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Calculations of Parton Distributions on the Lattice

Hadronic tensor  (K. F. Liu, S. Dong [PRL 1994, PRD 200])

Position-space correlators (V. M. Braun & D. Müller [EPJ 2008] )

Inversion Method (A. Chambers, et al [PRL 2017])

Quasi PDFs (X. Ji [PRL 2013])

Pseudo-PDFs (A. Radyushkin, [PLB 2017])

“Good” Lattice Cross Sections (LCSs) 
(Y. Q. Ma, J.-W. Qiu, 2014, PRL 2018)

Extensive efforts and significant achievements in recent years



Good Lattice “Cross Sections” (LCSs)

 Calculable using lattice QCD with Euclidean time

   Well defined continuum limit (          ), UV finite 
   i.e. no power law divergence from Wilson line in 
   non-local operator 

a ! 0

    Factorizable to PDFs with IR-safe hard coefficients 
     with controllable power corrections  

   Share the same perturbative collinear divergences with PDFs

Hadron matrix elements:
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As long as operators have no temporal extent,  
a matrix element calculated in Euclidean space 
 is equal its counterpart in Minkowski space.



Parton Distribution Functions (PDFs) & Factorization
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LCSs:   Lattice Calculable + Renormalizable + Factorizable

�n(!, ⇠2, P 2) =
P

a

R 1
�1

dx
x fa(x, µ2)⇥Ka

n(x!, ⇠
2, x2P 2, µ2) +O(⇠2⇤2

QCD)

Perturbative 
hard coefficients

Nonperturbative PDFs 
of flavor 

fā(x, µ
2) = �fa(�x, µ2)

! = p · ⇠
Lorentz invariant 

Ioffe time
Hadron momentum Spatial separation  

between two currents
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Hadron matrix elements: �n(!, ⇠
2, P 2) = hP |T{On(⇠)}|P i

Factorization:

3

where jµV is the vector current which requires no renor-
malization constants. This type of LCS will need to be
decomposed into the Lorentz structures allowed by sym-
metry. The functions of Lorentz invariants which accom-
pany these Lorentz structures are the objects which will
be factorized into PDFs. For the case of the operator
O

µ⌫
V V , its matrix element of an unpolarized hadron state

is symmetric in {µ, ⌫} and can be decomposed as,

�µ⌫
V V (⇠, p) = pµp⌫T1(!, ⇠2) +

1

2
(pµ⇠⌫ + ⇠µp⌫)T2(!, ⇠2)

+gµ⌫T3(!, ⇠2) + ⇠µ⇠⌫T4(!, ⇠2)

where Ti are Lorentz invariant functions. In the fol-
lowing section, we discuss the vector and axial-vector
current combination which will be used to extract the
pion valence quark distribution.

It is worth noting that the LCSs have the following
analogs to hard scattering experiments:

• the label “n” in Eq. (1) is related to the dynamical
features of LCSs and mimics di↵erent processes in
experiments.

• p and ⇠ are analogous to observed scales defining
the collision kinematics; p relating to the collision
energy

p
S and ⇠2 relating to the hard probe 1

Q2 .

III. THE ESSENCE OF CALCULATION IN
COORDINATE SPACE

It is crucial to mention that a large p alone does
not guarantee the applicability of the operator prod-
uct expansion of the matrix element and contributions
from large ⇠ can invalidate the perturbative factorization,
whether for the case of quark-antiquark fields linked by
a Wilson line, or for the case of spatially-separated cur-
rents. The validity of perturbative factorization requires
that the separation’s scale, ⇠2, be much smaller than the
inverse square of typical hadronic scale, ⇤QCD, namely
⇠2⇤2

QCD ⌧ 1.
We now show why the coordinate space approach pro-

vides distinct theoretical advantages. One can write the
Fourier transform of �n(!, ⇠2):

e�n(e!, q2) ⌘

Z
d4⇠

⇠4
eiq·⇠�n(!, ⇠2), (5)

where corresponding On can be any operator defined in
Eq. (1), and e! ⌘

2p·q
�q2 = 1

xB
with xB the Bjorken variable

for the lepton-hadron DIS. However, though q is related
to ⇠ through the Fourier transform above, it is not a one-
to-one relation. �̃ with small or large values of q will
receive contribution from � with all values of ⇠, small
and large. In particular, it can involve contributions from
values of ⇠ �

1
⇤QCD

, thereby violating factorization. This

is why, in the LCSs approach, ⇠ is a very well-defined

quantity, analogous to a hard probe of hadron structure
in a DIS experiment. It has also been demonstrated in
Ref. [28] that, the non-analytic cut of e�n comes from
the integration region of large ⇠. That is, even if we
demand |q2

| � ⇤2
QCD, e�n in momentum space can always

receive contribution from large ⇠ region so long as e!2 > 1.
On the other hand, in coordinate space, if we fix ⇠ to
be short-distance, we do not have contribution from the
large ⇠ region and thus �n has a good analytic behavior.

IV. FACTORIZATION

The lattice calculable hadronic matrix elements of
Eq. (1) are shown in Ref. [28] to be factorizable into
PDFs with perturbatively calculable coe�cients by ap-
plying the operator product expansion (OPE) to the non-
local operator On (⇠), with small but nonvanishing ⇠2

�h
n(!, ⇠2, p2) =

X

a

Z 1

�1

dx

x
fh
a (x, µ2)

⇥Ka
n(x!, ⇠2, x2p2, µ2) + O

�
⇠2⇤2

QCD

�
,

(6)

where �h
n is On (⇠) measured in a hadron h, Ka

n are
the parton flavor a 2 {q, q, g} contributions to the per-
turbative hard coe�cients with corresponding PDF fh

a ,
and factorization scale µ2. The short-distance coe�cient
functions Ka

n

�
!, ⇠2; p2, µ2

�
are determined by applying

the factorized formula in Eq. (6) to an asymptotic par-
ton of momentum p with p2 = 0 and flavor a = q, q,
or g, and expanding each side as a power series in the
strong coupling constant ↵s. Although the perturbative
coe�cient functions are process-dependent, they apply
equally to di↵erent external hadron states. At leading-
order O (↵s), the matching coe�cient only receives quark
contributions and the factorized relation in Eq. (6) be-
comes

�q(0)
n

�
!, ⇠2

�
=

X

a=q,q,g

Z 1

0

dx

x
fq(0)
a

�
x, µ2

�

⇥Ka(0)
n

�
x!, ⇠2; µ2

�
+O

�
⇠2⇤2

QCD

�
, (7)

where p2 = 0 is suppressed and fq(0)
a

�
x, µ2

�
=

� (1 � x) �qa is the quark distribution of an asymptotic
quark at zeroth order in ↵s and does not have the factor-

ization scale µ2-dependence. Upon substitution of fq(0)
a

into Eq. (7), it can be shown

�q(0)
n

�
!, ⇠2

�
= Kq(0)

n

�
!, ⇠2

�
. (8)

where the active quark momentum p2 = 0 is suppressed.
Thus determination of the leading-order coe�cient func-

tions Kq(0)
n follows directly from the expression of the

matrix elements �q(0)
n

�
!, ⇠2

�
in the coordinate space.

Specializing to the case of the pion, consider a generic
tensor operator

O
µ⌫
ij (⇠) = ⇠4

J
µ
i (⇠/2) J

⌫
j (�⇠/2) , (9)
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Connection to DIS

⇠ ! 1p
Q2

3
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Current-current correlators

Different choices of currents

flavor changing current gluon distribution

Good Lattice Cross Sections (LCSs)
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in the Qweak experiment arises from the Gs
M(Q2). A precise estimate of Gs

M(Q2) can lead to

more/higher precision in the estimated value of proton weak charge Qp = (1 � 4 sin2 �W ) in the

Qweak experiment. It is very important to know the value of Qp with greater precision because/as

this will constrain the possibility of Beyond Standard Model physics.

Discuss NuTeV anomaly from the second moment of the s(x) � s̄(x) asymmetry (from high-

lighted 10)
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J�(x0 + ⇠, t)

V

V

VVp p

FIG. 2. The 4pt-function is constructed by combining a
heavy quark propagator, represented by the green line, and
a modified sequential source, represented by the black lines.
The sequential sources are made by determining randomly
chosen sample points (x0, t), inverting o↵ each of these source
points to the pion sources, and then using these objects for
further inversions to the sinks and later to the second current
locations. An advantage of this setup is that any pair of cur-
rents, J� and J 0

�, with any separation ⇠, may be constructed
without additional costly propagator inversions.

2
X

x0,s0

Dq(x, s; x0, s0)Hp
q (x0, s0; x0, t) = e�ix·p

⇥

X

x0,x00

S(x; x0)�5S(x0; x00)Gq(x
00, s; x0, t)�(s)

3
X

x0,s0

Dq(x, s; x0, s0)Ipq (x0, s0; x0, t) = eix·p

⇥

X

x0,x00

S(x; x0)�5S(x0; x00)Hp
q (x00, s; x0, t)�(s � T )

(33)

where Dq is the Dirac matrix for the light quarks and
S(x; x0) represents the smearing procedure. The phase
projects the interpolating fields onto definite momentum,
while the signs of the momentum-smearing phases ap-
plied to the quark fields must be treated carefully to en-
sure ⇧ and ⇧ correctly project onto states with a given
momentum. Note that the smearing procedures are ap-
plied once for each of the quark fields in the interpo-
lating fields, and no smearing is applied at the current
insertions. This procedure is shown diagrammatically in
Fig 2. An advantage of this procedure is that the corre-
lation function for any current pair with any separation
can be calculated without additional Dirac matrix inver-
sions. On the other hand, for each choice of momentum
and source-sink separations, two additional light quark
Dirac matrix inversions are required per gauge configu-
ration, denoted by 1 and 2 in Eq. (33).

VI. NUMERICAL RESULTS AND
EXTRACTION OF PION VALENCE

DISTRIBUTION

Reliable extraction of hadronic matrix elements, in
part, hinges on how well a lattice calculation can system-
atically quantify and reduce excited-state contamination.

In this section, we present the numerical results of our
calculation of matrix elements of spatially-separated an-
tisymmetric V-A currents. As discussed in Sec. V, the
pion source-sink separation T is systematically increased,
while holding the time t = T

2 fixed at which the currents
are inserted. Figure 4 shows the calculation of the oper-
ator h⇡(p)| Ji(x0 + ⇠)Jj(x0) |⇡(p)i, where Ji and Jj are
the antisymmetric V-A currents discussed in Sec. IV.

We perform a correlated fit to the jackknife ensemble
ratios of 4pt to 2pt functions for a given momentum p
and spatial separation ⇠ between the currents. In order
to extract the desired matrix element from fits to our
data, we assume the following single exponential form
for the ratios of 4pt to 2pt functions:

R(T ) =
C4pt(T )

C2pt(T )
= A + Be��effT (34)

where �e↵ is the e↵ective energy gap between the
ground-state and the excited states. Therefore the ratio
C4pt(T )
C2pt(T ) will give the desired matrix element h⇡(p)| Ji(x0+

⇠)Jj(x0) |⇡(p)i , up to an additional amplitude obtained
from the fit to the 2pt function in the asymptotic limit
of large T . Given the symmetries engineered into our
calculation, namely the current always being inserted at
t = T

2 and the source/sink interpolators being created
in an identical manner, one can further assume that the
excited state contamination is equal on the source and
sink sides of the current.

In Figs. (3a) and (3b) we present representative fits
according to Eq. (34) applied to the jackknife ensemble
ratio of 4pt (C4pt) to 2pt (C2pt) correlation functions as

a function of source-sink separation T , for ~⇠ = [0, 0, a]
and momenta along the z-direction p = 0.610 GeV and
p = 1.525 GeV, respectively. For p = 0.610 GeV, the
largest source-sink separation we use is T = 22a. As
the signal-to-noise ratio is significantly reduced for states
with large momentum, we attempt to limit additional
noise in our extracted matrix elements by considering
smaller separations between the currents for states with
large momenta. For instance, we limit the largest source-
sink separation to be T = 16a for p = 1.525 GeV. As
seen from Fig. (3a), the ratio of the correlation function
for p = 0.610 GeV has reasonable signal for almost all
the source-sink separations. However, as expected for
p = 1.525 GeV, after T = 12a, the lattice matrix ele-
ments become very noisy and have no e↵ect on the fit.
Reasonable statistical signal in such a relatively small
window of source-sink separations, compared to lower
momenta data, might be a cause for concern. However
it is worth remembering that with such a coarse lattice
spacing (a = 0.127 fm), T = 12a is su�ciently large
(⇠ 1.525 fm) to minimize any excited-state contamina-
tion. We present values of the fit parameters in Table II.

With the fit to the data for momenta along the z-
direction in the range p 2 {0.610 � 1.525} GeV and cur-
rent separations |⇠|  4a in the z-direction, we obtain
the matrix elements shown in Fig. 5. As discussed in



Choice of Currents

Many current combinations are possible

Which one to pick - neutrino-nucleon scattering can guide

(W�)(W+)

d

u d

u

Wµ⌫ = (�gµ⌫ + qµq⌫/q2)F1(x,Q
2) +

(Pµ � qµP · q/q2)(P ⌫ � q⌫P · q/q2)
P · q F2(x,Q

2)� i✏µ⌫↵�
q↵P�

2P · qF3(x,Q
2)

Antisymmetric V-A combination is a good choice to extract valence PDFs
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Pion Valence Quark Distribution using Good LCSs

ensemble � a [fm]  L3
⇥ T m⇡ [MeV] Lm⇡ Nfull Nused Nsm

IV 5.29 0.071 0.13632 323 ⇥ 64 294.6(14) 3.42 2023 960 400

V 5.29 0.071 0.13632 403 ⇥ 64 288.8(11) 4.19 2025 984 400

Table 1. Details of the ensembles used in this analysis. Nfull is the total number of available gauge
configurations and Nused the number of configurations used in the present study. Nsm indicates the
number of Wuppertal smearing iterations in the pion source. The error on the pion mass combines
statistical and systematic errors, see [15]. The time di↵erence between pion source and sink is
t = 15a or t = 32a for both ensembles.

ensembles with pion masses down to 150MeV. Two of these are used in the present study,

namely ensembles IV and V, with a reduced number of gauge configurations as indicated

in table 1.

We will also study the dependence of the pion matrix elements (2.1) on the quark

mass. To this end, we have performed simulations with ensemble V and di↵erent values of

 in the quark propagator, namely

light quarks:  = 0.13632 amq = 0.00291(3) ,

strange:  = 0.135616 amq = 0.02195(3) ,

charm:  = 0.125638 amq = 0.31475(3) , (3.13)

where we also give the values of the bare quark masses mq in lattice units. Here “light

quarks” refers to the  value of ensemble V, whereas the other two values correspond to

the physical strange and charm quark masses, as determined in [17] and [18] by tuning the

pseudoscalar ground state mass to 685.8MeV in the first case and the spin-averaged S-wave

charmonium mass to 3068.5MeV in the second case. Since our simulations are performed

with an nF = 2 fermion action, the strange and charm quarks are partially quenched.

Correlation functions. To compute the pion matrix element in (2.1) on a lattice in

Euclidean space-time, we need the four-point correlators

Cij,~p
4pt

(~y , ⌧, t) = a6
X

~x,~z

e�i~p ·(~x�~z )
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where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.

A good choice of interpolating field will have a large
overlap factor with the ground state while simultane-
ously having poor overlap with excited states. For low-
momenta or states at rest, spatial smearing is a well-
established method to reduce the overlap of point-like
interpolators onto high energy eigenstates. We employ
in this work the Jacobi-smearing procedure [55], in which
point-like quark fields are smeared according to

q̂ (~x, t) =

✓
1 +

�r
2

n�

◆n�

q (~x, t) (29)

where r
2 is the three dimensional gauge-covariant dis-

cretization of the Laplacian, � the smearing “width” and
n� the number of applications of the smearing kernel onto
the point-like quark fields. For highly-boosted states,
however, the overlap of even spatially-smeared interpo-
lators can become suboptimal. To ameliorate the e↵ects
of excited-states and improve the overlap of our interpo-
lators onto boosted pions, we implement a combination
of the Jacobi and momentum-smearing [56] techniques.
In practice we apply appropriately constructed phases to
the underlying gauge fields prior to source creation ac-
cording to

Ũµ [x] = ei
2⇡
L ⇣dµUµ [x] (30)

where ~d is the direction in which phases are applied, with
magnitude ⇣ tuned for each desired momenta. The final
interpolating fields are given by

⇧~p(t) =
X

~x

ei~p·~x ¯̃q(~x, t)�5q̃(~x, t) (31)

where q̃ is a light quark field constructed with the com-
bined application of momentum smearing and Jacobi
smearing. The smearing parameters used were varied
for each momentum and are shown in Table I.

~p = [0, 0, pz] ⇣ no. of sources

p = 0.610 GeV 1.75 2

p = 0.915 GeV 2.50 5

p = 1.220 GeV 3.75 6

p = 1.525 GeV 4.50 7

TABLE I. The lattice momenta ~p = [0, 0, pz] of our interpo-
lating operators and the momentum-smearing phases ⇣ ap-
plied for each lattice momenta in the direction ~d = [0, 0, 1].
Quark sources comprising our interpolators were subsequently
spatially smeared according to the Jacobi-smearing procedure
with smearing parameters � = 4.0 and n� = 50.

For the calculation of any good LCS, the composite
operators used have finite spatial extent ⇠. Introduction

of a heavy auxiliary quark field Q (mQ > ml), such that

our operators are of the form O(t) = J
†
�(⇠, t)J�0(0, t)

with J� = q̄�Q, limits the available phase space be-
tween the two currents thereby reducing the statistical
noise. An auxiliary heavy quark has also been used in
Ref. [57] to remove higher twist contamination in the
calculation of moments of the PDF and the distribution
amplitude (DA). For our calculation of the pion valence
distribution, multiple auxiliary quark masses between
the light and strange quark mass were tested. A slight
improvement in the signal-to-noise ratio from the heavier
masses was observed for the larger momenta. We set
the auxiliary quark propagator to the strange quark
mass for the remainder of this calculation. In addition,
to minimize excited state contamination, the operator
insertion time (t) will be fixed to be midway between
the source and sink interpolators (i.e. t = T

2 ).

