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Figure 1. Pictorial representation of the factorization theorems for the differential cross sections
with respect to the hemisphere jet masses in the limit ML ≪ MR ≪ Q (left), and to the left-jet mass
when ML ≪ MR ∼ Q (right). Blue lines correspond to collinear partons inside the jet functions,
the red lines represent soft emissions. The green lines in the left picture correspond to the hard
part of the hemisphere soft function, while the black lines in the right picture correspond to hard
emission into the right hemisphere.

2 Factorization

The derivation of the factorization formula follows the same steps in both cases and is

similar to the one relevant for wide-angle cone-jet cross sections presented in [20]. We will

first sketch the derivations of the theorems and specify the ingredients. We then relate the

soft functions to the ones which arise in the case of the narrow-cone jet cross sections. Due

to this relation, we can use the results [20] for these and only the hard functions need to

be computed.

2.1 Hemisphere soft function

The hemisphere soft function describes radiation originating from a quark and an anti-

quark along the directions n and n̄ of the two jets. Their soft radiation is described by

Wilson lines. The one generated by the outgoing quark along the n direction is

S(n) = P exp

(
igs

∫ ∞

0
ds n · Aa(sn)ta

)
, (2.1)

and the soft function is defined as

S(ωL,ωR) =
1

Nc

∑

X

Tr⟨0|S(n̄)S†(n)|X⟩⟨X|S(n)S†(n̄)|0⟩δ(ωR − n · PR) δ(ωL − n̄ · PL) ,

(2.2)

where the trace is over color indices. We call the hemisphere which contains the thrust

vector the right hemisphere. The right-moving particles therefore have n̄ · p > n · p and

PR(L) is the total momentum in the right (left) hemisphere. Usually, the function S(ωL,ωR)

is defined in terms of the soft gluon field in SCET. However, the soft SCET Lagrangian

is equivalent to the full QCD one so for our discussion we will consider (2.2) as a matrix

element in QCD. In the asymmetric case ωL ≪ ωR the function S(ωL,ωR) develops large,

non-global logarithms (NGLs) in the ratio κ ≡ ωL/ωR ≪ 1. It is these logarithms which

we seek to resum using effective-field-theory methods.
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Figure 3. Momentum modes and associated scales for wide-angle (left) and narrow-angle (right)
jet production.

of logarithmically-enhanced contributions to all orders in perturbation theory. This re-

summation is achieved by evolving the Wilson coefficients of these operators from the high

scale µ ∼ Q down to the scale where the low-energy physics takes place. Let us first

discuss the wide-angle cross section for which the factorization theorem has been given in

(2.15). In our effective theory, the hard functions Hm are the Wilson coefficients of the

Wilson-line matrix elements Sm and we regularize both quantities in d = 4−2ϵ dimensions.

The effective field theory matrix elements contain UV divergences since the short-distance

structure of the full theory is not resolved. The corresponding 1/ϵ poles can be removed

by renormalizing the hard Wilson coefficients according to

Hm({n}, Q, δ, ϵ) =
m∑

l=2

Hl({n}, Q, δ, µ)ZH
lm({n}, Q, δ, ϵ, µ) . (2.35)

In practice, it is easiest to obtain the bare Wilson coefficients from on-shell matching

calculations, where the poles arise from IR divergences. However, these IR poles are in

one-to-one correspondence to UV divergences since the effective-theory loop-integrals in

such matching computations are scaleless, see e.g. [13] for a detailed explanation of this

point within SCET. We have discussed this correspondence after (2.15). It implies that

we can understand the UV divergences of Hm from the structure of the IR divergences

in the real and virtual diagrams which contribute to these quantities. Given that the

coefficients Hm are fixed-multiplicity QCD amplitudes squared, integrated over energy, it

is clear that the matrix ZH
lm({n}, Q, δ, ϵ, µ) cannot be diagonal: lower-multiplicity virtual

diagrams are needed to cancel the divergences of real-emission diagrams. In order to achieve

this cancellation, the renormalization matrix must have the form

Z
H({n}, Q, δ, ϵ, µ) ∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 αs α2
s α3

s . . .

0 1 αs α2
s . . .

0 0 1 αs . . .

0 0 0 1 . . .
...

...
...

...
. . .

⎞

⎟⎟⎟⎟⎟⎟⎠
, (2.36)

where we indicate the perturbative order of each element. At each higher order in per-

turbation theory, more off-diagonal contributions fill in. We have anticipated the upper
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is clear that the matrix ZH
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where we indicate the perturbative order of each element. At each higher order in per-

turbation theory, more off-diagonal contributions fill in. We have anticipated the upper
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Figure 1. Pictorial representation of the factorization theorems for the differential cross sections
with respect to the hemisphere jet masses in the limit ML ≪ MR ≪ Q (left), and to the left-jet mass
when ML ≪ MR ∼ Q (right). Blue lines correspond to collinear partons inside the jet functions,
the red lines represent soft emissions. The green lines in the left picture correspond to the hard
part of the hemisphere soft function, while the black lines in the right picture correspond to hard
emission into the right hemisphere.

2 Factorization

The derivation of the factorization formula follows the same steps in both cases and is

similar to the one relevant for wide-angle cone-jet cross sections presented in [20]. We will

first sketch the derivations of the theorems and specify the ingredients. We then relate the

soft functions to the ones which arise in the case of the narrow-cone jet cross sections. Due

to this relation, we can use the results [20] for these and only the hard functions need to

be computed.

2.1 Hemisphere soft function

The hemisphere soft function describes radiation originating from a quark and an anti-

quark along the directions n and n̄ of the two jets. Their soft radiation is described by

Wilson lines. The one generated by the outgoing quark along the n direction is

S(n) = P exp

(
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0
ds n · Aa(sn)ta

)
, (2.1)

and the soft function is defined as

S(ωL,ωR) =
1

Nc

∑

X
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(2.2)

where the trace is over color indices. We call the hemisphere which contains the thrust

vector the right hemisphere. The right-moving particles therefore have n̄ · p > n · p and

PR(L) is the total momentum in the right (left) hemisphere. Usually, the function S(ωL,ωR)

is defined in terms of the soft gluon field in SCET. However, the soft SCET Lagrangian

is equivalent to the full QCD one so for our discussion we will consider (2.2) as a matrix

element in QCD. In the asymmetric case ωL ≪ ωR the function S(ωL,ωR) develops large,

non-global logarithms (NGLs) in the ratio κ ≡ ωL/ωR ≪ 1. It is these logarithms which

we seek to resum using effective-field-theory methods.
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of logarithmically-enhanced contributions to all orders in perturbation theory. This re-

summation is achieved by evolving the Wilson coefficients of these operators from the high

scale µ ∼ Q down to the scale where the low-energy physics takes place. Let us first

discuss the wide-angle cross section for which the factorization theorem has been given in

(2.15). In our effective theory, the hard functions Hm are the Wilson coefficients of the

Wilson-line matrix elements Sm and we regularize both quantities in d = 4−2ϵ dimensions.
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calculations, where the poles arise from IR divergences. However, these IR poles are in

one-to-one correspondence to UV divergences since the effective-theory loop-integrals in

such matching computations are scaleless, see e.g. [13] for a detailed explanation of this

point within SCET. We have discussed this correspondence after (2.15). It implies that

we can understand the UV divergences of Hm from the structure of the IR divergences

in the real and virtual diagrams which contribute to these quantities. Given that the
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where we indicate the perturbative order of each element. At each higher order in per-

turbation theory, more off-diagonal contributions fill in. We have anticipated the upper
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Will discuss two simple jet observables in e+e−  collisions 
at center-of-mass energy Q 

  

We now include full one-loop hard, jet and soft functions 
into MC framework for resummation. I will first illustrate 
our method for simplest case, interjet energy flow.
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Figure 1. Pictorial representations of factorization formulas for interjet energy flow (left) and jet
mass (right), see (1.1) and (1.4). The black lines represent hard radiation with typical scale Q which
is constrained to be inside the cones, and the red lines depict soft radiation with a low energy scale
Q0 which is allowed to populate the full phase space. In the right figure, the blue lines in the left
hemisphere represent collinear radiation which is described by the inclusive jet function in (1.4).

four-vector n
µ = (1, 0, 0, 1) pointing to the right along the thrust axis and an opposite

vector n̄
µ = (1, 0, 0,�1) pointing to the left. The hard partons in the right hemisphere

then generate the complicated pattern of soft radiation and associated NGLs. The main

di↵erence to formula (1.1) is that one also needs the standard inclusive jet functions to

describe collinear radiation in the left hemisphere. Resummation e↵ects in the jet mass

distribution have been discussed in Refs. [17–21], however only in [17] the leading NGLs

were resummed. Our work is based on the factorization theorem for jet mass derived in

[10]. The invariant mass of the left jet is obtained from the momentum pc̄ of the energetic

particles collinear to n̄ and the soft partons in the left hemisphere,

⇢Q
2 = M

2 = (pc̄ + ps)
2 = p

2

c̄ +Q n̄ · ps +O(p2s) . (1.3)

In the factorization theorem, the sum results in a convolution of the soft and jet functions.

To avoid this, one can work in Laplace space, where the factorization formula has the

product form

�̃(⌧) =
X

i=q,q̄,g

j̃i(⌧Q,µ)
1X

m=1

⌦
H

i

m({n}, Q, µ)⌦ eSm({n}, ⌧, µ)
↵
, (1.4)

where ⌧ is the Laplace conjugate variable of ⇢, and j̃i is the inclusive jet function [22, 23],

which by now is known to three loops [24, 25]. In (1.4) the index m indicates the number

of partons in the inclusive (right) hemisphere, so that m = 1 at leading order (LO).

As long as we consider large jet cone sizes of O(1), the leading-logarithms (LLs) in

interjet energy flow at a lepton collider are of the form ↵
n
s ln

n
�. The interjet energy flow

is a single logarithmic observable, because collinear logarithms cancel inside the large cone

region and only soft logarithms remain. These logarithms arise from the multi-Wilson-

line operators Sm in (1.1) and one needs to use parton shower methods to resum the

enhanced logarithms already at the LL level. In [15] we have written a dedicated parton-

shower code to perform the resummation for such observables and have interfaced it with

– 3 –

M2 = ⇢Q2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

jet mass 
double logarithmic → NLL′

~nT
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

interjet energy flow 
gaps between jets 

single logarithmic → LL′  

Figure
1. Pictorial representations of factorization

form
ulas for interjet energy

flow
(left) and

jet

m
ass (right), see (1.1) and

(1.4). The black
lines represent hard

radiation
with

typical scale
Q
which

is constrained
to
be
inside the

cones, and
the red

lines depict soft radiation
with

a
low

energy
scale

Q
0 which

is allowed
to
populate

the
full phase

space.
In
the

right figure, the
blue

lines in
the

left

hem
isphere

represent collinear radiation
which

is described
by
the

inclusive
jet function

in
(1.4).

four-vector
n µ

=
(1
, 0
, 0
, 1)

pointing
to
the

right
along

the
thrust

axis
and

an
opposite

vector
n̄ µ

=
(1
, 0
, 0
,�
1)
pointing

to
the

left.
The

hard
partons

in
the

right
hem

isphere

then
generate

the
com

plicated
pattern

of soft
radiation

and
associated

NG
Ls.

The
m
ain

di↵erence
to
form

ula
(1.1)

is
that

one
also

needs
the

standard
inclusive

jet
functions

to

describe
collinear

radiation
in
the

left
hem

isphere.
Resum

m
ation

e↵ects
in
the

jet
m
ass

distribution
have

been
discussed

in
Refs. [17–21], however

only
in
[17] the

leading
NG

Ls

were
resum

m
ed.

O
ur
work

is
based

on
the

factorization
theorem

for
jet

m
ass

derived
in

[10]. The
invariant m

ass of the
left jet is obtained

from
the

m
om
entum

p
c̄ of the

energetic

particles collinear to
n̄
and

the
soft partons in

the
left hem

isphere,

⇢
Q

2

=
M

2

=
(p
c̄ +

p
s ) 2

=
p 2
c̄ +

Q
n̄ ·
p
s +

O
(p 2
s )
.

(1.3)

In
the factorization

theorem
, the sum

results in
a
convolution

of the soft and
jet functions.

To
avoid

this,
one

can
work

in
Laplace

space,
where

the
factorization

form
ula

has
the

product form

�̃(⌧) = X
i=
q
,q̄
,g

j̃
i (⌧
Q
,µ) 1X
m
=
1

⌦
H

i
m ({

n}
, Q
, µ)⌦

eS
m ({

n}
, ⌧
, µ) ↵

,

(1.4)

where
⌧
is the

Laplace
conjugate

variable
of
⇢, and

j̃
i is the

inclusive
jet function

[22, 23],

which
by
now

is known
to
three

loops [24, 25]. In
(1.4) the

index
m

indicates the
num

ber

of partons in
the

inclusive
(right) hem

isphere, so
that

m
=
1
at leading

order (LO
).

As
long

as
we

consider
large

jet
cone

sizes
of O

(1), the
leading-logarithm

s
(LLs)

in

interjet energy
flow

at a
lepton

collider are
of the

form
↵ n
s ln n

�.
The

interjet energy
flow

is a
single logarithm

ic observable, because collinear logarithm
s cancel inside the large cone

region
and

only
soft

logarithm
s
rem

ain.
These

logarithm
s
arise

from
the

m
ulti-W

ilson-

line
operators

S
m

in
(1.1)

and
one

needs
to
use

parton
shower

m
ethods

to
resum

the

enhanced
logarithm

s already
at the

LL
level.

In
[15] we

have
written

a
dedicated

parton-

shower code
to
perform

the
resum

m
ation

for such
observables and

have
interfaced

it with

–
3
–

~nT
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Eout < Q0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

un
co

ns
tra

in
ed

 
ra

di
at

io
n 

un
m

ea
su

re
d



Soft radiation in jet processes has in general a very 
complicated structure. 

  

Hard partons inside jets act as sources: soft 
radiation pattern depends on color-charges and 
directions of all hard partons! 
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unrestricted Ein ~ Q

→ large logs αsn lnn(Q0 / Q) 

Interjet energy flow displays complicated pattern of 
``non-global logarithms’’ (NGLs) Dasgupta Salam ‘01
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veto:

 Eout < Q0



Soft emissions in process with m energetic particles 
are obtained from the matrix elements of the operator 

  

To get the amplitudes with additional soft partons, 
one takes the matrix element of the multi-Wilson-line 
operators:

Figure 1. Definition of the parameters � and � of the dijet cross section. We use the thrust axis
~n, as the jet axis.

definiton is identical to the one in the seminal paper of Sterman and Weinberg [36]. Using

the thrust vector as the jet axis leads to a simpler form of the phase-space constraints and

will enable us to use existing two-loop results for the cone-jet soft function obtained in

[27, 28].

If we consider wide-angle jets with � ⇠ 1, the e↵ective theory contains only two mo-

mentum regions

hard: ph ⇠ Q (1, 1, 1) , (2.3)

soft: ps ⇠ Q� (1, 1, 1) .

The hard mode describes the energetic particles inside the jet. Given their momentum

scaling, these particles can never be outside the jet, in contrast to the soft partons which

can be emitted inside or outside the jet. Since there are no collinear singularities for large

cone size, the cross section is single-logarithmic, i.e. the leading logarithms have the form

↵
n
s ln�.

The factorization of an amplitude with m hard partons and an arbitrary number of

soft partons is of course well known. Each of the hard partons get dressed with a Wilson

line along its direction. In analogy to factorization for amplitudes with coft particles [32],

we have

S1(n1)S2(n2) . . . Sm(nm)|Mm({p})i , (2.4)

where n
µ

i
= p

µ

i
/Ei and {p} = {p1, p2, . . . , pm}, but while the coft case involved quark

splitting amplitudes, we are now dealing with ordinary amplitudes |Mm({p})i. One way

to obtain this formula is to write down the SCET operator for processes with m jets,

which involves m di↵erent collinear fields, perform the decoupling transformation and then

take the matrix element with exactly one collinear particle in each sector, which gives the

amplitude |Mm({p})i. (On the amplitude level, there is no di↵erence between collinear

and hard on-shell particles. The di↵erence in scaling only matters in the expansion of the

phase-space constraints.) To get the amplitude with an arbitrary number of soft particles

in the final state, one takes the relevant matrix element of the Wilson-line operator (2.4).

