlated deviations cancel out and the extra deviation that the Weighted799

resolutions have w.r.t. the Unweighted ones are obtained. Such Plots are shown in Figs.84-88.800
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Figure 84: Left plot: The ratio between the 3SE and 2SE(default) resolutions for the unweighted (hol-
low) and weighted (solid) resolutions for Res{ j2Ψ2}. The right plot shows the double ratio for the
weighted/unweighted. This double ratio is used to estimate the uncorrelated systematic errors between
the weighted and unweighted case. The horizontal continuous coloured lines in the right plots show the
mean value of the double ratio for different 3SE double-ratios, while the corresponding dashed lines show
the 1σ error bands for the mean values. The thick-dashed black lines indicate theassigned uncorrelated
error.
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Figure 85: Same as previous plot but for Res{ j3Ψ3}.
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Figure 86: Same as previous plot but for Res{ j4Ψ4}.



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 75

Centrality [%]
0 10 20 30 40 50 60 70

 3
S

E
/2

S
E

 R
at

io
}} 5

Ψ
R

es
{1

0

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2 Hollow=Unweighted

Solid=Weighted

Centrality [%]
0 10 20 30 40 50 60 70

D
o

ub
le

 R
a

tio
 (

W
ei

gh
te

d
/U

n
W

e
ig

ht
e

d)

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

DetP-EMBRN-FCalN DetN-EMBRP-FCalP

DetP-EMBR0-DetN DetN-EMBR0-DetP

Figure 87: Same as previous plot but for Res{2× 5Ψ5}.
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Figure 88: Same as previous plot but for Res{6Ψ6}.
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9.6 Final Plots801

The systematic errors for the weighted correlations are listed in Table15. They are identical to the errors802

for the unweighted correlations (Table6) as shown in the last section. Table16 lists the relative errors803

for the Weighted to Unweighted case for single-plane resolutions as well asthe corresponding errors804

propagated the the correlators. Note that the relative errors are only listed for the four strong non-zero805

correlators for which the ratios (Weighted-correlator/Unweighted-correlator) will be shown later.806

Error for Res{ jnΨn}
n 2 3 4 5 6

0.85j%( j ≤ 2)
3SE comparison 3%(j=3) 3.0j% 2.5j% 3.5j% 9j%

4.5%,6%,8% (j=4,5,6)
sin component 0.5× (0.085jn)2%

Error for 〈cos jk(Φn − Φm)〉 correlators
( j, n,m) (1,2,4) (2,2,4) (3,2,4) (1,2,3) (1,2,6) (1,3,6) (1,3,4) (1,2,5)
Res{ jk(Ψn − Ψm)} 3.06% 6.73% 11.0% 6.71% 9.49% 10.8% 15.9% 9.24%
Raw distribution
from sine and mixed-events 5-15
(absolute error on raw×10−4)

Table 15: Top table: summary of sources of systematic uncertainties for individual Res{ jnΨn} terms
coming from 2SE/3SE comparision and sine component of the 2SE correlations. Bottom table: summary
of sources of systematic uncertainties for the final correlators〈cos jk(Φn − Φm)〉, including those for the
combined resolution caculated from Res{ jnΨn} terms, and the raw correlations.

Relative error for Res{ jnΨn} (Weighted vs Unweighted)
n 2 3 4 5 6
Error [%] 1.0,1.75,2.0 (j=2,3,4) 2.0,3.5,6.0 (j=2,3,4) 1.0,3.0,10.0 (j=1,2,3) 20 (j=2) 6 (j=1)

2.75,3.5 (j=5,6)

Relative Error for〈cos jk(Φn − Φm)〉 correlators (Weighted vs Unweighted)
( j, n,m) (1,2,4) (2,2,4) (1,2,6) (1,3,6)
Error [%] 1.41% 3.61% 6.25% 6.32%

Table 16: Top table: Relative systematic uncertainties for individual Res{ jnΨn} terms coming from
2SE/3SE double-ratios. Bottom table: Relative ystematic uncertainties between the weighted and un-
weighted cases for the final correlators. For the lower table only the fourstrong-correlators are listed.

9.6.1 Raw Correlations807

Figs. 89 and90 show the raw correlation for the Unweighted and Weighted cases respectively. The808

systematic error is calculated as the quadrature sum of the|〈sink(Ψn − Ψm)〉| and mixed background809

|〈cosk(Ψn − Ψm)〉| term. The shapes of the correlations seem to be different for the Unweighted and810

Weighted cases. For example for the〈cos 4(Ψ2 −Ψ4)〉 correlation, the Unweighted case peaks atNpart ∼811

150 while for the Weighted case it peaks atNpart ∼ 100. This is a trivial consequence of applying theqn812

as the weights. Since theqn are larger for mid-central/peripheral events. Thus the more peripheral events813

are multiplied by larger factors in the Weighted case and hence reach their maximum at more peripheral814

values. The corresponding resolutions also show this trend between the Weighted and Unweighted case,815
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however this effect largely cancels out for the corrected correlations (i.e. when the rawsignals are divided816

by the resolutions).817
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Figure 89: Theraw correlationsas a function of〈Npart〉 for theUnweightedcase.
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Figure 90: Theraw correlationsas a function of〈Npart〉 for the Weightedcase. The different plots are
scaled by various multiplicative factors (mentioned on the plots) to keep the y-axis range reasonable.

