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Large-momentum effective theory 
(LaMET)
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ξ± =
t ∓ z

2

ξ− ξ+

q(x, μ) = ∫
dξ−

2π
e−iξ−(xP+)⟨P | ψ̄(ξ−)

γ+

2
W[ξ−,0]ψ(0) |P⟩

q̃(x, Pz, μ) = ∫
dz
2π

eiz(xPz)⟨P | ψ̄(z)
Γ
2

W[z,0]ψ(0) |P⟩

Γ = γz or γt

Light-cone PDF:

Quasi-PDF:

• Ji, PRL110 (2013), SCPMA57 (2014).
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Systematic procedure of 
calculating the PDFs

�4

q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

• X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014); 

• Y.-Q. Ma and J. Qiu, PRD98 (2018), PRL 120 (2018); 

• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 (2018).
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1. Simulation of the quasi 
PDF in lattice QCD	

• X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014); 

• Y.-Q. Ma and J. Qiu, PRD98 (2018), PRL 120 (2018); 

• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 (2018).
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Systematic procedure of 
calculating the PDFs
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q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

2. Renormalization of the 
lattice quasi PDF, and then 
taking the continuum limit	

Nonperturbative renormalization on the lattice: 

• I. Stewart and Y.Z., PRD97 (2018); 
• J.-W. Chen, Y.Z. et al., LP3 Collaboration, PRD97 (2018). 

• Constantinou and Panagopoulos, PRD96 (2017);  
• C. Alexandrou et al., ETM Collaboration, NPB923 (2017).
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Systematic procedure of 
calculating the PDFs
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q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

• O Nachtmann, NPB63 (1973);  
• J.W. Chen et al. (LP3), NPB911 (2016).

3. Subtraction of power 
corrections	

Renormalon contribution to the power correction: 

Braun, Vladimirov, and Zhang, PRD99 (2019).

q(x) ⋅ O (
Λ2

QCD

x2(1 − x)P2
z )
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Systematic procedure of 
calculating the PDFs
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q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

4. Matching to the PDF.	

• Matching for the quasi-PDF: 
• X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014); 
• I. Stewart and Y.Z., PRD97 (2018); 
• Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1807.06566; 
• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 

(2018); 
• Y.-S. Liu, Y.Z. et al., arXiv:1810.10879; 
• Y.Z., Int.J.Mod.Phys. A33 (2019); 
• C. Alexandrou et al. (ETMC), arXiv:1902.00587.

• The gluon case: 
• W. Wang, S. Zhao, and R. Zhu, EPJC 78 (2018); 
• W. Wang and S. Zhao, JHEP 05 (2018); 
• W. Wang, J.-H. Zhang, S. Zhao, and R. Zhu, arXiv:

1904.00978.
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Systematic procedure of 
calculating the PDFs
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4. Matching to the PDF.	

• Matching for the quasi-PDF: 
• X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014); 
• I. Stewart and Y.Z., PRD97 (2018); 
• Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1807.06566; 
• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 

(2018); 
• Y.-S. Liu, Y.Z. et al., arXiv:1810.10879; 
• Y.Z., Int.J.Mod.Phys. A33 (2019); 
• C. Alexandrou et al. (ETMC), arXiv:1902.00587.

5. Extract q(y)

• The gluon case: 
• W. Wang, S. Zhao, and R. Zhu, EPJC 78 (2018); 
• W. Wang and S. Zhao, JHEP 05 (2018); 
• W. Wang, J.-H. Zhang, S. Zhao, and R. Zhu, arXiv:

1904.00978.
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Renormalization of the Wilson-
line operator

Multiplicative renormalizability in coordinate space:
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Õ(z, μ) = Z−1
j1 Z−1

j2 e−δm|z|Õ(z, ϵ)

• X. Ji, J.-H. Zhang, and Y.Z., PRL120 (2018);  
• J. Green et al., PRL121 (2018);  
• T. Ishikawa, Y.-Q. Ma, J. Qiu, S. Yoshida, PRD96 (2017). 

Gluon case: 
• Zhang et al., PRL 122 (2019);  
• Li et al., PRL122 (2019);

• 𝛿m renormalizes linear divergence in 
Wilson line self energy (under a gauge  
invariant UV regularization); 

• Zj renormalizes logarithmic 
divergences.
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Renormalization on lattice
• Lattice perturbation theory; 

• Static quark-antiquark potential; 

• Smeared quasi-PDF in the gradient flow method; 

• Regularization-independent momentum subtraction (RI/
MOM) scheme; 

• Reduced Ioffe-time distribution.
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• C. Monahan and K. Orginos, JHEP 1703 (2017); 
• C. Monahan, PRD 97 (2018)

• B. Musch et al., PRD 83 (2011); 
• Ishikawa, Ma, Qiu and Yoshida, arXiv:1609.02018; 
• J.-H. Zhang et al. (LP3), PRD 95 (2017).

• Xiong, Luu, and Meißner, arXiv:1705.00246; 
• Ishikawa, Ma, Qiu and Yoshida, arXiv:1609.02018; 
• Constantinou and Panagopoulos, PRD96 (2017); 

A. Radyushkin, PRD96 (2017); K. Orginos et al., PRD96 (2017).

• can be regarded as a nonperturbative renormalization at short distances.

• I. Stewart and Y.Z., PRD97 (2018); 
• J.-W. Chen, Y.Z. et al., LP3 Collaboration, PRD97 (2018). 
• Constantinou and Panagopoulos, PRD96 (2017);  
• C. Alexandrou et al., ETM Collaboration, NPB923 (2017).
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RI/MOM Scheme
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G(z, p) = ∑
x

⟨γ5S†(p, z + x)γ5U(z + x, x)
Γ
2

S(p, x)⟩Green’s function:

Λ(z, p) = (γ5 [S−1(p)]†) G(z, p)S−1(p)Amputated Green’s function 
(or vertex function):

Momentum subtraction 
condition:

Z−1
𝒪 (z, pR

z , μR) G(z, p)
pμ=pR

μ

= Gtree(z, p) = eip⋅zΓ

Z−1
𝒪 (z, pR

z , μR)Zq(μR) G(z, p)
pμ=pR

μ

= Gtree(z, p) , Zq(μR) =
1
12

Tr [S−1(p)Stree(p)]
p2=μ2

R
• Constantinou and Panagopoulos, PRD96 (2017);  
• C. Alexandrou et al., ETM Collaboration, NPB923 (2017).RI/MOM’:

• I. Stewart and Y.Z., PRD97 (2018); 
• J.-W. Chen, Y.Z. et al., LP3 Collaboration, PRD97 (2018).

RI/MOM:

In continuum theoy, there is no difference at one-loop order in the Landau gauge, 
because the quark wavefunction renormalization is zero.
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Choice of projection operator
• Parametrization of amputated Green’s functions:

�11

Λγt(z, p) = F̃tγt + F̃z
ptγz

pz
+ F̃p/

pt p/
p2

Λγz(z, p) = F̃zγz + F̃p/
pzp/
p2

• Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1807.06566.

