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' Difficulty of PDFs calculation

» LQCD: the main nonperturbative approach to
solve QCD

> Intrinsically Euclideantime: 1 =it

» PDFs are on lightcone, have time dependence,
lattice QCD cannot calculate directly
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Off light cone and equal time

> If a quark bilinear is
slightly off light cone

Exist a frame where quark T >~ <
bilinear is equal time, but \

proton is moving fast N

Chen, Cohen, Ji, Lin, Zhang, 1603.06664
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| Quasi-PDFs: a classical picture
> QuaSi-PDFS Ji, 1305.1539, 1404.6680

3 d Z —ix .
Farpla, pi?, P2) = 4§T SP(Plp(EL) “/zexp{—%g/ dn. A, nz} 0)|P)

« Classical picture: When proton is moving fast enough, i.e. P, - oo,

there exists a frame so that quark bilinear in quasi-PDFs are only

slightly off light cone, approach PDFs

> PSGUdO-P D FS Orginos, Radyushkin, Karpie, Zafeiropoulos, 1706.05373

« Similar to quasi-PDFs but integrated out P, with fixed ¢,
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' QPDFsinQFT

» A good idea, clear picture

* Fields separated along the z-direction, no time dependence,

calculable using standard lattice method

» Things are much complicated in QFT,
classical picture needs further justification
* Non-analyticity between on light cone and off light cone
 Quantum fluctuation makes it impossible to take P, — oo first

« Complicated UV divergences, mix with finite contributions

* Is there arelation between qPDFs and PDFs (factorization)?
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” Quasi-parton operators

» (Bare) quasi-parton operators

Og(€) =1 (€) v/ @) (€, 0) 1, (0)

Ohy 7 (€) = F"™ (§) @' ({¢,0}) F™(0)
Path ordered gauge links

o) (g,0) = Pe=ig fo &AW (1) d

» One type of “lattice cross sections”

See J. W. Qiu’s talk

on (£ w, P?) = (P|T{O. (&)} P)

 Quasi-PDFs can be obtained by F.T. ¢, with fixed P,
 Pseudo-PDFs can be obtained by F.T. P, with fixed &,
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I All-order proof for factorization
See also J. W. Qiu’s talk

» Diagrammatic method vaw. aiu, 14046860

1. Assume mulitiplicative renormalizable
2. Decompose diagrams to 2P| diagrams
3. Extract collinear divergent contributions
4.

Resum diagrams to factorize

» OPE method Ylgjnghg:\lij,,\]i,??]igr;?g(t);vavart, Zhao, 1801.03917

Assume mulitiplicative renormalizable

Assume OPE is correct for quasi-parton operators

In the ¢2 - 0 limit, express nonlocal operators to local operators

Express local operators in terms of moments of PDFs

a H 0 bnp -

Analytical continuation to finite &2
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Factorization structure

YQM, Qiu, 1709.03018

» LCSs defined by quasi-parton operators can
be factorized to PDFs (if renormalizable)

o (&% w, P?) = Z/ —fa v 1) K3 (62, mw, ° P2, 1) + O(E° Adep)

where  f. (2, 1%) = — fayn(—a, 1u?)

Ko = ZQVV (€2, 1) Sy (aw, 22 P22

« According to the proof: K} is analytical for all values of w
except the infinity.
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i One-loop result: quark in quark
apyn (W, &%) = (h(p)| Oy, (§)Ih(p))

» One-loop calculation in a quark state

A

(@) (b) (c) (d)

ag
abq/q(w ’S ZUV/ — ZCO(QC lulf) %$w|:_i£2H1($wau?") +:EpUH2($wa/~L?f)}

sC 3 3 1 3
o F[2_|_ LA 4 om? 42 (—€2p2)° — |§|IJJ}

Zuv(€?) =1+
vv(§7) 1 3 1 T o

asCp (Am)T(14¢€), 5, 9. [ 1+ 2?
S ey (1) o

MS renormalized PDF

Zoo(x, u3) =6(1 — ) —
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H " Or;e-loop r—esu—lt:qu—arlgin qu—arl;

Hy(r, p%) = e " « Confirm factorization structure
« Asé - 0,Iné?is the UV

H s 1 . .
Hy(r,p3) =1+ 21_(T) + 2 Cr [—1 — §7r2 regulator, it only appears in Z;
ir m
1 i . « Confirm analytical behavior
—l—/ %(ln(zz) - 1)e — L dina t
. 2 o regarding to w