The 4-point correlation function is constructed using
a modified sequential source technique. Because we are
not performing a time slice momentum projection at the
operator, the standard sequential source method using
the operator as sequential source does not work here.
However, for the case of meson there is a straightforward
implementation where momentum projections are per-
formed at source and sink meson operators and the cor-
responding correlation functions are computed as chain
of sequential sources as described below. The correlation
function is expressed as follows

C4pt (⇠, p, T, t)

= h⇧p(~z, T )J †
�(x0 + ⇠, t)J�0(x0, t)⇧p (~y, 0)i

=
X

~z,~y

e�i(~z�~y)·~p
h
¯̃d�5ũ (~z, T ) Q̄�u(x0 + ⇠, t)

⇥ ū�0Q(x0, t) ¯̃u�5d̃ (~y, 0)i

= Tr
⇥
Ipq (x0 + ⇠, t; x0, t)��5GQ(x0 + ⇠, t; x0, t)

†�5�0⇤

(32)

where x0 is a randomly determined source point,
GQ(y0; x0) is the flavor Q auxiliary quark propagator from
x0 to y0, and Ipq (y0; x0) is the modified sequential source
with flavor q-quarks and pions at momentum p. The
modified sequential source is constructed through sequen-
tial inversions of the light quark Dirac operator, reusing
already calculated propagators. Heuristically, the mod-
ified sequential source is constructed by calculating the
light quark propagator from a point-source located at
one of the currents to the source interpolator, using this
object as a source for a subsequent propagator to the
sink interpolator, and lastly using this larger object as a
source for propagation from the sink to the second cur-
rent. This construction is done by solving the following
sequence of systems of equations for Gq, Hp

q , and Ipq .

1
X

x0,s0

Dq(x, s; x0, s0)Gq(x
0, s0; x0, t) = �(x � x0)�(s � t)

Equal time current insertion : sum over all energy modes

Use heavy-light flavor changing current to suppress  
 noise from spectator propagator in a systematic way

W. Detmold, D. Lin [PRD 2006] 
DIS and the OPE in lattice QCD
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J�0(x0, t)

J�(x0 + ⇠, t)

V

V

VVp p

FIG. 2. The 4pt-function is constructed by combining a
heavy quark propagator, represented by the green line, and
a modified sequential source, represented by the black lines.
The sequential sources are made by determining randomly
chosen sample points (x0, t), inverting o↵ each of these source
points to the pion sources, and then using these objects for
further inversions to the sinks and later to the second current
locations. An advantage of this setup is that any pair of cur-
rents, J� and J 0

�, with any separation ⇠, may be constructed
without additional costly propagator inversions.

2
X

x0,s0

Dq(x, s; x0, s0)Hp
q (x0, s0; x0, t) = e�ix·p

⇥

X

x0,x00

S(x; x0)�5S(x0; x00)Gq(x
00, s; x0, t)�(s)

3
X

x0,s0

Dq(x, s; x0, s0)Ipq (x0, s0; x0, t) = eix·p

⇥

X

x0,x00

S(x; x0)�5S(x0; x00)Hp
q (x00, s; x0, t)�(s � T )

(33)

where Dq is the Dirac matrix for the light quarks and
S(x; x0) represents the smearing procedure. The phase
projects the interpolating fields onto definite momentum,
while the signs of the momentum-smearing phases ap-
plied to the quark fields must be treated carefully to en-
sure ⇧ and ⇧ correctly project onto states with a given
momentum. Note that the smearing procedures are ap-
plied once for each of the quark fields in the interpo-
lating fields, and no smearing is applied at the current
insertions. This procedure is shown diagrammatically in
Fig 2. An advantage of this procedure is that the corre-
lation function for any current pair with any separation
can be calculated without additional Dirac matrix inver-
sions. On the other hand, for each choice of momentum
and source-sink separations, two additional light quark
Dirac matrix inversions are required per gauge configu-
ration, denoted by 1 and 2 in Eq. (33).

VI. NUMERICAL RESULTS AND
EXTRACTION OF PION VALENCE

DISTRIBUTION

Reliable extraction of hadronic matrix elements, in
part, hinges on how well a lattice calculation can system-
atically quantify and reduce excited-state contamination.

In this section, we present the numerical results of our
calculation of matrix elements of spatially-separated an-
tisymmetric V-A currents. As discussed in Sec. V, the
pion source-sink separation T is systematically increased,
while holding the time t = T

2 fixed at which the currents
are inserted. Figure 4 shows the calculation of the oper-
ator h⇡(p)| Ji(x0 + ⇠)Jj(x0) |⇡(p)i, where Ji and Jj are
the antisymmetric V-A currents discussed in Sec. IV.

We perform a correlated fit to the jackknife ensemble
ratios of 4pt to 2pt functions for a given momentum p
and spatial separation ⇠ between the currents. In order
to extract the desired matrix element from fits to our
data, we assume the following single exponential form
for the ratios of 4pt to 2pt functions:

R(T ) =
C4pt(T )

C2pt(T )
= A + Be��effT (34)

where �e↵ is the e↵ective energy gap between the
ground-state and the excited states. Therefore the ratio
C4pt(T )
C2pt(T ) will give the desired matrix element h⇡(p)| Ji(x0+

⇠)Jj(x0) |⇡(p)i , up to an additional amplitude obtained
from the fit to the 2pt function in the asymptotic limit
of large T . Given the symmetries engineered into our
calculation, namely the current always being inserted at
t = T

2 and the source/sink interpolators being created
in an identical manner, one can further assume that the
excited state contamination is equal on the source and
sink sides of the current.

In Figs. (3a) and (3b) we present representative fits
according to Eq. (34) applied to the jackknife ensemble
ratio of 4pt (C4pt) to 2pt (C2pt) correlation functions as

a function of source-sink separation T , for ~⇠ = [0, 0, a]
and momenta along the z-direction p = 0.610 GeV and
p = 1.525 GeV, respectively. For p = 0.610 GeV, the
largest source-sink separation we use is T = 22a. As
the signal-to-noise ratio is significantly reduced for states
with large momentum, we attempt to limit additional
noise in our extracted matrix elements by considering
smaller separations between the currents for states with
large momenta. For instance, we limit the largest source-
sink separation to be T = 16a for p = 1.525 GeV. As
seen from Fig. (3a), the ratio of the correlation function
for p = 0.610 GeV has reasonable signal for almost all
the source-sink separations. However, as expected for
p = 1.525 GeV, after T = 12a, the lattice matrix ele-
ments become very noisy and have no e↵ect on the fit.
Reasonable statistical signal in such a relatively small
window of source-sink separations, compared to lower
momenta data, might be a cause for concern. However
it is worth remembering that with such a coarse lattice
spacing (a = 0.127 fm), T = 12a is su�ciently large
(⇠ 1.525 fm) to minimize any excited-state contamina-
tion. We present values of the fit parameters in Table II.

With the fit to the data for momenta along the z-
direction in the range p 2 {0.610 � 1.525} GeV and cur-
rent separations |⇠|  4a in the z-direction, we obtain
the matrix elements shown in Fig. 5. As discussed in
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A good choice of interpolating field will have a large
overlap factor with the ground state while simultane-
ously having poor overlap with excited states. For low-
momenta or states at rest, spatial smearing is a well-
established method to reduce the overlap of pointlike in-
terpolators onto high energy eigenstates. We employ in
this work the Jacobi-smearing procedure [56], in which
pointlike quark fields are smeared according to

q̂ (~x, t) =

✓
1 +

�r
2

n�

◆n�

q (~x, t) (29)

where r
2 is the three dimensional gauge-covariant dis-

cretization of the Laplacian, � the smearing “width” and
n� the number of applications of the smearing kernel
onto the pointlike quark fields. For highly-boosted states,
however, the overlap of even spatially-smeared interpo-
lators can become suboptimal. To ameliorate the e↵ects
of excited-states and improve the overlap of our interpo-
lators onto boosted pions, we implement a combination
of the Jacobi and momentum-smearing [57] techniques.
In practice we apply appropriately constructed phases to
the underlying gauge fields prior to source creation ac-
cording to

Ũµ [x] = ei
2⇡
L ⇣dµUµ [x] (30)

where ~d is the direction in which phases are applied, with
magnitude ⇣ tuned for each desired momenta. The final
interpolating fields are given by

⇧~p(t) =
X

~x

ei~p·~x ¯̃q(~x, t)�5q̃(~x, t) (31)

where q̃ is a light quark field constructed with the com-
bined application of momentum smearing and Jacobi
smearing. The smearing parameters used were varied
for each momentum and are shown in Table I. Due to
the decreasing signal to noise ratio, the higher momen-
tum states required more source points and shorter time
separation between the pion operators. These values are
also shown in Table I.

~p = [0, 0, pz] ⇣ No. of source points
(x0, t)

No. of source-sink
separations

p = 0.610 GeV 1.75 2 9

p = 0.915 GeV 2.50 5 9

p = 1.220 GeV 3.75 6 9

p = 1.525 GeV 4.50 7 7

TABLE I. The lattice momenta ~p = [0, 0, pz] of our interpolat-
ing operators and the momentum-smearing phases ⇣ applied
for each lattice momenta in the direction ~d = [0, 0, 1], as well
as number of pion source points and source-sink separations.
Quark sources comprising our interpolators were subsequently
spatially smeared according to the Jacobi-smearing procedure
with smearing parameters � = 4.0 and n� = 50.

For the calculation of any good LCS, the composite
operators used have finite spatial extent ⇠. Introduction
of a heavy auxiliary quark field Q (mQ > ml), such that

our operators are of the form O(t) = J
†
�(⇠, t)J�0(0, t)

with J� = q̄�Q, limits the available phase space be-
tween the two currents thereby reducing the statistical
noise. An auxiliary heavy quark has also been used in
Ref. [58] to remove higher twist contamination in the
calculation of moments of the PDF and the distribution
amplitude (DA). For our calculation of the pion valence
distribution, multiple auxiliary quark masses between
the light and strange quark mass were tested. A slight
improvement in the signal-to-noise ratio from the heavier
masses was observed for the larger momenta. We set
the auxiliary quark propagator to the strange quark
mass for the remainder of this calculation. In addition,
to minimize excited state contamination, the operator
insertion time (t) will be fixed to be midway between
the source and sink interpolators (i.e. t = T

2 ).

The 4-point correlation function is constructed using
a modified sequential source technique. Because we are
not performing a time slice momentum projection at the
operator, the standard sequential source method using
the operator as sequential source does not work here.
However, for the case of meson there is a straightforward
implementation where momentum projections are per-
formed at source and sink meson operators and the cor-
responding correlation functions are computed as chain
of sequential sources as described below. The correlation
function is expressed as follows

C4pt (⇠, p, T, t)

= h⇧p(~z, T )J †
�(x0 + ⇠, t)J�0(x0, t)⇧p (~y, 0)i

=
X

~z,~y

e�i(~z�~y)·~p
h
¯̃d�5ũ (~z, T ) Q̄�u(x0 + ⇠, t)

⇥ ū�0Q(x0, t) ¯̃u�5d̃ (~y, 0)i

= Tr
⇥
Ipq (x0 + ⇠, t; x0, t)��5GQ(x0 + ⇠, t; x0, t)

†�5�0⇤

(32)

where (x0, t) is a randomly determined source point,
GQ(y0; x0) is the flavor Q auxiliary quark propagator from
x0 to y0, and Ipq (y0; x0) is the modified sequential source
with flavor q-quarks and pions at momentum p. The
modified sequential source is constructed through sequen-
tial inversions of the light quark Dirac operator, reusing
already calculated propagators. Heuristically, the mod-
ified sequential source is constructed by calculating the
light quark propagator from a point-source located at
one of the currents to the source interpolator, using this
object as a source for a subsequent propagator to the
sink interpolator, and lastly using this larger object as a
source for propagation from the sink to the second cur-
rent. This construction is done by solving the following
sequence of systems of equations for Gq, Hp

q , and Ipq .

1
X

x0,s0

Dq(x, s; x0, s0)Gq(x
0, s0; x0, t) = �(x � x0)�(s � t)

Momentum smearing essential for higher momentum 

Current insertion at the middle point of source-sink separations

G. S. Bali, et al [PRD 2016]

(x0, t)

Small improvement is seen by replacing light-quark  
propagator with strange quark propagator, especially at  
large current-current separation
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in the Qweak experiment arises from the Gs
M(Q2). A precise estimate of Gs

M(Q2) can lead to

more/higher precision in the estimated value of proton weak charge Qp = (1 � 4 sin2 �W ) in the

Qweak experiment. It is very important to know the value of Qp with greater precision because/as

this will constrain the possibility of Beyond Standard Model physics.

Discuss NuTeV anomaly from the second moment of the s(x) � s̄(x) asymmetry (from high-

lighted 10)
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J2
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J�(x0 + ⇠, t)

V

V

VVp p

FIG. 2. The 4pt-function is constructed by combining a
heavy quark propagator, represented by the green line, and
a modified sequential source, represented by the black lines.
The sequential sources are made by determining randomly
chosen sample points (x0, t), inverting o↵ each of these source
points to the pion sources, and then using these objects for
further inversions to the sinks and later to the second current
locations. An advantage of this setup is that any pair of cur-
rents, J� and J 0

�, with any separation ⇠, may be constructed
without additional costly propagator inversions.

2
X

x0,s0

Dq(x, s; x0, s0)Hp
q (x0, s0; x0, t) = e�ix·p

⇥

X

x0,x00

S(x; x0)�5S(x0; x00)Gq(x
00, s; x0, t)�(s)

3
X

x0,s0

Dq(x, s; x0, s0)Ipq (x0, s0; x0, t) = eix·p

⇥

X

x0,x00

S(x; x0)�5S(x0; x00)Hp
q (x00, s; x0, t)�(s � T )

(33)

where Dq is the Dirac matrix for the light quarks and
S(x; x0) represents the smearing procedure. The phase
projects the interpolating fields onto definite momentum,
while the signs of the momentum-smearing phases ap-
plied to the quark fields must be treated carefully to en-
sure ⇧ and ⇧ correctly project onto states with a given
momentum. Note that the smearing procedures are ap-
plied once for each of the quark fields in the interpo-
lating fields, and no smearing is applied at the current
insertions. This procedure is shown diagrammatically in
Fig 2. An advantage of this procedure is that the corre-
lation function for any current pair with any separation
can be calculated without additional Dirac matrix inver-
sions. On the other hand, for each choice of momentum
and source-sink separations, two additional light quark
Dirac matrix inversions are required per gauge configu-
ration, denoted by 1 and 2 in Eq. (33).

VI. NUMERICAL RESULTS AND
EXTRACTION OF PION VALENCE

DISTRIBUTION

Reliable extraction of hadronic matrix elements, in
part, hinges on how well a lattice calculation can system-
atically quantify and reduce excited-state contamination.

In this section, we present the numerical results of our
calculation of matrix elements of spatially-separated an-
tisymmetric V-A currents. As discussed in Sec. V, the
pion source-sink separation T is systematically increased,
while holding the time t = T

2 fixed at which the currents
are inserted. Figure 4 shows the calculation of the oper-
ator h⇡(p)| Ji(x0 + ⇠)Jj(x0) |⇡(p)i, where Ji and Jj are
the antisymmetric V-A currents discussed in Sec. IV.

We perform a correlated fit to the jackknife ensemble
ratios of 4pt to 2pt functions for a given momentum p
and spatial separation ⇠ between the currents. In order
to extract the desired matrix element from fits to our
data, we assume the following single exponential form
for the ratios of 4pt to 2pt functions:

R(T ) =
C4pt(T )

C2pt(T )
= A + Be��effT (34)

where �e↵ is the e↵ective energy gap between the
ground-state and the excited states. Therefore the ratio
C4pt(T )
C2pt(T ) will give the desired matrix element h⇡(p)| Ji(x0+

⇠)Jj(x0) |⇡(p)i , up to an additional amplitude obtained
from the fit to the 2pt function in the asymptotic limit
of large T . Given the symmetries engineered into our
calculation, namely the current always being inserted at
t = T

2 and the source/sink interpolators being created
in an identical manner, one can further assume that the
excited state contamination is equal on the source and
sink sides of the current.

In Figs. (3a) and (3b) we present representative fits
according to Eq. (34) applied to the jackknife ensemble
ratio of 4pt (C4pt) to 2pt (C2pt) correlation functions as

a function of source-sink separation T , for ~⇠ = [0, 0, a]
and momenta along the z-direction p = 0.610 GeV and
p = 1.525 GeV, respectively. For p = 0.610 GeV, the
largest source-sink separation we use is T = 22a. As
the signal-to-noise ratio is significantly reduced for states
with large momentum, we attempt to limit additional
noise in our extracted matrix elements by considering
smaller separations between the currents for states with
large momenta. For instance, we limit the largest source-
sink separation to be T = 16a for p = 1.525 GeV. As
seen from Fig. (3a), the ratio of the correlation function
for p = 0.610 GeV has reasonable signal for almost all
the source-sink separations. However, as expected for
p = 1.525 GeV, after T = 12a, the lattice matrix ele-
ments become very noisy and have no e↵ect on the fit.
Reasonable statistical signal in such a relatively small
window of source-sink separations, compared to lower
momenta data, might be a cause for concern. However
it is worth remembering that with such a coarse lattice
spacing (a = 0.127 fm), T = 12a is su�ciently large
(⇠ 1.525 fm) to minimize any excited-state contamina-
tion. We present values of the fit parameters in Table II.

With the fit to the data for momenta along the z-
direction in the range p 2 {0.610 � 1.525} GeV and cur-
rent separations |⇠|  4a in the z-direction, we obtain
the matrix elements shown in Fig. 5. As discussed in

8

p [GeV] ⇠ A B �e↵ �2/d.o.f.

0.610 GeV 1a 0.102(5) -0.028(11) 0.054(20) 1.21

0.610 GeV 4a 0.083(4) -0.026(13) 0.062(42) 0.89

1.525 GeV 1a 0.097(8) -0.267(513) 0.809(503) 0.15

1.525 GeV 4a 0.049(9) -0.107(148) 0.450(420) 0.19

TABLE II. The fit parameters of the V-A matrix elements
with ~⇠ = [0, 0, a] for momenta along the z-direction p = 0.610
GeV and p = 1.525 GeV, respectively.

(a)

(b)

FIG. 3. Jackknife ensemble ratio data of the 4pt to 2pt corre-
lation functions used in the extraction of antisymmetric V-A
current matrix elements. Figures (3a) and (3b) show fits to
the matrix elements for p = 0.610 GeV with spatial separation
between the currents ⇠ = 1a and ⇠ = 4a, respectively. The
blue data points are obtained from the lattice QCD calcula-
tion, the green band shows the two-state fit to the data, and
the red band shows the extracted value of the matrix element
in the asymptotically large source-sink separation limit.

Sec. IV, we only include |⇠|  4a in our analysis so that
⇠ is su�ciently smaller than 1

⇤QCD
and thereby ensuring

the factorization of Eq. (6).
For the lowest-order kernel, we use the following simple

relation derived in Sec. IV

T1

�
!, ⇠2

�
⌘�(p · ⇠, ⇠2) =

R 1
0 dx 1

⇡2 cos(x!)q⇡v (x)

(a)

(b)

FIG. 4. Jackknife ensemble ratio data of the 4pt to 2pt corre-
lation functions used in the extraction of antisymmetric V-A
current matrix elements. Figures (4a) and (4b) show fits to
the matrix elements for p = 1.525 GeV with spatial separation
between the currents ⇠ = 1a and ⇠ = 4a, respectively. The
green data points are obtained from the lattice QCD calcula-
tion, the gray band shows the two-state fit to the data, and
the red band shows the extracted value of the matrix element
in the asymptotically large source-sink separation limit.