• Red terms which are proportional to the tree-level Green’s functions 
include all the UV divergences; 

• Choice of projection must include the red terms.

Tr [Λγt(z, p)Pmp] = F̃t

Tr [Λγt(z, p)p/]/(4pt) = F̃t + F̃z + F̃p/

Tr [Λγt(z, p)γt]/4 = F̃t + F̃p/
p2

t

p2

Minimal projection:

P-slash projection:

γt projection:
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Operator mixing on lattice
• Due to chiral symmetry breaking, the vector-like nonlocal 

Wilson-line operator could also mix with the scalar 
operator

�12

ψ̄(z)1P exp[ − ig∫
z
dz′ �Az(z′�)]ψ(0)

• For Γ=γz, mixing starts at O(a1); 

• For Γ=γt, mixing starts at O(a0).

• Constantinou and Panagopoulos, PRD96 (2017);  
• J. Green et al., PRL121 (2018);  
• J. W. Chen et al. (LP3), arXiv:1710.01089.
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Outline
• Renormalization 

• Renormalizability of the quasi-PDF 
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Regularization-independence 
in the renormalized quasi-PDF

• Continuum limit of the renormalized matrix element: 

• Regularization-independence allows the matching to be 
done in continuum perturbation theory (with dimensional 
regularization.)

�14

lim
a→0

⟨P | Õ(z, a) |P⟩
Z𝒪(z, pR

μ , μR, a)
=

⟨P | Õ(z, ϵ) |P⟩
Z𝒪(z, pR

μ , μR, ϵ)

D = 4 − 2ϵ
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Two matching strategies
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⟨P | Õ(z, ϵ) |P⟩
Z𝒪(z, pR

μ , μR, ϵ)

q̃(x, Pz, μR, pR
z )

×
Z𝒪(z, pR

z , μR, ϵ)
ZMS

𝒪 (ϵ, μ)
=

⟨P | Õ(z, ϵ) |P⟩
ZMS

𝒪 (ϵ, μ)

q̃(x, Pz, μ)

q̃(x, μ)

F.T.

F.T.

Matching
Matching

• I. Stewart and Y.Z., PRD97 (2018); 
• J.-W. Chen, Y.Z. et al., LP3 Collaboration, PRD97 (2018).

• Constantinou and Panagopoulos, PRD96 (2017);  
• C. Alexandrou et al., ETM Collaboration, NPB923 (2017).
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One-step matching
• Matching formula: 

• Matching kernel:

�16

q̃(x, Pz, μR, pR
z ) = ∫

1

−1

dy
|y |

C ( x
y

, r,
yPz

μ
,

yPz

pR
z ) q(y, μ) + O(1/P2

z )

r =
μ2

R

(pR
z )2

C (ξ, r,
pz

μ
,

pz

pR
z ) = δ(1 − ξ) +

αsCF

2π
CB (ξ,

pz

μ ) −
pz

pR
z

h (1 +
pz

pR
z

(ξ − 1), r)
(−∞,∞)

+
ξ =

x
y

, pz = yPz

[f(x)](−∞,∞)
+

= f(x) − δ(x − 1)∫
∞

−∞
dy f(y)

😄Formally satisfying vector current (or particle number conservation): ∫
∞

−∞
dξ C(ξ) = 1

• I. Stewart and Y.Z., PRD97 (2018);

Renormalization scale dependence to be cancelled in the final result, 
making systematics analysis more complicated.

😒
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One-step matching
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[CB (ξ,
pz

μ )]
−∞,∞

+

=

2

where we made a change of variable in the second “=” to extract the common factor �(x � y) � �(x � 1) to express

the quasi-PDF as a plus function defined for �1 < x < 1. This plus function can be defined with two aribitrary

functions f(x) and g(x) as

Z 1

�1
dx

⇥
f(x)

⇤(�1,1)

+
g(x) =

Z 1

�1
dx f(x)

⇥
g(x)� g(1)

⇤
.

We are allowed to make this change of variable because all integrals are rendered convergent with finite ✏ and the plus

function.

Note that the UV divergences eventually cancel out between the bare and counter-terms in the last second line of

Eq. (35), so we can simply take ✏ = 0 in h0(x, ✏, ⇢) and h(x, ✏, rR), which are exactly the h0(x, ⇢) and h(x, rR) that

we have derived.

Following the correction to Eq. (35), we should also make the following changes:

q̃(1)
OM

(x, pz, pzR, µR) =
↵sCF

2⇡
(4⇣)


h0(x, ⇢)� |⌘|h

�
1 + ⌘(x� 1), rR

��(�1,1)

+

. (37)

[YZ: Eqs.(36-37) seem to be redundant now since there is not much simplification when we write down the explicit

expression of the renormalized quasi-PDF.]

COM

✓
⇠,

µR

pzR
,
µ

pz
,
pz

pzR

◆
� �(1� ⇠)

=
↵sCF

2⇡

8
>>>>>>>>><

>>>>>>>>>:


1 + ⇠2

1� ⇠
ln

⇠

⇠ � 1
+ 1

�

�
⇠ > 1


1 + ⇠2

1� ⇠
ln

4(pz)2

µ2
+

1 + ⇠2

1� ⇠
ln
⇥
⇠(1� ⇠)

⇤
+ (2� ⇠)� 2⇠

1� ⇠

�

+

0 < ⇠ < 1


1 + ⇠2

1� ⇠
ln

⇠ � 1

⇠
� 1

�

 
⇠ < 0

� ↵sCF

2⇡


|⌘|h

�
1 + ⌘(⇠ � 1), rR

��(�1,1)

+

. (40)

�q̃OM

⌧ (x, pz, pzR, µR) =
↵sCF

2⇡
(4⇣)


(1� ⌧)

1� 2x

2(1� x)
✓(x)✓(1� x)� (1� ⌧)|⌘|�h⌧ (1 + ⌘(x� 1), rR)

�(�1,1)

+

, (43)

and �h⌧ (x, rR) in Eq. (44) included a sign mistake which should be corrected as

�h⌧ (x, rR) ⌘

8
>>>>>>><

>>>>>>>:

� (1� 2x) r2R
2(1� x) [rR + 4x(x� 1)]

2
x > 1

1� 2x

2(1� x)
0 < x < 1

(1� 2x) r2R
2(1� x) [rR + 4x(x� 1)]

2
x < 0

. (44)

COM

⌧

✓
⇠,

µR

pzR
,
µ

pz
,
pz

pzR

◆
= COM

✓
⇠,

µR

pzR
,
µ

pz
,
pz

pzR

◆
+

↵sCF

2⇡

h
(1� ⌧)|⌘|�h⌧ (1 + ⌘(x� 1), rR)

i(�1,1)

+

. (46)

6

p

k k

p

z

q̃
(1)

vertex(z)

p

k

p

z

p

k

p

z

q̃
(1)

sail(z)

p p

z

q̃
(1)

tadpole(z)

FIG. 1. One-loop Feynman diagrams for the quasi-PDF. The standard quark self energy wavefunction renormalization is also
included, and denoted q̃(1)

w.fn.(z).