9.6.2 Combined resolutions818

Figs. 89 and90 show the resolution for the Unweighted and Weighted cases respectively (which are819

the products of the single-plane resolutions). The systematic error is calculated as the quadrature sum820

from the 3SE deviations and the〈sin〉 terms in the single-plane resolutions. As explained before, for the821

weighted case, the resolutions have identical systematic errors as the unweighted ones.822
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Figure 91: The combinedresolutionsas a function of〈Npart〉 for theUnweightedcase.
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Figure 92: The combinedresolutionsas a function of〈Npart〉 for theWeightedcase. The different plots
are scaled by various multiplicative factors (mentioned on the plots) to keep they-axis range reasonable.
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9.6.3 Corrected Correlations823

Fig.93 shows the final correlated two-plane correlations for the Unweighted andWeighted cases. Fig.94824

shows the ratio of the Weighted and Unweighted correlations for the four strong correlations. The cor-825

related systematic errors are cancelled out in the ratio. The Unweighted andWeighted correlations have826

very similar centrality dependence and behavior. Typically the weighted correlations are larger than the827

unweighted ones, this is especially clear from the ratio plot94. In general when lower powers of the828

q vectors are used in the weighting, the smaller is the difference between the weighted and unweighted829

case. For example, for the〈cos 4(Ψ2−Ψ4)〉 correlation the weighting factor is (q2)2q4 ∼ q3 and the max-830

imum deviation between the Weighted and Unweighted cases is∼ 12%, while for the〈cos 8(Ψ2 − Ψ4)〉831

where the weighting factor is (q2)4(q4)2 ∼ q6, the maximum deviation increases to∼ 30%.832
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Figure 93: Comparison of thecorrected correlationsfor theWeighted and Unweightedcase as a function
of 〈Npart〉.



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 80

〉
part

N〈
0 100 200 300 400

N
ow

ei
gh

t
q 

W
ei

gh
te

d
 〉) 4

Φ- 2
Φ

co
s4

(
〈

0

0.5

1

1.5

2
ATLAS Internal

=2.76 TeVNNsPb+Pb  -1bµ= 7 intL

〉
part

N〈
0 100 200 300 400

N
ow

ei
gh

t
q 

W
ei

gh
te

d
 〉) 4

Φ- 2
Φ

co
s8

(
〈

0

0.5

1

1.5

2
ATLAS Internal

=2.76 TeVNNsPb+Pb  -1bµ= 7 intL

〉
part

N〈
0 100 200 300 400

N
ow

ei
gh

t
q 

W
ei

gh
te

d
 〉) 6

Φ- 2
Φ

co
s6

(
〈

0

0.5

1

1.5

2
ATLAS Internal

=2.76 TeVNNsPb+Pb  -1bµ= 7 intL

〉
part

N〈
0 100 200 300 400

N
ow

ei
gh

t
q 

W
ei

gh
te

d
 〉) 6

Φ- 3
Φ

co
s6

(
〈

0

0.5

1

1.5

2
ATLAS Internal

=2.76 TeVNNsPb+Pb  -1bµ= 7 intL

Figure 94:Ratio of the corrected correlationsfor theWeighted to the Unweightedcase as a function of
〈Npart〉. The ratios are shown only the four strong correlations.
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9.6.4 Cross-checks with tracking detectors833

The whole analysis is repeated with the Tracking detectors and the results are compared to the ECalF-834

cal results for both the weighted and Unweighted cases. The details for thetracking detector based835

analysis are given in Appendix-I. For the Tracking detectors, the two sub-events haveη coverage of836

η ∈ (−2.5,−0.5) andη ∈ (0.5,2.5) and are made with charged tracks withpT ∈ (0.5,10)GeV. The Tracks837

are pT weighted while calculating theQ vectors. In general very good agreement is seen between the838

tracking detector based results and the Calorimeter based results for both the Unweighted (Figs.95 and839

96) and Weighted (97and98) case.840
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Figure 95: Comparison of the corrected correlations for theUnweightedcase as a function of〈Npart〉 as
measured by theECalFCal (Default) and Tracking detectors.
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Figure 96: Ratio of the corrected correlationsfor the Unweightedcase as measured by theTracking
detectors and by ECalFCal (Default), as a function of〈Npart〉. The ratios are made only for the six
non-zero correlations.
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Figure 97: Comparison of thecorrected correlationsfor the Weightedcase as a function of〈Npart〉 as
measured by theECalFCal (Default) and Tracking detectors.
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Figure 98:Ratio of the corrected correlationsfor theWeightedcase as measured by theTracking detec-
tors and by ECalFCal (Default), as a function of〈Npart〉. The ratios are made only for the six non-zero
correlations.
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10 Three-plane correlations: Weighted841

The steps of the three-plane correlations analysis are identical to the two-plane correlations: The raw842

signals and resolutions are determined weighted by theqn and finally the raw correlators are divided843

by the resolutions to obtain the corrected correlators. The analysis is donewith the default detector844

combination that was used in Section5.1 (also see Fig.43). Cross-checks are done using the tracking845

detectors.846

10.1 Raw Correlations847

Figures99-104show the relative angle distributions for the six three-plane correlators for three different848

centralities for the weighted case, these are analogous to Figs.44-49. Note that there are three “Types”849

for each correlation as described in Section5.1. As with the weighted two-plane correlations, these850

are rescaled to mean value of 1.0. The raw correlators are calculated from these distributions with〈sin〉851

terms taken as the systematic errors at the raw level. Figure.105shows the raw signal for the six different852

correlators Also shown are the〈sin〉 terms as well as the〈sin〉 and〈cos〉 values for the mixed background.853

This plot is the analogue of Fig.50.854
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Figure 99: The distributions for the Weighted three plane angle differences (2Ψ2+3Ψ3−5Ψ5) for several
centrality intervals, and the three types.
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Figure 100: The distributions for the Weighted three plane angle differences (2Ψ2 + 4Ψ4 − 6Ψ6) for
several centrality intervals, and the three types.
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Figure 101: The distributions for the Weighted three plane angle differences (2Ψ2 − 6Ψ3 + 4Ψ4) for
several centrality intervals, and the three types.
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Figure 102: The distributions for the Weighted three plane angle differences (−8Ψ2 + 3Ψ3 + 5Ψ5) for
several centrality intervals, and the three types.
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Figure 103: The distributions for the Weighted three plane angle differences (−10Ψ2 + 4Ψ4 + 6Ψ6) for
several centrality intervals, and the three types.
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Figure 104: The distributions for the Weighted three plane angle differences (−10Ψ2 + 6Ψ3 + 4Ψ4) for
several centrality intervals, and the three types.