—l—(% 111(—452/@) +vE) (22 — 22+ 2) (7" — 1)} r=xw
Can do Taylor expansion of w from the beginning,

then calculation is much easier. Three-loop order
calculation should have no difficulty.
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“ Renormalization: importance and difficulty
» Why proof is important?
« All-order proof of factorization needs multiplicative
renormalization Yam, Qiu, 1404.6860, 1709.03018

* Need to take continuum limit for lattice calculation
* Find out all operators mixing under renormalization

» Difficulty

* Renormalization of nonlocal composite operator, not well studied
« Because of z-direction dependence, Lorentz symmetry is broken,
hard to exhaust all possible UV divergences

Normal PDFs, UV divergences from the region(l,,[_,1,) ~ (1,12, 1)
with 1 — oo, nonlocal in -’ direction in coordinate space, leading to
the mixing of operators along ‘-’ direction.
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!' ,, Locality of UV divergence

Ishikawa YQM, Qiu, Yoshida, 1707.03107
Li, YQM, Qiu, 1809.01836

» Diagrammatic method: key is to show that UV
divergences are local in space-time

* Nontrivial conclusion! The most difficult part in the proof

» As UV is local, dimensional counting can give

superficial divergence, find divergent topologies
@ < = ot Nt :ﬁ:+
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Gauge invariance

» Renormalization of gauge links is well-known
» Gauge invariance reduce UV divergence of
vertex topologies by 1

$1z 7R $2z
= . +1PR

<

y y

F)\,u..;/ (pj ﬂ) _Cll—[)\pf/ 4 Q(H)\,uy - ?’EHA'UU)

+ Cg(ﬂ)\,u v ])21;12;1,1/)

L A ..
T = (]“)‘p“ quAij M = (pH'n” — p“n")n g

" = (p'n” — p'n)p*, M = g"*n” — g"*n/* Remove this
linear UV
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'Renormalization structure
» Logarithmic UV can be multiplicative ren.

Oy(&) =e Calélz 17 1Oy (€)

LV PO (¢ —C . — —5/2 —(2—38)/2 ~Auvpo ;
Og [ (5):67 Cg|£~|Z 1Z'vg1/ 7 ( )/ Oggp (5)

wqg vg2

« s5=0,1,2is the number of z’sin {u,v, p, o}, for each choice,
coefficient of ¢, equals 0 or proportional to that of ¢,

* ltis important for regular to guarantee gauge invariance
 How about lattice regulator?

» Auxiliary field method  scesiannui zhang's taik
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‘ 7 Consequence of multiplicative
» Quasi-quark operators can be renormalized as
04 () = Zgs(£7) 0y (€)
» RIIMOM: Zs = (q(0)|0()[q(@)|pz=_ 2™

— 2
—_ur,...

 Advantage: perturbative calculable
« Disadvantage: involving too many scales, hard to keep the
gauge invariance, high order perturbative calculation is hard

See Anatoly Radyushkin’s talk

» Pseudo-PDFs:Zs = (h(p)|0()|h(p))|pr=

« Advantage: having less scales, gauge invariant
« Disadvantage: nonperturbative

Is there a way to combine the two advantages?
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! Our renormalization scheme

» Choose vacuum expectation value vi vaw. i, workin preparation

(2]0(£)|2) “(0)” means perturbative
(Qlo(¢) |Q>(O) expansion to lowest order

Lps =

« Perturbatively calculable with the hard scale 1/¢2
« A single scale problem, gauge invariant
« Can be easily calculated to high orders (like third order)

» This general scheme can also be used to
renormalize other non-local operators

- As far as ¢? is small to guarantee perturbation to work
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" Example L s

> N LO Ca|Cu |ation Li, YQM, Qiu, work in preparation
0/‘\5 0 ¢ 0 < 0 ¢
(a) () (c) (d)
(Q0($)|Q) 2 2 2
7o 0¥ (@, 62) = Zgh(€2)at,  (w,€)
uv (QlO(f)lQ)a)) Q/q UV bg/q
Zuv(€?) =1+ @ Cr [2 + %’YE + zlanr %7?2 +%(_§2M2)6 - 1|§_|ZJ
O'bq/q(w f =Zuv - Zco(x /,l,f) el rw %Hl(mw,u?«-) —I—xp”Hg(a’:w,u?c)}

 H; and H, are matching coefficients
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Summary

> Proof of factorization to all orders

> Proof of renormalization to all orders

» Propose a new renormalization scheme: is
easy to be implemented nonperturbatively,
simplifies perturbative calculation of the
matching coefficients

 Make the high order (beyond NLO) calculation of matching
coefficients much easy to do and realistic

Thank you!
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