For example, carrying out the z
0 integral gives

q̃
(1)

vertex
(z, pz, ✏,�p

2) + q̃
(1)

w.fn.
(z, pz, ✏,�p

2) = ⇣ p
z

Z 1

�1
dx e

�ixpzz Tr


/p

Z
d
d
k

(2⇡)d
(�igT

a
�
µ)

i

/k
�
z i

/k
(�igT

a
�
⌫)

�igµ⌫

(p� k)2

�

⇥

h
�(kz � xp

z)� �(pz � xp
z)
i
, (22)

where the di↵erence of �-functions makes it clear that this contribution vanishes in the local limit z = 0. The
analogous results for q̃(1)

sail
(z, pz, ✏) and q̃

(1)

tadpole
(z, pz, ✏) each also contain the same [�(kz � xp

z) � �(pz � xp
z)] factor.

For all contributions we therefore can write

p
z

Z
dk

z

Z 1

�1
dx e

�ixpzz
h
�(kz � xp

z)� �(pz � xp
z)
i
= p

z

Z 1

�1
dx

h
e
�ixpzz

� e
�ipzz

i Z
dk

z
�(kz � xp

z) , (23)

and use the �(kz � xp
z) to perform the loop integral over kz. When evaluating the loop integrals in Eq. (18), we find

that for finite x they are all UV finite and regular as ✏ ! 0. Only the vertex plus wavefunction contribution is UV
divergent as x ! ±1, but for the RI/MOM scheme these divergences are removed by the counterterm contribution,
and hence we can still carry out the calculation with ✏ = 0. We denote the bare contributions in this limit by
q̃(z, pz, 0, p2) where the p

2 has been added to indicate the IR regulator. In carrying out the required integrals the
following results are useful

Z
1

0

dy
1

[(x� y)2 + y(1� y)⇢]1/2
=

1
p
1� ⇢

ln

✓
1� x� ⇢/2 +

p
1� ⇢|1� x|

�x+ ⇢/2 +
p
1� ⇢|x|

◆
, (24)

Z
1

0

dy
(1� y)

[(x� y)2 + y(1� y)⇢]3/2
=

2

⇢|x|

(⇢� 2|x||1� x|� 2x(1� x)

⇢� 4x(1� x)
.

We find that the sum of one-loop contributions, q̃(1) = q̃
(1)

vertex
+ q̃

(1)

w.fn. + q̃
(1)

sail
+ q̃

(1)

tadpole
, for the bare quasi-PDF in

Feynman gauge is

q̃
(1)(z, pz, 0,�p

2) =
↵sCF

2⇡
(4pz⇣)

Z 1

�1
dx

⇣
e
�ixpzz

� e
�ipzz

⌘
h(x, ⇢) , (25)

where

h(x, ⇢) ⌘

8
>>>>>>><

>>>>>>>:

1
p
1� ⇢


1 + x

2

1� x
�

⇢

2(1� x)

�
ln

2x� 1 +
p
1� ⇢

2x� 1�
p
1� ⇢

�
⇢

4x(x� 1) + ⇢
+ 1 x > 1

1
p
1� ⇢


1 + x

2

1� x
�

⇢

2(1� x)

�
ln

1 +
p
1� ⇢

1�
p
1� ⇢

�
2x

1� x
0 < x < 1

1
p
1� ⇢


1 + x

2

1� x
�

⇢

2(1� x)

�
ln

2x� 1�
p
1� ⇢

2x� 1 +
p
1� ⇢

+
⇢

4x(x� 1) + ⇢
� 1 x < 0

, (26)

and we have defined

⇢ ⌘
(�p

2
� i")

p2z

, (27)

where the �i" allows us to easily analytically continue

For Γ = γz, Feynman Gauge • I. Stewart and Y.Z., PRD97 (2018);
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Well-behaving matching kernel

�18

C (ξ, r,
pz

μ
,

pz

pR
z ) = δ(1 − ξ) +

αsCF

2π
CB (ξ,

pz

μ ) −
pz

pR
z

h (1 +
pz

pR
z

(ξ − 1), r)
(−∞,∞)

+

Asymptotic region:

lim
ξ→∞

CB (ξ,
pz

μ ) = −
3

2 |ξ |
lim
ξ→∞

pz

pR
z

h (1 +
pz

pR
z

(ξ − 1), r) = −
3

2 |ξ |

lim
ξ→∞

CB (ξ,
pz

μ ) −
pz

pR
z

h (1 +
pz

pR
z

(ξ − 1), r) ∼
1
ξ2

∫
∞

−∞
dξ′� CB (ξ′�,

pz

μ ) −
pz

pR
z

h (1 +
pz

pR
z

(ξ′�− 1), r) = UV finite

Singularity at ξ=1is regulated by plus function.
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Two-step matching
• Scheme conversion: 

• Matching in the MSbar scheme:

�19

C(z, pR
z , μR, μ) =

Z𝒪(z, pR
z , μR, ϵ)

ZMS
𝒪 (ϵ, μ)

• Constantinou and Panagopoulos, PRD96 (2017)

q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 (2018)

Renormalization scale dependence to be cancelled in the first step, 
useful for the systematics analysis.
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Two-step matching

�20

compactly in terms of the quantities F1(q̄, z) - F5(q̄, z) and G1(q̄, z) - G5(q̄, z), which are integrals over
modified Bessel functions of the second kind, Kn. These integrals are presented in Eqs. (62)-(71) of
Appendix A. Just as in the example of Eq. (25), the conversion factors depend on the dimensionless
quantities zq̄ and q̄/µ̄. The RI’ and MS renormalization scales (q̄ and µ̄, respectively) have been left
independent.

The Green’s functions of operators with a Wilson line are complex, a property which is also valid for
the non-perturbative matrix elements between nucleon states (see, e.g. Ref. [5]); this is also propagated
to the conversion factor, as can be seen in the following equations.

CS(P ) = 1�
g2 Cf

16⇡2

 
�7�4�E+ log(16)� 8F2 + 2q̄|z|(F4 � 2F5) + (� � 4) log

✓
µ̄2

q̄2

◆
� (� + 2) log(q̄2z2)

+�
h
3�2�E+ log(4)� 2F1 � q̄2z2

✓
F1�F2

2
� F3

◆
� 2

�
q̄2µ + q̄2

�
G3 + q̄|z|F4

i

+i

(
4q̄µ
⇣
z(�F1+F2+F3)+G1

⌘
+ �q̄µ

h
� 2(G1�G2) + q̄

⇣
2(G4�2G5) + z|z|F5

⌘i)!
(34)

CV1(A1) = 1�
g2 Cf

16⇡2

 
�7�4�E+ log(16)+

4|z|
��
q̄2+q̄2µ

�
F5�q̄2F4

�

q̄
+4F2+(��4) log

✓
µ̄2

q̄2

◆
�(�+2) log(q̄2z2)

+�
h
3�2�E+ log(4)�

2q̄2µ|z|

q̄
F4�2F1+z2

✓
q̄2µ(F3�F1+F2)+q̄2

F1�F2

2

◆
�2
�
q̄2+q̄2µ

�
G3

i

+i

(
4q̄µ(2z(F1�F2�F3)+G1)+�q̄µ

h
q̄(z|z|F5+2(G4�2G5))�2G1+2G2

i)!
(35)

