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Calculations of Parton Distributions on the Lattice

Hadronic tensor (K. F. Liu, S. Dong [PRL 1994, PRD 200])
Position-space correlators (V. M. Braun & D. Miuller [EPJ 2008] )
Inversion Method (A. Chambers, et al [PRL 2017])

Quasi PDFs (X. Ji [PRL 2013])

Pseudo-PDFs (A. Radyushkin, [PLB 2017])

A

(Y. Q. Ma, J.-W. Qiu, 2014, PRL 2018)




Good Lattice “Cross Sections” (LCSs)
Hadron matrix elements:

@ Calculable using lattice QCD with Euclidean time

@ Well defined continuum limit (¢ — 0), UV finite
i.e. no power law divergence from Wilson line in
non-local operator

@ Share the same perturbative collinear divergences with PDFs

@ Factorizable to PDFs with IR-safe hard coefficients
with controllable power corrections

@ Aslong as operators have no temporal extent,
a matrix element calculated in Euclidean space
is equal its counterpart in Minkowski space.



Parton Distribution Functions (PDFs) & Factorization

\/§> X fa (a?, ,u2)+ Power Corrections

e
€ /
> Perturbative

DIS Parton Picture

Factorization scale 4 describes which fluctuations should be
included in the PDFs and which can be included in the hard
scattering part




| CSs: Lattice Calculable + Renormalizable + Factorizable

@ Hadron matrix elements: o, (w, &2, P?) = (P|T{0,(£)}|P)

@ Factorization:

on(w, €2, P2) =Y, [, & fo(z, p?) x K&(2w, 2,22 P?, 1i2) + O(62Ad ¢ p)

A

Nonperturbative PDFs Perturbative
of flavor a € {q,q, g} hard coefficients
2 2
fa(z,p”) = —fa(—z, u")
Lorentz invariant Hadron momentum Spatial separation

TIoffe time between two currents



Connection to DIS

Collision energy

® P and g P Vs

g 1 Hard probe

Collision \/ 2 (resolving power)
kinematics

EAGep < 1

Dynamical Features of
LCSs mimics different
experiments

e On

@ L CSs: Factorization holds for any finite w and PZ2£2
if & 1s short distance



Good Lattice Cross Sections (LCSs)

@ Current-current correlators

Oj1jo(§) = £ 79272227, 1 j1(£)72(0)
d;
4

@ Different choices of currents

js(&) = €25 [hqg](€) jv (&) = €21 [%71- Ebg) (€)

Jvi(€) = €2y [gy - € |(€) Ja(€) = € Zg  [= 7 F, FlL ()

flavor changing current gluon distribution




Choice of Currents

@ Many current combinations are possible

@ Which one to pick - neutrino-nucleon scattering can guide

P
F 2 _-,ul/aﬂqa BF 2
P-q 2(1‘,@) Le 2Pq 3(:67Q)

(P* —q*P-q/q°)(P" —q"P-q/q°)

WH = (—g" +¢"q" /¢°) Fi(z,Q%) +

FV 4+ Y ~u—u+d—d

Antisymmetric V-A combination is a good choice to extract valence PDF's



Pion Valence Quark Distribution using Good LCSs

@ Two point correlator

—

Copi (1 —aGZ SPEEE o) Iz, ) (2, 0) [0)

@ Four point correla,tor

Cipt (7, —a6z “PETE) (0|1, 1) Oi(F, ) 0;(0,7) IT'(Z, 0) [0)

@ II(x) is a pion interpolator.

possible &
on/off axis

C4pt (y T, t)

Cth ( ) LKL

(m(p)| Oi(y) O;(0) |7 (p)) = RE(§) = 2BV




Why Pion Valence Distribution

@ Pion : lightest bound state and associated with dynamical

chiral symmetry breaking

@ Pion valence distribution at large- I is an unresolved problem

‘ Large- region: small configuration constrained by confinement

dynamics

@ From pQCD and different models: (1—z)* or (1—z)' ?

@ C12-15-006 experiment at J-

Lab to explore large-I behavior

@ Large -r behavior of pion PDF can serve as a discriminator

between different models



Lattice Calculation

_ 1 Present calculation for pion valence quark distribution

2+1 flavor clover Wilson fermion
323 x 96, m, ~ 413 MeV
a~0.127 fm

B Analysis being done on

243 X 64, m, ~ 413 MeV
a~0.127 tm

Lattice spacing, finite volume
and pion mass dependence

32° x 64, m, ~ 280 MeV
a~0.09 fm



Lattice Calculation

(2,T) (y,0)

C14p1: (57 2 T7 t)
— <HP(57 T)jIJ[ (ZBO T fv t)jr’ (an t)ﬁp (?77 O)>
= Z e FDP(dP7 (2, T) QTu(zg + &, 1)
Z,Y

x al' Q(xo, t) Uy°d (7,0))