Doing so, the cross section takes the form

– 5 –

hard scattering amplitude 
with m particles 

(vector in color space)

soft Wilson lines along the directions  
of the energetic particles / jets 

(color matrices)

To get the amplitude for the emission of l soft partons in the final state with momenta

k1, . . . , kl, one computes the matrix element

⟨k1, . . . , kl|S1(n1)S2(n2) . . . Sm(nm) |0⟩ (2.11)

of the Wilson-line operator. To obtain the contribution of an arbitrary number of soft par-

tons to the jet cross section, one first defines the squared matrix element for the emissions

from m partons as

Sm({n}, Qβ, δ) =
∫

Xs

∑
⟨0|S†

1(n1) . . . S
†
m(nm) |Xs⟩⟨Xs|S1(n1) . . . Sm(nm) |0⟩ θ(Qβ−2E out) .

(2.12)

This is the same as the coft function which arises for narrow-angle jets [38], up to the

fact that the constraint now acts on the out-of-cone energy E out of the soft radiation, as

opposed to n̄ · p out, the large component of the total momentum of the coft fields. Since

the soft function depends on the outside energy, it depends on the cone size δ. In terms of

the matrix element (2.12), the jet cross section takes the form

σ(β, δ) =
1

2Q2

∞∑

m=2

m∏

i=1

∫
dd−1pi

(2π)d−12Ei
⟨Mm({p})|Sm({n}) |Mm({p})⟩

× (2π)d δ(Q −Etot) δ
(d−1)(p⃗tot)Θ

nn̄
in

({
p
})

, (2.13)

up to terms suppressed by powers of β. The integration is over the m-dimensional phase-

space of the hard partons, which are all constrained to lie inside the two jet cones. The

function Θnn̄
in

({
p
})

ensures that the hard partons are either inside the right jet along the

direction n or the left jet along n̄. In the narrow-cone case, we will encounter constraints

which involve only one of the jets. Note that, due to the multipole expansion, the contri-

bution of soft particles must be neglected in the momentum-conservation δ-functions.

In order to write the cross section in a more transparent way, we now define hard

functions which are obtained by integrating over the energies of the hard particles subject

to the constraint that their sum is equal to the center-of-mass energy Q, while keeping

their directions nµ
i fixed,

Hm({n}, Q, δ) =
1

2Q2

∑

spins

m∏

i=1

∫
dEi E

d−3
i

(2π)d−2
|Mm({p})⟩⟨Mm({p})|

× (2π)d δ
(
Q−

m∑

i=1

Ei

)
δ(d−1)(p⃗tot)Θ

nn̄
in

({
p
})

. (2.14)

These hard functions are distribution-valued in the angles of the particles, since they

contain additional divergences which arise when particles become collinear. These real-

emission divergences get cancelled by the divergences associated with the virtual correc-

tions to amplitudes with fewer legs. In contrast, the soft function (2.12) is regular in the

angles. The function H2({n}, Q) = σ0 H(Q2)1, where H(Q2) = |CV (−Q2 − iϵ)|2 is the

– 8 –
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Hard function
m hard partons along  

fixed directions {n1, …, nm} 

Factorization for interjet energy flow

Soft function 
squared amplitude with 

with m Wilson lines

integration over directions color trace

TB, Neubert, Rothen, Shao ’15 ’16, see also Caron-Huot ‘15

Figure 1. Pictorial representations of factorization formulas (1.1) and (1.4) for interjet energy flow
(left) and jet mass (right). The black lines represent hard radiation with typical scale Q which is
constrained to be inside the cones, and the red lines depict soft radiation with a low energy scale
Q0 which is allowed to populate the full phase space. In the right figure, the blue lines in the left
hemisphere represent collinear radiation which is described by the inclusive jet function in (1.4).

Our main goal in the present work is to develop the Monte Carlo methods to include

these corrections as a step towards full higher-logarithmic resummation, but it is also

interesting to study their numerical size, since they have never been computed for non-

global observables and often dominate numerically in the global case. It is customary to

add a prime to the logarithmic accuracy to indicate the presence of higher-order matching

corrections. In this notation our next-to-leading-logarithmic results for the jet mass have

NLL0 accuracy.

In Refs. [2, 10] we have derived a factorization formula for interjet energy flow and light-

jet mass. The key element is the presence of multi-Wilson-line operators which generate

the intricate pattern of Non-Global Logarithms (NGLs). Explicitly, the result for interjet

energy flow at a lepton collider has the form

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (1.1)

where Q is the center-of-mass energy, and Q0 = �Q is the veto energy outside the jet cone

area. For simplicity, we choose the jet axis along the thrust axis. The above factorization

formula neglects power corrections from O(�) terms. The hard functions Hm describe

hard radiation inside the jet cone, and their characteristic scale is Q since radiation inside

the cones is unrestricted. The index m represents the number of hard partons inside the

jet, which propagate along the directions {n} = {n1, n2, . . . , nm}. Each of these sources

soft radiation, which we describe by a Wilson line along the direction of the hard parton.

The matrix elements of these Wilson lines define the soft functions Sm({n}, Q0, µ). To

obtain the cross section, one integrates over the directions {n} which is indicated by the

symbol ⌦. The hard and soft functions are matrices in the color space of the m partons

and one takes the color trace h. . . i after multiplying them. The operator definition for

these functions and further explanations can be found in [2].

– 2 –

Achieves scale separation! Can resum logs by solving RG.

σ =
∑
a,b

∫ 1

0
dx1dx2 σ̂ab(Q, x1, x2, µf ) fa(x1, µf) fb(x2, µf ) +O(ΛQCD/Q) (1)

σ =
∑
a,b

∫ 1

0
dx1dx2 Cab(Q, x1, x2, µ)⟨P (p1)|Oa(x1)|P (p1)⟩ ⟨P (p2)|Ob(x2)|P (p2)⟩+O(ΛQCD/Q)

(2)

⟨qa′(x′p)|Oa(x)|qa′(x′ p)⟩ = δaa′ δ(x′ − x)

Cab(Q, x1, x2) = σ̂ab(Q, x1, x2)

Vm =2
∑
(ij)

∫
dΩ(nk)

4π
(Ti,L · Tj,L + Ti,R · Tj,R)W

k
ij

− 2 iπ
∑
(ij)

(Ti,L · Tj,L − Ti,R · Tj,R)Πij (3)

Rm =− 4
∑
(ij)

Ti,L · Tj,R Wm+1
ij Θin(nm+1)

Hm ∝ |Mm⟩⟨Mm| (4)
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``global’’ vs ``non-global’’ logs 
Much of the SCET literature has been reluctant to deal 
with complications from multi-Wilson-line operators. 

Work with ``factorization formula’’ 

  
and then resum ``global’’ logs by solving equation  

and evolving this from μ ~ Q0 up to scale μ ~ Q. 

• Non-global logs (NGLs) first arise at two-loops.

!10

Ti · Tj → −
Nc

2
δj,i±1 . (26)

S0(n̄)S1(n1) . . . Sm(nm) |Mm({p})⟩ , (27)

S0(n̄)S1(n) . . . Sm+1(nm+1) , (28)

hard: ph ∼ ωR (1, 1, 1)

soft: ps ∼ ωR (κ,κ,κ)

left-collinear: pc ∼ ωR (1,κ,
√
κ)

(29)

|MS
m({p})⟩ = ⟨{p}|S(n)S†(n̄)|0⟩ . (30)

σ(Q,Q0) =
∞∑

m=2

〈
Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ)

〉
, (31)

σ(Q,Q0) = H2(Q,µ)S2(Q0, µ)S
non−global(Q/Q0, µ) (32)

d

d lnµ
S2(Q0, µ) = γs S2(Q0, µ) (33)

Ti · Tj → −
Nc

2
δj,i±1 . (26)

S0(n̄)S1(n1) . . . Sm(nm) |Mm({p})⟩ , (27)

S0(n̄)S1(n) . . . Sm+1(nm+1) , (28)

hard: ph ∼ ωR (1, 1, 1)

soft: ps ∼ ωR (κ,κ,κ)

left-collinear: pc ∼ ωR (1,κ,
√
κ)

(29)

|MS
m({p})⟩ = ⟨{p}|S(n)S†(n̄)|0⟩ . (30)

σ(Q,Q0) =
∞∑

m=2

〈
Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ)

〉
, (31)

σ(Q,Q0) = H2(Q,µ)S2(Q0, µ)Snon−global(Q/Q0, µ) (32)

d

d lnµ
S2(Q0, µ) = γs S2(Q0, µ) (33)



Not (even) wrong, but 
• neglected NGLs are LL and parametrically of the 

same size as the global logs (in double 
logarithmic problems NGLs are NLL). 

• RG equations are not consistent: H2 is double 
logarithmic, S2 single logarithmic. 

• correct equations have operator mixing! 
• Standard parton shower will have a better 

description of soft radiation!  
Same difficulties are present in double logarithmic 
problems, though less immediately visible.  
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Time to deal with multi-Wilson line structure of soft emissions!



Resummation by RG evolution
Wilson coefficients fulfill renormalization group 
(RG) equations 

  
1. Compute Hm at a characteristic high 

scale µh ~ Q  

2. Evolve Hm to the scale of low energy 
physics µs ~ Q0  

3. Evaluate Sm at low scale µs ~ Q0 

Avoids large logarithms αsn lnn(Q/Q0) of scale 
ratios which can spoil convergence of 

RG
 evolution

d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

2

Q

Q0

treatment which is based on RG evolution in Soft-Collinear E↵ective Theory (SCET) [4–6]

(see [7] for a review). Our starting point is the factorization theorem which separates the

hard radiation inside the jets (or outside the isolation cone) from the soft radiation. The

soft radiation is driven by Wilson lines along the directions of the hard partons in the

process. Since there are contributions involving any number of hard partons, we end up

with operators with an arbitrary number of Wilson lines and these operators mix under

renormalization. The corresponding RG equation is complicated, but we will show that it

takes the form of a recursive equation which can be solved using a parton shower Monte-

Carlo (MC) program, which at leading-log accuracy and large-Nc is equivalent to the one

used by Dasgupta and Salam. An advantage of our treatment is that the RG equation is

not limited to leading logarithmic accuracy and we briefly discuss which ingredients and

modifications will be necessary to reach higher precision. There has been a lot of recent

work [8–11] on the general structure of parton showers and how to increase their accuracy.

The problem at hand provides an explicit example of a shower equation derived from first

principles for which it is clear what ingredients are needed to resum sub-leading logarithms.

The leading logarithms can be obtained by starting from the tree-level amplitudes and

running the parton shower to generate the logarithmically enhanced terms. Using a tree-

level event generator, this resummation can be automated. We have written a dedicated

parton shower code to perform the resummation and use the MadGraph5_aMC@NLO

framework [12] to generate the necessary tree-level amplitudes. We then study exclusive

jet and isolation-cone cross sections. In particular, we give numerical results for dijet

production with a gap between jets and compare to ATLAS measurements and theoretical

predictions [13] based on the BMS equation [14]. We also study isolated photon production

and compute the logarithms of ✏� , the energy fraction inside the isolation cone.

The remainder of this paper is organized as follows. In Section 2 we review the factor-

ization theorem for jet cross sections with gaps or isolation cones. In Section 3 we will show

that RG evolution of the associated Wilson coe�cients is equivalent to a parton shower,

and we give the necessary ingredients for LL resummation. In Section 4 we will apply

the shower code to obtain some phenomenological predictions, namely gap fraction of dijet

production and isolation cone cross section. We summarize our results and provide some

further discussions in Section 5.

2 Factorization for jet cross sections with gaps or isolation cones

The factorization formula for lepton-collider processes with k jets which takes the form

[1, 2]

d�(Q,Q0) =
1X

m=k

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
. (2.1)

Here Q denotes the large energy inside the jets, while Q0 denotes the small energy outside

the jets in an angular region ⌦out. The factorization theorem is the leading term in an

expansion of the cross section in � = Q0/Q. Both the soft and hard functions depend on

the directions {n} = {n1, . . . , nm} and colors of the hard partons. The symbol ⌦ indicates
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framework [12] to generate the necessary tree-level amplitudes. We then study exclusive

jet and isolation-cone cross sections. In particular, we give numerical results for dijet

production with a gap between jets and compare to ATLAS measurements and theoretical

predictions [13] based on the BMS equation [14]. We also study isolated photon production

and compute the logarithms of ✏� , the energy fraction inside the isolation cone.

The remainder of this paper is organized as follows. In Section 2 we review the factor-

ization theorem for jet cross sections with gaps or isolation cones. In Section 3 we will show

that RG evolution of the associated Wilson coe�cients is equivalent to a parton shower,

and we give the necessary ingredients for LL resummation. In Section 4 we will apply

the shower code to obtain some phenomenological predictions, namely gap fraction of dijet

production and isolation cone cross section. We summarize our results and provide some

further discussions in Section 5.

2 Factorization for jet cross sections with gaps or isolation cones

The factorization formula for lepton-collider processes with k jets which takes the form

[1, 2]

d�(Q,Q0) =
1X

m=k

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
. (2.1)

Here Q denotes the large energy inside the jets, while Q0 denotes the small energy outside

the jets in an angular region ⌦out. The factorization theorem is the leading term in an

expansion of the cross section in � = Q0/Q. Both the soft and hard functions depend on

the directions {n} = {n1, . . . , nm} and colors of the hard partons. The symbol ⌦ indicates
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RG = Parton Shower
• Ingredients for LL 

• RG 

• equivalent to parton shower equation
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divergence from the lower end of the energy integration, the total result for the divergent

part becomes

αs

4π
z
(1)
m,m({n}, Q, δ, ϵ, µ) +

αs

4π

∫
dΩ(nm+1)

4π
z
(1)
m,m+1({n, nm+1}, Q, δ, ϵ, µ)

= − αs

2πϵ

∑

(ij)

Ti · Tj

∫
dΩ(nk)

4π
W k

ij Θ
nn̄
out(nk) . (5.8)

Since the color factors are contracted with the trivial tree-level soft function, we do not need

to distinguish the left and right color generators. Note that inside the cone the real and

virtual corrections have cancelled, so that the net result only gets contributions from out-

of-cone radiation and precisely cancels against the divergence of the soft function. We see

that the renormalization indeed works at the one-loop level. We have repeated the same

exercise also for the narrow-jet case, see Appendix C. In this case, we can give explicit

expressions for the angular integrals. Again, we find that the divergences cancel as they

should.

5.2 Renormalization-group evolution at leading logarithmic level

We now discuss the anomalous-dimension matrix ΓH defined in (2.40), which governs the

RG evolution of the hard (2.38) and soft functions (2.39), and verify the agreement between

the perturbative expansion of the BMS equation and our RG-based resummation method.

In order to resum the leading logarithmic terms, the anomalous-dimension matrix is needed

up to O(αs). It can be expressed as

ΓH ({n}, Q, δ, µ) =
αs

4π
Γ(1) ({n}, Q, δ, µ) +O(α2

s) , (5.9)

where

Γ(1) =

⎛

⎜⎜⎜⎜⎜⎜
⎝

V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .
...

...
...

...
. . .