CV⌫(A⌫) = 1�
g2 Cf

16⇡2

 
�7�4�E+ log(16) + 4F2 +

4q̄2⌫ |z|

q̄
F5 + (� � 4) log

✓
µ̄2

q̄2

◆
� (� + 2) log(q̄2z2)

+�
h
3�2�E+ log(4)�2

✓
q̄2⌫ |z|

q̄
F4+

�
q̄2+q̄2µ

�
G3

◆
�2F1+z2

✓
q̄2
✓
F3�

F1�F2

2

◆
+q̄2⌫(F1�F2�F3)

◆i

+i

(
4q̄µG1 + �q̄µ

h
q̄(z|z|F5 + 2(G4 � 2G5))� 2G1 + 2G2

i)!
(36)

CT = 1�
g2 Cf

16⇡2

 
�7�4�E+ log(16)+8F2�2q̄|z|(F4�2F5)+(��4) log

✓
µ̄2

q̄2

◆
�(�+2) log(q̄2z2)

+�
h
3�2�E+ log(4)�q̄|z|F4�2F1+z2

✓
(F3�F1+F2)

�
q̄2µ+q̄2⌫

�
+q̄2

F1�F2

2

◆
�2
�
q̄2+q̄2µ

�
G3

i

+i

(
4q̄µ(z(F1�F2�F3)+G1)+�q̄µ

h
q̄(z|z|F5+2(G4�2G5))�2G1+2G2

i)!
, (37)

where q⌘
p

q2.
In Appendix B we present the MS-renormalized Green’s functions for each Wilson line operator.

Starting from these Green’s functions, the conversion factors Eqs. (34)-(37) can be derived in a straight-
forward manner, but have been included for ease of reference.

Note that for a scale of the form (q̄, 0, 0, 0) the one-loop Green’s functions are a multiple of the
tree-level value of the operator under consideration. The conversion factors take the form:

C� = 1 +
g2 Cf

16⇡2

 
(4� �) log

✓
µ̄2

q̄2

◆
+ (� � 1) + F�(q̄z)

!
, (38)

where F�(q̄z) are defined in Eqs. (50) - (54).
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Again this result is independent of the IR regulator as it must be. Here the plus function terms
⇥
g1(⇠)

⇤[1,1]

+(1)
and

⇥
g2(⇠)

⇤[�1,0]

+(1)
have integrands that converge for ⇠ ! ±1, behaving as gi(⇠) ⇠ 1/⇠2. Note that if we had instead use

the renormalized MS quasi-PDF calculated in Eq. (56), we will obtain a di↵erent matching coe�cient C with di↵erent
�-functions at ⇠ = ±1. However, the �-functions do not contribute to the convolution integral in Eq. (27) for any
integrable PDFs. For example, to carry out the convolution with 1/⇠2�+(1/⇠) we can use �+

�
1

⇠

�
= lim�!0+ �

�
1

⇠ ��
�
,

which when plugged into the factorization formula gives

lim
�!0+

Z
dy

|y|

y2

x2
�
⇣y
x
� �

⌘
fu�d(y) = lim

�!0+
�fu�d(�x) . (66)

For the plus-function at 1 using Eqs. (C9) and (C3) we have

Z
+1

�1

dy

|y|


1

(x/y)

�[1,1]

+(1)

fu�d(y) = lim
�!0+

Z
+1

�1

dy

|y|


✓(x/y � �)

x/y
+

y2

x2
�
⇣y
x
� �

⌘
ln�

�
fu�d(y)

=

Z
+1

�1

dy

x

y

|y|
fu�d(y) + lim

�!0+
�fu�d(�x) ln� .

In the last line we dropped the ✓(x/y � �) since at small y our PDF behaves as fu�d(y) ⇠ y�1+a with 0 < a < 1.
This also implies

lim
�!0

�fu�d(�x) / x�1+a lim
�!0

�a = 0 ,

lim
�!0

�fu�d(�x) ln� / x�1+a lim
�!0

�a ln� = 0 , (67)

which means that the distribution contributions evaluated at ⇠ = ±1 in the matching coe�cient C give zero contri-
bution.

Therefore, the matching coe�cients calculated from the quasi-PDFs in Eq. (56) and Eq. (58) are the same in e↵ect,
and we can simply drop all the �-functions at ⇠ = ±1 when plugging them into the factorization formula:

CMS

✓
⇠,

µ

|y|P z

◆
= � (1� ⇠) +

↵sCF

2⇡

8
>>>>>>>>><

>>>>>>>>>:

✓
1 + ⇠2

1� ⇠
ln

⇠

⇠ � 1
+ 1 +

3

2⇠

◆[1,1]

+(1)

�
3

2⇠
⇠ > 1

✓
1 + ⇠2

1� ⇠


� ln

µ2

y2P 2
z

+ ln
�
4⇠(1� ⇠)

��
�

⇠(1 + ⇠)

1� ⇠

◆[0,1]

+(1)

0 < ⇠ < 1

✓
�
1 + ⇠2

1� ⇠
ln

�⇠

1� ⇠
� 1 +

3

2(1� ⇠)

◆[�1,0]

+(1)

�
3

2(1� ⇠)
⇠ < 0

+
↵sCF

2⇡
�(1� ⇠)

✓
3

2
ln

µ2

4y2P 2
z

+
5

2

◆
. (68)

The use of Eq. (68) in the factorization formula is valid for any PDF that behaves as limy!0 f(y, µ) ⇠ y�1+a with
a > 0. We have also computed the matching coe�cient for the � = �z case, and it is given by C�z (⇠, µ/(|y|P z)) =
C(⇠, µ/(|y|P z)) +�C�z (⇠, µ/(|y|P z)) with

�C�z (⇠, µ/(|y|P z)) =
↵sCF

2⇡
2(1� ⇠) ✓(⇠)✓(1� ⇠) . (69)

Note that our result for the quark matching coe�cient in MS di↵ers from that of Ref. [27] which is a pure plus
function, but gives a convolution that does not converge, just as in the case of the quasi-PDF with a transverse
momentum cuto↵, see Ref. [26].

Since the renormalized pseudo-PDF and quasi-PDF satisfy the relation in Eq. (33) by definition, C (⇠, µ/(|y|P z))
and C(↵, z2µ2) that are given by Eqs. (62, 65) automatically satisfy the relation in Eq. (34).

Besides, if one uses a scheme other than MS for the quasi-PDF, such as the scheme obtained by absorbing C0

into the MS renormalization constant, then this will lead to a result for the matching coe�cient that is a pure plus
function and hence satisfies current conservation. Starting with Eq. (65) and using Eq. (37) together with Eq. (59)

• Constantinou and Panagopoulos, PRD96 (2017)

• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 (2018)
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compactly in terms of the quantities F1(q̄, z) - F5(q̄, z) and G1(q̄, z) - G5(q̄, z), which are integrals over
modified Bessel functions of the second kind, Kn. These integrals are presented in Eqs. (62)-(71) of
Appendix A. Just as in the example of Eq. (25), the conversion factors depend on the dimensionless
quantities zq̄ and q̄/µ̄. The RI’ and MS renormalization scales (q̄ and µ̄, respectively) have been left
independent.