(35)

to extract pion valence distribution q⇡v (x), by fitting the
antisymmetric V-A current matrix elements �(p · ⇠, ⇠2).

For a proper extraction of the PDF and comparison
to global fit results, one would need to extend the LO
matching formula in Eq. (35) to include a higher order
matching kernel between LCSs and PDFs. A next-
to-leading-order (NLO) matching kernel would include
O(↵s) logarithmic ⇠2 and constant corrections. The
logarithmic terms contain the scale dependent DGLAP
evolution. The constant terms contain the information
on renormalization of the lattice QCD matrix element
and the partonic PDFs which leads to the scheme
dependence. There also can exist higher twist e↵ects
which contaminate the results without su�ciently small
⇠2. Finally there exist potential discretization errors
from the small separation size, as well as rotational
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desired matrix element from fits to our data, we assume
the following form of the 2pt and 4pt functions:

C2pt(T ) = A0e
�E0T

C4pt(T ) = e�E0T (B0 + B1e
��effT ) (28)

where E0 is the ground-state energy and �e↵ is the
e↵ective energy gap between the ground-state and the
excited-states. Therefore the ratio C4pt(T )

C2pt(T ) will give the

desired matrix element h⇡(p)| Ji(x0 + ⇠)Jj(x0) |⇡(p)i
up to an additional amplitude obtained from the fit
to 2pt function in the asymptotic limit of large T . In
fitting our 2pt and 4pt data simultaneously according to
Eq. (28), we impose that E0 is the same for the 2pt and
4pt functions. We have verified this imposition to within
2-4% accuracy for all the p and ⇠ used in this calculation
- much smaller than the statistical uncertainties present
in the matrix elements. In principle, one can also assume
a more complicated form of the 2pt function, such as
C2pt(T ) = A0e�E0T [1 + A1e�(Eeff�E0)T ]. We abstained
from such a functional form of the 2pt functions, as the
parameters A1 and Ee↵ were found to have no e↵ect
on the fits. Given the symmetries engineered into our
calculation, namely the current always being inserted at
t = T

2 and the source/sink interpolators being created
in an identical manner, one can further assume that
the excited state contamination is equal on the source
and sink sides of the current. As a validation of our
simultaneous fits, we also performed a two-state fit to
the direct jackknife ensemble ratio of the 4pt and 2pt
functions; similar results were obtained. However, the
advantage of the simultaneous correlated fit of the 2pt
and 4pt functions is that, for large p, we can include data
for one or two more large pion source-sink separations
in the fit, when compared to the direct fit of the ratio
4pt/2pt.

In Figs. 3a and 3b we show examples of the 2pt
(C2pt) and 4pt (C4pt) correlation functions as a function
of source-sink separation T , without kinematic factors,
with ~⇠ = [0, 0, a] for momenta along the z-direction
p = 0.610 GeV and p = 1.525 GeV, respectively. For
p = 0.610 GeV, the largest source-sink separation we use
is T = 22a. As the signal-to-noise ratio is significantly
reduced for states with large momentum, we attempt
to limit additional noise in our extracted matrix ele-
ments by considering smaller separations between the
currents for states with large momenta. For instance,
for p = 1.525 GeV we limit the largest source-sink
separation to be T = 14a. As seen from Fig. 3a, the
2pt and 4pt correlation functions for p = 0.610 GeV
remain linear in a logarithmic-scale for almost all the
source-sink separations, thus a↵ording a simultaneous
correlated fit in the entire T -window. However, for
p = 1.525 GeV, after T = 12a, the linear behavior of
the 2pt and 4pt functions starts to break down, and
we therefore restrict the fit-window for T  12a. Such
a relatively smaller source-sink separation in lattice

units compared to the lower momentum case might be
a cause for concern, however it is worth remembering
that with such a coarse lattice spacing (a = 0.127 fm),
T = 12a is su�ciently large (⇠ 1.525 fm) to minimize
any excited-state contamination. The linear behaviors
and a similar exponential fall-o↵ of the C2pt(T ) and
C4pt(T ) correlation functions seen in the Fig. 3 also
demonstrate that the jackknife ensemble ratio of the
4pt and 2pt functions are almost flat and, although
included in the 4pt function fit, the term B1e��effT has
no significant impact on the 4pt fit.

(a)

(b)

FIG. 3. 2pt (C2pt(T )) and 4pt (C4pt(T )) correlation func-
tions used in the extraction of antisymmetric V-A current
matrix elements. Fig. 3a shows the 2pt and 4pt functions for
p = 0.610 GeV and Fig. 3b shows that for p = 1.525 GeV,
both with ⇠ = 1a.

With the fit to the data for momenta along the z-
direction in the range p 2 {0.610 � 1.525 GeV} and cur-
rent separations |⇠|  4a in the z-direction, we obtain
the matrix elements shown in Fig. 4. As discussed in
Section D, we only include |⇠|  4a in our analysis so

A simultaneous fit to 2pt and 4pt fit gives to a few % smaller  
uncertainty in   B0/A0

Systematic differences between these two fits are being assessed  

⇠ = a ⇠ = a
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in the Qweak experiment arises from the Gs
M(Q2). A precise estimate of Gs

M(Q2) can lead to

more/higher precision in the estimated value of proton weak charge Qp = (1 � 4 sin2 �W ) in the

Qweak experiment. It is very important to know the value of Qp with greater precision because/as

this will constrain the possibility of Beyond Standard Model physics.

Discuss NuTeV anomaly from the second moment of the s(x) � s̄(x) asymmetry (from high-

lighted 10)
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⇥

X

x0,x00

S(x; x0)�5S(x0; x00)Hp
q (x00, s; x0, t)�(s � T )

(33)

where Dq is the Dirac matrix for the light quarks and
S(x; x0) represents the smearing procedure. The phase
projects the interpolating fields onto definite momentum,
while the signs of the momentum-smearing phases ap-
plied to the quark fields must be treated carefully to en-
sure ⇧ and ⇧ correctly project onto states with a given
momentum. Note that the smearing procedures are ap-
plied once for each of the quark fields in the interpo-
lating fields, and no smearing is applied at the current
insertions. This procedure is shown diagrammatically in
Fig 2. An advantage of this procedure is that the corre-
lation function for any current pair with any separation
can be calculated without additional Dirac matrix inver-
sions. On the other hand, for each choice of momentum
and source-sink separations, two additional light quark
Dirac matrix inversions are required per gauge configu-
ration, denoted by 1 and 2 in Eq. (33).

VI. NUMERICAL RESULTS AND
EXTRACTION OF PION VALENCE

DISTRIBUTION

Reliable extraction of hadronic matrix elements, in
part, hinges on how well a lattice calculation can system-
atically quantify and reduce excited-state contamination.

In this section, we present the numerical results of our
calculation of matrix elements of spatially-separated an-
tisymmetric V-A currents. As discussed in Sec. V, the
pion source-sink separation T is systematically increased,
while holding the time t = T

2 fixed at which the currents
are inserted. Figure 4 shows the calculation of the oper-
ator h⇡(p)| Ji(x0 + ⇠)Jj(x0) |⇡(p)i, where Ji and Jj are
the antisymmetric V-A currents discussed in Sec. IV.

We perform a correlated fit to the jackknife ensemble
ratios of 4pt to 2pt functions for a given momentum p
and spatial separation ⇠ between the currents. In order
to extract the desired matrix element from fits to our
data, we assume the following single exponential form
for the ratios of 4pt to 2pt functions:

R(T ) =
C4pt(T )

C2pt(T )
= A + Be��effT (34)

where �e↵ is the e↵ective energy gap between the
ground-state and the excited states. Therefore the ratio
C4pt(T )
C2pt(T ) will give the desired matrix element h⇡(p)| Ji(x0+

⇠)Jj(x0) |⇡(p)i , up to an additional amplitude obtained
from the fit to the 2pt function in the asymptotic limit
of large T . Given the symmetries engineered into our
calculation, namely the current always being inserted at
t = T

2 and the source/sink interpolators being created
in an identical manner, one can further assume that the
excited state contamination is equal on the source and
sink sides of the current.

In Figs. (3a) and (3b) we present representative fits
according to Eq. (34) applied to the jackknife ensemble
ratio of 4pt (C4pt) to 2pt (C2pt) correlation functions as

a function of source-sink separation T , for ~⇠ = [0, 0, a]
and momenta along the z-direction p = 0.610 GeV and
p = 1.525 GeV, respectively. For p = 0.610 GeV, the
largest source-sink separation we use is T = 22a. As
the signal-to-noise ratio is significantly reduced for states
with large momentum, we attempt to limit additional
noise in our extracted matrix elements by considering
smaller separations between the currents for states with
large momenta. For instance, we limit the largest source-
sink separation to be T = 16a for p = 1.525 GeV. As
seen from Fig. (3a), the ratio of the correlation function
for p = 0.610 GeV has reasonable signal for almost all
the source-sink separations. However, as expected for
p = 1.525 GeV, after T = 12a, the lattice matrix ele-
ments become very noisy and have no e↵ect on the fit.
Reasonable statistical signal in such a relatively small
window of source-sink separations, compared to lower
momenta data, might be a cause for concern. However
it is worth remembering that with such a coarse lattice
spacing (a = 0.127 fm), T = 12a is su�ciently large
(⇠ 1.525 fm) to minimize any excited-state contamina-
tion. We present values of the fit parameters in Table II.

With the fit to the data for momenta along the z-
direction in the range p 2 {0.610 � 1.525} GeV and cur-
rent separations |⇠|  4a in the z-direction, we obtain
the matrix elements shown in Fig. 5. As discussed in

Antisymmetric combination of 
V-A matrix elements

8

p [GeV] ⇠ A B �e↵ �2/d.o.f.

0.610 GeV 1a 0.102(5) -0.028(11) 0.054(20) 1.21

0.610 GeV 4a 0.083(4) -0.026(13) 0.062(42) 0.89

1.525 GeV 1a 0.097(8) -0.267(513) 0.809(503) 0.15

1.525 GeV 4a 0.049(9) -0.107(148) 0.450(420) 0.19

TABLE II. The fit parameters of the V-A matrix elements
with ~⇠ = [0, 0, a] for momenta along the z-direction p = 0.610
GeV and p = 1.525 GeV, respectively.

(a)

(b)

FIG. 3. Jackknife ensemble ratio data of the 4pt to 2pt corre-
lation functions used in the extraction of antisymmetric V-A
current matrix elements. Figures (3a) and (3b) show fits to
the matrix elements for p = 0.610 GeV with spatial separation
between the currents ⇠ = 1a and ⇠ = 4a, respectively. The
blue data points are obtained from the lattice QCD calcula-
tion, the green band shows the two-state fit to the data, and
the red band shows the extracted value of the matrix element
in the asymptotically large source-sink separation limit.

Sec. IV, we only include |⇠|  4a in our analysis so that
⇠ is su�ciently smaller than 1

⇤QCD
and thereby ensuring

the factorization of Eq. (6).
For the lowest-order kernel, we use the following simple

relation derived in Sec. IV

T1

�
!, ⇠2

�
⌘�(p · ⇠, ⇠2) =

R 1
0 dx 1

⇡2 cos(x!)q⇡v (x)

(a)

(b)

FIG. 4. Jackknife ensemble ratio data of the 4pt to 2pt corre-
lation functions used in the extraction of antisymmetric V-A
current matrix elements. Figures (4a) and (4b) show fits to
the matrix elements for p = 1.525 GeV with spatial separation
between the currents ⇠ = 1a and ⇠ = 4a, respectively. The
green data points are obtained from the lattice QCD calcula-
tion, the gray band shows the two-state fit to the data, and
the red band shows the extracted value of the matrix element
in the asymptotically large source-sink separation limit.

(35)

to extract pion valence distribution q⇡v (x), by fitting the
antisymmetric V-A current matrix elements �(p · ⇠, ⇠2).

For a proper extraction of the PDF and comparison
to global fit results, one would need to extend the LO
matching formula in Eq. (35) to include a higher order
matching kernel between LCSs and PDFs. A next-
to-leading-order (NLO) matching kernel would include
O(↵s) logarithmic ⇠2 and constant corrections. The
logarithmic terms contain the scale dependent DGLAP
evolution. The constant terms contain the information
on renormalization of the lattice QCD matrix element
and the partonic PDFs which leads to the scheme
dependence. There also can exist higher twist e↵ects
which contaminate the results without su�ciently small
⇠2. Finally there exist potential discretization errors
from the small separation size, as well as rotational
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Calculation of Perturbative Matching Kernel

A general tree-level calculation first, then we consider V-A case 

Matrix element in pion

4

and have it evaluated in the pion state |⇡ (p)i, where Jk

is a local quark bilinear and ⇠4 is included to maintain
an overall dimensionless matrix element. By examining
the path-integral definition of an arbitrary operator de-
fined at a single Euclidean time removes complications
in analytically continuing our results back to Minkowski
space. In this case, the general time-ordering of O

µ⌫
ij (⇠)

is instead expressed as a sum of diagrams with momenta
flowing in/out of the fixed current locations. We define
the matrix element of O

µ⌫
ij (⇠) in the pion as

�µ⌫
ij (⇠, p)= h⇡ (p)| Oµ⌫

ij (⇠) |⇡ (p)i

= ⇠4 h⇡ (p)| J µ
i (⇠/2) J

⌫
j (�⇠/2) |⇡ (p)i (10)

Projecting onto an asymptotic quark state, we are left
with two distinct diagrams at leading order (LO):

k = xp k = xp

�⇠/2 ⇠/2

⌫ µ
l

(a)

k = xp k = xp

�⇠/2 ⇠/2

⌫ µ
l

(b)

FIG. 1. The lowest order Feynman diagrams contributing
to the �µ⌫

ij in Eq.(10) on an asymptotic on-shell quark state
of momentum k.

Depending on the current-current combinations con-
sidered, the resulting Lorentz decomposition of �µ⌫

ij (⇠, p)
will introduce numerous scalar form factors consistent
with parity and time-reversal invariance. It is these form
factors that will provide information on a wide array
of distribution functions, when factorized according to
Eq. (6). A general expression from which the LO pertur-
bative kernels can be obtained follows from application of
perturbative formulae to the diagrams above. Averaging
over quark spin, the ordering depicted in Fig. (1a) yields

M
(a)
ij =

⇠4

2

X

s

h0| us (k) eik·⇠/2�µ
i  (⇠/2)

⇥  (�⇠/2) �⌫
j e

ik·⇠/2us (k) |0i

=
⇠4

2

X

s

eik·⇠us (k) �µ
i h0| (⇠/2) (�⇠/2) |0i�⌫

ju
s (k)

=
⇠4

2
eik·⇠ Tr

"
(� · k) �µ

i

Z
d4l

(2⇡)4
i� · l

l2 + i✏
e�il·⇠ �⌫

j

#
(11)

where an inverse Fourier transform has been used to ex-
press the quark propagator from �⇠/2 ! ⇠/2 in coor-
dinate space. The second ordering, shown in Fig. (1b),
similarly yields

M
(b)
ji =

⇠4

2
e�ik·⇠ Tr

"
(� · k) �⌫

j

Z
d4l

(2⇡)4
�i� · l

l2 + i✏
e�il·⇠ �µ

i

#

(12)

Combining Eqs. (11) and (12) and writing the quark
momentum as kµ = xpµ, we obtain a general relation in
the LO denoted by the superscript (0) as

�µ⌫(0)
ij (p · ⇠, p; x, ⇠) =

i

4⇡2
xp↵⇠�

�
eixp·⇠ Tr

⇥
�↵�µ

i �
��⌫

j

⇤

�e�ixp·⇠ Tr
⇥
�↵�⌫

j �
��µ

i

⇤ 
(13)

from which the kernels Kq(0)
n

�
!, ⇠2; x

�
with ! = p · ⇠ can

be isolated for currents {i, j}.
Given invariance of the strong interaction under par-

ity (P) and time-reversal (T ) transformations, the pion
matrix element �µ⌫

ij (⇠, p) has the following property,

�µ⌫
ij (⇠, p) = h⇡ (p)| (PT )

�
O

µ⌫
ij (⇠)

�†
(PT )�1

|⇡ (p)i .
(14)

In this work, we consider the case of a vector J
µ
V =

 �µ and axial-vector J
⌫
A =  �⌫�5 current combina-

tion, whose transformation properties are

(PT ) J
µ
A (⇠) (PT )�1 = �J

µ
A (�⇠)

(PT ) J
µ
V (⇠) (PT )�1 = J

µ
V (�⇠)

With these transformation properties, we find that the
following combination of these two currents, �µ⌫

V A (⇠, p)+
�µ⌫
AV (⇠, p) ⌘ h⇡ (p)| [Oµ⌫

V A (⇠) + O
µ⌫
AV (⇠)] |⇡ (p)i, is anti-

symmetric in Lorentz indices, {µ, ⌫}, and can be ex-
pressed in terms of two dimensionless scalar form factors
as

1

2
[�µ⌫

V A (⇠, p) + �µ⌫
AV (⇠, p)]
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+ (pµ⇠⌫ � ⇠µp⌫) T2
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!, ⇠2
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(15)

where Ti

�
!, ⇠2

�
are the dimensionless functions of the

Lorentz invariants {!, ⇠2}.
The dimensionless functions are isolated by taking ap-

propriate tensor contractions of the antisymmetric ma-
trix element in Eq. (15),

T1

�
!, ⇠2

�
=

1

2 (!2 � p2⇠2)
(16)

⇥
�
✏µ⌫↵�⇠
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(17)

⇥ (⇠µp⌫ � pµ⇠⌫)
1

2
[�µ⌫

V A(⇠, p)+�µ⌫
AV (⇠, p)] .

A judicious choice of ⇠, p, and Lorentz indices {µ, ⌫},
exposes the structure functions T1

�
!, ⇠2

�
and T2

�
!, ⇠2

�

without recourse to a full tensor contraction as in
Eqs. (16) and (17). To isolate the structure functions
we stipulate p = (p0, 0, 0, p3) and ⇠ = (0, 0, 0, ⇠3). T1 is
then isolated by choosing µ = 1 and ⌫ = 2:

T1

�
!, ⇠2

�
=

1

p0⇠3
1

2

⇥
�12
V A (⇠, p) + �12

AV (⇠, p)
⇤

. (18)
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and have it evaluated in the pion state |⇡ (p)i, where Jk

is a local quark bilinear and ⇠4 is included to maintain
an overall dimensionless matrix element. By examining
the path-integral definition of an arbitrary operator de-
fined at a single Euclidean time removes complications
in analytically continuing our results back to Minkowski
space. In this case, the general time-ordering of O
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is instead expressed as a sum of diagrams with momenta
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FIG. 1. The lowest order Feynman diagrams contributing
to the �µ⌫

ij in Eq.(10) on an asymptotic on-shell quark state
of momentum k.