⎞

⎟⎟⎟⎟⎟⎟
⎠

. (5.10)

It follows from the discussion in the previous section that, in the soft approximation, the

corresponding matrix elements are given by

Vm = Γ(1)
m,m = −2

∑

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

∫
dΩ(nk)

4π
W k

ij

[
Θnn̄

in (k) +Θnn̄
out(k)

]
,

Rm = Γ
(1)
m,m+1 = 4

∑

(ij)

Ti,L · Tj,RWm+1
ij Θnn̄

in (nm+1) . (5.11)

The anomalous dimensions Vm and Rm depend on the directions {n} = {n1, . . . , nm} and

colors of the hard partons, and the indices i, j in the sum run from 1 to m. The quantities

Rm also depend on the additional direction nm+1 of the real emission. The integration over

this direction is performed after the multiplication with the soft function. At first sight,
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d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

Hm(t) = Hm(t1)e
(t�t1)Vn +

Z
t

t1

dt
0
Hm�1(t

0)Rm�1e
(t�t

0)Vn (17)

2

d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

H2(µ = Q) = �0 (17)

Hm(µ = Q) = 0 for m > 2 (18)

Sm(µ = �Q) = 1 (19)

Hm(t) = Hm(t1)e
(t�t1)Vn +

Z
t

t1

dt
0
Hm�1(t

0)Rm�1e
(t�t

0)Vn (20)

2

d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

H2(µ = Q) = �0 (17)

Hm(µ = Q) = 0 for m > 2 (18)

Sm(µ = �Q) = 1 (19)

d

dt
Hm(t) = Hm(t)Vm +Hm�1(t)Rm�1 . (20)

Hm(t) = Hm(t1)e
(t�t1)Vn +

Z
t

t1

dt
0
Hm�1(t

0)Rm�1e
(t�t

0)Vn (21)

2

Ti · Tj ! �Nc

2
�j,i±1 . (26)

S0(n̄)S1(n1) . . . Sm(nm) |Mm({p})i , (27)

S0(n̄)S1(n) . . . Sm+1(nm+1) , (28)

hard: ph ⇠ !R (1, 1, 1)

soft: ps ⇠ !R (,,)

left-collinear: pc ⇠ !R (1,,
p
)

(29)

|MS

m
({p})i = h{p}|S(n)S†(n̄)|0i . = h (30)

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i = hH(0)
2 +

Z
d⌦1

4⇡
(31)

S
(0)
m

= 1 (32)

�LL(Q,Q0) =
1X

m=2

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i (33)

=
⌦
H

(0)
2 (t) +

Z
d⌦3

4⇡
H

LL
3 +

Z
d⌦3

4⇡

Z
d⌦4

4⇡
H

LL
4 + . . .

↵
, (34)

t ⌘ t(µh, µs) =

Z
↵s(µh)

↵s(µs)

d↵

�(↵)

↵

4⇡
(35)

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (36)

�(Q,Q0) = H2(Q,µ)S2(Q0, µ)Snon�global(Q/Q0, µ) (37)

d

d lnµ
S2(Q0, µ) = �s S2(Q0, µ) (38)

shower evolution time

Q0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



1-loop anomalous dimension

• Dipoles → dipole shower 

• RG has full color information, form as described by 
Nagy and Soper ’07,… Will work at large Nc : 
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must find that
∑

l≥m

Z
H
ml({n}, Q, δ, ϵ, µ) ⊗̂S l({n}, Qβ, δ, ϵ) = Sm({n}, Qβ, δ, µ) = finite . (5.2)

Due to the structure of the matrix, only the diagonal terms zm,m, and the terms zm,m+1

above the diagonal can contribute to the renormalization of Sm at the one-loop-level.

Explicitly, the finiteness condition at one-loop order reads

αs

4π
z
(1)
m,m({n}, Q, δ, ϵ, µ) +

αs

4π

∫
dΩ(nm+1)

4π
z
(1)
m,m+1({n, nm+1}, Q, δ, ϵ, µ)

+ Sm({n}, Qβ, δ, ϵ) = finite , (5.3)

where we have used Sm = 1+ O(αs), so that the Z-factors multiply the identity matrix.

In the second term we integrate over the angle of the additional emission.

One can easily obtain the divergent part of the one-loop soft functions, since it is given

by a sum of exchanges between two legs. A sample Feynman diagram is shown in Figure 10.

We get

Sm({n}, Qβ, δ, ϵ) = 1+
αs

2πϵ

∑

(ij)

Ti · Tj

∫
dΩ(nk)

4π
W k

ij Θ
nn̄
out(nk) , (5.4)

where we have introduced the dipole radiator

W k
ij =

ni · nj

ni · nk nj · nk
. (5.5)

The function Θnn̄
out(nk) = 1 − Θnn̄

in (nk) ensures that the gluon is outside the two jet cones

around the n and n̄ directions. Note that the angular integral does not suffer from collinear

divergences, since the vectors ni and nj lie inside the jet cones, while the direction nk

associated with the soft emission points outside the cone. (The soft radiation can also be

emitted inside the cone, but as mentioned earlier this contribution is scaleless, since it does

not have an upper limit on the energy of the emission.)

In (5.3), the quantity zm,m represents the divergences of the virtual corrections to

the amplitude with m legs, while zm,m+1 gives the divergences from an additional real

emission. Let us now consider the real and virtual corrections together, since all collinear

divergences drop out and only a single soft divergence remains. The leading divergence can

be obtained by using the soft approximation for the emitted (real or virtual) gluon. In the

soft approximation, the real-emission contribution factorizes as

g2s
∑

(ij)

∫
dd−1k

2Ek(2π)d−1

1

E2
k

W k
ij Ti,L · Tj,RΘ

nn̄
in (k)Hm({n}, Q− Ek) . (5.6)

In this approximation, one can write the virtual correction in the same form as the real-

emission contribution, because the principal-value part of the propagator of the emission

does not contribute. The virtual correction then reads

−g2s
∑

(ij)

∫
dd−1k

2Ek(2π)d−1

1

E2
k

W k
ij
1

2
(Ti,L·Tj,L+Ti,R·Tj,R)Hm({n}, Q−Ek)

[
Θnn̄

in (k) +Θnn̄
out(k)

]
.

(5.7)

– 39 –

Ti · Tj → −
Nc

2
δj,i±1 . (26)

product of two eikonal factors

Ti,L : acts on 
Ti,R : acts on 

σ =
∑
a,b

∫ 1

0
dx1dx2 σ̂ab(Q, x1, x2, µf ) fa(x1, µf) fb(x2, µf ) +O(ΛQCD/Q) (1)

σ =
∑
a,b

∫ 1

0
dx1dx2 Cab(Q, x1, x2, µ)⟨P (p1)|Oa(x1)|P (p1)⟩ ⟨P (p2)|Ob(x2)|P (p2)⟩+O(ΛQCD/Q)

(2)

⟨qa′(x′p)|Oa(x)|qa′(x′ p)⟩ = δaa′ δ(x′ − x)

Cab(Q, x1, x2) = σ̂ab(Q, x1, x2)

Vm =2
∑
(ij)

∫
dΩ(nk)

4π
(Ti,L · Tj,L + Ti,R · Tj,R)W

k
ij

− 2 iπ
∑
(ij)

(Ti,L · Tj,L − Ti,R · Tj,R)Πij (3)

Rm =− 4
∑
(ij)

Ti,L · Tj,R Wm+1
ij Θin(nm+1)

Hm ∝ |Mm⟩⟨Mm| (4)
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4π
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ij
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µh = µs, we have t = 0. During the evolution t grows, and it goes to infinity as µs hits the

Landau pole. For µh = MZ and two-loop running with a Landau pole at ⇤ = 0.230GeV,

the choice µs = 1GeV corresponds to t = 0.08. A plot connecting t and µs for di↵erent

values of µh can be found in our previous paper [14].

In [14] we implemented the RG evolution factor U({n}, µs, µh) in the large-Nc limit

using the parton shower method proposed by Dasgupta and Salam in [26]. We don’t want

to repeat the entire discussion here, but we give the algorithm in Appendix B, since we

need to extend it to compute the soft functions, as discussed below. Let us also list the

one-loop anomalous dimension, since its form will be relevant in the discussion of the jet

mass below. It is given by [2]

�(1) =

0

BBBBBB@

V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .

...
...

...
...

. . .

1

CCCCCCA
. (2.4)

The entries Rm and Vm are angular functions associated with the emission of a real or

virtual soft gluon and take the form

Vm = 2
X

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

Z
d⌦(nk)

4⇡
W

k

ij , (2.5)

Rm = �4
X

(ij)

Ti,L · Tj,R W
m+1

ij
⇥in(nm+1) ,

where the color matrices Tj,L act on the hard function from the left, i.e. on the amplitude,

while Ti,R acts on the conjugate amplitude. The sum runs over all unequal pairs (ij) of

hard partons. The anomalous dimension involves the dipole radiator

W
k

ij =
ni · nj

(ni · nk)(nj · nk)
, (2.6)

which is given by the product of the associated eikonal factors. In the virtual corrections,

one integrates over the direction nk of the emission. We note that individually Rm and

Vm su↵er from collinear divergences, which cancel in the cross section. In the Monte Carlo

implementation, one works a collinear cuto↵ to regularize the divergences.

As long as we choose the µh and µs properly, the hard and soft functions will be

free of large logarithms and the large logarithmic terms are resummed in the evolution

factor. Because they are free of large logarithms, the higher-multiplicity hard functions

are suppressed by ↵s as Hl ⇠ ↵
l�2
s H2. At LL level, we thus only need to include the hard

function H2 and the soft function is given as the unit matrix in the color space Sm ⇠ 1.

At LL accuracy, the RG-improved result (2.1) simplifies to

�
LL(Q,Q0) =

1X

m=2

⌦
H2({n1, n2}, Q, µh)⌦U2m({n}, µs, µh) ⌦̂1

↵
. (2.7)
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LL shower equivalent to Dasgupta Salam ’01. Have 
flexible implementation for general k-jet processes 

• uses LHE event files from Madgraph for LO Hk 

• used different forms of collinear cutoff 
• studied gap fractions and photon isolation cones, 

both in e+e− and pp collisions
!15

44 Applications in jet physics

H2(t0) −→ H3(t1) −→ H4(t2)

Fig. 4.6 Solution of the RG equation using Monte Carlo methods.

W l
ij =

ni · nj

ni · nl nj · nl
. (4.32)

This dipole is the combination of two eikonal factors as in (2.7), from a soft exchange
between legs i and j.

Let us now consider the resummation of the leading logarithms, which corresponds
to evolving with the anomalous dimension at O(αs) and evaluating the hard and
soft functions at O(α0

s). Since the anomalous dimension matrix is very sparse, it is
convenient to write out the one-loop RG equation explicitly

d

dt
Hm(t) = Hm(t)Vm +Hm−1(t)Rm−1 , (4.33)

where we have traded the dependence on µ for the variable

t =
1

2β0
ln

α(µ)

α(µh)
=
αs

4π
ln

µh

µ
+O(α2

s) , (4.34)

which is zero for µ = µh and increases as we evolve to lower scales. For µ = µs the
logarithm becomes large and compensates the suppression by the coupling constant.
For this reason t is treated as a quantity of O(1) in RG-improved perturbation theory.
Solving the homogeneous equation and using variation of the constant, equation (4.34)
can also be written as

Hm(t) = Hm(t0) e
(t−t0)Vm +

∫ t

t0

dt′ Hm−1(t
′)Rm−1 e

(t−t′)Vm . (4.35)

This form is usually written for parton showers, which involve an evolution time t. One
can evolve from t0 to t either without any additional emissions (first term in (4.35))
or by adding an emission to the lower multiplicity cross section (second term). The
connection to parton showers becomes even more clear when we consider the initial
condition. At the high scale µ = µh, corresponding to t = 0, only the hard function
H2 is present since the higher multiplicity functions involve powers of αs and are free
of large logarithms for this scale choice. Starting with the function H2, we can then
iteratively generate the higher functions as

Ti · Tj ! �Nc

2
�j,i±1 . (26)

S0(n̄)S1(n1) . . . Sm(nm) |Mm({p})i , (27)

S0(n̄)S1(n) . . . Sm+1(nm+1) , (28)

hard: ph ⇠ !R (1, 1, 1)

soft: ps ⇠ !R (,,)

left-collinear: pc ⇠ !R (1,,
p
)

(29)

|MS

m
({p})i = h{p}|S(n)S†(n̄)|0i . = h (30)

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i = hH(0)
2 +

Z
d⌦1

4⇡
(31)

�LL(Q,Q0) =
1X

m=2

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i (32)

=
⌦
H

(0)
2 (t) +

Z
d⌦3

4⇡
H

LL
3 +

Z
d⌦3

4⇡

Z
d⌦4

4⇡
H

LL
4 + . . .

↵
, (33)

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (34)

�(Q,Q0) = H2(Q,µ)S2(Q0, µ)Snon�global(Q/Q0, µ) (35)

d

d lnµ
S2(Q0, µ) = �s S2(Q0, µ) (36)Balsiger, TB, Shao, JHEP 1808 (2018) 104 
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2
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left-collinear: pc ⇠ !R (1,,
p
)

(29)

|MS

m
({p})i = h{p}|S(n)S†(n̄)|0i . = h (30)

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i = hH(0)
2 +

Z
d⌦1

4⇡
(31)

S
(0)
m

= 1 (32)

�LL(Q,Q0) =
1X

m=2

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i (33)

=
⌦
H

(0)
2 (t) +

Z
d⌦3

4⇡
H

LL
3 +

Z
d⌦3

4⇡

Z
d⌦4

4⇡
H

LL
4 + . . .

↵
, (34)

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (35)

�(Q,Q0) = H2(Q,µ)S2(Q0, µ)Snon�global(Q/Q0, µ) (36)

d

d lnµ
S2(Q0, µ) = �s S2(Q0, µ) (37)

https://arxiv.org/abs/1803.07045


Ingredients for NLL
1. One-loop matching corrections 

• Hard functions 

• Soft functions 

2. Two-loop anomalous dimension
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⇠ H
(1)

2
⌦ U2m ⌦̂S

(0)

m

⇠ H
(1)

3
⌦ U3m ⌦̂S

(0)

m

⇠ H
(0)

2
⌦ U2m ⌦̂S

(1)

m

Figure 2. Pictorial representations of the di↵erent ingredients for LL0 resummation of the interjet
energy flow. The diagrams on the three lines correspond to the one-loop corrections from H

(1)
2 ,

H
(1)
3 and S

(1)
m , respectively.

To extend these results to NLL, one needs two ingredients: the one-loop matching cor-

rections and the corrections to the RG running due to the two-loop anomalous dimensions.

The present paper focuses on the first set of corrections, i.e. LL0 accuracy. Specifically, we

need one-loop corrections to H2, the tree-level result for H3 and the one-loop soft functions

Sm. We write their perturbative expansions in the form

H2 = �0

⇣
H

(0)

2
+

↵s

4⇡
H

(1)

2
+ · · ·

⌘
, H3 = �0

⇣
↵s

4⇡
H

(1)

3
+ · · ·

⌘
,

Sm = 1+
↵s

4⇡
S

(1)

m + · · · . (2.8)

In this notation, the full LL0 resummed cross section takes the form

�
LL

0
(Q,Q0)

�0
=

1X

m=2

⌦
H

(0)

2
({n1, n2}, Q, µh) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=2

⌦
(H(1)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=3

⌦
(H(1)

3
({n1, n2, n3}, Q, µh)) ⌦ U3m({n}, µs, µh) ⌦̂1

↵

+
↵s(µs)

4⇡

1X

m=2

⌦
(H(0)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂S

(1)

m ({n}, Q0, µs))
↵
.