The Green’s functions of operators with a Wilson line are complex, a property which is also valid for
the non-perturbative matrix elements between nucleon states (see, e.g. Ref. [5]); this is also propagated
to the conversion factor, as can be seen in the following equations.

CS(P ) = 1�
g2 Cf

16⇡2

 
�7�4�E+ log(16)� 8F2 + 2q̄|z|(F4 � 2F5) + (� � 4) log

✓
µ̄2

q̄2

◆
� (� + 2) log(q̄2z2)

+�
h
3�2�E+ log(4)� 2F1 � q̄2z2

✓
F1�F2

2
� F3

◆
� 2

�
q̄2µ + q̄2

�
G3 + q̄|z|F4

i

+i

(
4q̄µ
⇣
z(�F1+F2+F3)+G1

⌘
+ �q̄µ

h
� 2(G1�G2) + q̄

⇣
2(G4�2G5) + z|z|F5

⌘i)!
(34)

CV1(A1) = 1�
g2 Cf

16⇡2

 
�7�4�E+ log(16)+

4|z|
��
q̄2+q̄2µ

�
F5�q̄2F4

�

q̄
+4F2+(��4) log

✓
µ̄2

q̄2

◆
�(�+2) log(q̄2z2)

+�
h
3�2�E+ log(4)�

2q̄2µ|z|

q̄
F4�2F1+z2

✓
q̄2µ(F3�F1+F2)+q̄2

F1�F2

2

◆
�2
�
q̄2+q̄2µ

�
G3

i

+i

(
4q̄µ(2z(F1�F2�F3)+G1)+�q̄µ

h
q̄(z|z|F5+2(G4�2G5))�2G1+2G2

i)!
(35)

CV⌫(A⌫) = 1�
g2 Cf

16⇡2

 
�7�4�E+ log(16) + 4F2 +

4q̄2⌫ |z|

q̄
F5 + (� � 4) log

✓
µ̄2

q̄2

◆
� (� + 2) log(q̄2z2)

+�
h
3�2�E+ log(4)�2

✓
q̄2⌫ |z|

q̄
F4+

�
q̄2+q̄2µ

�
G3

◆
�2F1+z2

✓
q̄2
✓
F3�

F1�F2

2

◆
+q̄2⌫(F1�F2�F3)

◆i

+i

(
4q̄µG1 + �q̄µ

h
q̄(z|z|F5 + 2(G4 � 2G5))� 2G1 + 2G2

i)!
(36)

CT = 1�
g2 Cf

16⇡2

 
�7�4�E+ log(16)+8F2�2q̄|z|(F4�2F5)+(��4) log

✓
µ̄2

q̄2

◆
�(�+2) log(q̄2z2)

+�
h
3�2�E+ log(4)�q̄|z|F4�2F1+z2
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�
+q̄2
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2

◆
�2
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q̄2+q̄2µ
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G3

i

+i

(
4q̄µ(z(F1�F2�F3)+G1)+�q̄µ

h
q̄(z|z|F5+2(G4�2G5))�2G1+2G2

i)!
, (37)

where q⌘
p

q2.
In Appendix B we present the MS-renormalized Green’s functions for each Wilson line operator.

Starting from these Green’s functions, the conversion factors Eqs. (34)-(37) can be derived in a straight-
forward manner, but have been included for ease of reference.

Note that for a scale of the form (q̄, 0, 0, 0) the one-loop Green’s functions are a multiple of the
tree-level value of the operator under consideration. The conversion factors take the form:

C� = 1 +
g2 Cf

16⇡2

 
(4� �) log

✓
µ̄2

q̄2

◆
+ (� � 1) + F�(q̄z)

!
, (38)

where F�(q̄z) are defined in Eqs. (50) - (54).
9

lim
z→0

C(z, pR
z , μR, μ) = 1 +

αsCF

2π [ 3
2

ln
μ2z2e2γE

4
+

5
2 ]

For minimal projection

• Independent of         and         ! 
• Gauge-invariant, but the constant part depends on the quark wave function 

renormalization scheme; 
• Breaks down vector current conservation in the MSbar quasi-PDF; 
• Logarithmic divergence in the local limit could be an issue when 

implemented numerically.

pR
z μR
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12

Again this result is independent of the IR regulator as it must be. Here the plus function terms
⇥
g1(⇠)

⇤[1,1]

+(1)
and

⇥
g2(⇠)

⇤[�1,0]

+(1)
have integrands that converge for ⇠ ! ±1, behaving as gi(⇠) ⇠ 1/⇠2. Note that if we had instead use

the renormalized MS quasi-PDF calculated in Eq. (56), we will obtain a di↵erent matching coe�cient C with di↵erent
�-functions at ⇠ = ±1. However, the �-functions do not contribute to the convolution integral in Eq. (27) for any
integrable PDFs. For example, to carry out the convolution with 1/⇠2�+(1/⇠) we can use �+

�
1

⇠

�
= lim�!0+ �

�
1

⇠ ��
�
,

which when plugged into the factorization formula gives

lim
�!0+

Z
dy

|y|

y2

x2
�
⇣y
x
� �

⌘
fu�d(y) = lim

�!0+
�fu�d(�x) . (66)

For the plus-function at 1 using Eqs. (C9) and (C3) we have

Z
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|y|


1

(x/y)
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Z
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|y|


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+

y2

x2
�
⇣y
x
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fu�d(y)

=

Z
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�1
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x

y

|y|
fu�d(y) + lim

�!0+
�fu�d(�x) ln� .

In the last line we dropped the ✓(x/y � �) since at small y our PDF behaves as fu�d(y) ⇠ y�1+a with 0 < a < 1.
This also implies

lim
�!0

�fu�d(�x) / x�1+a lim
�!0

�a = 0 ,

lim
�!0

�fu�d(�x) ln� / x�1+a lim
�!0

�a ln� = 0 , (67)

which means that the distribution contributions evaluated at ⇠ = ±1 in the matching coe�cient C give zero contri-
bution.

Therefore, the matching coe�cients calculated from the quasi-PDFs in Eq. (56) and Eq. (58) are the same in e↵ect,
and we can simply drop all the �-functions at ⇠ = ±1 when plugging them into the factorization formula:
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. (68)

The use of Eq. (68) in the factorization formula is valid for any PDF that behaves as limy!0 f(y, µ) ⇠ y�1+a with
a > 0. We have also computed the matching coe�cient for the � = �z case, and it is given by C�z (⇠, µ/(|y|P z)) =
C(⇠, µ/(|y|P z)) +�C�z (⇠, µ/(|y|P z)) with

�C�z (⇠, µ/(|y|P z)) =
↵sCF

2⇡
2(1� ⇠) ✓(⇠)✓(1� ⇠) . (69)

Note that our result for the quark matching coe�cient in MS di↵ers from that of Ref. [27] which is a pure plus
function, but gives a convolution that does not converge, just as in the case of the quasi-PDF with a transverse
momentum cuto↵, see Ref. [26].