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 88

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 5

Ψ
-5 3

Ψ
+

3
2

Ψ
co

s(
 2

〈

0

1

2

3

4

5

6

7
-610×

CF cos

CF sin

bg cos

bg sin

Type 1

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 5

Ψ
-5 3

Ψ
+

3
2

Ψ
co

s(
 2

〈

0

1

2

3

4

5

6

7
-610×

Type 2

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 5

Ψ
-5 3

Ψ
+

3
2

Ψ
co

s(
 2

〈

0

1

2

3

4

5

6

7 10×

Type 3

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 6

Ψ
-6 4

Ψ
+

4
2

Ψ
co

s(
  2

〈

0

0.2

0.4

0.6

0.8

1

1.2

1.4

-610×

CF cos

CF sin

bg cos

bg sin

Type 1

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 6

Ψ
-6 4

Ψ
+

4
2

Ψ
co

s(
  2

〈
0

0.2

0.4

0.6

0.8

1

1.2

1.4

-610×
Type 2

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 6

Ψ
-6 4

Ψ
+

4
2

Ψ
co

s(
  2

〈

0

0.2

0.4

0.6

0.8

1

1.2

1.4

10×

Type 3

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 4

Ψ
+

4
3

Ψ
-6 2

Ψ
co

s(
  2

〈

-80

-70

-60

-50

-40

-30

-20

-10

0

-910×

CF cos

CF sin

bg cos

bg sin

Type 1

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 4

Ψ
+

4
3

Ψ
-6 2

Ψ
co

s(
  2

〈

-80

-70

-60

-50

-40

-30

-20

-10

0

-910×
Type 2

0 10 20 30 40 50 60 70 80
 W

ei
gh

te
d 

〉) 4
Ψ

+
4

3
Ψ

-6 2
Ψ

co
s(

  2
〈

-80

-70

-60

-50

-40

-30

-20

-10

0
10×

Type 3

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 6

Ψ
+

6
4

Ψ
+

4
2

Ψ
co

s(
-1

0
〈

0

0.05

0.1

0.15

0.2

0.25

0.3
-910×

CF cos

CF sin

bg cos

bg sin

Type 1

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 6

Ψ
+

6
4

Ψ
+

4
2

Ψ
co

s(
-1

0
〈

0

0.05

0.1

0.15

0.2

0.25

0.3
-910×

Type 2

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 6

Ψ
+

6
4

Ψ
+

4
2

Ψ
co

s(
-1

0
〈

0

0.05

0.1

0.15

0.2

0.25

0.3 10×

Type 3

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 4

Ψ
+

4
3

Ψ
+

6
2

Ψ
co

s(
-1

0
〈

-4

-2

0

2

4

6

8

10
-1210×

CF cos

CF sin

bg cos

bg sin

Type 1

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 4

Ψ
+

4
3

Ψ
+

6
2

Ψ
co

s(
-1

0
〈

-4

-2

0

2

4

6

8

10
-1210×

Type 2

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 4

Ψ
+

4
3

Ψ
+

6
2

Ψ
co

s(
-1

0
〈

-4

-2

0

2

4

6

8

10 10×

Type 3

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 4

Ψ
+

4
3

Ψ
+

6
2

Ψ
co

s(
-1

0
〈

-4

-2

0

2

4

6

8

10
-1210×

CF cos

CF sin

bg cos

bg sin

Type 1

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 4

Ψ
+

4
3

Ψ
+

6
2

Ψ
co

s(
-1

0
〈

-4

-2

0

2

4

6

8

10
-1210×

Type 2

0 10 20 30 40 50 60 70 80

 W
ei

gh
te

d 
〉) 4

Ψ
+

4
3

Ψ
+

6
2

Ψ
co

s(
-1

0
〈

-4

-2

0

2

4

6

8

10 10×

Type 3

Figure 105: Centrality dependence of the raw cosine signal for the Weighted three-plane correlators.
They are compared with the sine values as well as the sine and cosine obtained from mixed-events. The
last bin (75-80) is actually the (0-5)% bin.
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10.2 Resolutions855

The single-plane for the three detectors are obtained by 3SE or 2SE methods. For theECalP/N the default856

resolution is obtained by the 2SE method by correlatingECalP with ECalN as:857

Res{ jnΨn, ECalP/N} =
√

cos(jn(ΨECalP
n − ΨECalN

n )) (50)

While for the FCal the default resolution is obtained by the 3SE method by correlating it with the858

ECalP/N as:859

Res{ jnΨn, FCal} =

√

cos(jn(ΨFCal
n − ΨECalN

n )) cos(jn(ΨFCal
n − ΨECalP

n ))

cos(jn(ΨECalP
n − ΨECalN

n ))
(51)

This was also the default method for obtaining the resolutions used in the Unweighted analysis. Several860