(2.9)
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For the moment, we will work in the large Nc limit. Using component notation, the

leading-order RG can then be written in the form

d

dt
Hm(t) = Hm(t)Vm +Hm−1(t)Rm−1 . (2.4)

Also the second term lives in them-parton space because Rm−1 adds an additional emission

to Hm−1(t). To write this in a form suitable for MC implementation, let us now consider

the evolution from a time t1 to time t. The solution for this can be written in the form

Hm(t) = Hm(t1)e
(t−t1)Vn +

∫ t

t1

dt′Hm−1(t
′)Rm−1e

(t−t′)Vn (2.5)

It is easy to verify that Hm(t) defined in this way fulfills the RG equation (2.4) by taking

the derivative with respect to t. This form is exactly what is implemented in a standard

parton shower Monte-Carlos. The first term is the contribution in which no emission

occurred between t1 and t, while the second term is the contribution from all terms which

had their last emission at t′ between t1 and t.

Together with the LO initial conditions that H2(0) = σ0, while all higher hard func-

tions vanish for t = 0, equation (2.5) provides a natural framework for a Monte-Carlos

computation of the hard functions. One first obtains a MC sample of

H2(t) = σ0 e
tV2 (2.6)

by generating a set of random values of t according the distribution p2(∆t) = V2etV2 . For

each of these, one then generates H3(t+∆t)’s by adding a first emission at t and generating

a next step ∆t with distribution p3(∆t) = V3e∆tV3 .

3 Two-loop anomalous dimension matrix

We expand the anomalous dimension matrix as

Γ =
αs

4π
Γ(1) +

(αs

4π

)2
Γ(2) (3.1)

The one- and two-loop matrices have the form

Γ(1) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .
...

...
...

...
. . .

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, Γ(2) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

v2 r2 d2 0 . . .

0 v3 r3 d2 . . .

0 0 v4 r4 . . .

0 0 0 v5 . . .
...

...
...

...
. . .

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (3.2)

Where we now put superscripts to distinguish the one and two-loop entries. The

quantities vm encode divergencies due to two-loop virtual corrections, rm includes the one-

loop corrections to single emissions and the double branching terms d2 describe divergences

in the correlated emission of two gluons.
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Ingredients for LL′
1. One-loop matching corrections 

• Hard functions 

• Soft functions 

2. Two-loop anomalous dimension
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Figure 2. Pictorial representations of the di↵erent ingredients for LL0 resummation of the interjet
energy flow. The diagrams on the three lines correspond to the one-loop corrections from H

(1)
2 ,

H
(1)
3 and S

(1)
m , respectively.

To extend these results to NLL, one needs two ingredients: the one-loop matching cor-

rections and the corrections to the RG running due to the two-loop anomalous dimensions.

The present paper focuses on the first set of corrections, i.e. LL0 accuracy. Specifically, we

need one-loop corrections to H2, the tree-level result for H3 and the one-loop soft functions

Sm. We write their perturbative expansions in the form

H2 = �0

⇣
H

(0)

2
+

↵s

4⇡
H

(1)

2
+ · · ·

⌘
, H3 = �0

⇣
↵s

4⇡
H

(1)

3
+ · · ·

⌘
,

Sm = 1+
↵s

4⇡
S

(1)

m + · · · . (2.8)

In this notation, the full LL0 resummed cross section takes the form

�
LL

0
(Q,Q0)

�0
=

1X

m=2

⌦
H

(0)

2
({n1, n2}, Q, µh) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=2

⌦
(H(1)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=3

⌦
(H(1)

3
({n1, n2, n3}, Q, µh)) ⌦ U3m({n}, µs, µh) ⌦̂1

↵

+
↵s(µs)

4⇡

1X

m=2

⌦
(H(0)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂S

(1)

m ({n}, Q0, µs))
↵
.

(2.9)
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Figure 2. Pictorial representations of the di↵erent ingredients for LL0 resummation of the interjet
energy flow. The diagrams on the three lines correspond to the one-loop corrections from H

(1)
2 ,

H
(1)
3 and S

(1)
m , respectively.

To extend these results to NLL, one needs two ingredients: the one-loop matching cor-

rections and the corrections to the RG running due to the two-loop anomalous dimensions.

The present paper focuses on the first set of corrections, i.e. LL0 accuracy. Specifically, we

need one-loop corrections to H2, the tree-level result for H3 and the one-loop soft functions

Sm. We write their perturbative expansions in the form

H2 = �0

⇣
H

(0)

2
+

↵s

4⇡
H

(1)

2
+ · · ·

⌘
, H3 = �0

⇣
↵s

4⇡
H

(1)

3
+ · · ·

⌘
,

Sm = 1+
↵s

4⇡
S

(1)

m + · · · . (2.8)

In this notation, the full LL0 resummed cross section takes the form

�
LL

0
(Q,Q0)

�0
=

1X

m=2

⌦
H

(0)

2
({n1, n2}, Q, µh) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=2

⌦
(H(1)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=3

⌦
(H(1)

3
({n1, n2, n3}, Q, µh)) ⌦ U3m({n}, µs, µh) ⌦̂1

↵

+
↵s(µs)

4⇡

1X

m=2

⌦
(H(0)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂S

(1)

m ({n}, Q0, µs))
↵
.

(2.9)
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For the moment, we will work in the large Nc limit. Using component notation, the

leading-order RG can then be written in the form

d

dt
Hm(t) = Hm(t)Vm +Hm−1(t)Rm−1 . (2.4)

Also the second term lives in them-parton space because Rm−1 adds an additional emission

to Hm−1(t). To write this in a form suitable for MC implementation, let us now consider

the evolution from a time t1 to time t. The solution for this can be written in the form

Hm(t) = Hm(t1)e
(t−t1)Vn +

∫ t

t1

dt′Hm−1(t
′)Rm−1e

(t−t′)Vn (2.5)

It is easy to verify that Hm(t) defined in this way fulfills the RG equation (2.4) by taking

the derivative with respect to t. This form is exactly what is implemented in a standard

parton shower Monte-Carlos. The first term is the contribution in which no emission

occurred between t1 and t, while the second term is the contribution from all terms which

had their last emission at t′ between t1 and t.

Together with the LO initial conditions that H2(0) = σ0, while all higher hard func-

tions vanish for t = 0, equation (2.5) provides a natural framework for a Monte-Carlos

computation of the hard functions. One first obtains a MC sample of

H2(t) = σ0 e
tV2 (2.6)

by generating a set of random values of t according the distribution p2(∆t) = V2etV2 . For

each of these, one then generates H3(t+∆t)’s by adding a first emission at t and generating

a next step ∆t with distribution p3(∆t) = V3e∆tV3 .

3 Two-loop anomalous dimension matrix

We expand the anomalous dimension matrix as

Γ =
αs

4π
Γ(1) +

(αs

4π

)2
Γ(2) (3.1)

The one- and two-loop matrices have the form

Γ(1) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .
...

...
...

...
. . .

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, Γ(2) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

v2 r2 d2 0 . . .

0 v3 r3 d2 . . .

0 0 v4 r4 . . .

0 0 0 v5 . . .
...

...
...

...
. . .

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (3.2)

Where we now put superscripts to distinguish the one and two-loop entries. The

quantities vm encode divergencies due to two-loop virtual corrections, rm includes the one-

loop corrections to single emissions and the double branching terms d2 describe divergences

in the correlated emission of two gluons.

– 4 –

see  
Caron-Huot ‘15

TB, Neubert, Rothen, Shao ‘15



O(αs) corrections at LL′
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Figure 2. Pictorial representations of the di↵erent ingredients for LL0 resummation of the interjet
energy flow. The diagrams on the three lines correspond to the one-loop corrections from H

(1)
2 ,

H
(1)
3 and S

(1)
m , respectively.

To extend these results to NLL, one needs two ingredients: the one-loop matching cor-

rections and the corrections to the RG running due to the two-loop anomalous dimensions.

The present paper focuses on the first set of corrections, i.e. LL0 accuracy. Specifically, we

need one-loop corrections to H2, the tree-level result for H3 and the one-loop soft functions

Sm. We write their perturbative expansions in the form

H2 = �0

⇣
H

(0)

2
+

↵s

4⇡
H

(1)

2
+ · · ·

⌘
, H3 = �0

⇣
↵s

4⇡
H

(1)

3
+ · · ·

⌘
,

Sm = 1+
↵s

4⇡
S

(1)

m + · · · . (2.8)

In this notation, the full LL0 resummed cross section takes the form

�
LL

0
(Q,Q0)

�0
=

1X

m=2

⌦
H

(0)

2
({n1, n2}, Q, µh) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=2

⌦
(H(1)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=3

⌦
(H(1)

3
({n1, n2, n3}, Q, µh)) ⌦ U3m({n}, µs, µh) ⌦̂1

↵

+
↵s(µs)

4⇡

1X

m=2

⌦
(H(0)

2
({n1, n2}, Q, µh)) ⌦ U2m({n}, µs, µh) ⌦̂S

(1)

m ({n}, Q0, µs))
↵
.

(2.9)
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Soft corrections

• Shower stops when emission hits interjet 
region (evolution produces hard partons) 

• Use the last emission for NLO soft function 

• efficient and general method to get Sm(1)

!19

angle �̂ of the emission in the center-of-mass frame of the emitting dipole (ni, nj). Our hard

function shower keeps emitting additional hard partons until one of them enters the veto

region at which point it terminates. In our implementation, we use this last parton in the

veto region to obtain the NLO correction to the soft function. At NLO, the renormalized

soft function can be expressed as

S(1)

m ({n}, Q0, µ) =
Nc

2

X

i,j

�i,j±1

Z
dŷ

Z
2⇡

0

d�̂

2⇡

"
�4 ln

µ

Q0

+ 4 ln
2 | sin �̂|
fij(�̂, ŷ)

#
⇥lab

out(ŷ, �̂) ,

(2.24)

with ⇥lab
out(ŷ, �̂) constraining soft radiation to be outside of the jet cone in the lab frame. In

the Monte Carlo implementation, the factor in square brackets is a weight factor for the cor-

responding emission. The auxiliary function fij(�, y) connects the transverse momentum

k̂T in the COM (Center-Of-Mass) frame to the energyQ0 in the lab frame, k̂T fij(�, y)  Q0,

and is given by fij(�, y) =
2

M
(�� cos�+ cosh y), where M2 = 2ni ·nj is the invariant mass

of the dipole pair, and � =
p

1�M2/4. The logarithm of | sin �̂| arises from expanding the

azimuthal angular integration in ✏, which is related to the space-time dimension through

d = 4� 2✏. A detailed derivation of expression (2.24) can be found in Appendix A

While our slicing implementation of the hard function is simple but specific to the dijet

processes and certainly not optimal, the above procedure to obtain the NLO soft function

is simple, e�cient and general. Compared to the LL parton shower code, including the

one-loop soft function correction (2.24) yields

1X

m=2

⌦
Hm(t) ⌦̂S

(1)

m

↵
=

⌦
H2(t)S

(1)

2
+

Z
d⌦1

4⇡
H3(t)S

(1)

3
+

Z
d⌦1

4⇡

Z
d⌦2

4⇡
H4(t)S

(1)

4
+ . . .

↵
,

(2.25)

where one evolves the hard function from hard scale to soft scale and multiplies it with the

soft function S
(1)

m of the corresponding multiplicity. When running our Monte Carlo code

we fill three histograms, one for the LL shower, one for the logarithmic part of (2.24) and

one for the non-logarithmic part. Further details of the Monte Carlo algorithm, including

the implementation of the one-loop soft function are given in Appendix B.

The computer time needed to run the shower including the one-loop corrections de-

pends on the maximum evolution time needed in the computation. For the interjet energy

flow, we run the shower until t = 0.08, corresponding to µs ⇡ 1GeV. For a collinear cuto↵

at ⌘cut = 4 (⌘cut = 5) in the parton shower we then end up with about 15 (30) hard partons

per event on average. To resolve the peak region of the jet mass, discussed in the next

section, we run to extremely low scales µs = 0.275GeV, corresponding to t = 0.3, near

the Landau pole at ⇤ = 0.230GeV. At this scale, hundreds of partons are generated in

each event and we need a few days of computer time on a cluster to obtain our numerical

results, which will be presented in Section 4 below.
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Hard corrections
Virtual corrections to H2 give  trivial prefactor 

   

but H3(1) is a function of two angles 

!20

Ti · Tj ! �Nc

2
�j,i±1 . (26)

S0(n̄)S1(n1) . . . Sm(nm) |Mm({p})i , (27)

S0(n̄)S1(n) . . . Sm+1(nm+1) , (28)

hard: ph ⇠ !R (1, 1, 1)

soft: ps ⇠ !R (,,)

left-collinear: pc ⇠ !R (1,,
p
)

(29)

|MS

m
({p})i = h{p}|S(n)S†(n̄)|0i . = h (30)

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i = hH(0)
2 +

Z
d⌦1

4⇡
(31)

S
(0)
m

= 1 (32)

�LL(Q,Q0) =
1X

m=2

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i (33)

=
⌦
H

(0)
2 (t) +

Z
d⌦3

4⇡
H

LL
3 +

Z
d⌦3

4⇡

Z
d⌦4

4⇡
H

LL
4 + . . .

↵
, (34)

t ⌘ t(µh, µs) =

Z
↵s(µh)

↵s(µs)

d↵

�(↵)

↵

4⇡
(35)

bS2(µh) =
1X

m=3

U2m(µs, µh) ⌦̂1

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (36)

hH2(Q,µ)⌦ S2(Q0, µ)i = �0 H2(Q
2, µ)hbS2(Q0, µ)i , (37)

�(Q,Q0) = H2(Q,µ)S2(Q0, µ)Snon�global(Q/Q0, µ) (38)

d

d lnµ
S2(Q0, µ) = �s S2(Q0, µ) (39)
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Figure 2. Pictorial representations of the di↵erent ingredients for LL0 resummation of the interjet
energy flow. The diagrams on the three lines correspond to the one-loop corrections from H

(1)
2 ,

H
(1)
3 and S

(1)
m , respectively.

To extend these results to NLL, one needs two ingredients: the one-loop matching cor-

rections and the corrections to the RG running due to the two-loop anomalous dimensions.

The present paper focuses on the first set of corrections, i.e. LL0 accuracy. Specifically, we

need one-loop corrections to H2, the tree-level result for H3 and the one-loop soft functions

Sm. We write their perturbative expansions in the form

H2 = �0

⇣
H

(0)

2
+

↵s

4⇡
H

(1)

2
+ · · ·

⌘
, H3 = �0

⇣
↵s

4⇡
H

(1)

3
+ · · ·

⌘
,

Sm = 1+
↵s

4⇡
S

(1)

m + · · · . (2.8)

In this notation, the full LL0 resummed cross section takes the form

�
LL

0
(Q,Q0)

�0
=

1X

m=2

⌦
H

(0)

2
({n1, n2}, Q, µh) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=2

⌦
H

(1)

2
({n1, n2}, Q, µh) ⌦ U2m({n}, µs, µh) ⌦̂1

↵

+
↵s(µh)

4⇡

1X

m=3

⌦
H

(1)

3
({n1, n2, n3}, Q, µh) ⌦ U3m({n}, µs, µh) ⌦̂1

↵

+
↵s(µs)

4⇡

1X

m=2

⌦
H

(0)

2
({n1, n2}, Q, µh) ⌦ U2m({n}, µs, µh) ⌦̂S

(1)

m ({n}, Q0, µs)
↵
.

(2.9)
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I: E1 > E2 > E3 II : E1 > E3 > E2 III: E3 > E1 > E2

q(p1)

q̄(p2)

g(p3)

Figure 3. Kinematical configurations in the three di↵erent regions with di↵erent energy ordering.
Particles with the smallest energy are drawn in red.

We used here that the leading-order soft function S
(0)

m is the unit matrix 1 in color space.

The first line contains to the LL result (2.7), and the remaining three lines show the

di↵erent NLO corrections, which are depicted in Figure 2.