@ Equal time current insertion : sum over all energy modes

‘ Use heavy-light flavor changing current to suppress
noise from spectator propagator in a systematic way




Lattice Calculation

@ osmall improvement is seen by replacing light-quark
propagator with strange quark propagator, especially at
large current-current separation

@ Momentum smearing essential for higher momentum

@ Randomly chosen source point (zg, t)

p=10,0,p.] ( |No. of source points|No. of source-sink
(o,1) separations
p = 0.610 GeV |[1.75 2 9
p = 0.915 GeV |[2.50 5 9
p = 1.220 GeV |3.75 6 9
p = 1.525 GeV [4.50 7 7

@ Current insertion at the middle point of source-sink separations



Good Lattice Cross Sections : Matrix Elements

0.2 0.2
® Lattice data R(T) .
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1.525 GeV|1a|0.097(8)|-0.267(513)|0.809(503)| 0.15




Good Lattice Cross Sections : Matrix Elements

@ A simultaneous fit to pt and 4pt fit gives to a few % smaller
uncertainty in By /Aq

E T Cu (p=0.610 GeV) 10 1 Cuy (p=1.525 GeV)
ws T Co (p=0.610 GeV) 3 B 1 Cop (p=1.525 GeV)
.y E : 10_75'
10_6:' == = L <
& " & 100} -
% = Sl
ﬂ'\ | ﬁ““ N
> 107} - { 1 ° 109) i
| . 5 | L] N
i = T 10-10 - T ]:
8l p— ) —
ol S a 3 1 g : 5 a { I
6 8 10 12 14 16 18 20 22 2 4 6 8 10 12 14 16 18
T T

Cgpt (T) — A()e_EOT
Cupt(T) = e~ 20T (By + Bre™ 2T

@ Systematic differences between these two fits are being assessed



Good Lattice Cross Sections : Matrix Elements

0.12
01] 1 %h +
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p-&

Antisymmetric combination of
V-A matrix elements

Y — VyV5 and Yy — V=5



Good Lattice Cross Sections : Matrix Elements

@ V-V comb
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@ About 6 different current-current correlations are being analyzed



Calculation of Perturbative Matching Kernel

‘ A general tree-level calculation first, then we consider V-A case

@ Matrix element in pion
o5 (§,p)= (7 (p)| Oy (&) |7 (p))
=& (m ()| TF (€/2) T} (=€/2) |7 (p))

@ h—gq

ot =t [ {alh, )| B(E/2T D/ 2)B(—E/2DT"6(~E/2) la(k. )
[+ (alk, )| B(—E/2)T0(—€/2)0(E/2)T70(E/2) la(k, 9)) ]|




Calculation of Perturbative Matching Kernel

@ write
d*l iy -1 Y
O1¥(6/200(=¢/210) = [ e
i [ %Z(OIES (k) e S/20 (€/2) § (=€/2) T/ (k) [0)
k=axp k=axp ;
54 . 7 f 5
= e “STr[(y - k)TH (;%2€2F ]

ss‘,~~ é """' o : 22: (fy . g)
—£/2 X £/2 — 2 T RETy[(y - KT NG
2 € r[(fy k) (27.‘-)264 ]




Calculation of Perturbative Matching Kernel

@ Combine these tree-level diagrams and write k, = zp,

W(O) (p-&pyx, &) = %xpaﬁ {7 Tr[yoTiyPTY] —e*P¢ Tr[y*Ty~°T}]}

@ For different current-current combinations obtain LO kernels

@ Under parity and time reversal transformation
(PT) T4 (&) (PT)™" = =Tk (=€)
(PT)J5 (&) (PT)™ = T (=€)

@ Consider antisymmetric V-A current combination

ot (€.0) + 0%, (€.0)]

= 2 (n(p)|(T"v(£/2)T" a(—€/2) + T*a(£/2)T"v(=€/2)) | (p))

— GMVaﬁfap5T1 (w,§2) + (pr&” —EHp”) T (w,§2)



1

5 [0Va (60) + 0l (6:0)] = P EapsTh (w, %)

‘ Tl) T2

: Dimensionless functions of the Lorentz invariants

@ To isolate structure functions T: and Ts

@® With

@ With

p = (p°,0,0,p%

uw=1and v=2

I 1

Ty (w, &) = 0E3 2 ova (&p) + o4y (€p)]

uw=0and v =3

T2 (wa 52)

1 1

(€ =€) T3 (w,€2)

§ =(0,0,0,¢%)

0632 [O-VA<£ p)_I_O-AV(f p)}



Concentrating on the V-A combinations

@ Atleading order

1
O_g(O) (w,£2) _ Z / dﬁfq(o)( ) Ka(o) (xw g L )+(9(§ AQCD)

a=q,q,9 U
@ Attreelevel

L 1TW —1TW
T (0w, &) = =5 (e + )