3SE checks are done to determine the systematic errors in the resolutions. The deviation of the 3SE861

checks from the default value for theECal are shown in Figs.106-108 for both the Unweighted (left862

panels) and Weighted (right panels) cases. The thick dashed lines showthe errors quoted for the single-863

plane resolutions for the ECal (The errors are taken to be the same forECalP andECalN). The Weighted864

and Unweighted cases are assigned identical systematic error bands. Itcan be seen from these plots that865

the largest deviations for the resolution occur when one of the three detectors used in the 3SE estimate866

is theFCalP (or FCalN) . This occurs because of the very poor resolution of theFCalP/N which causes867

large deviations when used to determine the systematic error of theECalP/N .868

Figs.109-111show similar 3SE calculations for the FCal single-plane resolutions. The uncertainties869

of the single-plane resolutions are then propagated into the combined resolution for the correlator.870
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Figure 106: The ratio of the resolution for the ECalP/N obtained from several three-subevent checks to
the default two-subevent resolution for Res{ j2Ψ2} as a function of centrality. From top to bottom the
plots correspond to different values ofj. The left (right) plots correspond to the Unweighted (Weighted)
case. The thick-dashed black lines show the error quoted from this check. Only those values ofj that are
used in the analysis are shown.
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Figure 107: Same as previous plot but for Res{ j3Ψ3}(for ECal)
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Figure 108: Same as previous plot but for Res{4Ψ4} (Top) Res{5Ψ5} (Middle) and Res{6Ψ6} (Bottom)
(for ECal)
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Figure 109: The ratio of the resolution for the FCal obtained from several three-subevent checks to the
default two-subevent resolution for Res{ j2Ψ2} as a function of centrality. From top to bottom the plots
correspond to different values ofj. The left (right) plots correspond to the Unweighted (Weighted) case.
The thick-dashed black lines show the error quoted from this check. Onlythose values ofj that are used
in the analysis are shown.
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Figure 110: Same as previous plot but for Res{ j3Ψ3}(for FCal)
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Figure 111: Same as previous plot but for Res{4Ψ4} (Top) Res{5Ψ5} (Middle) and Res{6Ψ6} (Bottom)
(for FCal)
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10.3 Uncorrelated errors871

It is clear from the plots in the previous section, that the errors for the Unweighted and Weighted single-872

plane resolutions are strongly correlated. To estimated the uncorrelated errors, a double ratio is made as873

in the two-plane case. The double-ratios and corresponding uncorrelated systematic errors are shown in874

the right panels of Figs.112-114 for the ECalP/N and in Figs.115-117 for the FCal. The left panels in875

these plots show the Unweighted and Weighted 3SE/Default ratios that were plotted in Figs.106-111.876
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Figure 112: Left plot: The ratio between the 3SE and Default resolutions for the unweighted (hollow) and
weighted (solid) resolutions for Res{ j2Ψ2} for ECalP/N , the larger (smaller) markers correspond to the
Unweighted (Weighted) case. The right plot shows the double ratio for theweighted/unweighted. This
double ratio is used to estimate the uncorrelated systematic errors between the weighted and unweighted
case indicated by the thick dashed line. The colored horizontal lines show the mean deviations in the
(10-50)% centrality interval for the individual double-ratios.
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Figure 113: Same as previous plot but for Res{ j3Ψ3} for ECalP/N .
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Figure 114: Same as previous plot but for Res{4Ψ4} (Top), Res{5Ψ5}(Middle) and Res{6Ψ6} (Bottom)
for ECalP/N .
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Figure 115: Left plot: The ratio between the 3SE and Default resolutions for the unweighted (hollow)
and weighted (solid) resolutions for Res{ j2Ψ2} for FCal, the larger (smaller) markers correspond to the
Unweighted (Weighted) case. The right plot shows the double ratio for theweighted/unweighted. This
double ratio is used to estimate the uncorrelated systematic errors between the weighted and unweighted
case indicated by the thick dashed line. The colored horizontal lines show the mean deviations in the
(10-50)% centrality interval for the individual double-ratios.
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Figure 116: Same as previous plot but for Res{ j3Ψ3} for FCal.
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Figure 117: Same as previous plot but for Res{4Ψ4} (Top), Res{5Ψ5}(Middle) and Res{6Ψ6} (Bottom)
for FCal.
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10.4 Corrected correlations877

Fig. 118shows the raw correlators, combined resolution and corrected correlator as a function of central-878

ity. These three independent estimates are then combined to get the final results. While combining the879

three measurements, they are weighted by 1/(stat err)2. The final systematic errors are also weighted av-880

erages of the individual systematic errors (again weighted by 1/(stat err)2). Further the spread between881

the three estimates is taken as another source of systematic error, and added in quadrature (to the already882

calculated systematic error). The final plots are shown in the next section as a function of〈Npart〉.883

Table17 lists the errors for the weighted correlations. The errors are identical to the unweighted884

correlations as discussed in in the last section. Table18 lists the relative errors for the weighted to un-885

weighted single-plane resolutions. Some of the relative errors have centrality dependence (eg. Fig.112)886

and this is listed in Table18. The relative errors for the combined resolutions are obtained by adding887

these single-plane uncertainties in quadrature.888

Error for Res{ jnΨn}
n 2 3 4 5 6
Detector A&C 1.1, 10.0, 13.0% (j=1,4,5) 6.0, 12.0% (j=1,2) 6.0% (j=1) 10.0% (j=1) 13.0 (j=1)
Detector B 0.7, 5.0, 7.0% (j=1,4,5) 1.75, 3% (j=1,2) 1.75% (j=1) 5.0% (j=1) 20% (j=1)

Error for three-plane correlators:〈cos(
∑

Φ)〉
∑

Φ 2Φ2 + 3Φ3 − 5Φ5 2Φ2 + 4Φ4 − 6Φ6 2Φ2 − 6Φ3 + 4Φ4

Type-1 Type-2 Type-3 Type-1 Type-2 Type-3 Type-1 Type-2 Type-3
Combined resolution 11.7% 10.2% 7.9% 20.9% 20.1% 20.9% 13.4% 7.8% 12.2%
raw distribution (×10−4) 2-10

−8Φ2 + 3Φ3 + 5Φ5 −10Φ2 + 4Φ4 + 6Φ6 −10Φ2 + 6Φ3 + 4Φ4

Type-1 Type-2 Type-3 Type-1 Type-2 Type-3 Type-1 Type-2 Type-3
Combined resolution 12.7% 14.3% 12.7% 22.1% 23.9% 24.6% 15.1% 14.6% 17.8%
raw distribution (×10−4) 2-10

Table 17: Summary of systematic uncertainties for individual Res{ jnΨn} terms (top part) and the final
three-plane correlators (bottom part).