Since the renormalized pseudo-PDF and quasi-PDF satisfy the relation in Eq. (33) by definition, C (⇠, µ/(|y|P z))
and C(↵, z2µ2) that are given by Eqs. (62, 65) automatically satisfy the relation in Eq. (34).

Besides, if one uses a scheme other than MS for the quasi-PDF, such as the scheme obtained by absorbing C0

into the MS renormalization constant, then this will lead to a result for the matching coe�cient that is a pure plus
function and hence satisfies current conservation. Starting with Eq. (65) and using Eq. (37) together with Eq. (59)

• Breaks down vector current conservation; 

• This effect could cancel that from the scheme conversion so that the final 
PDF satisfies vector current conservation. However, such cancellation is 
nontrivial when implemented numerically.
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Cratio(z, pR
z , μR, μ) =

C(z, pR
z , μR, μ)

1 + αsCF

2π [ 3
2 ln μ2z2e2γE

4 + 5
2 ]

lim
z→0

C(z, pR
z , μR, μ) = 1

13

we obtain
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,

(70)

and for the � = �z case,

�Cratio

�z (⇠, µ/(|y|P z)) =
↵sCF

2⇡

⇥
2(1� ⇠)

⇤[0,1]
+(1)

. (71)

While retaining current conservation in the renormalized quasi-PDF, Eq. (70) can be used for example as input to
the two-step matching procedure in the lattice calculation of PDF in Refs. [33]. For the matching step, an equivalent
procedure is to study the ratio given in Eq. (38) in the MS scheme from the start, as advocated in Ref. [39, 62],
performing its matching onto the PDF, which will yield Eq. (70). This concludes our discussion of matching results
and the equivalence between the quasi-PDF and pseudo-PDF at one-loop order.

IV. OTHER RENORMALIZATION SCHEMES

Although we derive the above matching formula as-
suming that the quasi-PDF is renormalized in the MS
scheme, this is not a limitation to our result. Since
the gauge-invariant Wilson line operator Õ�(z) has been
proven to be multiplicatively renormalizable in the co-
ordinate space [52, 53], one can convert Q̃�(z) from
any other scheme to the MS scheme before using the
above factorization formula. The renormalization of
the quasi-PDF has been studied in many recent pa-
pers [26, 28, 33, 34, 54–56, 64–66]. We will discuss some
of these results and show how they can be incorporated
into the factorization formula in Eq. (27).

The MS scheme is convenient for our discussion of the
OPE as it guarantees Lorentz and gauge invariances, but
it is not practical for lattice renormalization. Since the
lattice theory has a natural UV cut-o↵ 1/a with a being
the lattice spacing, the unrenormalized spatial correlator
Q̃ inherits the power divergence from the Wilson line self-
energy according to Eq. (13). For an arbitrary scheme
X, the renormalized spatial correlator

Q̃X(⇣, z2µ2

R) = lim
a!0

Z�1

X (z2µ2

R, a
2µ2

R) Q̃(⇣, z2/a2) (72)

should be free of all the UV divergences and have a well-
defined continuum limit as a ! 0. This continuum limit,
in particular, is independent of the UV regulator, so

lim
a!0

Z�1

X (z2µ2

R, a
2µ2

R)Q̃(⇣, z2/a2)

= Z�1

X (z2µ2

R, ✏)Q̃(⇣, z2, ✏) . (73)

As a result, we can relate Q̃X(⇣, z2µ2

R) to the MS scheme

by the conversion

Q̃X(⇣, z2µ2

R) =
Z
MS

(✏, µ)

ZX(z2µ2

R, ✏)
Q̃MS(⇣, z2µ2)

=Z 0
X(z2µ2

R, µ
2

R/µ
2) Q̃MS(⇣, z2µ2) , (74)

where the regulator ✏ dependence is completely canceled
out between Z

MS
and ZX . The ratio Z 0

X can be calcu-
lated perturbatively in QCD, which was done in [56] for
several lattice schemes and the RI/MOM scheme. Thus
the factorization formula we have proven in Sec. II still
applies to Q̃X with a slight modification to the coe�cient
function,

Q̃X(⇣, z2µ2

R) =

Z
1

�1

d↵ C
X(↵, µ2

R/µ
2, µ2z2)Q(↵⇣, µ) ,

(75)

where the matching coe�cient for the schemeX is related
to that of MS by

C
X(↵, µ2

R/µ
2, µ2z2) = Z 0

X(z2µ2

R, µ
2

R/µ
2) C(↵, µ2z2) .

(76)

For the pseudo-PDF the modified result also involves this
same coe�cient

P
X(x, z2µ2

R) =

Z
1

|x|

dy

|y|
C
X
⇣x
y
,
µ2

R

µ2
, µ2z2

⌘
q(y, µ) (77)

+

Z �|x|

�1

dy

|y|
C
X
⇣x
y
,
µ2

R

µ2
, µ2z2

⌘
q(y, µ) .

• Satisfying vector current conservation at each step; 

• Well-behaving matching kernel; 

• Actually,

lim
ξ→∞

Cratio (ξ,
pz

μ ) ∼
1
ξ2

F . T .
αsCF

2π [ 3
2

ln
μ2z2e2γE

4
+

5
2 ] = CMS(ξ,

μ
pz

) − CRatio(ξ,
μ
pz

)

• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 (2018); 

• Y.Z., Int.J.Mod.Phys. A33 (2019); 
• A. Radyushkin, PLB781 (2018).
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lim
z→0

C(z, pR
z , μR, μ) = 1

CMMS(z, pR
z , μR, μ) =

C(z, pR
z , μR, μ)
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other hand, automatically cancel in C
MS
�0 , which is explicitly written as
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. (38)

For the rest of this paper, we will employ the usual choice of renormalization and factorization scales, µF=µ̄. Eq. (38)
has an imbalance when integrated, because �̃�0 outside the physical region picks up a logarithmic divergence in
the momentum fraction as ⇠ ! ±1, while this divergence has already been removed from the self-energy part in
Eq. (36). This implies an anomalous non-conservation of the quark number, even if the classical current is conserved.

In Ref. [43], CMS
�0 has also been computed and a plus prescription at infinity was used to cancel the UV divergences

between the vertex and self-energy corrections. This explains the source of the di↵erence between our result in Eq. (38)
and that in Eq. (68) of Ref. [43]. Namely, in our case, the term proportional to the Dirac �-function depends on the
ratio of the factorization and renormalization scales, while in the case of Ref. [43], it depends on the quark momentum
p3. Both prescriptions, however, do not conserve quark number.