Depending on the current-current combinations con-
sidered, the resulting Lorentz decomposition of �µ⌫

ij (⇠, p)
will introduce numerous scalar form factors consistent
with parity and time-reversal invariance. It is these form
factors that will provide information on a wide array
of distribution functions, when factorized according to
Eq. (6). A general expression from which the LO pertur-
bative kernels can be obtained follows from application of
perturbative formulae to the diagrams above. Averaging
over quark spin, the ordering depicted in Fig. (1a) yields
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where an inverse Fourier transform has been used to ex-
press the quark propagator from �⇠/2 ! ⇠/2 in coor-
dinate space. The second ordering, shown in Fig. (1b),
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Combining Eqs. (11) and (12) and writing the quark
momentum as kµ = xpµ, we obtain a general relation in
the LO denoted by the superscript (0) as
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where symmetry factor Sa = 1, 2 for a = q, g, respec-
tively, and J ≥ 1 because there is no scalar twist-2 oper-
ator. By substituting Eq. (13) into Eq. (11), and compar-
ing it with Eq. (8) with the Ka

n expanded in power series
of ω, we prove that σn in Eq. (11) has the factorized form
in Eq. (8) with

Ka
n =

∑

J=1

2

Sa
W (J,a)

n (ξ2, µ2)ΣJ (xω, x
2P 2ξ2) . (14)

Note, however, that our proof is valid only when |ω| ≪ 1
and |P 2ξ2| ≪ 1 because OPE works only in the region
where all components of ξ go to zero uniformly but with
all other variables fixed. That is, we need to further
extend our proof to other regions, especially when ω is
finite.
The validity of OPE guarantees that σn is an analytic

function of ω in the neighborhood of ω = 0, and its Tay-
lor series of ω around ω = 0 is defined by Eqs. (9-14). If
we fix ξ to be at short-distance while we increase ω by
adjusting external momentum P , we cannot introduce
any new perturbative divergence. That is, σn remains to
be analytic as ω becomes larger, and only possible sin-
gularity is at ω = ∞. Similarly, for fixed ξ, σn is an
analytic function of P 2ξ2 except for the point of infinity.
Therefore, the factorization in Eq. (8), defined by a Tay-
lor series of ω and P 2ξ2, holds for any finite value of ω
and P 2ξ2 with the correction up to O(ξ2Λ2

QCD).
Note that the analytic behavior of σn discussed above

could be significantly different when it is Fourier trans-
formed into momentum space, i.e.,

σ̃n(ω̃, q
2, P 2) ≡

∫
d4ξ

ξ4
eiq·ξσn(P · ξ, ξ2, P 2), (15)

where corresponding On can be any two-currents oper-
ator defined in Eq. (2), and ω̃ ≡ 2P ·q

−q2 = 1
xB

with xB

the Bjorken variable for the lepton-hadron deep inelas-
tic scattering (DIS). Assuming |P 2/q2| ≪ 1, σ̃n has cuts
going out to infinity from the thresholds ω̃ = ±1. The
reason for having the cuts is that the system has a posi-
tive energy when ω̃2 > 1, corresponding to (q + P )2 > 0
or (q−P )2 > 0, and thus, it can produce physically prop-
agating particles. To understand the difference better, let
us consider a simple integral which could contribute to
Eq. (15),

∫
d4ξ

ξ4
ξν ei(q+xP )·ξ , (16)

where −1 < x < 1 could be thought as the momentum
fraction of a parton inside of the hadron. If q + xP is
not light-like for any value of x, which is equivalent to
ω̃2 < 1, this integral is always finite. But if q + xP is
light-like, this integral is divergent in the region where ξ
is large and almost anti-collinear to q+ xP . This simple
excise tells us that the non-analytic cut of σ̃n comes from

the integration region of large ξ. That is, even if we
demand |q2| ≫ Λ2

QCD, σ̃n in momentum space can always
receive contribution from large ξ region so long as ω̃2 > 1.
On the other hand, in coordinate space, if we fix ξ to
be short-distance, we do not have contribution from the
large ξ region and thus σn has a good analytic behavior.
Since σ̃n is simply a Fourier transformation of σn, the

factorization of σn in Eq. (8) implies the following fac-
torization,

σ̃n =
∑

a

fa ⊗ K̃a
n +O(Λ2

QCD/q
2) , (17)

where ⊗ represents the x-convolution in Eq. (8) and

K̃a
n =

∫
d4ξ

ξ4
eiq·ξKa

n(xP · ξ, ξ2, x2P 2, µ) . (18)

From the discussion above, the factorization in momen-
tum space is unambiguous if ω̃2 < 1.
Matching coefficients — From Eq. (14), we can ob-

tain Ka
n if we know the Wilson coefficients W (J,a)

n . Our
strategy to calculate them is as follows: (1) calculate
Ka

n(xω, ξ
2, 0, µ), which corresponds to the coefficient

function in collinear factorization with P 2 → 0, (2) ex-
pand Ka

n(xω, ξ
2, 0, µ) as a power series of xω, and (3)

compare it with Ka
n(xω, ξ

2, 0, µ) in Eq. (14), along with

the fact ΣJ(xω, 0) = (xω)J , to obtain W (J,a)
n as the ex-

pansion coefficients.

FIG. 1. LO Feynman diagrams for σ̃n.

In the following, we calculate nonvanishing Ka
n for var-

ious LCSs introduced above to the lowest order (LO) in
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VIII. SUMMARY AND OUTLOOK

We have presented the first lattice QCD calculation of the pion valence distribution using a spatially-separated
vector and axial-vector current combination. We have emphasized that the spatial separation ⇠ between the currents
is a well-defined quantity in the good lattice cross sections method and plays a role analogous to capturing the correct
collision dynamics in a hard scattering process and ensures the validity of factorization to obtain parton distribution
functions. In this exploratory calculation, we have considered a leading-order perturbative kernel to obtain the
non-perturbative valence PDF of the pion though factorization of the good lattice cross section of this vector and
axial-vector matrix element. A similar calculation on other lattice ensembles is in progress to determine the pion mass
dependence, quantify lattice artifacts and obtain the PDF in the continuum limit. Such a calculation of the lattice
QCD matrix elements in the continuum limit, and therefore a more reliable extraction of PDF will be presented in
future work with the next-to-leading-order perturbative matching kernel incorporated to understand the corrections
in ⇠ and higher twist e↵ects. Moreover, using this most general approach, other good lattice cross sections with
di↵erent current combinations will give information on di↵erent types of PDFs. Within the limitations of the present
calculation, however, we would like to emphasize that the good statistical agreement between the PDF extracted here,
through only leading-order factorization and the fits to the experimental data, is very encouraging and shows that
this method has the potential to complement the well-established and modern state-of-art global fits of PDFs. Upon
further investigation and refinement of our methodology, our lattice QCD results can be a subset of those used in
future global analyses.
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Calculation of Perturbative Matching Kernel

5

where p2 = 0 is suppressed and fq(0)
a

�
x, µ2

�
= � (1 � x) �qa is the quark distribution of an asymptotic quark at zeroth

order in ↵s and does not have the factorization scale µ2-dependence. Upon substitution of fq(0)
a into Eq. (7), it can

be shown

�q(0)
n

�
!, ⇠2

�
= Kq(0)

n

�
!, ⇠2

�
. (8)

where the active quark momentum p2 = 0 is suppressed. Thus determination of the leading-order coe�cient functions

Kq(0)
n follows directly from the expression of the matrix elements �q(0)

n
�
!, ⇠2

�
in the coordinate space.

Specializing to the case of the pion, consider a generic tensor operator

O
µ⌫
ij (⇠) = ⇠4J µ

i (⇠/2) J
⌫
j (�⇠/2) , (9)

and have it evaluated in the pion state |⇡ (p)i, where Jk is a local quark bilinear and ⇠4 is included to maintain an
overall dimensionless matrix element. By examining the path-integral definition of an arbitrary operator defined at a
single Euclidean time removes complications in analytically continuing our results back to Minkowski space. In this
case, the general time-ordering of O

µ⌫
ij (⇠) is instead expressed as a sum of diagrams with momenta flowing in/out of

the fixed current locations. We define the matrix element of O
µ⌫
ij (⇠) in the pion as

�µ⌫
ij (⇠, p)= h⇡ (p)| Oµ⌫

ij (⇠) |⇡ (p)i

= ⇠4 h⇡ (p)| J µ
i (⇠/2) J

⌫
j (�⇠/2) |⇡ (p)i (10)

Projecting onto an asymptotic quark state, we are left with two distinct diagrams at leading order (LO):

k = xp k = xp
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⌫ µ
l

(a)

k = xp k = xp

�⇠/2 ⇠/2

⌫ µ
l

(b)

FIG. 1. The lowest order Feynman diagrams contributing to the �µ⌫
ij in Eq.(10) on an asymptotic on-shell quark state of

momentum k.

Depending on the current-current combinations considered, the resulting Lorentz decomposition of �µ⌫
ij (⇠, p) will

introduce numerous scalar form factors consistent with parity and time-reversal invariance. It is these form factors
that will provide information on a wide array of distribution functions, when factorized according to Eq. (6). A
general expression from which the LO perturbative kernels can be obtained follows from application of perturbative
formulae to the diagrams above. Averaging over quark spin, the ordering depicted in Fig. 1a yields
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where an inverse Fourier transform has been used to express the quark propagator from �⇠/2 ! ⇠/2 in coordinate
space. The second ordering, shown in Fig. 1b, similarly yields
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Combining Eqs. (11) and (12) and writing the quark momentum as kµ = xpµ, we obtain a general relation in the
LO denoted by the superscript (0) as
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ij (p · ⇠, p; x, ⇠) =
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and have it evaluated in the pion state |⇡ (p)i, where Jk

is a local quark bilinear and ⇠4 is included to maintain
an overall dimensionless matrix element. By examining
the path-integral definition of an arbitrary operator de-
fined at a single Euclidean time removes complications
in analytically continuing our results back to Minkowski
space. In this case, the general time-ordering of O
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is instead expressed as a sum of diagrams with momenta
flowing in/out of the fixed current locations. We define
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of momentum k.

Depending on the current-current combinations con-
sidered, the resulting Lorentz decomposition of �µ⌫

ij (⇠, p)
will introduce numerous scalar form factors consistent
with parity and time-reversal invariance. It is these form
factors that will provide information on a wide array
of distribution functions, when factorized according to
Eq. (6). A general expression from which the LO pertur-
bative kernels can be obtained follows from application of
perturbative formulae to the diagrams above. Averaging
over quark spin, the ordering depicted in Fig. (1a) yields
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where an inverse Fourier transform has been used to ex-
press the quark propagator from �⇠/2 ! ⇠/2 in coor-
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Combining Eqs. (11) and (12) and writing the quark
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from which the kernels Kq(0)
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be isolated for currents {i, j}.
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VIII. SUMMARY AND OUTLOOK

We have presented the first lattice QCD calculation of the pion valence distribution using a spatially-separated
vector and axial-vector current combination. We have emphasized that the spatial separation ⇠ between the currents
is a well-defined quantity in the good lattice cross sections method and plays a role analogous to capturing the correct
collision dynamics in a hard scattering process and ensures the validity of factorization to obtain parton distribution
functions. In this exploratory calculation, we have considered a leading-order perturbative kernel to obtain the
non-perturbative valence PDF of the pion though factorization of the good lattice cross section of this vector and
axial-vector matrix element. A similar calculation on other lattice ensembles is in progress to determine the pion mass
dependence, quantify lattice artifacts and obtain the PDF in the continuum limit. Such a calculation of the lattice
QCD matrix elements in the continuum limit, and therefore a more reliable extraction of PDF will be presented in
future work with the next-to-leading-order perturbative matching kernel incorporated to understand the corrections
in ⇠ and higher twist e↵ects. Moreover, using this most general approach, other good lattice cross sections with
di↵erent current combinations will give information on di↵erent types of PDFs. Within the limitations of the present
calculation, however, we would like to emphasize that the good statistical agreement between the PDF extracted here,
through only leading-order factorization and the fits to the experimental data, is very encouraging and shows that
this method has the potential to complement the well-established and modern state-of-art global fits of PDFs. Upon
further investigation and refinement of our methodology, our lattice QCD results can be a subset of those used in
future global analyses.

IX. EQUATIONS
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Calculation of Perturbative Matching Kernel

Combine these tree-level diagrams and  write 
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where the active quark momentum p2 = 0 is suppressed. Thus determination of the leading-order coe�cient functions
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and have it evaluated in the pion state |⇡ (p)i, where Jk is a local quark bilinear and ⇠4 is included to maintain an
overall dimensionless matrix element. By examining the path-integral definition of an arbitrary operator defined at a
single Euclidean time removes complications in analytically continuing our results back to Minkowski space. In this
case, the general time-ordering of O
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ij in Eq.(10) on an asymptotic on-shell quark state of

momentum k.

Depending on the current-current combinations considered, the resulting Lorentz decomposition of �µ⌫
ij (⇠, p) will

introduce numerous scalar form factors consistent with parity and time-reversal invariance. It is these form factors
that will provide information on a wide array of distribution functions, when factorized according to Eq. (6). A
general expression from which the LO perturbative kernels can be obtained follows from application of perturbative
formulae to the diagrams above. Averaging over quark spin, the ordering depicted in Fig. 1a yields
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where an inverse Fourier transform has been used to express the quark propagator from �⇠/2 ! ⇠/2 in coordinate
space. The second ordering, shown in Fig. 1b, similarly yields
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Combining Eqs. (11) and (12) and writing the quark momentum as kµ = xpµ, we obtain a general relation in the
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kµ = xpµ

For different current-current combinations obtain LO kernels
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the path-integral definition of an arbitrary operator de-
fined at a single Euclidean time removes complications
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space. In this case, the general time-ordering of O
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FIG. 1. The lowest order Feynman diagrams contributing
to the �µ⌫

ij in Eq.(10) on an asymptotic on-shell quark state
of momentum k.

Depending on the current-current combinations con-
sidered, the resulting Lorentz decomposition of �µ⌫

ij (⇠, p)
will introduce numerous scalar form factors consistent
with parity and time-reversal invariance. It is these form
factors that will provide information on a wide array
of distribution functions, when factorized according to
Eq. (6). A general expression from which the LO pertur-
bative kernels can be obtained follows from application of
perturbative formulae to the diagrams above. Averaging
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where an inverse Fourier transform has been used to ex-
press the quark propagator from �⇠/2 ! ⇠/2 in coor-
dinate space. The second ordering, shown in Fig. 1b,
similarly yields

M
(b)
ji =

⇠4

2
e�ik·⇠ Tr

"
(� · k) �⌫

j

Z
d4l

(2⇡)4
�i� · l

l2 + i✏
e�il·⇠ �µ

i

#

(12)
Combining Eqs. (11) and (12) and writing the quark
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To isolate structure functions T1 and T2 
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ij in Eq.(10) on an asymptotic on-shell quark state
of momentum k.
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where an inverse Fourier transform has been used to ex-
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sidered, the resulting Lorentz decomposition of �µ⌫
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will introduce numerous scalar form factors consistent
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bative kernels can be obtained follows from application of
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over quark spin, the ordering depicted in Fig. (1a) yields

M
(a)
ij =

⇠4

2

X

s

h0| us (k) eik·⇠/2�µ
i  (⇠/2)

⇥  (�⇠/2) �⌫
j e

ik·⇠/2us (k) |0i

=
⇠4

2

X

s

eik·⇠us (k) �µ
i h0| (⇠/2) (�⇠/2) |0i�⌫

ju
s (k)

=
⇠4

2
eik·⇠ Tr

"
(� · k) �µ

i

Z
d4l

(2⇡)4
i� · l

l2 + i✏
e�il·⇠ �⌫

j

#
(11)

where an inverse Fourier transform has been used to ex-
press the quark propagator from �⇠/2 ! ⇠/2 in coor-
dinate space. The second ordering, shown in Fig. (1b),
similarly yields

M
(b)
ji =

⇠4

2
e�ik·⇠ Tr

"
(� · k) �⌫

j

Z
d4l

(2⇡)4
�i� · l

l2 + i✏
e�il·⇠ �µ

i

#

(12)

Combining Eqs. (11) and (12) and writing the quark
momentum as kµ = xpµ, we obtain a general relation in
the LO denoted by the superscript (0) as

�µ⌫(0)
ij (p · ⇠, p; x, ⇠) =

i

4⇡2
xp↵⇠�

�
eixp·⇠ Tr

⇥
�↵�µ

i �
��⌫

j

⇤

�e�ixp·⇠ Tr
⇥
�↵�⌫

j �
��µ

i

⇤ 
(13)

from which the kernels Kq(0)
n

�
!, ⇠2; x

�
with ! = p · ⇠ can

be isolated for currents {i, j}.
Given invariance of the strong interaction under par-

ity (P) and time-reversal (T ) transformations, the pion
matrix element �µ⌫

ij (⇠, p) has the following property,

�µ⌫
ij (⇠, p) = h⇡ (p)| (PT )

�
O

µ⌫
ij (⇠)

�†
(PT )�1

|⇡ (p)i .
(14)

In this work, we consider the case of a vector J
µ
V =

 �µ and axial-vector J
⌫
A =  �⌫�5 current combina-

tion, whose transformation properties are

(PT ) J
µ
A (⇠) (PT )�1 = �J

µ
A (�⇠)

(PT ) J
µ
V (⇠) (PT )�1 = J

µ
V (�⇠)

With these transformation properties, we find that the
following combination of these two currents, �µ⌫

V A (⇠, p)+
�µ⌫
AV (⇠, p) ⌘ h⇡ (p)| [Oµ⌫

V A (⇠) + O
µ⌫
AV (⇠)] |⇡ (p)i, is anti-

symmetric in Lorentz indices, {µ, ⌫}, and can be ex-
pressed in terms of two dimensionless scalar form factors
as

1

2
[�µ⌫

V A (⇠, p) + �µ⌫
AV (⇠, p)]

⌘ ✏µ⌫↵�⇠↵p�T1

�
!, ⇠2

�
+ (pµ⇠⌫ � ⇠µp⌫) T2

�
!, ⇠2

�

(15)

where Ti

�
!, ⇠2

�
are the dimensionless functions of the

Lorentz invariants {!, ⇠2}.
The dimensionless functions are isolated by taking ap-

propriate tensor contractions of the antisymmetric ma-
trix element in Eq. (15),

T1

�
!, ⇠2

�
=

1

2 (!2 � p2⇠2)
(16)

⇥
�
✏µ⌫↵�⇠

↵p�
�1

2
[�µ⌫

V A (⇠, p) + �µ⌫
AV (⇠, p)] ,

T2

�
!, ⇠2

�
=

1

2 (!2 � p2⇠2)
(17)

⇥ (⇠µp⌫ � pµ⇠⌫)
1

2
[�µ⌫

V A(⇠, p)+�µ⌫
AV (⇠, p)] .