@ No contribution from

77" (2w, €%) = 0



@ Perform a Fourier transform in w

" dw

1 (53762) — %G_iféw 17 (w,§2)
1 ~ ~
= 514@ +4q(-7);
1 o 1 .
= 2 {C] (w) — Q(w) } = 2 C]V(LU)
1 7T
T1 (,€%) Zo(p-£,€%) = Jy duzl cos(aw)a7 (@)
Lattice data Matching PDF

kernel




PDF extraction from lattice data

@ Fit lattice data similar global fits of PDF's using
q7 (x) = Nz*(1 — 2)P (1 + py/x + ~yz)

® o(p-&,€2) = [ dv cos(zw)qr (x)

Set constraint

.13 x> /d.of. ~ 2.2
a<0, 0<p@<4 o.dB -4 %h ;
Fit constrained by - ’:”} 0.08 - } 2
theoretical value 2 1 %
at w =20 ® 0.06 - 5 oa * :
§ £2=(20) T
0.044 ¢ £=6a)
Significant discretization L £2=(4a)?
error LO pQCD kernel ®q7(x) fit
0.02 : : . .
0 1 2 3 4 D
p-&



PDF extraction from lattice data

6.0
LO pQCD kernel ® ¢7(z) fit
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Comparison with Global Fits and Phenomenological Calculations
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Comparison with other lattice calculations
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http://arxiv.org/abs/arXiv:1803.04393

(1 —x) or (1 —x)*? — Not there yet
.12 b .07+ ki i vo v i i v v+
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@ Precise lattice data at large Ioffe time required



@ K at LO and NLO for different currents being calculated

@ Different current combinations being analyzed to obtain
different sets of PDF's

@ Collaboration between lattice QCD and perturbative
QCD

@ Understanding and control of various systematics required

@ Extensions such as kaon, nucleon PDFs on their way

@ Goal is to be complementary to global fits of PDFs






Parton Distribution Functions

o tp << s Q >> Agep




F& (2, p?)

54(0) (%52) _ Z /1 dx

a=q,q,9 U
x K20 (zw, &% 1?) + O (£2A%cp)

Ag(o) (z,p0*) = 6(1 —x)de®

Quark distribution of an asymptotic quark at zeroth order in (v

ol (w, &%) = KL (w,€?)



y m —ut X
~ Q2 small
boost d
— Tt
q
Q2 large

Role of Q"2 as transverse resolving power [Greiner, Schramm, Stein]



Calculation of Perturbative Kernel

W@, €, P?) =S WO 12) € -6 x (PO, ()| P)




* Momentum smearing used higher momentum

conventional smearing

J\

position space
Af A

momentum space

g
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momentum smearing
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Near threshold, large logarithms coming from soft radiation become

the leading corrections to scattering cross section

1. It momentum of gluon small, internal quark propagator almost on—shell.

2. Can lead to large logarithmic corrections after the infrared
divergences are canceled.

3. This gluon radiation consists of an infinite number of soft gluons,
which would make perturbation theory an unusable method for computing
physical cross sections.



=== NNPDF3.0

B MMHT2014

sees CTH4

=== LFHQCD (NNLO)

u? =10 GeV?

E== LFHQCD (NLO)
===== LFHQCD (NNLO)

== WRH2005
---= ASV2010

¢

Conway et al.

u? = 27GeV?




More Applications: Strange Electric FF

Signal, Thomas

* Nonzero strange electric form factor PLB 191, 205 (1987)
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Constraints on strange-antistrange asymmetry

0.04
5 0.02 - NNPDF3.0
" &= MMHT2014
Y |No definitive | & == JR14
1 0.00
=
)
x —0.02 -
~0.04 . .

10-3 102 10-1 10°

* Nonzero strange electric form factor can be connected
to strange-antistrange asymmetry in the nucleon’s
wave function

Y One Goal: Constrain unknown normalization of model
calculations using Lattice QCD




Constraints on strange-antistrange asymmetry

* Light-front holographic QCD : A semiclassical approach to
relativistic bound state equations followed from the
holographic embedding of light-front dynamics in a higher
dimensional gravity theory

* EM form factors for a bound state hadron of twist 7

F.(t) = NLB(T —1,1— a(t))

T

1t  AM?
at) = =+ — —

2 4\ 4\

* Write beta function in a reparametrization invariant form
1
B(u,v) = / drw'(2) w(z)* 1 (1 — w(z)’!
0

w(0) =0, w(l)=1, w'(x)>0

’UJ(IIZ) _ xl—aze—a(l—x)Q



Constraints on strange-antistrange asymmetry

Y Re-write form factor

Fo(t) = - [ dow@uta) 21— ()] e B el)

Y Quark distribution
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