To treat the unbalanced divergence, we introduce a modified MS scheme (MMS), which has already been discussed
in the previous section and used in our previous work [19, 20]. In this scheme, an extra subtraction is made outside
the physical region of the unintegrated vertex corrections, which, in practice, renormalizes the ⇠-dependence for ⇠ > 1
and ⇠ < 0 and removes the potential divergences,
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◆
. (39)

One can write Eq. (39) in z-space, noticing that ⇠ outside the physical region is now renormalized, at the scale µ̄.
The inverse Fourier transform is then from ⇠ to zµ̄, and the extra subtraction in z-space is written as

Z
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. (40)

For consistency, Eq. (40) has been also applied to the renormalization functions to bring them to the MMS scheme, as
described in Sec. IVC. Thus, these renormalization functions are obtained as follows: the Z-factors calculated in the
RI0 scheme are converted to the MS scheme according to the perturbative formulae of Ref. [21] and then multiplied
by the factor given in Eq. (26) to convert them to the MMS scheme. An important self-consistency check is that the
expression of Eq. (40) must cancel the z ! 0 divergence in ln

�
z
2
�
present in the MS scheme [21, 45]. Indeed, in the

limit z ! 0, one has:

Z
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(zµ̄), (41)

i.e. the Z-factor of the vertex corrections at z=0 is the same in our scheme and in the “ratio” scheme introduced in
Ref. [43] and both cancel the divergence. The latter scheme was proposed as an alternative to our solution of the
current conservation problem when using the pure MS expression of Eq. (68) of Ref. [43]. The “ratio” scheme is another
modification of the MS scheme that also needs an additional conversion factor in order to bring the renormalization
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functions in the MS scheme into the “ratio” scheme. The di↵erence with respect to our solution is that the form of the
matching kernel (or of Zratio

�
�0

(zµ̄) after doing the Fourier transform to z-space) implies that the ⇠-dependence of the

matching equation in the physical region is also renormalized, while our approach does not modify this region. Thus,
the “ratio” scheme can induce potentially large modifications to the matched PDF, as we show below numerically.

We apply Z̃
MMS
�
�0

(⇠) to Eq. (38) to obtain a matching kernel that keeps the norm of the nonsinglet distributions

unchanged. We also include the results for the �3 and �
3
�
5 Dirac structures. Because quarks are taken to be massless,

the one-loop corrections are the same for the �
3 and �

3
�
5 cases. Compared to the �

0 case, a shift of +2(1� ⇠) inside
the plus prescription in the physical region of Eq. (38) is needed, and also, the factor of 5/2 in the last line of Eq. (38)
becomes 7/2. The matching equation is then written as:

q
MS(x, µ̄) =

Z +1

�1

dy

|y|
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✓
x

y
,
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◆
q̃
MMS(y, p3, µ̄), (42)

with the matching kernels, for the di↵erent Dirac structures, given by
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. (43)

where ◆=0 for �
0, and ◆=1 for �

3 and �
3
�
5. We note that an alternative procedure to get MS-renormalized light-

cone PDFs is to directly match to them from RI-renormalized quasi-PDFs. The relevant formulae for this were
derived in Ref. [42] for the operators with Dirac structures �

3 and �
3
�
5 and in Ref. [29] for �

0. Such a procedure
is equivalent, to one-loop order, to the one described above, but with di↵erent higher-order e↵ects. This choice is
investigated numerically below, by comparing the direct matching from a variant of the RI scheme to MS with a
two-step procedure that first brings the renormalization functions to the MMS scheme and then performs the MMS
to MS matching.

For the transversity case, the computation is similar, albeit simpler, because the usual one-loop vertex correction
is zero in the Feynman gauge. The quark self-energy is not zero, but the unbalanced terms cancel each other in the
matching equation, since they are the same for ⇧�3�j and ⇧̃�3�j . Thus, ZMMS

�
�3�j

(zµ̄) is given by the same functional

form as Eq. (40), with the replacement of the numerical factors 3/2 and 5/2 by 2. CMMS
�3�j is given by:
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(44)

The matching kernel for the transversity has been calculated previously, with a hard cut-o↵ and a quark mass to
regularize the UV and the IR divergences, respectively, but without renormalization [34]. More recently, following
the idea of Ref. [42] to match directly from RI-renormalized quasi-PDFs to light-cone PDFs in the MS scheme, the
matching for the transversity was also derived in Ref. [31].

F . T . {Z MMS
Γγ0 (zμ)} = CMS(ξ,

μ
pz

) − CMMS(ξ,
μ
pz

)

• C. Alexandrou et al. (ETMC), arXiv:1902.00587.
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B. Comparison of matching in the MS, MMS and ratio schemes

Our choice for the matching to extract the light-cone PDFs from quasi-PDFs is to use a minimal modification of the
MS scheme that ensures current conservation. Thus, the matching formula is applied on a quasi-PDF renormalized
in a modified MS scheme, the MMS scheme, to yield the corresponding light-cone PDF in the pure MS scheme. The
di↵erence between MS and MMS schemes was also taken into account at the level of the renormalization functions in
Sec. IV. Note that in our previous work [19, 20], we did not modify the conversion and, thus, our quasi-PDFs were
renormalized in the standard MS scheme. The formulae for the conversion modification, derived in the current paper,
were not available at the time of our previous work and we argued that the numerical e↵ect of the modification is
subleading with respect to other uncertainties (as the modification in the MS is minimal and only in the unphysical
regions). Moreover, it disappears in the infinite momentum limit. Having now derived the relevant formulae to convert
renormalization functions from the MS scheme to MMS, we test this and validate that it is indeed a small e↵ect.
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FIG. 24: Comparison of matched PDFs from quasi-PDFs renormalized in the MS (red band) scheme and in the MMS (cyan
band) scheme, for the unpolarized (top left panel), helicity (top right panel) and transversity (bottom panel) cases and for
nucleon momentum P3=10⇡/L.

In Fig. 24, we compare matched PDFs obtained from quasi-PDFs renormalized in the MS scheme, where the
additional conversion of Eq. (26) is not included, and in the modified MMS scheme. As anticipated, the numerical e↵ect
is very small, particularly in the unpolarized case. Nevertheless, it is important to take the conversion modification
into account to have a self-consistent procedure. We note that the modification brings the matched PDFs slightly
towards phenomenological extractions, which is reassuring.

Another possibility to obtain a matching formulae with current conservation is to use the procedure proposed in
Ref. [43], the so-called “ratio” scheme, already mentioned in Sec. VA. It consists in a di↵erent way of changing the
MS scheme to achieve current conservation, including a modification of the physical region. Thus, the e↵ect on the
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matched PDFs is expected to be larger numerically than when using the MMS scheme. We show the comparison of
the matching from our previous procedure and from the “ratio” scheme in Fig. 25. Indeed, the “ratio” scheme has
a noticeable e↵ect on the matched PDF, which is particularly large in the small-x region. Theoretically, both the
“ratio” and MMS schemes are valid modifications of the MS scheme. Obviously, they are equivalent at the one-loop
level, but they have significantly di↵erent higher-order e↵ects. Hence, they can be both used to match quasi-PDFs
to light-cone PDFs and the di↵erence between them can serve as an estimate of truncation e↵ects at one loop. For
the remainder of the paper, we use the MMS scheme, as the one for which the higher-order e↵ects are likely to be
smaller, since this scheme is a milder modification of the MS scheme, i.e. one that does not a↵ect the physical region
in the matching.
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FIG. 25: Comparison of matched PDFs from quasi-PDFs renormalized in the MMS scheme (green band) and in the “ratio”
scheme (cyan band) for the unpolarized case. Nucleon momentum is P3=10⇡/L.