Relative errors for Res{ jnΨn} (Weighted vs Unweighted)
n 2 3 4 5 6
Det A&C 0.5+Θ(cent − 40)× 0.5/30 (j=1) 0.3+Θ(x − 25)×1.2/35 (j=1) 1.5 (j=1) 2.5 (j=1) 5.0 (j=1)

2.0+Θ(cent − 25)× 5.0/35 (j=4) 1.0+Θ(x − 25)×4.0/35 (j=2)
2.75+Θ(cent − 25)× 5.0/35 (j=5)

Det B 0.2, 2.0, 2.75 (j=1,4,5) 0.3, 1.0 (j=1,2) 0.5 (j=1) 1.5 (j=1) 4.0 (j=1)

Table 18: Summary of relative systematic uncertainties in percent for individual Res{ jnΨn} terms for the
weighted vs unweighted single-plane resolutions. Some of the uncertainities have centrality dependence
(eg. Fig.112) described by the functionΘ(cent − cent0), wherecent is the centrality (in percentile) and
Θ(x) = x × H(x), whereH(x) is the step function.
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Figure 118: The raw signals (left plots), combined resolution corrections(middle plots) and corrected
correlations (right plots) for the 3P correlators. The three sets of data points correspond to the three
Types.
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10.5 Final Plots889

Figure119shows the final 3P correlations for the weighted and unweighted case obtained by combining890

the three independent estimates of the correlators. The Weighted correlators have quite similar centrality891

dependence as the Unweighted correlators. Fig.120shows the ratio of the weighted to the unweighted892

correlators for the four non-zero correlators. It can be seen that the 〈cos(2Φ2 + 3Φ3 + 5Φ5)〉, 〈cos(2Φ2 +893

4Φ4−6Φ6)〉 and〈cos(2Φ2−6Φ3+4Φ4)〉 correlators the weighted and unweighted correlators are nearly894

identical. This can be understood from the fact that for these three correlators theQ vectors are not raised895

to very high powers in the weighting.896

Figures.121 and122 show the comparison of the Unweighted and weighted correlators measured897

by the default detectors to the measurements based on the tracking detectors. For the tracking detectors,898

the analysis is done in Appendix-II. The two measurements are very consistent in all cases except for the899

2-4-6 correlators where the tracking detector results are larger than theCalorimeter based results. But900

even here, the results agree within systematic errors.901
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Figure 119: Thecorrected Unweighted and Weightedthree-plane correlators.
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Figure 120: TheRatioof thecorrected Weightedto thecorrected Unweightedthree-plane correlators.
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Figure 121: Thecorrected Unweightedthree-plane correlators compared between theCalorimeter(De-
fault) based results and theTrackingdetector based results.
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Figure 122: Thecorrected Weightedthree-plane correlators compared between theCalorimeter(Default)
based results and theTrackingdetector based results.
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11 Appendix-I : Two-plane corrselations from tracking detectors902

The two-plane correlation analysis using the tracking dectors is done with symmetric detectors covering903

η ∈ ±(0.5,2.5). Tracks withpT ∈(0.5,10.0) GeV are used (See Table4).904

11.1 Raw Correlations905

Fig. 123shows the centrality dependence of the raw correlations (unweighted case) as obtained from the906

ID. The systematic errors are obtained from〈sin〉 and〈cosbg〉 terms (as with the ECal case).907
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Figure 123: The Unweighted〈cos jk(Ψn − Ψm)〉 as measured using the ID as a function of centrality.

11.2 Resolutions908

Figure124shows the single plane-resolutions for the tracking detectors (unweightedcase). The system-909

atic resolutions are determined using as usual the sine terms in the 2SE correlations as well as several910

3SE checks. Fig.125shows the combined resolution for the two-plane corrs as measured by the ID for911

the unweighted case, obtained by multiplying the single-plane resolutions in Fig.124. The contributions912

from the sine-terms relative to the cosine terms are shown in Fig.126. No systematic sine terms are seen.913

and the error from this term are ignored in the final results (given that the3SE errors are large, the sine914

terms in any case woule be negligible). The 3SE checks are shown in Figs127-131 (See Table4 for915

description of the detectors used in the 3SE checks). Forn=2, the weighted and unweighted cases have916

somewhat larger differences for the 3SE checks and unlike the ECal case, different errors are assigned917

to the weighted and unweighted resolutions. The final errors for the raw signals and the resolutions are918

listed in Table19.919
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Error for Res{ jnΨn}
n 2(unweighted,weighted) 3 4 5 6

2.8%, 4.0% (j=2)
3SE comparison 5.0%, 7.0% (j=3) 6.0j% 6.0j% ( j=1) 8.0j% 25.0j%

7.0%, 11.0% (j=4) 7.0j% ( j >1)
10.0%, 14.0% (j=5)
15.0%, 19.0%(j=6)