The hard functions Hm include the momentum conservation and phase-space con-

straints on the hard partons. For two partons, these constraints render the integrals over

the parton directions trivial. The momentum and jet direction constraints impose that the

vectors n1 and n2 must point along the thrust axis and in opposite directions so that

hH2({n1, n2}, Q, µ)⌦ S2({n1, n2}, Q, µ)i = �0H2(Q
2
, µ)hS2({n̄, n}, Q0, µ)i , (2.10)

where we have used that also the color structure is trivial for two hard partons. The

function H2(Q2
, µ) is the standard dijet hard function

H2(Q
2
, µ) = 1 +

↵s

4⇡
CF


�8 ln2

µ

Q
� 12 ln

µ

Q
� 16 +

7

3
⇡
2

�
, (2.11)

which arises also for global observables such as the event shape thrust. In the large-Nc

limit, we should replace CF ! Nc/2.

In [8] we have derived an expression for the hard function H
(1)

3
, which corresponds

to the QCD process �
⇤ ! q(p1)q̄(p2)g(p3). By definition H

(1)

3
only depends on angular

information of the three partons, since their energies have already been integrated over.

For convenience we split the phase space integration into di↵erent regions according to the

direction of the thrust axis, which for three-parton final states is given by the opposite

direction of the most energetic parton. Due to momentum conservation, the three partons

must be in a plane. Using invariance of the cross section under rotation around the thrust

axis, in Region I only the angles ✓2 and ✓3 are not fixed.

For convenience we parameterize these angles in terms of two variables u and v each

going from 0 to 1 and defined as

✓̂2 ⌘ tan
✓2

2
= u v, ✓̂3 ⌘ tan

✓3

2
= v, (2.12)

where the variable v is directly related to the larger angle ✓3, while u characterises the

relative size of the angles. Please note that the variables u and v di↵er from the quantities

– 7 –

standard SCET 
2-jet hard function LL shower



Hard corrections
In region I, we parameterize 

    
   

Write angular convolution as 

    

MC over u and v, shower 3-parton configuration. 

Complication:                          is a distribution.  

!21

C Hard and soft functions for the jet mass

In this appendix we list one-loop ingredients for the jet mass. The ingredients are closely

related to the ones relevant for the interjet energy flow, but the notation is somewhat

di↵erent. For the jet mass, the hard function Hq(1)

m denotes the configuration with a quark

on the left and m partons in the right hemisphere, while m simply counts the total number

of hard partons for the interjet energy flow. In the large Nc limit the renormalized one-loop

hard function Hi

1
are thus given by

Hq(1)

1
(✓̂1, Q, µ) = Hq̄(1)

1
(✓̂1, Q, µ) =

1

2
�(✓̂1)H2(Q

2
, µ) . (C.1)

The factor one half is present because the LO total cross section is a sum of two identical

contributions with the quark and anti-quark in the left hemisphere, respectively. The �-

function of ✓̂1 = tan(✓1/2) with ✓i ensures that the right parton flies along n-direction,

opposite to the left parton along n̄.

Since the thrust axis points along the opposite direction of the most energetic parton

for a three-jet configuration, also the hard functions Hi(1)

1
(✓̂1, Q, µ) are the same as for the

interjet energy flow. We use the same variables u and v introduced for the interjet energy

flow to parameterize the angular variables in order to resolve the overlapping divergences

inside the angular integration:

Region I (✓g > ✓q̄) : v = tan
✓g

2
, u v = tan

✓q̄

2
,

Region II (✓g < ✓q̄) : v = tan
✓q̄

2
, u v = tan

✓g

2
,

Region III (✓q > ✓q̄) : v = tan
✓q

2
, u v = tan

✓q̄

2
.

where the regions are depicted in Figure 3. For the jet mass case, we no longer impose a

cone constraint (i.e. we can set � = 1), but we need to add the constraint

⇥T (u, v) = ✓

hp
1 + u2v2 � (1 + u) v

i
(C.2)

to ensure that the thrust axis does not flip. On the level of the bare function, this constraint

was given in (4.4) of [10], but was trivially fulfilled for our choice of the cone angle. Due

to this constraint, the angle of any parton to the thrust axis cannot be larger than ⇡

3
.

Performing the variable transformation and writing the angular convolution as integrals

over u and v as in (2.19) we have

Hq(1)

2,I
(u, v,Q, µ) =

1

2
H(1)

3,I
(u, v,Q, µ)⇥T (u, v) , (C.3)

Hq(1)

2,II
(u, v,Q, µ) =

1

2
H(1)

3,II
(u, v,Q, µ)⇥T (u, v) , (C.4)

Hg(1)

2,III
(u, v,Q, µ) =

1

2
H(1)

3,III
(u, v,Q, µ)⇥T (u, v) , (C.5)

where the factor 1

2
has the same source as in (C.1) and the interjet functions were given

(2.13), (2.15) and (2.17). The anti-quark hard function Hq̄(1)

2
is equal to the quark function.
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Figure 4. Left: Angular dependence of bS3 for fixed evolution time t = 0.08. Note that the angles
✓q and ✓g of the hard partons to the jet axis must be smaller than the cone angle ↵ = ⇡/3 ⇡ 1.04.
Right: Dependence on the evolution time t at fixed angles.

Next, we will discuss how to implement the above expressions into the parton shower code.

We first rewrite the angular integral in the H
(1)

3
contribution as

⌦
H

(1)

3
({n}, Q, µh) ⌦ bS3({n}, µh)

↵
=

Z
1

0

du

Z
1

0

dv
⌦
H

(1)

3
(u, v,Q, µh)bS3(u, v, µh)

↵
, (2.19)

where we have defined bS3({n}, µh) =
P1

m=3
U3m({n}, µs, µh) ⌦̂1, which is the LL RG

evolution or parton shower soft function. To implement this formula into a Monte Carlo

framework, we will randomly generate u and v and then run the shower bS3({n}, µh) for the

given configuration. There is, however, one complication, namely that the hard function is

a distribution and can therefore not be integrated point by point. One way to solve this

problem is to evaluate bS3(u, v, µh) on a grid, interpolate and then perform the integrations

over u and v. This works well because bS3(u, v, µh) is a smooth function of the angles as

can be seen from Figure 4. Note in particular that the limit v ! 0, in which both angles go

to zero and the two Wilson lines become collinear, is completely smooth. In this limit the

quark and gluon Wilson lines combine and produce the same radiation as a single quark

Wilson line, encoded in the function bS2. The relation

bS3(u, v = 0, µh) = bS2(µh) (2.20)

will lead to important simplifications below. In the right plot, we show the evolution time

dependence of the soft function bS3 for fixed angles. One observes that the function falls

o↵ much faster when the hard partons approach the jet cone. In this configuration, more

soft radiation exits the cone, explaining this suppression.

Interpolating the soft function bS3 gives accurate results, but is not e�cient since the

function depends on the phase-space constraints and thus needs to be recomputed when

one changes the cone angle. It is much more natural to compute the convolution (2.19)

directly in the Monte Carlo code. The simplest way to implement the plus distributions

– 9 –
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a distribution and can therefore not be integrated point by point. One way to solve this
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dependence of the soft function bS3 for fixed angles. One observes that the function falls
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Interpolating the soft function bS3 gives accurate results, but is not e�cient since the
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I: E1 > E2 > E3 II : E1 > E3 > E2 III: E3 > E1 > E2

q(p1)

q̄(p2)

g(p3)

Figure 3. Kinematical configurations in the three di↵erent regions with di↵erent energy ordering.
Particles with the smallest energy are drawn in red.

We used here that the leading-order soft function S
(0)

m is the unit matrix 1 in color space.

The first line contains to the LL result (2.7), and the remaining three lines show the

di↵erent NLO corrections, which are depicted in Figure 2.

The hard functions Hm include the momentum conservation and phase-space con-

straints on the hard partons. For two partons, these constraints render the integrals over

the parton directions trivial. The momentum and jet direction constraints impose that the

vectors n1 and n2 must point along the thrust axis and in opposite directions so that

hH2({n1, n2}, Q, µ)⌦ S2({n1, n2}, Q0, µ)i = �0H2(Q
2
, µ)hS2({n̄, n}, Q0, µ)i , (2.10)

where we have used that also the color structure is trivial for two hard partons. The

function H2(Q2
, µ) is the standard dijet hard function

H2(Q
2
, µ) = 1 +

↵s

4⇡
CF


�8 ln2

µ

Q
� 12 ln

µ

Q
� 16 +

7

3
⇡
2

�
, (2.11)

which arises also for global observables such as the event shape thrust. In the large-Nc

limit, we should replace CF ! Nc/2.

In [8] we have derived an expression for the hard function H
(1)

3
, which corresponds

to the QCD process �
⇤ ! q(p1)q̄(p2)g(p3). By definition H

(1)

3
only depends on angular

information of the three partons, since their energies have already been integrated over.

For convenience we split the phase space integration into di↵erent regions according to

the direction of the thrust axis, which for three-parton final states points in the opposite

direction of the most energetic parton. Due to momentum conservation, the three partons

must be in a plane. Using invariance of the cross section under rotation around the thrust

axis, in Region I only the angles ✓2 and ✓3, between the partons and the thrust axis, are

not fixed.

For convenience we parameterize these angles in terms of two variables u and v each

going from 0 to 1 and defined as

✓̂2 ⌘ tan
✓2

2
= u v, ✓̂3 ⌘ tan

✓3

2
= v, (2.12)

where the variable v is directly related to the larger angle ✓3, while u characterises the

relative size of the angles. Please note that the variables u and v di↵er from the quantities
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Use simple slicing method, e.g. 

Works well for the simple case we consider. Checked 
independence on cutoff v0 using alternate scheme 
based on interpolating S3(u,v).
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of the same name used in [8], where we defined the variables such that v = 1 corresponded

to the angle of the jet cone, rather than a 90� angle as in (2.12). Because the same hard

function H
(1)

3
also arises for the jet mass studied below, we prefer to not incorporate the

specific phase-space constraint into its parameterization.

The bare hard function H
(1)

3
in terms of the angles ✓̂2 and ✓̂3 was given in (4.4) of [10].

The corresponding representation includes a ✓-function constraint imposed to prevent the

thrust axis from flipping. For simplicity, we choose the jet opening half-angle ↵  ⇡

3
so that

the axis constraint is automatically fulfilled. The hard function su↵ers from divergences

when u and v go to zero. In dimensional regularization after performing MS subtraction,

the contribution of Region I to the renormalized hard function H
(1)

3
is given by

H(1)

3,I
(u, v,Q, µ) = CF

(
4 ln2

µ

Q
� ⇡

2

6

�
�(u)�(v)� 8 ln

µ

Q
�(u)

✓
1

v

◆

+

+ 8 �(u)

✓
ln v

v

◆

+

+


� ln

µ

Q
F (u, 0) +

2u2

(1 + u)3
� F (u, 0) ln(1 + u)

�
�(v)

✓
1

u

◆

+

+ F (u, 0)�(v)

✓
lnu

u

◆

+

+ F (u, v)

✓
1

u

◆

+

✓
1

v

◆

+

)
⇥in(v). (2.13)

The function ⇥in(v) ensures that all hard emissions are inside the jet. For the interjet

energy flow it is given by ⇥in(v) = ✓(��v), with � = tan ↵

2
, where ↵ is the jet opening half-

angle. In the large-Nc limit, the color structure of the hard functions becomes trivial and

we use non-bold symbols such as H(1)

3,I
to indicate the scalar quantities which are relevant

in this limit. The expression for the auxiliary function F (u, v) is given by

F (u, v) =
4
⇥
u
⇥
�2

�
u
2 + u+ 1

�
v
2 + u (2u (u+ 1) + 1) v4 + u+ 2

⇤
+ 2

⇤

(u+ 1)3
. (2.14)

Similarly, in Region II we have

H(1)

3,II
(u, v,Q, µ) = CF

(
� ln

µ

Q
G(u, 0) +

2

(1 + u)3
+G(u, 0) ln

✓
u

1 + u

◆�
�(v)

+G(u, v)

✓
1

v

◆

+

)
⇥in(v), (2.15)

with the parametrization ✓̂3 = uv and ✓̂2 = v. The function G(u, v) is defined as

G(u, v) =
4
⇥
u
⇥
�2

�
u
2 + u+ 1

�
v
2 + u(u(u+ 2) + 2)v4 + 2(u+ 1)

⇤
+ 1

⇤

(u+ 1)3
. (2.16)

Region III describes the situation, where the gluon is the most energetic particle and we

parameterize ✓̂1 = uv, ✓̂2 = v. The hard function reads

H(1)

3,III
(u, v,Q, µ) = CFH(u, v)⇥in(v), (2.17)

with

H(u, v) =
4v

�
u
4
v
4 + u

2
v
4 + 4u2v2 + u

2 + 1
�

(u+ 1)2 (1� uv2)
. (2.18)
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Ti · Tj ! �Nc
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S0(n̄)S1(n1) . . . Sm(nm) |Mm({p})i , (27)

S0(n̄)S1(n) . . . Sm+1(nm+1) , (28)
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soft: ps ⇠ !R (,,)

left-collinear: pc ⇠ !R (1,,
p
)

(29)
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m
({p})i = h{p}|S(n)S†(n̄)|0i . = h (30)

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i = hH(0)
2 +

Z
d⌦1

4⇡
(31)

S
(0)
m

= 1 (32)

�LL(Q,Q0) =
1X

m=2

hH(0)
2 ⌦ U2m ⌦̂S
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m

i (33)

=
⌦
H

(0)
2 (t) +

Z
d⌦3

4⇡
H

LL
3 +

Z
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4⇡

Z
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4⇡
H

LL
4 + . . .

↵
, (34)

t ⌘ t(µh, µs) =

Z
↵s(µh)

↵s(µs)

d↵

�(↵)

↵

4⇡
(35)

bS2(µh) =
1X

m=3
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⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
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d
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S2(Q0, µ) = �s S2(Q0, µ) (40)

Z 1

0
dv


1

v

�

+

bS3(v) =

Z 1

0

dv

v

h
bS3(v)� bS2

i
=

Z 1

v0

dv

v
bS3(v) + ln v0 bS2 +O(v0), (41)
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Gap fraction R(Q0) at Q=MZ

• Bands from variation of hard and soft scales by factor 2. 

• By construction R(Q0) = 1 at end-point Q0=Q/2. we match to 
fixed order and use a profile function function to switch off 
resummation. 
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Figure 7. Comparison of our results for the interjet energy flow to fixed order (left plot) and to
PYTHIA (right plot).

R(Q0). As mentioned earlier, there is unfortunately no experimental data to which we

can compare our results, but we compare to PYTHIA [36]. While the two results are

similar at very low Q0, PYTHIA is higher at intermediate values. We remind the reader,

that the intermediate values heavily depend on the profile function used to switch o↵ the

resummation.

4.2 Jet mass

Let us now turn to the jet mass ⇢. For interjet energy flow, we considered the integrated

cross section, i.e. all events with energy in the gap below the veto, while we will look

at the di↵erential spectrum in the present case, since this is what was measured by the

LEP experiments. We will however compute the spectrum by taking the derivative of the

integrated cross section, which has the advantage that the spectrum is correctly normalized

if the resummed prediction for the integrated cross section matches the fixed-order result

at large ⇢.

As a first step, we again separately plot the di↵erent ingredients and their scale depen-

dence in Figure 8. In the first three plots we compare NLL to NLL0 with corrections from

the jet, hard and soft functions. The red bands represent NLL results with scale variation,

where we vary either the jet, hard or soft scale by a factor of two around the default value.

The default scales are chosen as µh ⇠ Q, µj ⇠ p
⇢Q and µs ⇠ ⇢Q. The blue curves

show contributions at NLL0 accuracy from one of the three ingredients with its associated

scale variation. Obviously, the scale dependence is strongly reduced from NLL to NLL0 for

jet and hard corrections. The soft scale dependence, on the other hand, is only modestly

reduced after including one-loop soft function corrections. The scale bands mostly overlap

with each other, which indicates that perturbative convergence is reasonably good in all

the three cases.