A judicious choice of ⇠, p, and Lorentz indices {µ, ⌫},
exposes the structure functions T1

�
!, ⇠2

�
and T2

�
!, ⇠2

�

without recourse to a full tensor contraction as in
Eqs. (16) and (17). To isolate the structure functions
we stipulate p = (p0, 0, 0, p3) and ⇠ = (0, 0, 0, ⇠3). T1 is
then isolated by choosing µ = 1 and ⌫ = 2:

T1

�
!, ⇠2

�
=

1

p0⇠3
1

2

⇥
�12
V A (⇠, p) + �12

AV (⇠, p)
⇤

. (18)

4

and have it evaluated in the pion state |⇡ (p)i, where Jk

is a local quark bilinear and ⇠4 is included to maintain
an overall dimensionless matrix element. By examining
the path-integral definition of an arbitrary operator de-
fined at a single Euclidean time removes complications
in analytically continuing our results back to Minkowski
space. In this case, the general time-ordering of O

µ⌫
ij (⇠)

is instead expressed as a sum of diagrams with momenta
flowing in/out of the fixed current locations. We define
the matrix element of O

µ⌫
ij (⇠) in the pion as

�µ⌫
ij (⇠, p)= h⇡ (p)| Oµ⌫

ij (⇠) |⇡ (p)i

= ⇠4 h⇡ (p)| J µ
i (⇠/2) J

⌫
j (�⇠/2) |⇡ (p)i (10)

Projecting onto an asymptotic quark state, we are left
with two distinct diagrams at leading order (LO):

k = xp k = xp

�⇠/2 ⇠/2

⌫ µ
l

(a)

k = xp k = xp

�⇠/2 ⇠/2

⌫ µ
l

(b)

FIG. 1. The lowest order Feynman diagrams contributing
to the �µ⌫

ij in Eq.(10) on an asymptotic on-shell quark state
of momentum k.

Depending on the current-current combinations con-
sidered, the resulting Lorentz decomposition of �µ⌫

ij (⇠, p)
will introduce numerous scalar form factors consistent
with parity and time-reversal invariance. It is these form
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Depending on the current-current combinations con-
sidered, the resulting Lorentz decomposition of �µ⌫

ij (⇠, p)
will introduce numerous scalar form factors consistent
with parity and time-reversal invariance. It is these form
factors that will provide information on a wide array
of distribution functions, when factorized according to
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bative kernels can be obtained follows from application of
perturbative formulae to the diagrams above. Averaging
over quark spin, the ordering depicted in Fig. (1a) yields

M
(a)
ij =

⇠4

2

X

s

h0| us (k) eik·⇠/2�µ
i  (⇠/2)

⇥  (�⇠/2) �⌫
j e

ik·⇠/2us (k) |0i

=
⇠4

2

X

s

eik·⇠us (k) �µ
i h0| (⇠/2) (�⇠/2) |0i�⌫

ju
s (k)

=
⇠4

2
eik·⇠ Tr

"
(� · k) �µ

i

Z
d4l

(2⇡)4
i� · l

l2 + i✏
e�il·⇠ �⌫

j

#
(11)
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trix element in Eq. (15),
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A judicious choice of ⇠, p, and Lorentz indices {µ, ⌫},
exposes the structure functions T1

�
!, ⇠2

�
and T2

�
!, ⇠2

�

without recourse to a full tensor contraction as in
Eqs. (16) and (17). To isolate the structure functions
we stipulate p = (p0, 0, 0, p3) and ⇠ = (0, 0, 0, ⇠3). T1 is
then isolated by choosing µ = 1 and ⌫ = 2:
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4

and have it evaluated in the pion state |⇡ (p)i, where Jk

is a local quark bilinear and ⇠4 is included to maintain
an overall dimensionless matrix element. By examining
the path-integral definition of an arbitrary operator de-
fined at a single Euclidean time removes complications
in analytically continuing our results back to Minkowski
space. In this case, the general time-ordering of O

µ⌫
ij (⇠)

is instead expressed as a sum of diagrams with momenta
flowing in/out of the fixed current locations. We define
the matrix element of O

µ⌫
ij (⇠) in the pion as

�µ⌫
ij (⇠, p)= h⇡ (p)| Oµ⌫

ij (⇠) |⇡ (p)i

= ⇠4 h⇡ (p)| J µ
i (⇠/2) J
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Projecting onto an asymptotic quark state, we are left
with two distinct diagrams at leading order (LO):

k = xp k = xp

�⇠/2 ⇠/2

⌫ µ
l

(a)

k = xp k = xp

�⇠/2 ⇠/2

⌫ µ
l

(b)

FIG. 1. The lowest order Feynman diagrams contributing
to the �µ⌫

ij in Eq.(10) on an asymptotic on-shell quark state
of momentum k.

Depending on the current-current combinations con-
sidered, the resulting Lorentz decomposition of �µ⌫

ij (⇠, p)
will introduce numerous scalar form factors consistent
with parity and time-reversal invariance. It is these form
factors that will provide information on a wide array
of distribution functions, when factorized according to
Eq. (6). A general expression from which the LO pertur-
bative kernels can be obtained follows from application of
perturbative formulae to the diagrams above. Averaging
over quark spin, the ordering depicted in Fig. (1a) yields
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where an inverse Fourier transform has been used to ex-
press the quark propagator from �⇠/2 ! ⇠/2 in coor-
dinate space. The second ordering, shown in Fig. (1b),
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Combining Eqs. (11) and (12) and writing the quark
momentum as kµ = xpµ, we obtain a general relation in
the LO denoted by the superscript (0) as
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from which the kernels Kq(0)
n

�
!, ⇠2; x

�
with ! = p · ⇠ can

be isolated for currents {i, j}.
Given invariance of the strong interaction under par-
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In this work, we consider the case of a vector J
µ
V =

 �µ and axial-vector J
⌫
A =  �⌫�5 current combina-
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where Ti
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are the dimensionless functions of the

Lorentz invariants {!, ⇠2}.
The dimensionless functions are isolated by taking ap-

propriate tensor contractions of the antisymmetric ma-
trix element in Eq. (15),
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A judicious choice of ⇠, p, and Lorentz indices {µ, ⌫},
exposes the structure functions T1

�
!, ⇠2

�
and T2

�
!, ⇠2

�

without recourse to a full tensor contraction as in
Eqs. (16) and (17). To isolate the structure functions
we stipulate p = (p0, 0, 0, p3) and ⇠ = (0, 0, 0, ⇠3). T1 is
then isolated by choosing µ = 1 and ⌫ = 2:
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While T2 is isolated by choosing µ = 0 and ⌫ = 3:
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From Eq. (6), the Ti
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can be thus factorized as
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with the perturbatively calculable matching coe�cients
Ca

i

�
x!, ⇠2, µ2

�
for parton flavor a.

Similar to the derivation of Eq. (13), the LO contribu-
tion to the antisymmetric pion matrix element in Eq. (15)
is given by

�µ⌫(0)
V A (p · ⇠, p; x, ⇠) =
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(21)

with Tr
�
�µ�⌫�⇢���5

�
= �4i✏µ⌫⇢� dictated by the con-

vention ✏0123 = 1. Substituting Eq. (21) into Eqs. (16)
and (17), we obtain the two scalar form factors of a quark
state of momentum k = xp at the LO, respectively,

T q(0)
1 (x!, ⇠2) =

x

⇡2

�
eix! + e�ix!

�
, (22)

T q(0)
2 (x!, ⇠2) = 0 . (23)

With fq(0)
a

�
x, µ2

�
= � (1 � x) �qa, we obtain the lowest

order perturbative coe�cients in Eq. (20) as,

Cq(0)
1 (x!, ⇠2) = T q(0)

1 (x!, ⇠2) =
2x

⇡2
cos(x!) (24)

Cq(0)
2 (x!, ⇠2) = 0 , (25)

respectively.
We have the LO momentum-space scalar form factors

by performing a Fourier transformation in !,
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�
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dx
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�
q (x̃) + q (�x̃)

 

⇡
1
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�
q (x̃) � q (x̃)

 
=

1

⇡2
qv(x̃) , (26)

where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv

�
x̃, µ2

�
is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2

QCD.
It has been shown in Ref. [28] that the validity of op-

erator product expansion (OPE) guarantees that T1 is
an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
Collaboration [54]. This ensemble employs 2+1 flavors
of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
was set by requiring the ratio

�
2M2

K+ � M2
⇡+

�
/M⌦� to

assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
X

n

|Zn|
2

2En(p)
e�En(p)T , (28)

where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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While T2 is isolated by choosing µ = 0 and ⌫ = 3:
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From Eq. (6), the Ti
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with the perturbatively calculable matching coe�cients
Ca
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x!, ⇠2, µ2

�
for parton flavor a.

Similar to the derivation of Eq. (13), the LO contribu-
tion to the antisymmetric pion matrix element in Eq. (15)
is given by
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V A (p · ⇠, p; x, ⇠) =
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with Tr
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= �4i✏µ⌫⇢� dictated by the con-

vention ✏0123 = 1. Substituting Eq. (21) into Eqs. (16)
and (17), we obtain the two scalar form factors of a quark
state of momentum k = xp at the LO, respectively,
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order perturbative coe�cients in Eq. (20) as,
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T̃1

�
x̃, ⇠2

�
⌘

Z
d!

2⇡
e�ix̃! T1

�
!, ⇠2

�

⇡

Z
d!

2⇡
e�ix̃!

Z 1

0

dx

x
q (x) Cq(0)

1 (x!, ⇠2, µ2)

⇡

Z
d!

2⇡
e�ix̃!

Z 1

0

dx

x
q (x)

x

⇡2

�
eix! + e�ix!

�

⇡
1

⇡2

�
q (x̃) + q (�x̃)

 

⇡
1

⇡2

�
q (x̃) � q (x̃)

 
=

1

⇡2
qv(x̃) , (26)

where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv
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is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2

QCD.
It has been shown in Ref. [28] that the validity of op-

erator product expansion (OPE) guarantees that T1 is
an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
Collaboration [54]. This ensemble employs 2+1 flavors
of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
was set by requiring the ratio
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/M⌦� to

assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
X

n

|Zn|
2

2En(p)
e�En(p)T , (28)

where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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with the perturbatively calculable matching coe�cients
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where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv
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x̃, µ2
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is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2

QCD.
It has been shown in Ref. [28] that the validity of op-

erator product expansion (OPE) guarantees that T1 is
an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
Collaboration [54]. This ensemble employs 2+1 flavors
of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
was set by requiring the ratio

�
2M2

K+ � M2
⇡+

�
/M⌦� to

assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
X

n

|Zn|
2

2En(p)
e�En(p)T , (28)

where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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Ca

i

�
x!, ⇠2, µ2

�
for parton flavor a.
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assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
X
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2En(p)
e�En(p)T , (28)

where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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where Ti are Lorentz invariant functions. In the following section, we discuss the vector and axial-vector current
combination which will be used to extract the pion valence quark distribution.

It is worth noting that the LCSs have the following analogs to hard scattering experiments:

• the label “n” in Eq. (1) is related to the dynamical features of LCSs and mimics di↵erent processes in experiments.

• p and ⇠ are analogous to observed scales defining the collision kinematics; p relating to the collision energy
p

S
and ⇠2 relating to the hard probe 1

Q2 .

III. THE ESSENCE OF CALCULATION IN COORDINATE SPACE

It is crucial to mention that a large p alone does not guarantee the applicability of the operator product expansion
of the matrix element and contributions from large ⇠ can invalidate the perturbative factorization, whether for the
case of quark-antiquark fields linked by a Wilson line, or for the case of spatially-separated currents. The validity of
perturbative factorization requires that the separation’s scale, ⇠2, be much smaller than the inverse square of typical
hadronic scale, ⇤QCD, namely ⇠2⇤2

QCD ⌧ 1.
We now show why the coordinate space approach provides distinct theoretical advantages. One can write the

Fourier transform of �n(!, ⇠2):

e�n(e!, q2) ⌘

Z
d4⇠

⇠4
eiq·⇠�n(!, ⇠2), (5)

where corresponding On can be any operator defined in Eq. (1), and e! ⌘
2p·q
�q2 = 1

xB
with xB the Bjorken variable for

the lepton-hadron DIS. However, though q is related to ⇠ through the Fourier transform above, it is not a one-to-one
relation. �̃ with small or large values of q will receive contribution from � with all values of ⇠, small and large. In
particular, it can involve contributions from values of ⇠ �

1
⇤QCD

, thereby violating factorization. This is why, in the

LCSs approach, ⇠ is a very well-defined quantity, analogous to a hard probe of hadron structure in a DIS experiment.
It has also been demonstrated in Ref. [28] that, the non-analytic cut of e�n comes from the integration region of large
⇠. That is, even if we demand |q2

| � ⇤2
QCD, e�n in momentum space can always receive contribution from large ⇠

region so long as e!2 > 1. On the other hand, in coordinate space, if we fix ⇠ to be short-distance, we do not have
contribution from the large ⇠ region and thus �n has a good analytic behavior.

IV. FACTORIZATION

The lattice calculable hadronic matrix elements of Eq. (1) are shown in Ref. [28] to be factorizable into PDFs with
perturbatively calculable coe�cients by applying the operator product expansion (OPE) to the nonlocal operator
On (⇠), with small but non-vanishing ⇠2
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where �h
n is On (⇠) measured in a hadron h, Ka

n are the parton flavor a 2 {q, q, g} contributions to the perturbative
hard coe�cients with corresponding PDF fh

a , and factorization scale µ2. The short-distance coe�cient functions
Ka

n

�
!, ⇠2; p2, µ2

�
are determined by applying the factorized formula in Eq. (6) to an asymptotic parton of momentum

p with p2 = 0 and flavor a = q, q, or g, and expanding each side as a power series in the strong coupling constant
↵s. Although the perturbative coe�cient functions are process-dependent, they apply equally to di↵erent external
hadron states. At leading-order O (↵s), the matching coe�cient only receives quark contributions and the factorized
relation in Eq. (6) becomes
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p [GeV] ⇠ A B �e↵ �2/d.o.f.

0.610 GeV 1a 0.102(5) -0.028(11) 0.054(20) 1.21

0.610 GeV 4a 0.083(4) -0.026(13) 0.062(42) 0.89

1.525 GeV 1a 0.097(8) -0.267(513) 0.809(503) 0.15

1.525 GeV 4a 0.049(9) -0.107(148) 0.450(420) 0.19

TABLE II. The fit parameters of the V-A matrix elements
with ~⇠ = [0, 0, a] for momenta along the z-direction p = 0.610
GeV and p = 1.525 GeV, respectively.

(a)

(b)

FIG. 3. Jackknife ensemble ratio data of the 4pt to 2pt corre-
lation functions used in the extraction of antisymmetric V-A
current matrix elements. Figures (3a) and (3b) show fits to
the matrix elements for p = 0.610 GeV with spatial separation
between the currents ⇠ = 1a and ⇠ = 4a, respectively. The
blue data points are obtained from the lattice QCD calcula-
tion, the green band shows the two-state fit to the data, and
the red band shows the extracted value of the matrix element
in the asymptotically large source-sink separation limit.

Sec. IV, we only include |⇠|  4a in our analysis so that
⇠ is su�ciently smaller than 1

⇤QCD
and thereby ensuring

the factorization of Eq. (6).
For the lowest-order kernel, we use the following simple

relation derived in Sec. IV

T1

�
!, ⇠2

�
⌘�(p · ⇠, ⇠2) =

R 1
0 dx 1

⇡2 cos(x!)q⇡v (x)

(a)

(b)

FIG. 4. Jackknife ensemble ratio data of the 4pt to 2pt corre-
lation functions used in the extraction of antisymmetric V-A
current matrix elements. Figures (4a) and (4b) show fits to
the matrix elements for p = 1.525 GeV with spatial separation
between the currents ⇠ = 1a and ⇠ = 4a, respectively. The
green data points are obtained from the lattice QCD calcula-
tion, the gray band shows the two-state fit to the data, and
the red band shows the extracted value of the matrix element
in the asymptotically large source-sink separation limit.

(35)

to extract pion valence distribution q⇡v (x), by fitting the
antisymmetric V-A current matrix elements �(p · ⇠, ⇠2).

For a proper extraction of the PDF and comparison
to global fit results, one would need to extend the LO
matching formula in Eq. (35) to include a higher order
matching kernel between LCSs and PDFs. A next-
to-leading-order (NLO) matching kernel would include
O(↵s) logarithmic ⇠2 and constant corrections. The
logarithmic terms contain the scale dependent DGLAP
evolution. The constant terms contain the information
on renormalization of the lattice QCD matrix element
and the partonic PDFs which leads to the scheme
dependence. There also can exist higher twist e↵ects
which contaminate the results without su�ciently small
⇠2. Finally there exist potential discretization errors
from the small separation size, as well as rotational
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with the perturbatively calculable matching coe�cients
Ca

i
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�
for parton flavor a.

Similar to the derivation of Eq. (13), the LO contribu-
tion to the antisymmetric pion matrix element in Eq. (15)
is given by
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with Tr
�
�µ�⌫�⇢���5

�
= �4i✏µ⌫⇢� dictated by the con-

vention ✏0123 = 1. Substituting Eq. (21) into Eqs. (16)
and (17), we obtain the two scalar form factors of a quark
state of momentum k = xp at the LO, respectively,
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order perturbative coe�cients in Eq. (20) as,
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We have the LO momentum-space scalar form factors

by performing a Fourier transformation in !,
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where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv
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x̃, µ2
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is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2

QCD.
It has been shown in Ref. [28] that the validity of op-

erator product expansion (OPE) guarantees that T1 is
an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
Collaboration [54]. This ensemble employs 2+1 flavors
of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
was set by requiring the ratio
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2M2

K+ � M2
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/M⌦� to

assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials
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where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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From Eq. (6), the Ti
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with the perturbatively calculable matching coe�cients
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for parton flavor a.

Similar to the derivation of Eq. (13), the LO contribu-
tion to the antisymmetric pion matrix element in Eq. (15)
is given by
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with Tr
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�µ�⌫�⇢���5
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= �4i✏µ⌫⇢� dictated by the con-

vention ✏0123 = 1. Substituting Eq. (21) into Eqs. (16)
and (17), we obtain the two scalar form factors of a quark
state of momentum k = xp at the LO, respectively,

T q(0)
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order perturbative coe�cients in Eq. (20) as,
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respectively.
We have the LO momentum-space scalar form factors

by performing a Fourier transformation in !,
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where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv

�
x̃, µ2

�
is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2

QCD.
It has been shown in Ref. [28] that the validity of op-

erator product expansion (OPE) guarantees that T1 is
an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
Collaboration [54]. This ensemble employs 2+1 flavors
of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
was set by requiring the ratio

�
2M2

K+ � M2
⇡+

�
/M⌦� to

assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
X

n

|Zn|
2

2En(p)
e�En(p)T , (28)

where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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with the perturbatively calculable matching coe�cients
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Similar to the derivation of Eq. (13), the LO contribu-
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= �4i✏µ⌫⇢� dictated by the con-
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state of momentum k = xp at the LO, respectively,

T q(0)
1 (x!, ⇠2) =

x

⇡2

�
eix! + e�ix!