Error for 〈cos jk(Φn − Φm)〉 correlators
(j,n,m) (1,2,4) (2,2,4) (3,2,4) (1,2,3) (1,2,6) (1,3,6) (1,3,4) (1,2,5)
Res{ jk(Ψn − Ψm)}(Unweighted) 6.6% 15.6% 25.8% 13.0% 25.5% 27.7% 31.9% 18.9%
Res{ jk(Ψn − Ψm)}(Weighted) 7.5% 17.8% 28.3% 13.9% 25.9% 27.7% 31.9% 21.2%
Raw distribution
from sine and mixed-events 7,15 7,15 7,15 7,15 7,15 7,15 7,15 7,15
(absolute error on raw×10−4)
(Unweighted, Weighted)

Table 19: (top table) summary of sources of systematic uncertainties for individual Res{ jnΨn} terms
coming from 2SE/3SE comparision (Figs.127-131). For n=2 the weighted and unweighted resolutions
are assigned different systematic errors from the 3SE checks. (bottom table) summary of sources of
systematic uncertainties for the final correlators〈cos jk(Φn − Φm)〉, including those for the combined
resolution caculated from Res{ jnΨn} terms, and the raw correlations.
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Figure 124: Summary of the event-plane resolution Res{ jnΨn} and associated systematic uncertainties
for n=2-6 and different values ofj.
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Figure 125: The Unweighted Res(jk(Ψn − Ψm)) as measured using the ID as a function of centrality.
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Figure 126: The〈sin〉 terms obtained in the two-subevent angle differencesjn(ΨP
n − ΨN

n ) relative to the
〈cos〉 terms, as a function of centrality for different j. Both weighted and unweighted cases are shown.
Only those values ofj that are used in the analysis are shown. The fine-dashed (long-dashed) lines show
the mean value of the ratio for the weighted (Unweighted) case in the (0-50)%centrality interval .
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Figure 127: The ratio of the resolution for the ECalFCalP/N obtained from several three-subevent checks
to the default two-subevent resolution for Res{ j2Ψ2} as a function of centrality. From top to bottom the
plots correspond to different values ofj. The left (right) plots correspond to the Unweighted (Weighted)
case. The colored-continuous lines show the mean deviation of the 3SE value from the default 2SE value
in the (10-50)% centrality range, while the dashed-colored lines show the error of the mean deviation.
The thick-dashed black lines show the error quoted from this check. Onlythose values ofj that are used
in the analysis are shown.
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Figure 128: Same as previous plot but for Res{ j3Ψ3} for j=1-4.
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Figure 129: Same as previous plot but for Res{ j4Ψ4}.
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Figure 130: Same as previous plot but for Res{ j5Ψ5}.
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Figure 131: Same as previous plot but for Res{6Ψ6}.
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11.2.1 Final Plots920

Fig. 132and133show the final corrected two-plane correlators measured by the ID for the weighted and921

unweighted cases respectively. The systematic errors were listed in Table19922
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Figure 132: The centrality dependence of the Unweighted two-plane correlation results in fine centrality
intervals for eight cases of〈cosk (Φn − Φm)〉 measured by the ID
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Figure 133: The centrality dependence of the Weighted two-plane correlation results in fine centrality
intervals for eight cases of〈cosk (Φn − Φm)〉 measured by the ID
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12 Appendix-II : Three-plane correlations from tracking detectors923

The three-plane correlation analysis using the tracking dectors is done withtwo symmetric detectors924

coveringη ∈ ±(1.5,2.5) (DetsA andC) and the third detector coveringη ∈ (−0.5,0.5) (Det B). Tracks925

with pT ∈(0.5,10.0) GeV are used. As with the Calorimeter based results, There are three independent926

estimated of the correlations which are then combined into one result. The threeindependent measure-927

ments are shown in Figs134and 135for the unweighted and weighted corrs respectively. Table20 lists928

the systematic errors for the three independent estimates of the correlations(for both the weighted and929

unweighted cases).930

The errors on the resolutions are obtained by 3SE checks and sine terms.The single-plane resolutions931

for the unweighted case are shown in Fig136. Figs137-139show the 3SE estimates of the single-plane932

resolution errors for Trk34 (both weighted and unweighted cases), while Figs140-142show similar plots933

for the Trk01 detector. (See Table4 for description of the detectors used in the 3SE checks).934

Error for Res{ jnΨn}
n 2 3 4 5 6
Detector A&C 2.0, 14.0, 20.0% (j=1,4,5) 6.0, 10.0% (j=1,2) 7.0% (j=1) 8.0% (j=1) 27.0 (j=1)
Detector B 2.0, 14.0, 20.0% (j=1,4,5) 8.0, 14.0% (j=1,2) 8.0% (j=1) 12.0% (j=1) 30% (j=1)

Error for three-plane correlators:〈cos(
∑

Φ)〉
∑

Φ 2Φ2 + 3Φ3 − 5Φ5 2Φ2 + 4Φ4 − 6Φ6 2Φ2 − 6Φ3 + 4Φ4

Type-1 Type-2 Type-3 Type-1 Type-2 Type-3 Type-1 Type-2 Type-3
Combined resolution 14.5% 13.5% 11.5% 31.1% 30.9% 28.2% 16.2% 13.0% 15.8%
Raw distribution (×10−4) 2-10 2-10 2-10
(Unweighted, Weighted)

−8Φ2 + 3Φ3 + 5Φ5 −10Φ2 + 4Φ4 + 6Φ6 −10Φ2 + 6Φ3 + 4Φ4

Type-1 Type-2 Type-3 Type-1 Type-2 Type-3 Type-1 Type-2 Type-3
Combined resolution 20.1% 19.4% 18.0% 36.9% 36.7% 34.5% 25.7% 23.7% 25.4%
raw distribution (×10−4) 2-10 2-10 2-10
(Unweighted, Weighted)

Table 20: Summary of systematic uncertainties for individual Res{ jnΨn} terms (top part) and the final
three-plane correlators (bottom part), for both weighted and unweightedcases.
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Figure 134: The raw signals (left plots), combined resolution corrections(middle plots) and corrected
correlations (right plots) for the 3P correlators from tracking detectorsfor the Unweighted case. The
three sets of data points correspond to the three Types.
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Figure 135: The raw signals (left plots), combined resolution corrections(middle plots) and corrected
correlations (right plots) for the 3P correlators from tracking detectorsfor the weighted case. The three
sets of data points correspond to the three Types.