In the last plot of figure 8 we show the e↵ect of adding the O(↵s) power corrections to

the NLL0 results. The LO power corrections for the heavy-jet mass are known analytically

and given in Appendix E. They are the same as for thrust, because the three-parton
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Figure 5. Left panel: Hard function corrections, with bands arising from hard scale variation.
Right panel: Soft function corrections, with bands from soft scale variation.

small cone angles, or equivalently large rapidity gaps, in order not to have to deal with

large collinear logarithms. In our plots we show the gap fraction

R(Q0) =
1

�tot
�(Q,Q0) ⌘

Z
Q0

0

dEs

1

�tot

d�

dEs

, (4.1)

which is the fraction of events in which the soft radiation outside the jets has an energy Es

below the cuto↵ Q0. By definition, the amount of energy in the gap must be below Q/2,

otherwise the thrust axis, which defines our jet axis, would flip. The fixed order result is

therefore R(Q0 = Q/2) = 1 at any order in perturbation theory. The O(↵0
s) result with

just two back-to-back partons is of course R(Q0) = 1, a nontrivial Q0 dependence only

arises at O(↵s) when the third parton is inside the gap. We will refer to the O(↵s) result

as LO.

As a first step, let us check the size of the individual corrections and investigate whether

the scale dependence is reduced after including them. In Figure 5 we show the hard and

soft corrections separately and then plot the scale bands from varying the associated scales

by a factor two around their default values µh = Q and µs = Q0. Compared to the LL

scale bands shown in red, the scale dependence is reduced in both cases after including the

corrections. We observe that the hard corrections are quite significant and positive, while

the soft corrections are moderate and negative. The hard corrections have two sources,

virtual corrections to H2 and real emission contributions encoded in H3. The first of these

is just a constant factor multiplying the LL result, while the second one comes together

with the higher soft function S3. Both corrections are positive. At high values of Q0 the

three parton contribution from H3 is about twice as large as the one from the one-loop

correction to H2 and it becomes more dominant at smaller values.

It is clear that the large hard function corrections at Q0 . Q/2 must be compensated

by terms which are power suppressed in Q0/Q and are not captured by the resummation

based on the factorization formula (1.1), which arises in the limit Q0 ! 0. One can obtain

these power suppressed terms by matching to the fixed-order result. More precisely, one
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Figure 5. Left panel: Hard function corrections, with bands arising from hard scale variation.
Right panel: Soft function corrections, with bands from soft scale variation.
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which is the fraction of events in which the soft radiation outside the jets has an energy Es

below the cuto↵ Q0. By definition, the amount of energy in the gap must be below Q/2,

otherwise the thrust axis, which defines our jet axis, would flip. The fixed order result is

therefore R(Q0 = Q/2) = 1 at any order in perturbation theory. The O(↵0
s) result with

just two back-to-back partons is of course R(Q0) = 1, a nontrivial Q0 dependence only

arises at O(↵s) when the third parton is inside the gap. We will refer to the O(↵s) result

as LO.

As a first step, let us check the size of the individual corrections and investigate whether

the scale dependence is reduced after including them. In Figure 5 we show the hard and

soft corrections separately and then plot the scale bands from varying the associated scales

by a factor two around their default values µh = Q and µs = Q0. Compared to the LL

scale bands shown in red, the scale dependence is reduced in both cases after including the

corrections. We observe that the hard corrections are quite significant and positive, while

the soft corrections are moderate and negative. The hard corrections have two sources,

virtual corrections to H2 and real emission contributions encoded in H3. The first of these

is just a constant factor multiplying the LL result, while the second one comes together

with the higher soft function S3. Both corrections are positive. At high values of Q0 the

three parton contribution from H3 is about twice as large as the one from the one-loop

correction to H2 and it becomes more dominant at smaller values.

It is clear that the large hard function corrections at Q0 . Q/2 must be compensated

by terms which are power suppressed in Q0/Q and are not captured by the resummation

based on the factorization formula (1.1), which arises in the limit Q0 ! 0. One can obtain

these power suppressed terms by matching to the fixed-order result. More precisely, one
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• Soft radiation resolves directions of hard 
partons on the right: multi Wilson-line 
operators 

• New: jet function for branching of energetic 
parton on the left.
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unmeasured 
right hemisphere  

≡ inside of jet

Figure 1. Pictorial representations of factorization formulas for interjet energy flow (left) and jet
mass (right), see (1.1) and (1.4). The black lines represent hard radiation with typical scale Q which
is constrained to be inside the cones, and the red lines depict soft radiation with a low energy scale
Q0 which is allowed to populate the full phase space. In the right figure, the blue lines in the left
hemisphere represent collinear radiation which is described by the inclusive jet function in (1.4).

four-vector n
µ = (1, 0, 0, 1) pointing to the right along the thrust axis and an opposite

vector n̄
µ = (1, 0, 0,�1) pointing to the left. The hard partons in the right hemisphere

then generate the complicated pattern of soft radiation and associated NGLs. The main

di↵erence to formula (1.1) is that one also needs the standard inclusive jet functions to

describe collinear radiation in the left hemisphere. Resummation e↵ects in the jet mass

distribution have been discussed in Refs. [17–21], however only in [17] the leading NGLs

were resummed. Our work is based on the factorization theorem for jet mass derived in

[10]. The invariant mass of the left jet is obtained from the momentum pc̄ of the energetic

particles collinear to n̄ and the soft partons in the left hemisphere,

⇢Q
2 = M

2 = (pc̄ + ps)
2 = p

2

c̄ +Q n̄ · ps +O(p2s) . (1.3)

In the factorization theorem, the sum results in a convolution of the soft and jet functions.

To avoid this, one can work in Laplace space, where the factorization formula has the

product form

�̃(⌧) =
X

i=q,q̄,g

j̃i(⌧Q,µ)
1X

m=1

⌦
H

i

m({n}, Q, µ)⌦ eSm({n}, ⌧, µ)
↵
, (1.4)

where ⌧ is the Laplace conjugate variable of ⇢, and j̃i is the inclusive jet function [22, 23],

which by now is known to three loops [24, 25]. In (1.4) the index m indicates the number

of partons in the inclusive (right) hemisphere, so that m = 1 at leading order (LO).

As long as we consider large jet cone sizes of O(1), the leading-logarithms (LLs) in

interjet energy flow at a lepton collider are of the form ↵
n
s ln

n
�. The interjet energy flow

is a single logarithmic observable, because collinear logarithms cancel inside the large cone

region and only soft logarithms remain. These logarithms arise from the multi-Wilson-

line operators Sm in (1.1) and one needs to use parton shower methods to resum the

enhanced logarithms already at the LL level. In [15] we have written a dedicated parton-

shower code to perform the resummation for such observables and have interfaced it with
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Figure 1. Pictorial representations of factorization formulas for interjet energy flow (left) and jet
mass (right), see (1.1) and (1.4). The black lines represent hard radiation with typical scale Q which
is constrained to be inside the cones, and the red lines depict soft radiation with a low energy scale
Q0 which is allowed to populate the full phase space. In the right figure, the blue lines in the left
hemisphere represent collinear radiation which is described by the inclusive jet function in (1.4).
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In the factorization theorem, the sum results in a convolution of the soft and jet functions.
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⌦
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– 3 –

left jet mass

Jet mass M2=ρQ2



Hard function
m hard partons along  

fixed directions {n,n1, …, nm} 

Factorization theorem for jet mass

Soft function
with m +1 Wilson lines

integration over the m 
directions 

TB, Pecjak, Shao ’16

∫ 1

0
dv

[
1

v

]

+

Ŝ3(u, v) =

∫ 1

0

dv

v

[
Ŝ3(u, v)− Ŝ2

]
=

∫ 1

v0

dv

v
Ŝ3(u, v) + ln v0 Ŝ2 +O(v0), (41)

dσ

dM2
=

∑

i=q,q̄,g

∫ ∞

0
dωL Ji(M

2 −QωL)
∞∑

m=1

〈
Hi

m({n}, Q)⊗ Sm({n},ωL)
〉
. (42)
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Jet function
standard inclusive jet function

ωL ≣ (light-cone) energy of 
soft radiation on the left



Jet mass M2 = 𝜌Q2 is a double logarithmic variable 

• Factorization in Laplace space  𝜌 → τ . Laplace 
inversion can be done analytically. TB, Neubert ‘09 

• Due to RG invariance  

double logs are tied to jet function, have simple 
structure 

• Also soft function has double logs, separate and 
exponentiate analytically 
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the two evolutions must agree. The situation is more interesting for the light-jet mass (1.4)

which involves three ingredients. In this case RG invariance translates into the statement

�Hi
lm
({n}, Q, µ) = �S

lm
({n}, ⌧, µ) + �Ji(⌧Q,µ) , (3.2)

where

�Ji(⌧Q,µ) = �2Ci�cusp ln

✓
⌧Q

µ2

◆
+ 2�Ji . (3.3)

The Casimir Ci for the quark-jet channel is Cq = CF , while the gluon configuration has

Cg = CA. In our paper [10], we have analyzed the one-loop soft anomalous dimension and

found that it has the form

�S

lm
({n}, ⌧, µ) = 2Ci �cusp ln

✓
⌧

µ

◆
�lm + �̂lm({n}) , (3.4)

where �̂lm is a regular non-logarithmic anomalous dimension, which takes the same form

as (2.4), except for a subtraction to remove the collinear singularities, which give rise to

the cusp piece in (3.4). The subtraction is achieved by replacing the diagonal elements in

(2.4) by Vm ! V m = Vm � V0, with

V0 = V0 1 = �4Ci 1

Z
d⌦ (nk)

4⇡

n̄ · n
n̄ · nk nk · n

⇥L(nk), (3.5)

where ⇥L(nk) ensures that the emission is in the left hemisphere with the light jet. The

trivial color structure arises from color conservation

mX

i=1

T0 · Ti = �T0 · T0 = �Ci 1 . (3.6)

Note that V0 is equal to the one-loop result (real plus virtual) for the case where there

is only one hard parton on the right, which then, by momentum conservation, flies along

n. The subtraction therefore removes the “global” one-loop part of the soft anomalous

dimension. After this, the Monte Carlo result no longer involves collinear singularities. As

before we regularize the collinear singularities in the individual entries of �̂ using a cuto↵.

The parton shower algorithm of Dasgupta and Salam [27] instead uses a veto algorithm to

remove global logarithmic terms. Our subtraction of the global piece has the advantage

that our Monte Carlo weights are always positive. Let us also note that the role of the

subtraction is to separate out the collinear singularities, so that the same subtraction can

be used for any process with the same double logarithmic structure, i.e. also in cases with

more complicated geometry, where we cannot analytically compute the one-loop function.

To make use of the separation of the anomalous dimension into two pieces, we now

factor the soft function as

eS
i

m({n}, ⌧, µs) = eSi

G(⌧, µs)Ŝ
i

m({n}, ⌧, µs) , (3.7)

with

eSq

G

✓
Ls = ln

⌧

µs

, µs

◆
= 1 +

↵s

4⇡
CF

✓
�4L2

s �
⇡
2

2

◆
+O(↵2

s). (3.8)
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single-logarithmic, 
implemented in MC

The anomalous dimension �H in (2.4) which drives the resummation of the logarithms

in interjet energy flow (1.1) can be viewed in two ways: As the hard anomalous dimension,

used to evolve the hard functions to the soft scale, or as the soft anomalous dimension which

evolves the soft functions to a higher scale. RG invariance of the cross section implies that

the two evolutions must agree. The situation is more interesting for the light-jet mass (1.4)

which involves three ingredients. In this case RG invariance translates into the statement

�Hi
lm
({n}, Q, µ) = �Si

lm
({n}, ⌧, µ) + �Ji(⌧Q,µ)�lm , (3.2)

where

�Ji(⌧Q,µ) = �2Ci�cusp ln

✓
⌧Q

µ2

◆
+ 2�Ji . (3.3)
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where �̂lm is a regular non-logarithmic anomalous dimension, which takes the same form

as (2.4), except for a subtraction to remove the collinear singularities, which give rise to

the cusp piece in (3.4). The subtraction is achieved by replacing the diagonal elements in

(2.4) by Vm ! V m = Vm � V0, with

V0 = V0 1 = �4Ci 1

Z
d⌦ (nk)

4⇡

n̄ · n
n̄ · nk nk · n

⇥L(nk), (3.5)

where ⇥L(nk) ensures that the emission is in the left hemisphere with the light jet. The

trivial color structure arises from color conservation
mX

i=1

T0 · Ti = �T0 · T0 = �Ci 1 . (3.6)

Note that V0 is equal to the one-loop result (real plus virtual) for the case where there

is only one hard parton on the right, which then, by momentum conservation, flies along

n. The subtraction therefore removes the “global” one-loop part of the soft anomalous

dimension. After this, the Monte Carlo result no longer involves collinear singularities. As

before we regularize the collinear singularities in the individual entries of �̂ using a cuto↵.

The parton shower algorithm of Dasgupta and Salam [27] instead uses a veto algorithm to

remove global logarithmic terms. Our subtraction of the global piece has the advantage

that our Monte Carlo weights are always positive. Let us also note that the role of the

subtraction is to separate out the collinear singularities, so that the same subtraction can

be used for any process with the same double logarithmic structure, i.e. also in cases with

more complicated geometry, where we cannot analytically compute the one-loop function.

To make use of the separation of the anomalous dimension into two pieces, we now

factor the soft function as

eS
i

m({n}, ⌧, µs) = eSi

G(⌧, µs)Ŝ
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Numerical results for jet mass 

• Exp. data from combining ALEPH light- and heavy-jet mass. 

• Peak at 𝜌 ≈ 0.006 corresponds to μs ≈ 0.5 GeV. Non-perturbative 
effects are important and shift the peak, see PYTHIA. 

• Bands from varying μh and μs. Keep                        . Bands are 
narrow since soft variation changes sign after peak. 

• Partonic PYTHIA is close to NLL′
!27
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Figure 9. Jet-mass distribution compared to PYTHIA results. On the left side we plot our default
result, based on using the profile scale (4.3) and exponentiating the matching corrections. On the
right-hand side, we do not perform these modifications such that we get a negative cross section at
low ⇢ and hit the Landau pole at a nonzero ⇢.

default values.

At very low values of ⇢, the scale µs(Q0) hits the Landau pole at ⇤ = 0.23GeV. Near

the pole the soft corrections become large and negative, resulting in a negative cross section.

To avoid this unphysical behaviour, we replace µs(Q0) ! µs(Q0)+⇤ so that the pole occurs

at ⇢ = 0. We also exponentiate the hard, jet and soft corrections to avoid the negative cross

section. In the left plot of Figure 9 we show our result for the jet mass distribution after

these modifications. In the right plot, we show the result with µs(Q0) = ⇢Q and without

exponentiation. We observe that the soft scale dependence changes sign at a point to the

right of the peak. In this region the soft scale dependence becomes very small. With the

modifications in µs, we end up with quite small scale bands to the right of the peak, which

are likely not an accurate characterization of the true uncertainties. The NLL0 peak in

the right-hand plot is quite a bit higher because the cross section becomes negative below

⇢ = 0.004 and our distributions are by construction normalized. An important feature

of our result is that peak occurs at a very low value ⇢ ⇡ 0.006, which corresponds to

µs ⇡ 0.5GeV so that the peak region is strongly a↵ected by nonperturbative e↵ects. In

Figure 9 we also show the PYTHIA [36] results, both on the parton level (dashed lines)

and including hadronisation. The hadronisation e↵ects shift the peak to the right by about

�⇢ ⇡ 0.006, in accordance to what one expects from non-perturbative e↵ects in the soft

functions [37, 38]. The parton-level PYTHIA result is quite close to the NLL0 result.

In Figure 10 we compare the NLL0 + LO jet mass distribution with ALEPH results

[31], obtained by combining their measurements for the light-jet and the heavy-jet mass

using (1.2) and adding the uncertainties on the individual measurements in quadrature.