�
, (22)

T q(0)
2 (x!, ⇠2) = 0 . (23)

With fq(0)
a

�
x, µ2

�
= � (1 � x) �qa, we obtain the lowest

order perturbative coe�cients in Eq. (20) as,

Cq(0)
1 (x!, ⇠2) = T q(0)

1 (x!, ⇠2) =
2x

⇡2
cos(x!) (24)

Cq(0)
2 (x!, ⇠2) = 0 , (25)

respectively.
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where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv

�
x̃, µ2

�
is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2

QCD.
It has been shown in Ref. [28] that the validity of op-

erator product expansion (OPE) guarantees that T1 is
an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
Collaboration [54]. This ensemble employs 2+1 flavors
of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
was set by requiring the ratio

�
2M2

K+ � M2
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/M⌦� to

assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
X

n

|Zn|
2

2En(p)
e�En(p)T , (28)

where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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with the perturbatively calculable matching coe�cients
Ca

i

�
x!, ⇠2, µ2

�
for parton flavor a.

Similar to the derivation of Eq. (13), the LO contribu-
tion to the antisymmetric pion matrix element in Eq. (15)
is given by
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= �4i✏µ⌫⇢� dictated by the con-

vention ✏0123 = 1. Substituting Eq. (21) into Eqs. (16)
and (17), we obtain the two scalar form factors of a quark
state of momentum k = xp at the LO, respectively,
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order perturbative coe�cients in Eq. (20) as,

Cq(0)
1 (x!, ⇠2) = T q(0)

1 (x!, ⇠2) =
2x

⇡2
cos(x!) (24)

Cq(0)
2 (x!, ⇠2) = 0 , (25)

respectively.
We have the LO momentum-space scalar form factors

by performing a Fourier transformation in !,

T̃1

�
x̃, ⇠2

�
⌘

Z
d!

2⇡
e�ix̃! T1

�
!, ⇠2

�

⇡

Z
d!

2⇡
e�ix̃!

Z 1

0

dx

x
q (x) Cq(0)

1 (x!, ⇠2, µ2)

⇡

Z
d!

2⇡
e�ix̃!

Z 1

0

dx

x
q (x)

x

⇡2

�
eix! + e�ix!

�

⇡
1

⇡2

�
q (x̃) + q (�x̃)

 

⇡
1

⇡2

�
q (x̃) � q (x̃)

 
=

1

⇡2
qv(x̃) , (26)

where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv

�
x̃, µ2

�
is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2

QCD.
It has been shown in Ref. [28] that the validity of op-

erator product expansion (OPE) guarantees that T1 is
an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
Collaboration [54]. This ensemble employs 2+1 flavors
of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
was set by requiring the ratio
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/M⌦� to

assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
X

n

|Zn|
2

2En(p)
e�En(p)T , (28)

where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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with the perturbatively calculable matching coe�cients
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Similar to the derivation of Eq. (13), the LO contribu-
tion to the antisymmetric pion matrix element in Eq. (15)
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= �4i✏µ⌫⇢� dictated by the con-
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state of momentum k = xp at the LO, respectively,
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where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv
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x̃, µ2
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is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2

QCD.
It has been shown in Ref. [28] that the validity of op-

erator product expansion (OPE) guarantees that T1 is
an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
Collaboration [54]. This ensemble employs 2+1 flavors
of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
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assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
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2En(p)
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where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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While T2 is isolated by choosing µ = 0 and ⌫ = 3:
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From Eq. (6), the Ti
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can be thus factorized as
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with the perturbatively calculable matching coe�cients
Ca

i

�
x!, ⇠2, µ2

�
for parton flavor a.

Similar to the derivation of Eq. (13), the LO contribu-
tion to the antisymmetric pion matrix element in Eq. (15)
is given by
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with Tr
�
�µ�⌫�⇢���5

�
= �4i✏µ⌫⇢� dictated by the con-

vention ✏0123 = 1. Substituting Eq. (21) into Eqs. (16)
and (17), we obtain the two scalar form factors of a quark
state of momentum k = xp at the LO, respectively,
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�
, (22)

T q(0)
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a

�
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= � (1 � x) �qa, we obtain the lowest

order perturbative coe�cients in Eq. (20) as,
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1 (x!, ⇠2) =
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Cq(0)
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respectively.
We have the LO momentum-space scalar form factors

by performing a Fourier transformation in !,
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where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv

�
x̃, µ2

�
is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2

QCD.
It has been shown in Ref. [28] that the validity of op-

erator product expansion (OPE) guarantees that T1 is
an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
Collaboration [54]. This ensemble employs 2+1 flavors
of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
was set by requiring the ratio

�
2M2

K+ � M2
⇡+

�
/M⌦� to

assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
X

n

|Zn|
2

2En(p)
e�En(p)T , (28)

where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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with the perturbatively calculable matching coe�cients
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Similar to the derivation of Eq. (13), the LO contribu-
tion to the antisymmetric pion matrix element in Eq. (15)
is given by
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with Tr
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= �4i✏µ⌫⇢� dictated by the con-

vention ✏0123 = 1. Substituting Eq. (21) into Eqs. (16)
and (17), we obtain the two scalar form factors of a quark
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respectively.
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where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv
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is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2
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an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
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of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
was set by requiring the ratio
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assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
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2En(p)
e�En(p)T , (28)

where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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with the perturbatively calculable matching coe�cients
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Similar to the derivation of Eq. (13), the LO contribu-
tion to the antisymmetric pion matrix element in Eq. (15)
is given by
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state of momentum k = xp at the LO, respectively,
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where q(�x̃) = �q(x̃) is used, qv(x̃) ⌘ [q (x̃) � q (x̃)] is
the valence quark distribution, and the ⇠2 or the fac-
torization scale dependence is suppressed since we are

working at the LO approximation. Equation (26) implies
that T̃1(x̃, ⇠2) is proportional to the valence quark PDF
with momentum fraction x̃, which is actually true to all
orders due to the symmetry of the coe�cient function
Cq

1(x!, ⇠2, µ2) = �Cq
1(�x!, ⇠2, µ2).

Therefore direct information on the pion’s valence
quark distribution qv
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x̃, µ2

�
is accessible by evaluating

the antisymmetric combination of vector and axial-vector
(V-A) current-current correlators, up to an overall factor
of 1/⇡2 and corrections in powers of ↵s and/or ⇠2⇤2

QCD.
It has been shown in Ref. [28] that the validity of op-

erator product expansion (OPE) guarantees that T1 is
an analytic function of !, as is its Taylor series around
! = 0. By keeping ⇠ to be short distance and increasing
! by increasing p, there exists no way for new divergences
to appear in T1. Therefore, T1 remains an analytic func-
tion of ! unless ! = 1 and the factorization holds for
any values of ! and ⇠2 as long as ⇠ is short distance, sim-
ilar to the scenario of the factorization of experimental
cross sections.

V. NUMERICAL METHODS

This calculation is performed on a lattice gauge ensem-
ble of 490 configurations generated by the JLab/W&M
Collaboration [54]. This ensemble employs 2+1 flavors
of clover Wilson fermions and a tree-level tadpole im-
proved Symanzik gauge action. The strange quark mass
was set by requiring the ratio
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2M2
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/M⌦� to

assume its physical value. The configurations were gen-
erated using a rational Hybrid Monte Carlo update algo-
rithm [55]. The fermion action includes a single iteration
of stout smearing with weight ⇢ = 0.125. This smearing
makes the employed tadpole corrected tree-level clover
coe�cient, csw, very close to the nonperturbative value
determined, a posteriori, by the Schrödinger functional
method.

The extraction of hadron-to-hadron matrix elements
in lattice QCD requires the calculation of correlation
functions. The 2-point function is a vacuum expectation
value of two interpolating fields separated in Euclidean
time T :

C2pt(p, T ) = h⇧p(T )⇧p(0)i, (27)

where the interpolating field ⇧p is an operator with quan-
tum numbers of a pion with momentum p. A spectral
decomposition of the 2-point function is given by the fol-
lowing tower of exponentials

C2pt(p, T ) =
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2

2En(p)
e�En(p)T , (28)

where the sum is over all energy eigenstates n with quan-
tum numbers of the pion, Zn = h0|⇧p|ni is the overlap
factor between the operator and the nth excited state and
En(p) is the energy of that state with momentum p. In
the large Euclidean time limit, this correlation function
will be dominated by the ground state.
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FIG. 5. Fit to the antisymmetric V-A currents matrix ele-
ment with leading order (LO) perturbative kernel in Eq. (35)
and functional form of pion valence distribution in Eq. (38).

symmetry breaking e↵ects as observed in [36].

The extraction of the PDF using Eq. (35) from lattice
calculated data constitutes an ill-posed inverse problem.
Lattice data will always be discretized and in a limited
range of !. As demonstrated in [59], a näıve discretized
inverse cosine transform would introduce numerical arti-
facts into the PDF. Solutions to this inverse problem re-
quire additional information or constraints. In the global
fitting community, additional information is given in the
form of smooth physically motivated functional forms as
described below. PDFs extracted using this technique
have been successfully shown to describe di↵erent phys-
ical processes, thereby assuring the universality of the
nonperturbative PDFs. Of importance, it is known that
the valence distributions of nucleon and pion are smooth
functions of x in the region 0 < x < 1. In the spirit of the
functional forms used in global fits of PDFs, we insert

q⇡v (x) = Nx↵(1 � x)�(1 + ⇢
p

x + �x) (36)

into Eq. (35) and numerically perform the integration,
where N is the normalization such that

Z 1

0
dx q⇡v (x) = 1. (37)

With the limitations related to ⇠2 corrections in mind,
in this preliminary calculation, we use the numerical fit-
ting program ROOT [60] to fit bootstrap samples of the
V-A matrix elements and obtain a LO q⇡v (x)-distribution.
The uncertainty band in the fit has been obtained from
the fit results of the bootstrap samples. With the various
sources of ⇠2 corrections not taken into account, we did
not expect the matrix elements as a function of Io↵e time
to fall upon a single curve - consequently the �2/d.o.f.
was close to 2.2.

We find that the term ⇢
p

x in Eq. (36) has no e↵ect
in the fit, as ⇢ ' 0. A similar zero-value for ⇢ was also

found in Ref. [26] and other global fits to experimental
data. We therefore adopt a simpler functional form for
the PDF in our calculation

q⇡v (x) =
x↵(1 � x)�(1 + �x)

B(↵ + 1, � + 1) + �B(↵ + 1 + 1, � + 1)
,(38)

where the beta functions in the denominator ensure the
normalization condition in Eq. (37) is met. In Eq. (38),
the (1 � x)� allows a smooth interpolation to zero as
x ! 1 and is inspired by the counting rule of perturba-
tive QCD. The x↵ term is motivated by the behavior pre-
dicted by Regge theory at small x. One could interpolate
these two limits using a polynomial of x. However, due to
present statistics and small range of ⇠, we cannot quanti-
tatively distinguish between di↵erent choices of polyno-
mials. Therefore, we use the widely adopted phenomeno-
logically motivated functional form of pion valence PDF
in Eq. (36). We set the following physically motivated
and relaxed constraints

↵ < 0, 0 < � < 4. (39)

The fit to the lattice QCD data using the LO kernel in
Eq. (35) and the functional form of PDF in Eq. (38) is
shown in Fig. 5 with the fit parameters,

↵ = �0.34(31)

� = 1.93(68)

� = 3.05(2.50) (40)

The extracted PDF from this fit is shown in Fig. (6a)
where the values of the fit parameters are indicated. We
also show the xq⇡v (x)-distribution in Fig. (6b). The per-
turbative kernel fixes the value of the integral in Eq. (35)
to be 1

⇡2 at ! = 0 for any value of x, therefore the fitted
value of T1

�
!, ⇠2

�
has zero uncertainty at this point.

VII. COMPARISON WITH OTHER
DETERMINATIONS

This first exploratory lattice QCD calculation of the
pion PDF using spatially-separated current-current cor-
relation function is performed at a relatively heavy pion
mass (m⇡ ' 416 MeV). This calculation must be re-
peated on several other lattice ensembles to determine
the pion mass dependence, quantify lattice artifacts such
as finite lattice spacing and finite volume [61] corrections
and obtain the PDF in the continuum limit. As men-
tioned earlier, extending the perturbative calculation be-
yond LO will not only lead to a more reliable extraction of
the PDF, but also an understanding of power corrections
and higher twist e↵ects. A NLO matching kernel will
give control over the corrections in ⇠, both from DGLAP
and higher twist e↵ects. This calculation was performed
on a fairly coarse lattice with a large minimum ⇠, and
in the future these corrections will need to be taken into
account. While such calculations are underway and will
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FIG. 5. Fit to the antisymmetric V-A currents matrix ele-
ment with leading order (LO) perturbative kernel in Eq. (35)
and functional form of pion valence distribution in Eq. (38).

symmetry breaking e↵ects as observed in [36].

The extraction of the PDF using Eq. (35) from lattice
calculated data constitutes an ill-posed inverse problem.
Lattice data will always be discretized and in a limited
range of !. As demonstrated in [59], a näıve discretized
inverse cosine transform would introduce numerical arti-
facts into the PDF. Solutions to this inverse problem re-
quire additional information or constraints. In the global
fitting community, additional information is given in the
form of smooth physically motivated functional forms as
described below. PDFs extracted using this technique
have been successfully shown to describe di↵erent phys-
ical processes, thereby assuring the universality of the
nonperturbative PDFs. Of importance, it is known that
the valence distributions of nucleon and pion are smooth
functions of x in the region 0 < x < 1. In the spirit of the
functional forms used in global fits of PDFs, we insert

q⇡v (x) = Nx↵(1 � x)�(1 + ⇢
p

x + �x) (36)

into Eq. (35) and numerically perform the integration,
where N is the normalization such that

Z 1

0
dx q⇡v (x) = 1. (37)

With the limitations related to ⇠2 corrections in mind,
in this preliminary calculation, we use the numerical fit-
ting program ROOT [60] to fit bootstrap samples of the
V-A matrix elements and obtain a LO q⇡v (x)-distribution.
The uncertainty band in the fit has been obtained from
the fit results of the bootstrap samples. With the various
sources of ⇠2 corrections not taken into account, we did
not expect the matrix elements as a function of Io↵e time
to fall upon a single curve - consequently the �2/d.o.f.
was close to 2.2.

We find that the term ⇢
p

x in Eq. (36) has no e↵ect
in the fit, as ⇢ ' 0. A similar zero-value for ⇢ was also

found in Ref. [26] and other global fits to experimental
data. We therefore adopt a simpler functional form for
the PDF in our calculation

q⇡v (x) =
x↵(1 � x)�(1 + �x)

B(↵ + 1, � + 1) + �B(↵ + 1 + 1, � + 1)
,(38)

where the beta functions in the denominator ensure the
normalization condition in Eq. (37) is met. In Eq. (38),
the (1 � x)� allows a smooth interpolation to zero as
x ! 1 and is inspired by the counting rule of perturba-
tive QCD. The x↵ term is motivated by the behavior pre-
dicted by Regge theory at small x. One could interpolate
these two limits using a polynomial of x. However, due to
present statistics and small range of ⇠, we cannot quanti-
tatively distinguish between di↵erent choices of polyno-
mials. Therefore, we use the widely adopted phenomeno-
logically motivated functional form of pion valence PDF
in Eq. (36). We set the following physically motivated
and relaxed constraints

↵ < 0, 0 < � < 4. (39)

The fit to the lattice QCD data using the LO kernel in
Eq. (35) and the functional form of PDF in Eq. (38) is
shown in Fig. 5 with the fit parameters,

↵ = �0.34(31)

� = 1.93(68)

� = 3.05(2.50) (40)

The extracted PDF from this fit is shown in Fig. (6a)
where the values of the fit parameters are indicated. We
also show the xq⇡v (x)-distribution in Fig. (6b). The per-
turbative kernel fixes the value of the integral in Eq. (35)
to be 1

⇡2 at ! = 0 for any value of x, therefore the fitted
value of T1

�
!, ⇠2

�
has zero uncertainty at this point.

VII. COMPARISON WITH OTHER
DETERMINATIONS

This first exploratory lattice QCD calculation of the
pion PDF using spatially-separated current-current cor-
relation function is performed at a relatively heavy pion
mass (m⇡ ' 416 MeV). This calculation must be re-
peated on several other lattice ensembles to determine
the pion mass dependence, quantify lattice artifacts such
as finite lattice spacing and finite volume [61] corrections
and obtain the PDF in the continuum limit. As men-
tioned earlier, extending the perturbative calculation be-
yond LO will not only lead to a more reliable extraction of
the PDF, but also an understanding of power corrections
and higher twist e↵ects. A NLO matching kernel will
give control over the corrections in ⇠, both from DGLAP
and higher twist e↵ects. This calculation was performed
on a fairly coarse lattice with a large minimum ⇠, and
in the future these corrections will need to be taken into
account. While such calculations are underway and will
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p [GeV] ⇠ A B �e↵ �2/d.o.f.

0.610 GeV 1a 0.102(5) -0.028(11) 0.054(20) 1.21

0.610 GeV 4a 0.083(4) -0.026(13) 0.062(42) 0.89

1.525 GeV 1a 0.097(8) -0.267(513) 0.809(503) 0.15

1.525 GeV 4a 0.049(9) -0.107(148) 0.450(420) 0.19

TABLE II. The fit parameters of the V-A matrix elements
with ~⇠ = [0, 0, a] for momenta along the z-direction p = 0.610
GeV and p = 1.525 GeV, respectively.

(a)

(b)

FIG. 3. Jackknife ensemble ratio data of the 4pt to 2pt corre-
lation functions used in the extraction of antisymmetric V-A
current matrix elements. Figures (3a) and (3b) show fits to
the matrix elements for p = 0.610 GeV with spatial separation
between the currents ⇠ = 1a and ⇠ = 4a, respectively. The
blue data points are obtained from the lattice QCD calcula-
tion, the green band shows the two-state fit to the data, and
the red band shows the extracted value of the matrix element
in the asymptotically large source-sink separation limit.

Sec. IV, we only include |⇠|  4a in our analysis so that
⇠ is su�ciently smaller than 1

⇤QCD
and thereby ensuring

the factorization of Eq. (6).
For the lowest-order kernel, we use the following simple

relation derived in Sec. IV

T1

�
!, ⇠2

�
⌘�(p · ⇠, ⇠2) =

R 1
0 dx 1

⇡2 cos(x!)q⇡v (x)

(a)

(b)

FIG. 4. Jackknife ensemble ratio data of the 4pt to 2pt corre-
lation functions used in the extraction of antisymmetric V-A
current matrix elements. Figures (4a) and (4b) show fits to
the matrix elements for p = 1.525 GeV with spatial separation
between the currents ⇠ = 1a and ⇠ = 4a, respectively. The
green data points are obtained from the lattice QCD calcula-
tion, the gray band shows the two-state fit to the data, and
the red band shows the extracted value of the matrix element
in the asymptotically large source-sink separation limit.