N
ot

re
vi

ew
ed

,f
or

in
te

rn
al

ci
rc

ul
at

io
n

on
ly

December 4, 2013 – 17 : 03 DRAFT 117

0 20 40 60

} n
Ψ

R
es

{jn

0

0.5

n=2,j=1

n=2,j=4

n=2,j=5

Det A

0 20 40 60

} n
Ψ

R
es

{jn

0

0.5

Det C

0 20 40 60

} n
Ψ

R
es

{jn

0

0.5

Det B

0 20 40 60

} n
Ψ

R
es

{jn

0

0.5

n=3,j=1

n=3,j=2

0 20 40 60

} n
Ψ

R
es

{jn

0

0.5

0 20 40 60

} n
Ψ

R
es

{jn

0

0.5

Centrality[%]
0 20 40 60

} n
Ψ

R
es

{jn

0

0.5

n=4,j=1

n=5,j=1

n=6,j=1

Centrality[%]
0 20 40 60

} n
Ψ

R
es

{jn

0

0.5

Centrality[%]
0 20 40 60

} n
Ψ

R
es

{jn

0

0.5

Figure 136: Centrality dependence of the resolution for unweighted individual event-planes associated
with the three ID detectors used in the three-plane correlations.
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Figure 137: The ratio of the resolution for the Trk34P/N obtained from several three-subevent checks to
the default two-subevent resolution for Res{ j2Ψ2} as a function of centrality. From top to bottom the
plots correspond to different values ofj. The left (right) plots correspond to the Unweighted (Weighted)
case. The colored-continuous lines show the mean deviation of the 3SE value from the default 2SE value
in the (10-50)% centrality range, while the dashed-colored lines show the error of the mean deviation.
The thick-dashed black lines show the error quoted from this check. Onlythose values ofj that are used
in the analysis are shown.
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Figure 138: Same as previous plot but for Res{ j3Ψ3}(for Trk34)
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Figure 139: Same as previous plot but for Res{4Ψ4} (Top), Res{5Ψ5}(Middle) and Res{6Ψ6}(Bottom)
(for Trk34).
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Figure 140: The ratio of the resolution for the Trk01P/N obtained from several three-subevent checks to
the default two-subevent resolution for Res{ j2Ψ2} as a function of centrality. From top to bottom the
plots correspond to different values ofj. The left (right) plots correspond to the Unweighted (Weighted)
case. The colored-continuous lines show the mean deviation of the 3SE value from the default 2SE value
in the (10-50)% centrality range, while the dashed-colored lines show the error of the mean deviation.
The thick-dashed black lines show the error quoted from this check. Onlythose values ofj that are used
in the analysis are shown.
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Figure 141: Same as previous plot but for Res{ j3Ψ3}(for Trk01)
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Figure 142: Same as previous plot but for Res{4Ψ4} (Top), Res{5Ψ5}(Middle) and Res{6Ψ6}(Bottom)
(for Trk01).
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13 Appendix III: |Qn| for symmetric detectors (Weighted correlations)935

For the weighted correlations it is ncesssary to ensure that the energy scale between the two-sides of the936

ECalFCal are identical. Otherwise using the 2SE method to obtain the resolutionscan introduce some937

additional biases. This is also required in order to combine the symmetric measurements for the raw938

correlations.939

The values for the〈Qn〉 and〈Qn/Q0〉 are shown in Figs.143-144for the ECalFCal and in Figs.145-940

146for the ID (|η| ∈ (0.5,2.5)). These are the primary and cross-check detectors used for the 2Panalysis.941

The difference between the two halves is at most 0.5% for the ECalFCal and 1.0% forthe ID, and thus942

not large. Note that this difference is already accounted for while calculating the resolutions via 3SE943

checks and thus is not included as an additional error.944

Similar plots for the symmetric detectors for the three-plane correlations analysis (the ECal) are945

shown in Figs.147-148. The cross-check detector in this case was the ID with symmetric detectors made946

from |η| ∈ (1.5,2.5). Figs.149-150 show similar plots for for the ID (|η| ∈ (0.5,2.5)). In all cases the947

variation is less than 1%, and is already accounted for while calculating the resolution systematics vis948