C. Comparison of MS ! MS and RI! MS matching

As we discussed above, our renormalization and matching procedure proceeds in two steps. First, the renormal-
ization functions computed in the RI0 scheme are converted to the MMS scheme and evolved to a chosen scale, µ̄=2
GeV, using one-loop perturbative formulae derived in Ref. [21], and including the additional conversion from the MS
scheme to the MMS scheme, derived in this work. The resulting MMS Z-factors are used to renormalize the bare
matrix elements, which are then Fourier-transformed from z-space to x-space, yielding the renormalized quasi-PDF in
the MMS scheme. In the second step, a matching procedure is applied that brings the MMS-renormalized quasi-PDF
to the light-cone PDF in the MS scheme, at the same renormalization scale µ̄. We will refer to this procedure as a
two-step procedure.

In Ref. [42], a one-step procedure was proposed. It consists in applying the renormalization functions computed
in the RI scheme to the bare matrix elements and taking the Fourier transform of RI-renormalized matrix elements
to obtain a quasi-PDF renormalized in the RI scheme. The matching procedure then serves to simultaneously bring
the quasi-PDFs to the light-cone PDFs and to convert from the RI scheme to the MS scheme, evolving them from
the given RI scale to the reference scale of 2 GeV. For this procedure, we use the formulae derived in Ref. [29] and
consider the operator with the �0 Dirac structure. We choose the variant with the /p projection that di↵ers from the
projection that we used in our variant of the RI0 scheme. We refer to this choice of the projection as RI

/p
.

The comparison of the one-step and two-step procedures is presented in Fig. 26. In the left panel, we show our
quasi-PDFs, renormalized in the RI

/p
scheme and in the MMS scheme. The corresponding renormalization functions

are applied to the same lattice data for bare matrix elements. The results of application of the one-step and the
two-step procedures are given in the right panel. We observe that the results of both procedures are fully compatible
for small positive and negative x. For large positive x, the two-step procedure gives a PDF that goes to zero more
slowly, while the PDF from the one-step procedure crosses zero at x ⇡ 0.6 and remains negative until x ⇡ 1 (reaching
a minimum of around -0.16 at x ⇡ 0.8). In the large negative x region, the situation is analogous – the one-step
procedure leads to the PDF approaching zero from below and the two-step from above.

34

-1 -0.5 0 0.5 1

0

2

4

6

FIG. 26: Left panel: comparison of renormalized quasi-PDFs in the RI scheme with /p projection (red band) and the MMS
scheme (green band). Right panel: matched PDFs obtained from the same bare matrix elements, but with di↵erent scheme
conversion, evolution and matching procedures: either one-step (RI! MS) or two-step (RI0 ! MMS ! MS) (see text for
details). Unpolarized case, nucleon momentum P3=10⇡/L.

Both the one-step and the two-step procedures use a one-loop computation in continuum perturbation theory. Ob-
viously, both contain higher-order contributions that cannot be quantified unless the two-loop formulae are available.
Hence, neither of them can be considered to be the preferred one. It might happen that one of the procedures evinces
smaller higher-loop e↵ects without any theoretical arguments to support this, but it is not possible to say which one.
The comparison between them is, thus, useful, as it reveals systematic e↵ects due to higher-order terms, which may
di↵er for di↵erent x regions. The present study suggests that the large-|x| regions su↵er more from such higher-
order e↵ects. As Fig. 26 indicates, there may be significant two-loop e↵ects in the conversion/evolution/matching
procedures. Thus, a two-loop computation is indeed necessary. The two-step procedure allows for separating the
conversion, the evolution and the matching and hence, a two-loop computation even for one of these, which is simpler
than the full computation of the one-step procedure, can provide some insight.

D. Truncation of the Fourier transform

We turn now to the investigation of systematic e↵ects related to the Fourier transform (FT) that is applied on the
renormalized matrix elements in z-space, giving the quasi-PDFs in x-space. In principle, the FT integrates over all
Wilson line lengths from zero to infinity, whereas lattice provides data for a finite number of discrete lengths z/a.
Hence, one needs to decide about the maximum value of z/a taken in the discretized FT integral. Ideally, it should
be a value for which both the real part and the imaginary part of the matrix elements have decayed to zero. For
unrenormalized matrix elements, the choice of such a value poses no problem. As can be seen in Fig. 27, the bare
matrix elements are zero for any |z/a| & 15. However, renormalized matrix elements involve multiplication of the
bare ones by complex Z-factors that mix bare real and imaginary parts, according to

Re[hren] = Re[Z] Re[hbare]� Im[Z] Im[hbare] , (45)

Im[hren] = Re[Z] Im[hbare] + Im[Z] Re[hbare]. (46)

As a result, the real part of renormalized matrix elements can be non-zero even if the real part of bare matrix
elements has already decayed to zero. This stems from an unphysical truncation e↵ect in the perturbative conversion
between the intermediate RI0 scheme Z-factors and the MS ones. Analogously, the imaginary part of renormalized
matrix elements gets contaminated by Im[Z] that multiplies the real part of bare matrix elements and leads to non-
physical contributions. Moreover, the large values of Z-factors at large Wilson line lengths amplify the bare matrix
elements and even if the latter are compatible with zero, this amplification introduces very large noise to the data,
which propagates through the FT and matching to the final PDFs. These e↵ects call for a truncation of renormalized
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• Conversion factors:
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In collaboration 
with Yu-Sheng Liu

Pz = 3.0 GeV; μ = 3.0 GeV; pR
z = 2.2 GeV; μR = 3.7 GeV; αs = 0.258.
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• Conversion of pseudo data for the RI/MOM matrix 
element:
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Pz = 3.0 GeV; μ = 3.0 GeV; pR
z = 2.2 GeV; μR = 3.7 GeV; αs = 0.258.

fm
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Fourier transform
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“One step” standards for the pseudo RI/MOM matrix elements.
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“One step” standards for the pseudo RI/MOM matrix elements.

Derivative method:

q̃(x) = ∫
∞

−∞

dz
2π

eixzPz ih′�(z, Pz)
x
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Sensitivity to zmax
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Final Result of the PDF
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Ratio scheme shows more consistency with the one-step matching; 
sea quark prediction in MMS scheme has apparent discrepancy.
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One-step matching Ratio Scheme
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One-step matching Ratio Scheme

MMS Scheme
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Conclusion
• The systematic procedure of lattice renormalization and perturbative 

matching for the quasi-PDF is already setup; 

• Two-step matching is more effective in studying the renormalization scale 
dependence in coordinate space, while one-step matching is free from 
truncation errors in the Fourier transform of the conversion factor; 

• The ratio scheme has a smaller conversion factor in coordinate space, which 
is favorable for perturbation theory and suffers less from the truncation 
effects in Fourier transform. 

Outlook: 

• Two-step matching is easier for higher-loop calculations. The 
scheme conversion factor can be calculated numerically, while the 
matching can be calculated with on-shell partons.
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