(35)

to extract pion valence distribution q⇡v (x), by fitting the
antisymmetric V-A current matrix elements �(p · ⇠, ⇠2).

For a proper extraction of the PDF and comparison
to global fit results, one would need to extend the LO
matching formula in Eq. (35) to include a higher order
matching kernel between LCSs and PDFs. A next-
to-leading-order (NLO) matching kernel would include
O(↵s) logarithmic ⇠2 and constant corrections. The
logarithmic terms contain the scale dependent DGLAP
evolution. The constant terms contain the information
on renormalization of the lattice QCD matrix element
and the partonic PDFs which leads to the scheme
dependence. There also can exist higher twist e↵ects
which contaminate the results without su�ciently small
⇠2. Finally there exist potential discretization errors
from the small separation size, as well as rotational

Fit constrained by  
theoretical value  
at ! = 0

Significant discretization 
error 

�2/d.o.f. ⇡ 2.2
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where N is the normalization such that
Z 1

0
dx q⇡v (x) = 1. (37)

With the limitations related to ⇠2 corrections in mind,
in this preliminary calculation, we use the numerical fit-
ting program ROOT [59] to fit bootstrap samples of the
V-A matrix elements and obtain a LO q⇡v (x)-distribution.
The uncertainty band in the fit has been obtained from
the fit results of the bootstrap samples. With the various
sources of ⇠2 corrections not taken into account, we did
not expect the matrix elements as a function of Io↵e time
to fall upon a single curve - consequently the �2/d.o.f.
was close to 2.2.

We find that the term ⇢
p

x has no e↵ect in the fit,
as ⇢ ' 0. A similar zero-value for ⇢ was also found in
Ref. [26] and other global fits to experimental data. We
therefore adopt a simpler functional form for the PDF in
our calculation

q⇡v (x) =
x↵(1 � x)�(1 + �x)

B(↵ + 1, � + 1) + �B(↵ + 1 + 1, � + 1)
,(38)

where the beta functions in the denominator ensure the
normalization condition in Eq. (37) is met. Since we
have data only in a limited region of !, due to the lim-
ited ranges of ⇠ and p, we set the following physically
motivated and relaxed constraints

↵ < 0, 0 < � < 4. (39)

The fit to the lattice QCD data using the LO kernel in
Eq. (35) and the functional form of PDF in Eq. (38) is
shown in Fig. 4 with the fit parameters,

↵ = �0.34(31)

� = 1.93(68)

� = 3.05(2.50) (40)

The extracted PDF from this fit is shown in Fig. 5a where
the values of the fit parameters are indicated. We also
show the xq⇡v (x)-distribution in Fig. 5b. The perturba-
tive kernel fixes the value of the integral in Eq. (35) to
be 1

⇡2 at ! = 0 for any value of x, therefore the fitted
value of T1

�
!, ⇠2

�
has zero uncertainty at this point.

VII. COMPARISON WITH OTHER
DETERMINATIONS

This first exploratory lattice QCD calculation of the
pion PDF using spatially-separated current-current cor-
relation function is performed at a relatively heavy pion
mass (m⇡ ' 416 MeV). This calculation must be re-
peated on several other lattice ensembles to determine
the pion mass dependence, quantify lattice artifacts such
as finite lattice spacing and finite volume [60] corrections
and obtain the PDF in the continuum limit. As men-
tioned earlier, extending the perturbative calculation be-
yond LO will not only lead to a more reliable extraction of

(a)

(b)

FIG. 5. The pion valence distribution obtained from the
fit in Eq. (35) using the LO perturbative kernel in Eq. (24)
derived in Section IV and the functional form of the PDF in
Eq. (38). Fig. 5a shows the pion valence distribution q⇡v (x)
and Fig. 5b shows the xq⇡v (x)-distribution. The uncertainty
band is obtained from the fits to the Jackknife samples of the
data.

the PDF, but also an understanding of power corrections
and higher twist e↵ects. A NLO matching kernel will
give control over the corrections in ⇠, both from DGLAP
and higher twist e↵ects. This calculation was performed
on a fairly coarse lattice with a large minimum ⇠, and
in the future these corrections will need to be taken into
account. While such calculations are underway and will
be presented in a future work, the limitations in our cur-
rent extraction of the pion valence PDF do not preclude
comparison with global fits, two di↵erent model calcula-
tions and recent lattice calculations of pion valence quasi-
distribution.

For a comparison with the LO extraction of q⇡v (x) from
Drell-Yan experimental data in Ref. [10], we evolve our
lattice QCD determination of the PDF in LO to an evo-

Set constraint
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(a)

(b)

FIG. 6. The pion valence distribution obtained from the fit in
Eq. (35) using the LO perturbative kernel in Eq. (24) derived
in Sec. IV and the functional form of the PDF in Eq. (38).
Figure (6a) shows the pion valence distribution q⇡v (x) and
Figure (6b) shows the xq⇡v (x)-distribution. The uncertainty
band is obtained from the fits to the Jackknife samples of the
data.

be presented in a future work, the limitations in our cur-
rent extraction of the pion valence PDF do not preclude
comparison with global fits, two di↵erent model calcula-
tions and recent lattice calculations of pion valence quasi-
distribution.

For a comparison with the LO extraction of q⇡v (x) from
Drell-Yan experimental data in Ref. [10], we evolve our
lattice QCD determination of the PDF in LO to an evo-
lution scale of µ2 = 27 GeV2 starting from initial scale
of µ2

0 = 1 GeV2. With only a LO matching kernel, the
initial scale µ0 is chosen to be comparable to the 1

⇠ ’s
used in this calculation, but not low enough for pertur-
bation theory to be doubted. With a NLO matching ker-
nel, there will exist an explicit relationship between the
scales ⇠ and µ0 from the logarithmic terms. After the

evolution, a shift in the peak of the xq⇡v (x)-distribution
toward smaller values of x and a more convex-up behav-
ior of the distribution near x = 1 is seen as expected
in our calculation. From the fit parameters in Eq. (38)
(↵ = �0.34(31), � = 1.93(68), and � = 3.05(2.50) at
the initial scale), it is seen that this lattice QCD calcula-
tion of q⇡v (x) is in agreement within uncertainty with the
analysis in Ref. [16], where the authors included next-
to-leading-logarithmic threshold soft-gluon resummation
e↵ects in the calculation of the Drell-Yan cross section.
The large-x behavior is statistically consistent with the
expectation based on perturbative QCD [18–20] but of
course with large uncertainty. In contrast, the large-x
behavior of this calculation has about ⇠ 1� di↵erence
from the two other NLO fits [15, 17] which obtained a
harder (1 � x) fall-o↵ of the pion valence distribution.

FIG. 7. Comparison of pion xq⇡v (x)-distribution with the
leading-order (LO) extraction from Drell-Yan data [10] (gray
data points with uncertainties), next-to-leading order (NLO)
fits [15–17] (orange band, magenta curve, and red band), and
model calculations [24, 26] (black and blue lines). This lattice
QCD calculation of q⇡v (x) is evolved from an initial scale µ2

0 =
1 GeV2 at LO. All the results are at evolved to an evolution
scale of µ2 = 27 GeV2.

It is seen in Fig. (7) that the large-x behavior of this
calculation is statistically consistent with the Dyson-
Schwinger model prediction [26] labeled as “DSE” in
the momentum fraction region x > 0.7. On the other
hand, this lattice QCD calculation of q⇡v (x) is in sta-
tistical agreement with the light-front holographic QCD
model calculation labeled as “LFHQCD” in the region
x < 0.5, but shows a slightly softer fall-o↵ at large-x in
its central value. As mentioned earlier, in a future cal-
culation, when all the systematics of this lattice QCD
calculation are to be well understood and controlled in a
proper way, the first-principles determination of large-x
behavior of pion PDF such as this one can shed light for
understanding di↵erent approximations used in an array
of model calculations.
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FIG. 5. Fit to the antisymmetric V-A currents matrix ele-
ment with leading order (LO) perturbative kernel in Eq. (35)
and functional form of pion valence distribution in Eq. (38).

symmetry breaking e↵ects as observed in [36].

The extraction of the PDF using Eq. (35) from lattice
calculated data constitutes an ill-posed inverse problem.
Lattice data will always be discretized and in a limited
range of !. As demonstrated in [59], a näıve discretized
inverse cosine transform would introduce numerical arti-
facts into the PDF. Solutions to this inverse problem re-
quire additional information or constraints. In the global
fitting community, additional information is given in the
form of smooth physically motivated functional forms as
described below. PDFs extracted using this technique
have been successfully shown to describe di↵erent phys-
ical processes, thereby assuring the universality of the
nonperturbative PDFs. Of importance, it is known that
the valence distributions of nucleon and pion are smooth
functions of x in the region 0 < x < 1. In the spirit of the
functional forms used in global fits of PDFs, we insert

q⇡v (x) = Nx↵(1 � x)�(1 + ⇢
p

x + �x) (36)

into Eq. (35) and numerically perform the integration,
where N is the normalization such that

Z 1

0
dx q⇡v (x) = 1. (37)

With the limitations related to ⇠2 corrections in mind,
in this preliminary calculation, we use the numerical fit-
ting program ROOT [60] to fit bootstrap samples of the
V-A matrix elements and obtain a LO q⇡v (x)-distribution.
The uncertainty band in the fit has been obtained from
the fit results of the bootstrap samples. With the various
sources of ⇠2 corrections not taken into account, we did
not expect the matrix elements as a function of Io↵e time
to fall upon a single curve - consequently the �2/d.o.f.
was close to 2.2.

We find that the term ⇢
p

x in Eq. (36) has no e↵ect
in the fit, as ⇢ ' 0. A similar zero-value for ⇢ was also

found in Ref. [26] and other global fits to experimental
data. We therefore adopt a simpler functional form for
the PDF in our calculation

q⇡v (x) =
x↵(1 � x)�(1 + �x)

B(↵ + 1, � + 1) + �B(↵ + 1 + 1, � + 1)
,(38)

where the beta functions in the denominator ensure the
normalization condition in Eq. (37) is met. In Eq. (38),
the (1 � x)� allows a smooth interpolation to zero as
x ! 1 and is inspired by the counting rule of perturba-
tive QCD. The x↵ term is motivated by the behavior pre-
dicted by Regge theory at small x. One could interpolate
these two limits using a polynomial of x. However, due to
present statistics and small range of ⇠, we cannot quanti-
tatively distinguish between di↵erent choices of polyno-
mials. Therefore, we use the widely adopted phenomeno-
logically motivated functional form of pion valence PDF
in Eq. (36). We set the following physically motivated
and relaxed constraints

↵ < 0, 0 < � < 4. (39)

The fit to the lattice QCD data using the LO kernel in
Eq. (35) and the functional form of PDF in Eq. (38) is
shown in Fig. 5 with the fit parameters,

↵ = �0.34(31)

� = 1.93(68)

� = 3.05(2.50) (40)

The extracted PDF from this fit is shown in Fig. (6a)
where the values of the fit parameters are indicated. We
also show the xq⇡v (x)-distribution in Fig. (6b). The per-
turbative kernel fixes the value of the integral in Eq. (35)
to be 1

⇡2 at ! = 0 for any value of x, therefore the fitted
value of T1

�
!, ⇠2

�
has zero uncertainty at this point.

VII. COMPARISON WITH OTHER
DETERMINATIONS

This first exploratory lattice QCD calculation of the
pion PDF using spatially-separated current-current cor-
relation function is performed at a relatively heavy pion
mass (m⇡ ' 416 MeV). This calculation must be re-
peated on several other lattice ensembles to determine
the pion mass dependence, quantify lattice artifacts such
as finite lattice spacing and finite volume [61] corrections
and obtain the PDF in the continuum limit. As men-
tioned earlier, extending the perturbative calculation be-
yond LO will not only lead to a more reliable extraction of
the PDF, but also an understanding of power corrections
and higher twist e↵ects. A NLO matching kernel will
give control over the corrections in ⇠, both from DGLAP
and higher twist e↵ects. This calculation was performed
on a fairly coarse lattice with a large minimum ⇠, and
in the future these corrections will need to be taken into
account. While such calculations are underway and will
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FIG. 6. The pion valence distribution obtained from the fit in
Eq. (35) using the LO perturbative kernel in Eq. (24) derived
in Sec. IV and the functional form of the PDF in Eq. (38).
Figure (6a) shows the pion valence distribution q⇡v (x) and
Figure (6b) shows the xq⇡v (x)-distribution. The uncertainty
band is obtained from the fits to the Jackknife samples of the
data.

be presented in a future work, the limitations in our cur-
rent extraction of the pion valence PDF do not preclude
comparison with global fits, two di↵erent model calcula-
tions and recent lattice calculations of pion valence quasi-
distribution.

For a comparison with the LO extraction of q⇡v (x) from
Drell-Yan experimental data in Ref. [10], we evolve our
lattice QCD determination of the PDF in LO to an evo-
lution scale of µ2 = 27 GeV2 starting from initial scale
of µ2

0 = 1 GeV2. With only a LO matching kernel, the
initial scale µ0 is chosen to be comparable to the 1

⇠ ’s
used in this calculation, but not low enough for pertur-
bation theory to be doubted. With a NLO matching ker-
nel, there will exist an explicit relationship between the
scales ⇠ and µ0 from the logarithmic terms. After the

evolution, a shift in the peak of the xq⇡v (x)-distribution
toward smaller values of x and a more convex-up behav-
ior of the distribution near x = 1 is seen as expected
in our calculation. From the fit parameters in Eq. (38)
(↵ = �0.34(31), � = 1.93(68), and � = 3.05(2.50) at
the initial scale), it is seen that this lattice QCD calcula-
tion of q⇡v (x) is in agreement within uncertainty with the
analysis in Ref. [16], where the authors included next-
to-leading-logarithmic threshold soft-gluon resummation
e↵ects in the calculation of the Drell-Yan cross section.
The large-x behavior is statistically consistent with the
expectation based on perturbative QCD [18–20] but of
course with large uncertainty. In contrast, the large-x
behavior of this calculation has about ⇠ 1� di↵erence
from the two other NLO fits [15, 17] which obtained a
harder (1 � x) fall-o↵ of the pion valence distribution.

FIG. 7. Comparison of pion xq⇡v (x)-distribution with the
leading-order (LO) extraction from Drell-Yan data [10] (gray
data points with uncertainties), next-to-leading order (NLO)
fits [15–17] (orange band, magenta curve, and red band), and
model calculations [24, 26] (black and blue lines). This lattice
QCD calculation of q⇡v (x) is evolved from an initial scale µ2

0 =
1 GeV2 at LO. All the results are at evolved to an evolution
scale of µ2 = 27 GeV2.

It is seen in Fig. (7) that the large-x behavior of this
calculation is statistically consistent with the Dyson-
Schwinger model prediction [26] labeled as “DSE” in
the momentum fraction region x > 0.7. On the other
hand, this lattice QCD calculation of q⇡v (x) is in sta-
tistical agreement with the light-front holographic QCD
model calculation labeled as “LFHQCD” in the region
x < 0.5, but shows a slightly softer fall-o↵ at large-x in
its central value. As mentioned earlier, in a future cal-
culation, when all the systematics of this lattice QCD
calculation are to be well understood and controlled in a
proper way, the first-principles determination of large-x
behavior of pion PDF such as this one can shed light for
understanding di↵erent approximations used in an array
of model calculations.

PDF extraction from lattice data
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FIG. 6. The pion valence distribution obtained from the fit in
Eq. (35) using the LO perturbative kernel in Eq. (24) derived
in Sec. IV and the functional form of the PDF in Eq. (38).
Figure (6a) shows the pion valence distribution q⇡v (x) and
Figure (6b) shows the xq⇡v (x)-distribution. The uncertainty
band is obtained from the fits to the Jackknife samples of the
data.

be presented in a future work, the limitations in our cur-
rent extraction of the pion valence PDF do not preclude
comparison with global fits, two di↵erent model calcula-
tions and recent lattice calculations of pion valence quasi-
distribution.

For a comparison with the LO extraction of q⇡v (x) from
Drell-Yan experimental data in Ref. [10], we evolve our
lattice QCD determination of the PDF in LO to an evo-
lution scale of µ2 = 27 GeV2 starting from initial scale
of µ2

0 = 1 GeV2. With only a LO matching kernel, the
initial scale µ0 is chosen to be comparable to the 1

⇠ ’s
used in this calculation, but not low enough for pertur-
bation theory to be doubted. With a NLO matching ker-
nel, there will exist an explicit relationship between the
scales ⇠ and µ0 from the logarithmic terms. After the

evolution, a shift in the peak of the xq⇡v (x)-distribution
toward smaller values of x and a more convex-up behav-
ior of the distribution near x = 1 is seen as expected
in our calculation. From the fit parameters in Eq. (38)
(↵ = �0.34(31), � = 1.93(68), and � = 3.05(2.50) at
the initial scale), it is seen that this lattice QCD calcula-
tion of q⇡v (x) is in agreement within uncertainty with the
analysis in Ref. [16], where the authors included next-
to-leading-logarithmic threshold soft-gluon resummation
e↵ects in the calculation of the Drell-Yan cross section.
The large-x behavior is statistically consistent with the
expectation based on perturbative QCD [18–20] but of
course with large uncertainty. In contrast, the large-x
behavior of this calculation has about ⇠ 1� di↵erence
from the two other NLO fits [15, 17] which obtained a
harder (1 � x) fall-o↵ of the pion valence distribution.

FIG. 7. Comparison of pion xq⇡v (x)-distribution with the
leading-order (LO) extraction from Drell-Yan data [10] (gray
data points with uncertainties), next-to-leading order (NLO)
fits [15–17] (orange band, magenta curve, and red band), and
model calculations [24, 26] (black and blue lines). This lattice
QCD calculation of q⇡v (x) is evolved from an initial scale µ2

0 =
1 GeV2 at LO. All the results are at evolved to an evolution
scale of µ2 = 27 GeV2.

It is seen in Fig. (7) that the large-x behavior of this
calculation is statistically consistent with the Dyson-
Schwinger model prediction [26] labeled as “DSE” in
the momentum fraction region x > 0.7. On the other
hand, this lattice QCD calculation of q⇡v (x) is in sta-
tistical agreement with the light-front holographic QCD
model calculation labeled as “LFHQCD” in the region
x < 0.5, but shows a slightly softer fall-o↵ at large-x in
its central value. As mentioned earlier, in a future cal-
culation, when all the systematics of this lattice QCD
calculation are to be well understood and controlled in a
proper way, the first-principles determination of large-x
behavior of pion PDF such as this one can shed light for
understanding di↵erent approximations used in an array
of model calculations.