3SE methods.949
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Figure 143: Top Panels: The〈Qn〉 for the+ve and -ve sides of the ECalFCal. The “Error-bars” are the
rms-widths of theQn distributions (and not the error of the〈Qn〉). Bottom panels show the ratio of the
+ve to the -ve side. The ECalFCal is the main detector for the 2-plane correlation analysis.
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Figure 144: Top Panels: The〈Qn/Q0〉 for the +ve and -ve sides of the ECalFCal. Bottom panels
show the ratio. The “Error-bars” are the rms-widths of theQn/Q0 distributions (and not the error of the
〈Qn/Q0〉). Bottom panels show the ratio of the+ve to the -ve side. The ECalFCal is the main detector
for the 2-plane correlation analysis.
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Figure 145: Top Panels: The〈Qn〉 for the+ve and -ve sides of the ID (|η| ∈ (0.5,2.5)). Bottom panels
show the ratio. The “Error-bars” are the rms-widths of theQn distributions (and not the error of the
〈Qn〉). Bottom panels show the ratio of the+ve to the -ve side. The ID (|η| ∈ (0.5,2.5)) is the main
cross-check detector for the 2-plane correlation analysis.
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Figure 146: Top Panels: The〈Qn/Q0〉 for the+ve and -ve sides of the ID (|η| ∈ (0.5,2.5)). Bottom
panels show the ratio. The “Error-bars” are the rms-widths of theQn/Q0 distributions (and not the error
of the〈Qn/Q0〉). Bottom panels show the ratio of the+ve to the -ve side. The ID (|η| ∈ (0.5,2.5)) is the
main cross-check detector for the 2-plane correlation analysis.
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Figure 147: Top Panels: The〈Qn〉 for the+ve and -ve sides of the ECal. The “Error-bars” are the
rms-widths of theQn distributions (and not the error of the〈Qn〉). Bottom panels show the ratio of the
+ve to the -ve side. The ECal is the main detector for the 3-plane correlation analysis.
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Figure 148: Top Panels: The〈Qn/Q0〉 for the+ve and -ve sides of the ECal. Bottom panels show the
ratio. The “Error-bars” are the rms-widths of theQn/Q0 distributions (and not the error of the〈Qn/Q0〉).
Bottom panels show the ratio of the+ve to the -ve side. The ECal is the main detector for the 3-plane
correlation analysis.
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Figure 149: Top Panels: The〈Qn〉 for the+ve and -ve sides of the ID (|η| ∈ (1.5,2.5)). Bottom panels
show the ratio. The “Error-bars” are the rms-widths of theQn distributions (and not the error of the
〈Qn〉). Bottom panels show the ratio of the+ve to the -ve side. The ID is the main cross-check detector
for the 3-plane correlation analysis.
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Figure 150: Top Panels: The〈Qn/Q0〉 for the+ve and -ve sides of the ID (|η| ∈ (1.5,2.5)). Bottom
panels show the ratio. The “Error-bars” are the rms-widths of theQn/Q0 distributions (and not the error
of the〈Qn/Q0〉). Bottom panels show the ratio of the+ve to the -ve side. The ID is the main cross-check
detector for the 3-plane correlation analysis.
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14 Appendix IV: |Qn| weighted correlations950

The weighted correlations have been caluclated with theqn = Qn/Q0 used as weights. In this section951

a comparison is done with theQn used as the weighting factors. In such a scenario, the multiplicity952

fluctuations are also included in the correlations. Figs.151and152show the comparisons for the Two953

and Three-plane correlations (for default detectors). Thesystematic errors are not re-evaluated for theQn954

weighting, instead identical values as theqn weighted case are used. The two-cases match almost exactly.955

This is not surprizing as The multiplicity in heavy-ion collisions is very large forEbyE fluctuations to956

have an appreciable effect.957
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Figure 151: Comparison of theqn weighted Two-plane correlations to theQn weighted correlations
from the ECalFCal.
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Figure 152: Comparison of theqn weighted Three-plane correlations to theQn weighted correlations
from the default detectors (ECalP/N & FCal).
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15 Appendix V: Cross-check to evaluate effects of statistical fluctuations958

on weighted correlations959

This section addresses a question raised by the Ed-board. The questionwas: since the weighted correla-960

tions have large powers ofqn in the weighting, they can promote events that have fluctuated high which961

can affect the measured correlations. This section address that question.962

It must be pointed out that the error calculations in the raw signals and resolutions properly accounts963

for statistical fluctuations. The errors are caluulated as “sum of weights squared”. Thus if some events964

have largeqn and contribute strongly to the correlations, their contribution to the statistical error will also965

be correspondingly large and will reflect in the final statistical error of the measurement966

A data driven corss-check is also performed using the tracking detectors to further increase the con-967

fidence in the results. The two-plane correlators are measured by rejecting on average 50% of tracks in968

each event. This rejection enhances the effect of statistical fluctuations in the measurements and exposes969

the sensivivity of the measurements to such fluctuations. The results of this check are shown in Fig.153.970

It is seen that the 50% rejected results are quite consistent with the default ID result. Note that the sys-971

tematic errors have not been re-evaluated for the 50% rejected case instead the same systematic errors as972

the default ID are used. As the 50% rejected tracks are expected to havelarger errors so the agreement973

would only improve.974
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Figure 153: Comparison of the two-plane correlations as measured by the ID using all reconstructed
tracks and ID with 50% tracks rejected at random.
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16 Appendix VI: Some proofs975

We shall demonstrate the correctness of Eq.13. by using the two-plane correlator case as follows:976

〈cosk(Ψn − Ψm)〉 = 〈cos[k(Ψn − Φn) − k(Ψm − Φm) + k(Φn − Φm)]〉
= 〈cosk(Ψn − Φn) cosk(Ψm − Φm) cosk(Φn − Φm)〉

+ terms with sink(Ψn − Φn), sink(Ψm − Φm), sink(Φn − Φm) vanish (52)

= 〈cosk(Ψn − Φn) cosk(Ψm − Φm) cosk(Φn − Φm)〉 (53)

= 〈cosk(Ψn − Φn)〉 〈cosk(Ψm − Φm)〉 〈cosk(Φn − Φm)〉 (54)

= Res{kΨn}Res{kΨm} 〈cosk(Φn − Φm)〉

A few comments:977

1. The average is always over several events.978

2. The sine terms in Eq.52 drop out because spread ofΦ relative toΨ is independent betweenn and979

m (as they are measured in seperate detectors), and〈sink(Φn − Φm)〉 = 0 by construction since980

dN/dk(Φn − Φm) distribution is an even function.981

3. The average of the product of the cosine terms can be replaced by theproduct of the averages (from982

Eq.53 to Eq.54), because the spreads ofΨn relative toΦn, Ψm relative toΦm, andΦn relative to983

Φm are independent.984
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