One immediately sees that the experimental peak shifted to the right from non-perturbative

e↵ects and the shift is compatible with the PYTHIA hadronization result. We also observe

that the jet mass distribution falls o↵ quite rapidly and to make the region of larger ⇢ visible,

we include also a logarithmic plot in Figure 10. The plot also illustrates what motivated
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Figure 10. Jet-mass distribution and comparison to ALEPH data [31] (green dots with error
bars). The black curve represents the LO prediction for jet mass, where its analytical expression is
given in (E.3). The red curve is the NLL resummation result and the band is from scale variation.
The blue curve corresponds to NLL0 +LO results, in which we switched o↵ resummation e↵ects at
large ⇢ using (4.3).

the profile function (4.3) with n = 4. The choices ensures that we start switching o↵ the

resummation fairly quickly about half-way to the endpoint and go over to the fixed-order

result. The plots show that, compared the LO fixed-order result, resummation greatly

improved the description of the experimental data. On the other hand there is — if at all

— only a relatively narrow region in ⇢ in which both higher-order power corrections and

non-perturbative corrections are small.

For completeness, we show in Figure 11 numerical results for the heavy-jet mass ⇢h

and the light-jet mass ⇢`. The heavy-jet mass is global and provides a reference variable at

the same accuracy, but free from all the complications which arise for the jet mass. From

the di↵erence of the heavy-jet mass and the jet mass we obtain the light-jet mass. This

is more sensitive to the non-global structure and also only has a nontrivial distribution at

O(↵2
s) so that there is no matching at the accuracy we work. The end-point for the NLO

light-jet mass is at ⇢max = 1/6, which is achieved when the four parton momenta form a

tetrahedron, and we use this as the endpoint in our profile function (4.3). From the plot,

one observes that also the heavy-jet distribution is a↵ected by nonperturbative e↵ects in

the peak region, however, the peak is at a larger ⇢ value than for the jet mass itself. Not

surprisingly, the worst description of the data arises for the light-jet mass distribution.

At larger ⇢ values the description is worse because the fixed-order result starts at O(↵s)

so that the matching corrections are beyond the accuracy of our computation. The peak

region is not well described because it is in the nonperturbative regime and very narrow.

5 Conclusion and Outlook

In this paper we analyzed non-global observables and, for the first time, went beyond

a resummation of only the leading non-global logarithms. Specifically, we analyzed the

single-logarithmic interjet energy flow at LL0 and the double-logarithmic jet mass at NLL0.
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Figure 8. NLL0 corrections from the jet, hard and soft functions and their scale uncertainties.
Each band comes from varying the scale associated with the correction by a factor of two around
the default value. In the last plot we show LO power corrections from the fixed-order computation.
We have multiplied the distributions by ⇢ in order to make the results at larger ⇢ visible.

immediately also obtain the LO power corrections for the jet mass distribution. From the

plot, we observe that the di↵erence between NLL0 and NLL0 + LO is very small, and that

the contributions from power corrections will reduce the resummed result in the large jet

mass region. In order to reproduce the full fixed order result, we use CF = 4/3 instead of

the strict large-Nc value CF = 3/2 for the hard, jet and soft one-loop corrections in the

resummed results. We also use the exact color factors in the evolution factors of the global

part (3.15).

The end-point of the jet mass distribution is at ⇢max = 1/3 at O(↵s), corresponding

to a symmetrical configuration of the three partons. We will work with the same profile

function (4.3) to switch o↵ the higher-order terms at the end point. To adapt it to the

present case, we set Q0 = ⇢Q and Qmax = Q/3. For simplicity, we will adopt the canonical

value µj =
p
µs µh in the following and only indirectly vary the jet scale through the

variations of µs and µh, which we vary independently by a factor of two around their
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Numerical results for jet mass 

• Match to LO and use profile function μs(𝜌) to switch off resummation at 
end-LO end-point 𝜌 ≈ 1/3. 

• Replace μs(𝜌) → μs(𝜌) + Λ to shift Landau pole to 𝜌 = 0, exponentiate NLO 
correction. The Landau pole is at Λ=230 MeV. 

• Cosmetics, but avoids negative cross sections near 𝜌 = 0…

!28

0.00 0.01 0.02 0.03 0.04 0.05 0.06
0

10

20

30

40

50

0.00 0.05 0.10 0.15 0.20 0.25 0.30
0.01

0.10

1

10

Figure 10. Jet-mass distribution and comparison to ALEPH data [31] (green dots with error
bars). The black curve represents the LO prediction for jet mass, where its analytical expression is
given in (E.3). The red curve is the NLL resummation result and the band is from scale variation.
The blue curve corresponds to NLL0 +LO results, in which we switched o↵ resummation e↵ects at
large ⇢ using (4.3).

the profile function (4.3) with n = 4. The choices ensures that we start switching o↵ the

resummation fairly quickly about half-way to the endpoint and go over to the fixed-order

result. The plots show that, compared the LO fixed-order result, resummation greatly

improved the description of the experimental data. On the other hand there is — if at all

— only a relatively narrow region in ⇢ in which both higher-order power corrections and

non-perturbative corrections are small.

For completeness, we show in Figure 11 numerical results for the heavy-jet mass ⇢h

and the light-jet mass ⇢`. The heavy-jet mass is global and provides a reference variable at

the same accuracy, but free from all the complications which arise for the jet mass. From

the di↵erence of the heavy-jet mass and the jet mass we obtain the light-jet mass. This

is more sensitive to the non-global structure and also only has a nontrivial distribution at

O(↵2
s) so that there is no matching at the accuracy we work. The end-point for the NLO

light-jet mass is at ⇢max = 1/6, which is achieved when the four parton momenta form a

tetrahedron, and we use this as the endpoint in our profile function (4.3). From the plot,

one observes that also the heavy-jet distribution is a↵ected by nonperturbative e↵ects in

the peak region, however, the peak is at a larger ⇢ value than for the jet mass itself. Not

surprisingly, the worst description of the data arises for the light-jet mass distribution.

At larger ⇢ values the description is worse because the fixed-order result starts at O(↵s)

so that the matching corrections are beyond the accuracy of our computation. The peak

region is not well described because it is in the nonperturbative regime and very narrow.

5 Conclusion and Outlook

In this paper we analyzed non-global observables and, for the first time, went beyond

a resummation of only the leading non-global logarithms. Specifically, we analyzed the

single-logarithmic interjet energy flow at LL0 and the double-logarithmic jet mass at NLL0.
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Conclusions
Presented first results for non-global observables which go 
beyond a simple resummation of the leading logarithms 

• full one-loop corrections to hard, jet and soft functions: 
NLL′ for jet mass, LL′ for interjet energy flow 

• implemented corrections in MC framework (an example of 
a systematically improved shower!) 

• NLO corrections significantly improve results 

Next steps  

• determination and implementation of two-loop anomalous 
dimension for full higher-log resummation 

• more complicated processes, hadronic collisions
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Heavy and light jet mass:  
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Figure 11. Light-jet and heavy-jet mass distribution in comparison to ALEPH data [31].

At larger ⇢ values the description is worse because the fixed-order result starts at O(↵2
s)

so that the matching corrections are beyond the accuracy of our computation. The peak

region is not well described because it is in the nonperturbative regime and very narrow.

5 Conclusion and Outlook

In this paper we analyzed non-global observables and, for the first time, went beyond

a resummation of only the leading non-global logarithms. Specifically, we analyzed the

single-logarithmic interjet energy flow at LL0 and the double-logarithmic jet mass at NLL0.

The prime indicates that we included the full next-to-leading-order corrections to the hard

and soft functions, as well as the jet function in the case of jet mass. The practical

implementation of these corrections is the main result of the present paper. To achieve full

NLL resummation for the interjet energy flow, and NNLL accuracy for the jet mass, we

will need to also include the two-loop corrections the RG running, but we observe that the

inclusion of the one-loop matching corrections already leads to an improved description of

these observables. Since the jet mass peaks at a low value corresponding to a soft scale of

M
2

J
/Q ⇡ 0.5GeV for LEP energies, the peak region is strongly a↵ected by non-perturbative

e↵ects, similar to what is observed for other event shapes.

Due to the intricate structure of the soft emissions, factorization theorems for non-

global observables and the associated RG evolution are much more complicated than in
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corrections and they will need to be supplemented by corrections to the renormalization-

group (RG) running in the future to arrive at a complete higher-logarithmic treatment of

the non-global part.

Our main goal in the present work is to develop the Monte Carlo methods to include

these corrections as a step towards full higher-logarithmic resummation, but it is also

interesting to study their numerical size, since they have never been computed for non-

global observables and often dominate numerically in the global case. It is customary to

add a prime to the logarithmic accuracy to indicate the presence of higher-order matching

corrections. In this notation our next-to-leading-logarithmic results for the jet mass have

NLL0 accuracy.

In Refs. [8, 10] we have derived a factorization formula for interjet energy flow and light-

jet mass. The key element is the presence of multi-Wilson-line operators which generate

the intricate pattern of Non-Global Logarithms (NGLs). Explicitly, the result for interjet

energy flow at a lepton collider has the form

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (1.1)

where Q is the center-of-mass energy, and Q0 = �Q is the energy scale above which we

veto energy in the gap outside the jet cones. For simplicity, we choose the jet axis along

the thrust axis. The above factorization formula neglects power corrections from O(�)

terms. The hard functions Hm describe hard radiation inside the jet cone, and their

characteristic scale is Q since radiation inside the cones is unrestricted. The index m

represents the number of hard partons inside the jet, which propagate along the directions

{n} = {n1, n2, . . . , nm}. Each of these sources soft radiation, which we describe by a

Wilson line along the direction of the hard parton. The matrix elements of these Wilson

lines define the soft functions Sm({n}, Q0, µ). To obtain the cross section, one integrates

over the directions {n}, which is indicated by the symbol ⌦. The hard and soft functions

are matrices in the color space of the m partons and one takes the color trace h. . . i after
multiplying them. The operator definition for these functions and further explanations can

be found in [8].

The second observable we consider is the jet mass distribution at a lepton collider. To

define the jet mass, we use the thrust axis to split every event into two hemispheres. One

can then (randomly) select one of the two jets and compute its invariant mass M , which

is usually discussed in terms of the dimensionless variable ⇢ = M
2
/Q

2. Alternatively, one

computes the mass in both hemispheres and chooses the heavier mass ⇢h or lighter one

⇢`. Obviously, there is a relation among the these observables: the jet mass distribution is

simply the average of heavy-jet mass and light-jet mass one

d�

d⇢
=

1

2

✓
d�

d⇢`
+

d�

d⇢h

◆
. (1.2)

We will call the hemisphere we select to measure the mass the left one, which means that

the radiation in the right hemisphere is unconstrained.1 We introduce a light-like reference

1In our previous paper, we called ⇢ the left-jet mass and denoted it by ⇢L [10].
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fixed order starts  
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Individual corrections, gap fraction

• Only include one correction and vary corresponding scale by factor 2 

• Largest correction from H3. Hard corrections at large Q0 get cancelled by 
matching to fixed order. 

• No profile function etc. for these plots!
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Figure 5. Left panel: Hard function corrections, with bands arising from hard scale variation.
Right panel: Soft function corrections, with bands from soft scale variation.

small cone angles, or equivalently large rapidity gaps, in order not to have to deal with

large collinear logarithms. In our plots we show the gap fraction

R(Q0) =
1

�tot
�(Q,Q0) ⌘

Z
Q0

0

dEs

1

�tot

d�

dEs

, (4.1)

which is the fraction of events in which the soft radiation outside the jets has an energy Es

below the cuto↵ Q0. By definition, the amount of energy in the gap must be below Q/2,

otherwise the thrust axis, which defines our jet axis, would flip. The fixed order result is

therefore R(Q0 = Q/2) = 1 at any order in perturbation theory. The O(↵0
s) result with

just two back-to-back partons is of course R(Q0) = 1, a nontrivial Q0 dependence only

arises at O(↵s) when the third parton is inside the gap. We will refer to the O(↵s) result

as LO.

As a first step, let us check the size of the individual corrections and investigate whether

the scale dependence is reduced after including them. In Figure 5 we show the hard and

soft corrections separately and then plot the scale bands from varying the associated scales

by a factor two around their default values µh = Q and µs = Q0. Compared to the LL

scale bands shown in red, the scale dependence is reduced in both cases after including the

corrections. We observe that the hard corrections are quite significant and positive, while

the soft corrections are moderate and negative. The hard corrections have two sources,

virtual corrections to H2 and real emission contributions encoded in H3. The first of these

is just a constant factor multiplying the LL result, while the second one comes together

with the higher soft function S3. Both corrections are positive. At high values of Q0 the

three parton contribution from H3 is about twice as large as the one from the one-loop

correction to H2 and it becomes more dominant at smaller values.

It is clear that the large hard function corrections at Q0 . Q/2 must be compensated

by terms which are power suppressed in Q0/Q and are not captured by the resummation

based on the factorization formula (1.1), which arises in the limit Q0 ! 0. One can obtain

these power suppressed terms by matching to the fixed-order result. More precisely, one

– 16 –



Individual corrections for jet mass
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Figure 8. NLL0 corrections from the jet, hard and soft functions and their scale uncertainties.
Each band comes from varying the scale associated with the correction by a factor of two around
the default value. In the last plot we show LO power corrections from the fixed-order computation.
We have multiplied the distributions by ⇢ in order to make the results at larger ⇢ visible.

dependence is strongly reduced from NLL to NLL0 for jet and hard corrections. The soft

scale dependence, on the other hand, is only modestly reduced after including one-loop

soft function corrections. The scale bands mostly overlap with each other, which indicates

that perturbative convergence is reasonably good in all the three cases.

In the last plot of Figure 8 we show the e↵ect of adding the O(↵s) power corrections to

the NLL0 results. The LO power corrections for the heavy-jet mass are known analytically

and given in Appendix E. They are the same as for thrust, because the three-parton

results for jet mass and thrust agree. Since the light-jet mass vanishes at O(↵s), we can

immediately also obtain the LO power corrections for the jet mass distribution. From the

plot, we observe that the di↵erence between NLL0 and NLL0 + LO is very small, and that

the contributions from power corrections will reduce the resummed result in the large jet

mass region. In order to reproduce the full fixed order result, we use CF = 4/3 instead of

the strict large-Nc value CF = 3/2 for the hard, jet and soft one-loop corrections in the

– 19 –

!33



Profile functions

!34

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Figure 6. The profile function (4.3) for n = 1 (left plot) and n = 4 (right plot). We will use the
n = 4 function as our default choice.

adds to the resummed result the fixed-order prediction minus its expansion around Q0.

The subtraction removes the terms which are already included in the resummation. These

power suppressed matching terms can be obtained as

�R(Q0) =

Z
Q0

0

dEs

1

�tot

 
d�

dEs

� d�

dEs

����
Es!0

!
. (4.2)

To evaluate this integral, one computes the cross section to find a parton inside the gap

and subtracts from it its soft limit. The subtraction eliminates the virtual contributions

and leads to a finite integral, which one can evaluate numerically. However, even after the

matching to the fixed order result, the resummed result does not yet tend to R(Q0) = 1

for Q0 ! Q/2 because we resum logarithms of µs/µh ! 1/2 for µs ⇡ Q0 and µh = Q. To

switch o↵ the resummation, one can choose the soft scale in such a way that it approaches

the hard scale µh as Q0 ! Qmax = Q/2. This can be achieved, for example with a profile

function [32] of the form

µs(Q0) =
xsQ0

1 + xsQ0
µh

+
P

n

i=1
ci

⇣
Q0

Qmax

⌘
i
, (4.3)

where xs = 1 corresponds to the default choice and the scale bands can be obtained

by varying the parameter xs by a factor two. For low values of Q0, this reduces to the

standard choice µs(Q0) = Q0xs. The power suppressed term in the denominator are

chosen to switch o↵ the resummation at the endpoint Q0 = Qmax, similarly to what is

usually achieved through a modification of the logarithms in traditional resummation. The

simplest choice for (4.3) is n = 1 and c1 = �1, but we observe that the approach to fixed

order is relatively slow. To make it faster, we choose n = 4 and impose that the first three

derivatives at the end-point vanish, explicitly c1 = �4, c2 = 6, c3 = �4, c4 = 1. We plot

the two di↵erent profile functions in Figure 6 and will use n = 4 as the default in our

numerical implementation. The choice of the profile function a↵ects the resummation of

power-suppressed contributions. If the shape is important, one should of course compute,
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Figure 6. The profile function (4.3) for n = 1 (left plot) and n = 4 (right plot). We will use the
n = 4 function as our default choice.
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where xs = 1 corresponds to the default choice and the scale bands can be obtained

by varying the parameter xs by a factor two. For low values of Q0, this reduces to the

standard choice µs(Q0) = Q0xs. The power suppressed term in the denominator are

chosen to switch o↵ the resummation at the endpoint Q0 = Qmax, similarly to what is

usually achieved through a modification of the logarithms in traditional resummation. The

simplest choice for (4.3) is n = 1 and c1 = �1, but we observe that the approach to fixed

order is relatively slow. To make it faster, we choose n = 4 and impose that the first three

derivatives at the end-point vanish, explicitly c1 = �4, c2 = 6, c3 = �4, c4 = 1. We plot

the two di↵erent profile functions in Figure 6 and will use n = 4 as the default in our

numerical implementation. The choice of the profile function a↵ects the resummation of

power-suppressed contributions. If the shape is important, one should of course compute,
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Figure 9. Jet-mass distribution compared to PYTHIA results. On the left side we plot our default
result, based on using the profile scale (4.3) and exponentiating the matching corrections. On the
right-hand side, we do not perform these modifications such that we get a negative cross section at
low ⇢ and hit the Landau pole at a nonzero ⇢.

resummed results. We also use the exact color factors in the evolution factors of the global

part (3.15).

The end-point of the jet mass distribution is at ⇢max = 1/3 at O(↵s), corresponding

to a symmetrical configuration of the three partons. We will work with the same profile

function (4.3) to switch o↵ the higher-order terms at the end point. To adapt it to the

present case, we set Q0 = ⇢Q and Qmax = Q/3. For simplicity, we will adopt the canonical

value µj =
p
µs µh in the following and only indirectly vary the jet scale through the

variations of µs and µh, which we vary independently by a factor of two around their

default values.

At very low values of ⇢, the scale µs(Q0) hits the Landau pole at ⇤ = 0.23GeV. Near

the pole the soft corrections become large and negative, resulting in a negative cross section.

To avoid this unphysical behaviour, we replace µs(Q0) ! µs(Q0)+⇤ so that the pole occurs

at ⇢ = 0. We also exponentiate the hard, jet and soft corrections to avoid the negative cross

section. In the left plot of Figure 9 we show our result for the jet mass distribution after

these modifications. In the right plot, we show the result with µs(Q0) = ⇢Q and without

exponentiation. We observe that the soft scale dependence changes sign at a point to the

right of the peak. In this region the soft scale dependence becomes very small. With the

modifications in µs, we end up with quite small scale bands to the right of the peak, which

are likely not an accurate characterization of the true uncertainties. The NLL0 peak in

the right-hand plot is quite a bit higher because the cross section becomes negative below

⇢ = 0.004 and our distributions are by construction normalized. An important feature

of our result is that peak occurs at a very low value ⇢ ⇡ 0.006, which corresponds to

µs ⇡ 0.5GeV so that the peak region is strongly a↵ected by nonperturbative e↵ects. In

Figure 9 we also show the PYTHIA [36] results, both on the parton level (dashed lines)

and including hadronisation. The hadronisation e↵ects shift the peak to the right by about

�⇢ ⇡ 0.006, in accordance to what one expects from non-perturbative e↵ects in the soft
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Dijet-mass configurations
Symmetric 

• ML ~ MR ≪ Q 

• ML ~ MR ~ Q 

Asymmetric → NGLs 

• ML ≪ MR ~ Q 

• ML ≪ MR ≪ Q
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Isolated photon production

• ATLAS ’16 imposes                                       on 
hadronic energy inside cone with R = 0.4.  

• Large logarithms                   with ϵγ ~ 0.01 

• GLs:                  NGLs:  

!36

Figure 8. E↵ect of the isolation cut in e
+
e
� ! � + X. The plot shows a comparison of the

resummed result (dots) with the one-loop contribution (dashed lines) and the global logarithms
(dotted line).

the discussion in Section 4.1. The situation is interesting for isolation cones because the

logarithms are typically large (experiments often restrict the isolation energy to a few

GeVs), while the area tends to be small. If we substitute Eiso ! Eiso(�) from (4.8) into

(4.12), we can compute the soft function for the smooth-cone. In the approximation (4.11),

we find the smooth-cone result is obtained from the fixed cone one-loop result using the

substitution

ln
✏�E�

µ
�! ln

✏�e
�n

E�

µ
(4.13)

In other words, the smooth-cone isolation is more restrictive than fixed-cone isolation by a

factor en. A computation such as [55] which uses smooth-cone isolation with ✏� = 0.1 and

n = 2, therefore has the same size logarithms as a fixed-cone computation with ✏� = 0.01.

For photon energies of a few hundred GeVs, this indeed matches up with the fixed-cone

isolation criterion

E
T

iso = 4.8GeV + 0.0042ET

� (4.14)

used in the ATLAS analysis [59].

As we discussed in Section 4.1 above, the two-loop non-global and global logarithms

can cancel each other out and for photon isolation results displayed in Figure 8, this e↵ect

is quite pronounced. In this plot we consider e
+
e
� ! � +X with an isolation cone with

half-angle � = ⇡/4 and compare the resummed result with the one-loop logarithm and with

the global contribution, which is given by the exponential of the one-loop logarithm. We

observe that higher-order e↵ects are quite small down to relatively low isolation energies

which correspond to larger values of t in the figure. Resumming the global logarithms leads

to a much larger e↵ect, which cancels after accounting also for the non-global contribution.

By now there are many papers in the SCET literature which resum observables up to

non-global contributions. This example demonstrates that such estimates of higher-order
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• Exp. needs isolation cones to 
distinguish photon from hard 
scattering from hadron 
decays such as π0→γγ.

�
�0

Ein < Eiso = ✏� E�

Figure 8. Pictorial representation of the factorization for isolated photon production. The black
lines represent hard partons, while the wavy red lines indicate soft radiation. The energy inside the
isolation cone of half-angle �0 is restricted to be smaller than ✏� E� .

in the underlying hard collision from the photons which arise in hadron decays such as

⇡
0 ! ��. Imposing that Eiso, the hadronic energy inside the cone with half-opening angle

�0, is much smaller than the photon energy E� suppresses energetic photons originating

from decays of boosted hadrons. Similar cuts are also used to isolate leptons, for example

in SUSY searches. Imposing the isolation requirement induces logarithms ↵
n
s ln

n
✏� , with

✏� = Eiso/E� , into the perturbative computation and in the following we want to study

their resummation.

Already at the parton level, there are two mechanisms to produce a photon. In ad-

dition to the direct emission, one can produce an energetic quark which then fragments

into a photon accompanied by a collinear quark. This second mechanism involves the

fragmentation function, a non-perturbative object which needs to be extracted from data.

In general, the two partonic contributions are not individually well-defined. At NLO, the

direct production su↵ers from a divergence when the quark becomes collinear to the pho-

ton and this divergence is absorbed into the fragmentation function. The isolation cone

suppresses fragmentation since it limits the amount of radiation which accompanies the

photon. Indeed, Frixione has shown that one can modify the isolation criterion to elimi-

nate fragmentation altogether [52]. For any angle � < �0, where �0 is the isolation cone

angle, he imposes that the energy inside the cone of half-opening angle � is smaller than

Eiso(�) = ✏�E�

✓
1� cos �

1� cos �0

◆
n

, (4.8)

with n > 0. Together with radiation collinear to the photon, this smooth-cone isolation

eliminates the fragmentation contribution, which is centered at � = 0. This simplifies

the theoretical computations and is appealing because it eliminates the poorly known

fragmentation function. Up to now, all NNLO computations of photon production [53–55]

rely on the Frixione cone for isolation, while the result with a fixed cone is only known at

NLO in the form of the JetPhox code [56]. Due to the granularity of the calorimeter,

a smooth criterion such as (4.8) cannot be directly implemented in experiments which

therefore use fixed-cone isolation. To compare with experimental data, the NNLO results

tune the parameters ✏� and n such that the NLO predictions using (4.8) are numerically
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the theoretical computations and is appealing because it eliminates the poorly known

fragmentation function. Up to now, all NNLO computations of photon production [53–55]

rely on the Frixione cone for isolation, while the result with a fixed cone is only known at
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Effects of γ isolation at LHC

• NLO: ~5% reduction, NNLO ~10%, resummed ~ 12%

• NGLs dominate over global contribution since GLs are suppressed 

by powers of R: naive exponentiation (dashed) not appropriate! 
• LL resummation has large scale uncertainty band
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Figure 10. Ratio of the pp ! � +X cross section with isolation to the inclusive one. Left: Ratio
as a function of t (or equivalently ✏�) for E

�
T > 400GeV. Right: Ratio for the ATLAS isolation

criterion (4.14) as a function of E�
T . In both plots we show the resummed result as well as its NLO

and NNLO expansions obtained using the approximation (4.11). The red uncertainty bands are
obtained by scale variations, see text.

which correspond to larger values of t in the figure. Resumming the global logarithms leads

to a much larger e↵ect, which cancels after accounting also for the non-global contribution.

By now there are many papers in the SCET literature which resum observables up to

non-global contributions. This example demonstrates that such estimates of higher-order

terms are not always reliable. In the present example this incomplete resummation leads

to worse predictions than no resummation at all.

Finally, let us analyze photon isolation in hadronic collisions. Of course, in this case

the same caveats apply that we discussed for gaps between jets: a full factorization analysis

for hadronic collisions is not yet available. We will therefore again work in the large-Nc

limit and resum the leading logarithms captured by evolving the hard function from the

scale µh ⇡ E
�

T
down to the soft scale µs ⇡ E

iso

T
. We need to evaluate the PDFs at the hard

scale µf = µh, as explained in the gaps-between-jets case.

The small angular size R of the veto region suppresses higher-order corrections and the

overall e↵ect of the isolation cone is therefore moderate. At the same time, the typical scale

ratios ✏� that arise in experimental measurements can be quite large. We have discussed

in Section 4.1 that the global logarithms scale as ↵n
s R

2n lnn(✏�), while the non-global ones

scale as ↵
n
s R

2 lnn�1(R) lnn(✏�), since they involve only a single gluon in the veto region.

For small R, the non-global logarithms completely dominate the cross section. In order

to verify this, we extract large logarithms up to two-loop from our parton-shower code.

Explicitly, as is shown in [2], the first two coe�cients in the expansion

�(t)/�0 = 1 + S(1)
t+ S(2)

t
2 + . . . (4.15)

in the shower time (2.11) take the form

S(1) =� 4Nc

Z

⌦

3outW
3

12,
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Figure 9. E↵ect of the isolation cut in e
+
e
� ! � + X. The plot shows a comparison of the

resummed result (red line) with the one-loop contribution (orange line) and the global logarithms
(dashed purple line).

For a fixed cone-energy Eiso, the energy integration produces a divergences with an asso-

ciated logarithm, which gets multiplied by the angular area of the cone, in line with the

discussion in Section 4.1. The situation is interesting for isolation cones because the loga-

rithms are typically large (experiments often restrict the isolation energy to a few GeVs),

while the area tends to be small. If we substitute Eiso ! Eiso(�) from (4.8) into (4.12),

we can compute the soft function for the smooth-cone. In the approximation (4.11), we

find that the smooth-cone result is obtained from the fixed cone one-loop result using the

substitution

ln
✏�E�

µ
�! ln

✏�e
�n

E�

µ
. (4.13)

In other words, the smooth-cone isolation is more restrictive than fixed-cone isolation by a

factor en. A computation such as [55] which uses smooth-cone isolation with ✏� = 0.1 and

n = 2, therefore has the same size logarithms as a fixed-cone computation with ✏� = 0.01.

For photon energies of a few hundred GeVs, this indeed matches up with the fixed-cone

isolation criterion

E
iso

T = 4.8GeV + 0.0042ET

� (4.14)

used in the ATLAS analysis [59]. ATLAS uses a cone of R = 0.4 in the rapidity and

azimuthal-angle plane. A particle is considered to be inside the cone (and therefore belongs

to the “out”-region), if �y
2 +��

2
< R

2, where �y is the rapidity di↵erence and �� the

di↵erence of the azimuthal angle between the particle and the photon.

As we discussed in Section 4.1 above, the two-loop non-global and global logarithms

can cancel each other out and for photon isolation results displayed in Figure 9, this e↵ect

is quite pronounced. In this plot we consider e
+
e
� ! � +X with an isolation cone with

half-angle �0 = ⇡/4 and compare the resummed result with the one-loop logarithm and

with the global contribution, which is given by the exponential of the one-loop logarithm.

We observe that higher-order e↵ects are quite small down to relatively low isolation energies
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LL gap fractions compared to ATLAS

• focus on central jets so that gap size is small, but even so ln Q0/Q ~ ∆y not 
very large 

• LO fixed order gives a better description! 
• Note: beyond the large Nc limit Glauber phases induce super-leading 

logarithms Forshaw, Kyrieleis and Seymour ‘06
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Figure 5. The gap fraction as a function of the jet transverse momentum pT (left plot) and the
gap energy Q0 (right plot). The red line shows the LL result for the gap fraction; the error band is
obtained from scale variation. The ATLAS data is plotted in blue.

We choose µf = µh = pT as the central values for the factorization and hard scales,

and set the soft scale to be µs = Q0. A lower value of µf would enhance the gap fraction

and bring our results closer to the ATLAS measurements. However, the high value is

appropriate since the hard anomalous dimension has two parts, a soft contribution related

to non-global logarithms and a collinear part inducing the usual Altarelli-Parisi evolution.

In our shower, we only evolve with the soft part of the anomalous dimension and to avoid

the necessity for additional collinear evolution we have to to evaluate the PDFs at the high

scale.

In our calculations we use NNPDF23LO [44] PDF sets with ↵s(mZ) = 0.130 and use

one-loop running for ↵s. In Figure 5 we show the resummed gap fraction in comparison

with the ATLAS measurements [14]. In the left plot, we keep Q0 = 20GeV fixed and vary

the transverse momentum pT of the jets, while the right plot shows the gap fraction as a

function of Q0 for 210 GeV < pT < 240 GeV. ATLAS has performed measurements for

di↵erent rapidity separations between the jets. We want to avoid collinear enhancements

and focus on fairly central jets, since we do not resum collinear logarithms for the time

being. Specifically, we use 1 < �y < 2 in the left plot and 2 < �y < 3 in the right one.

To estimate the uncertainty of our predictions we vary the scales µh and µs by a factor of

two around their default values µh = pT and µs = Q0. The µs variation is larger, except

at low pT . In the plots we show the envelope of the two variations. We observe that the

results are marginally compatible with the experimental measurements within the fairly

large uncertainty bands, but it is clear that the theoretical description at LL accuracy is

fairly poor. This should be contrasted to the O(↵s) fixed-order result shown in orange

and the result obtained with PYTHIA [45] (solid green line) shown in Figure 6. We will

call the O(↵s) prediction leading order (LO), even though strictly speaking the leading-

order gap fraction is R(pT , Q0) = 1. Neither the fixed-order result nor PYTHIA describe

the ATLAS perfectly, but both yield a better description than the LL result. (In their

paper ATLAS uses POWHEG matched PYTHIA, which agrees with the data well for this
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