Comparison with Global Fits and Phenomenological Calculations

Conway et al. , PRD 1989 (LO extraction of Drell-Yan data)

Wijesooriya, Reimer, Holt, PRC 2005 (NLO fit)

Aicher, Schafer, Vogelsang, PRL 2010 (NLO fit + soft gluon re-summation)

Bary, Sato, Melnitchouk, PRL 2018 (NLO fit)

de Teramond, Liu, RSS, Dosch, Brodsky, Deur, PRL 2018

Chen, Chang, Roberts, Wan, Zong, PRD 2016 
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FIG. 6. The pion valence distribution obtained from the fit in
Eq. (35) using the LO perturbative kernel in Eq. (24) derived
in Sec. IV and the functional form of the PDF in Eq. (38).
Figure (6a) shows the pion valence distribution q⇡v (x) and
Figure (6b) shows the xq⇡v (x)-distribution. The uncertainty
band is obtained from the fits to the Jackknife samples of the
data.

be presented in a future work, the limitations in our cur-
rent extraction of the pion valence PDF do not preclude
comparison with global fits, two di↵erent model calcula-
tions and recent lattice calculations of pion valence quasi-
distribution.

For a comparison with the LO extraction of q⇡v (x) from
Drell-Yan experimental data in Ref. [10], we evolve our
lattice QCD determination of the PDF in LO to an evo-
lution scale of µ2 = 27 GeV2 starting from initial scale
of µ2

0 = 1 GeV2. With only a LO matching kernel, the
initial scale µ0 is chosen to be comparable to the 1

⇠ ’s
used in this calculation, but not low enough for pertur-
bation theory to be doubted. With a NLO matching ker-
nel, there will exist an explicit relationship between the
scales ⇠ and µ0 from the logarithmic terms. After the

evolution, a shift in the peak of the xq⇡v (x)-distribution
toward smaller values of x and a more convex-up behav-
ior of the distribution near x = 1 is seen as expected
in our calculation. From the fit parameters in Eq. (38)
(↵ = �0.34(31), � = 1.93(68), and � = 3.05(2.50) at
the initial scale), it is seen that this lattice QCD calcula-
tion of q⇡v (x) is in agreement within uncertainty with the
analysis in Ref. [16], where the authors included next-
to-leading-logarithmic threshold soft-gluon resummation
e↵ects in the calculation of the Drell-Yan cross section.
The large-x behavior is statistically consistent with the
expectation based on perturbative QCD [18–20] but of
course with large uncertainty. In contrast, the large-x
behavior of this calculation has about ⇠ 1� di↵erence
from the two other NLO fits [15, 17] which obtained a
harder (1 � x) fall-o↵ of the pion valence distribution.

FIG. 7. Comparison of pion xq⇡v (x)-distribution with the
leading-order (LO) extraction from Drell-Yan data [10] (gray
data points with uncertainties), next-to-leading order (NLO)
fits [15–17] (orange band, magenta curve, and red band), and
model calculations [24, 26] (black and blue lines). This lattice
QCD calculation of q⇡v (x) is evolved from an initial scale µ2

0 =
1 GeV2 at LO. All the results are at evolved to an evolution
scale of µ2 = 27 GeV2.

It is seen in Fig. (7) that the large-x behavior of this
calculation is statistically consistent with the Dyson-
Schwinger model prediction [26] labeled as “DSE” in
the momentum fraction region x > 0.7. On the other
hand, this lattice QCD calculation of q⇡v (x) is in sta-
tistical agreement with the light-front holographic QCD
model calculation labeled as “LFHQCD” in the region
x < 0.5, but shows a slightly softer fall-o↵ at large-x in
its central value. As mentioned earlier, in a future cal-
culation, when all the systematics of this lattice QCD
calculation are to be well understood and controlled in a
proper way, the first-principles determination of large-x
behavior of pion PDF such as this one can shed light for
understanding di↵erent approximations used in an array
of model calculations.
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FIG. 6. The pion valence distribution obtained from the fit in
Eq. (35) using the LO perturbative kernel in Eq. (24) derived
in Sec. IV and the functional form of the PDF in Eq. (38).
Figure (6a) shows the pion valence distribution q⇡v (x) and
Figure (6b) shows the xq⇡v (x)-distribution. The uncertainty
band is obtained from the fits to the Jackknife samples of the
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Systematic errors in the pion PDF

Using qPDF at  
two different momenta
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FIG. 3. The pion momentum dependence of the results in the
Wilson line renormalization scheme (WL ren.) and RI/MOM
scheme. We have chosen µR = 3.7 GeV and pRz = 6⇥2⇡/L in
the RI/MOM result. The Wl ren. result includes statistical
errors, whereas the RI/MOM result also includes systematic
error due to pRz dependence by varying it between 4 and 8.

as well as the systematic error of setting the unphysical
scale p

R
z by varying it between 4 ⇥ 2⇡/L and 8 ⇥ 2⇡/L.

For the Wilson line renormalization, only statistical er-
rors are included since there is no extra unphysical scale
in this scheme like p

R
z in RI/MOM. As can be seen from

the figure, increasing Pz tends to shift the distribution
towards x = 0 and also lifts the peak at x = 0, but its
impact is mild. Another important feature is that the
RI/MOM result is consistent with 0 outside the phys-
ical region [0, 1] within errors, whereas the Wilson line
renormalization one is not. This mainly reflects the im-
portance of the higher-order matching kernel, since the
one-loop matching in the two di↵erent schemes di↵er only
by finite terms. We plan to derive higher-order match-
ing, expecting that it will reduce the di↵erence between
the results in two di↵erent schemes.

It is worthwhile to stress that matching is a neces-
sary step in converting the quasi-PDF to PDF. It yields
sizeable contributions and changes, in particular for the
distribution in the unphysical region. In Ref. [94], the
authors studied the pion valence quasi-distribution using
the Bethe-Salpeter wave function of the pion, and ob-
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FIG. 4. Our pion valence-quark PDF result at the scale µ = 4
GeV from RI/MOM scheme calculation (LP3) , contrasted
with analysis from Dyson-Schwinger equation [14] (DSE) at
the scale 5.2 GeV and from a fit to Drell-Yan data in Ref. [7]
(ASV) at 4 GeV.

served that for Pz & 2 GeV, by further increasing the
pion momentum the quasi-PDF shrinks to the physical
region very slowly. Actually we have observed a simi-
lar trend in our data. However, the matching plays an
important role in reducing the contribution in the un-
physical region, as can be seen from Fig. 2 above, but
hasn’t been taken into account in Ref. [94].
In Fig. 4, we compare our final result in RI/MOM

scheme (LP3) with computations from Dyson-Schwinger
equation [14] (DSE) and from a phenomenological fit to
Drell-Yan data [7] (ASV). We have set our renormaliza-
tion scale to be µ = 4 GeV, in accordance with the ex-
perimental fit [7], whereas the DSE result is at 5.2 GeV.
Outside the physical region, our result is consistent with
0. Within the physical region, our result decreases more
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v (x),

as was usually done in the literature, the discrepancy at
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x.
We point out several potential sources of uncertainty
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Figure 1: Left-hand panel: Fit to the antisymmetric V-A currents matrix element with leading order
(LO) perturbative kernel in Eq. 4 and functional form of pion valence distribution in Eq. 6. Right-hand
panel: comparison of pion xq⇡

v (x)-distribution with the leading-order (LO) extraction from Drell-Yan
data [19] (gray data points with uncertainties), next-to-leading order (NLO) fits [30, 20, 31] (orange
band, magenta curve, and red band), and model calculations [26, 28] (black and blue lines). This
lattice QCD calculation of q⇡

v (x) is evolved from an initial scale µ2
0 = 1 GeV2 at LO. All the results

are evolved to an evolution scale of µ2 = 27 GeV2.
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Figure 2: The left- and right-hand panels show the pion and nucleon parton distribution functions,
respectively, including comparisons with phenomenological fits and QCD-inspired model calculations.

for the current-current correlators. Preliminary results for the extracted pion and nuclon parton
distribution functions are shown as the left- and right-hand panels of Figure 2.

Nucleon Charges with Distillation

A detailed comparison of the calculation of nucleon charges using distillation, and the more usual
method of Jacobi smearing, was performed in ref. [32], illustrated in Figure 3. The figure clearly
demonstrates both the clear statistical advantage enjoyed by distillation over Jacobi smearing through
the improved volume-sampling of the lattice, and the improved control over excited-state contamina-
tion through the use of the variational method. The use of distillation will be a central element of
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Understanding and control of various systematics required

Collaboration between lattice QCD and perturbative 
 QCD

Ka
n at LO and NLO for different currents being calculated

Different current combinations being analyzed to obtain  
different sets of PDFs

Extensions such as kaon, nucleon PDFs on their way

Goal is to be complementary to global fits of PDFs
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3

Other choices of operators can have a more compli-
cated Lorentz structure, such as the vector-vector matrix
element of the operator

O
µ⌫
V V (⇠) ⌘ ⇠4 jµV (⇠/2) j⌫V (�⇠/2) , (4)

where jµV is the vector current which requires no renor-
malization constants. This type of LCS will need to be
decomposed into the Lorentz structures allowed by sym-
metry. The functions of Lorentz invariants which accom-
pany these Lorentz structures are the objects which will
be factorized into PDFs. For the case of the operator
O

µ⌫
V V , its matrix element of an unpolarized hadron state

is symmetric in {µ, ⌫} and can be decomposed as,

�µ⌫
V V (⇠, p) = pµp⌫T1(!, ⇠2) +

1

2
(pµ⇠⌫ + ⇠µp⌫)T2(!, ⇠2)

+gµ⌫T3(!, ⇠2) + ⇠µ⇠⌫T4(!, ⇠2)

where Ti are Lorentz invariant functions. In the fol-
lowing section, we discuss the vector and axial-vector
current combination which will be used to extract the
pion valence quark distribution.

It is worth noting that the LCSs have the following
analogs to hard scattering experiments:

• the label “n” in Eq. (1) is related to the dynamical
features of LCSs and mimics di↵erent processes in
experiments.

• p and ⇠ are analogous to observed scales defining
the collision kinematics; p relating to the collision
energy

p
S and ⇠2 relating to the hard probe 1

Q2 .

III. THE ESSENCE OF CALCULATION IN
COORDINATE SPACE

It is crucial to mention that a large p alone does
not guarantee the applicability of the operator prod-
uct expansion of the matrix element and contributions
from large ⇠ can invalidate the perturbative factorization,
whether for the case of quark-antiquark fields linked by
a Wilson line, or for the case of spatially-separated cur-
rents. The validity of perturbative factorization requires
that the separation’s scale, ⇠2, be much smaller than the
inverse square of typical hadronic scale, ⇤QCD, namely
⇠2⇤2

QCD ⌧ 1.
We now show why the coordinate space approach pro-

vides distinct theoretical advantages. One can write the
Fourier transform of �n(!, ⇠2):

e�n(e!, q2) ⌘

Z
d4⇠

⇠4
eiq·⇠�n(!, ⇠2), (5)

where corresponding On can be any operator defined in
Eq. (1), and e! ⌘

2p·q
�q2 = 1

xB
with xB the Bjorken variable

for the lepton-hadron DIS. However, though q is related

to ⇠ through the Fourier transform above, it is not a one-
to-one relation. �̃ with small or large values of q will
receive contribution from � with all values of ⇠, small
and large. In particular, it can involve contributions from
values of ⇠ �

1
⇤QCD

, thereby violating factorization. This

is why, in the LCSs approach, ⇠ is a very well-defined
quantity, analogous to a hard probe of hadron structure
in a DIS experiment. It has also been demonstrated in
Ref. [28] that, the non-analytic cut of e�n comes from
the integration region of large ⇠. That is, even if we
demand |q2

| � ⇤2
QCD, e�n in momentum space can always

receive contribution from large ⇠ region so long as e!2 > 1.
On the other hand, in coordinate space, if we fix ⇠ to
be short-distance, we do not have contribution from the
large ⇠ region and thus �n has a good analytic behavior.

IV. FACTORIZATION

The lattice calculable hadronic matrix elements of
Eq. (1) are shown in Ref. [28] to be factorizable into
PDFs with perturbatively calculable coe�cients by ap-
plying the operator product expansion (OPE) to the non-
local operator On (⇠), with small but non-vanishing ⇠2

�h
n(!, ⇠2, p2) =

X

a

Z 1

�1

dx

x
fh
a (x, µ2)

⇥Ka
n(x!, ⇠2, x2p2, µ2) + O

�
⇠2⇤2

QCD

�
,

(6)

where �h
n is On (⇠) measured in a hadron h, Ka

n are
the parton flavor a 2 {q, q, g} contributions to the per-
turbative hard coe�cients with corresponding PDF fh

a ,
and factorization scale µ2. The short-distance coe�cient
functions Ka

n

�
!, ⇠2; p2, µ2

�
are determined by applying

the factorized formula in Eq. (6) to an asymptotic par-
ton of momentum p with p2 = 0 and flavor a = q, q,
or g, and expanding each side as a power series in the
strong coupling constant ↵s. Although the perturbative
coe�cient functions are process-dependent, they apply
equally to di↵erent external hadron states. At leading-
order O (↵s), the matching coe�cient only receives quark
contributions and the factorized relation in Eq. (6) be-
comes

�q(0)
n

�
!, ⇠2

�
=

X

a=q,q,g

Z 1

0

dx

x
fq(0)
a

�
x, µ2

�

⇥Ka(0)
n

�
x!, ⇠2; µ2

�
+O

�
⇠2⇤2

QCD

�
, (7)

where p2 = 0 is suppressed and fq(0)
a

�
x, µ2

�
=

� (1 � x) �qa is the quark distribution of an asymptotic
quark at zeroth order in ↵s and does not have the factor-

ization scale µ2-dependence. Upon substitution of fq(0)
a

into Eq. (7), it can be shown

�q(0)
n

�
!, ⇠2

�
= Kq(0)

n

�
!, ⇠2

�
. (8)
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Quark distribution of an asymptotic quark at zeroth order in ↵s



Continuum QCD prediction of 
π valence-quark distributions

➢ Owing to absence of pion targets, the pion’s valence-quark 
distribution functions are measured via the Drell-Yan process:

π p → μ+ μ− X
➢ Consider a theory in which quarks scatter via a vector-boson 

exchange interaction whose k2>>mG
2 behaviour is (1/k2)β, 

➢ Then at a resolving scale Q0

uπ(x;Q0) ~ (1-x)2β

namely, the large-x behaviour of the quark distribution 
function is a direct measure of the momentum-dependence 
of the underlying interaction.

➢ In QCD, β=1 and hence 
QCD uπ(x;Q0) ~ (1-x)2

8th GHP Workshop 2019/04/10-12 ... (46)
Craig Roberts. Exploring the Origin of Mass
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Pion

QCD: Q>Q0⇒ 2 → 2+γ, γ > 0

⇡p ! u+µ�X
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small values of x. To this end their structure must be modified, as can already
be seen from (5.73). Terms have to be introduced, for example, that depend on
products of two or more distribution functions. Up to now there has been no gen-
erally accepted solution to this problem (Sect. 6.2). Presumably such a solution
will only be found in connection with experimental investigations. The HERA
experiments have been producing data since 1992.

In this section we have learned how QCD corrections can be evaluated from
the corresponding Feynman graphs. This procedure is of great clarity, but it re-
quires extensive calculations. Therefore one frequently chooses another way to
derive the GLAP equations that is much more elegant but unfortunately less ob-
vious. The latter disadvantage occurs because a part of the result, namely the
general structure of the GLAP equations, has to be more or less assumed. We
shall discuss this alternative derivation in the following section, because it will
shed additional light on the meaning of the GLAP equations.

5.2 An Alternative Approach to the GLAP Equations

In this section we shall be concerned with the derivation of the GLAP equations
using only our knowledge about the properties of QCD.6 We know already that
scattering experiments using leptons as projectiles and hadrons as targets reveal
information about the hadronic structure. The structure functions or momentum
distributions of the partons inside the hadron depend on the four-momentum qµ

carried by the exchanged photon (in general the vector meson). If the momentum
transfer Q2 is increased, more and more details of the hadronic structure become
visible (see Fig. 5.10).

boost

Q2 small

Q2 large

_
q

q
q

Fig. 5.10. The role of Q2 as
transverse resolving power

Q2 is related to the maximum transverse momentum of a parton in the final
state. This fact is easily understood by looking at Fig. 5.10. In the Breit frame,
where the distribution functions are defined, the nucleon is strongly contracted in
the direction of movement. Therefore the resolution with which quarks are seen
depends only on the transverse momentum. We denote by 1/

√
Q2 the resolving

power, since hadronic structures down to 1/
√

Q2 can be resolved owing to the
Heisenberg inequality ∆x∆Q ∼ 1. Let us assume that we have chosen Q2 high
enough to enter the perturbative regime. We can resolve partons of size 1/

√
Q2

inside the hadron. If the momentum transfer is increased to Q′2 > Q2, one can

6 O. Nachtmann: Elementary Particle Physics (Springer, Berlin, Heidelberg 1990).

Role of Q^2 as transverse resolving power [Greiner, Schramm, Stein]



Calculation of Perturbative Kernel

For small and nonzero      , applying OPE to the  
nonlocal operator

⇠2

On(⇠)

2

Hadronic matrix elements in coordinate-space —

We consider single-hadron matrix elements of renormal-
ized nonlocal operators On(ξ),

σn(ω, ξ
2, P 2) = ⟨P |T {On(ξ)}|P ⟩, (1)

where the subscript n is a label for different operators, T
stands for time-ordering, P is the hadron momentum, ξ
with ξ2 ≠ 0 is the largest separation of all fields in the
operator On, the Lorentz scalar ω ≡ P · ξ, and renormal-
ization scale for On(ξ) is suppressed.
One choice for On(ξ) is the dimension-2 operators for

correlations of two currents with a separation ξ,

Oj1j2(ξ) ≡ ξdj1
+dj2

−2 Zj1 Zj2j1(ξ) j2(0) , (2)

where dj and Zj are the dimension and renormalization
constant of the current j, respectively, and the overall
dimensional factor is introduced so that the matrix ele-
ments in Eq. (1) is dimensionless with our normalization,
⟨P |P ′⟩ = (2EP )(2π)3δ3(P − P ′). With the scalar and
vector currents, for example, we could have,

OS(ξ) = ξ4Z2
S[ψqψq](ξ) [ψqψq](0) , (3a)

OV (ξ) = ξ2Z2
V [ψq/ξψq](ξ) [ψq/ξψq](0) , (3b)

OṼ (ξ) = −
ξ4

2
Z2
V [ψqγνψq](ξ) [ψqγ

νψq](0) , (3c)

OV ′(ξ) = ξ2Z2
V ′ [ψq/ξψq′ ](ξ) [ψq′/ξψq](0) , . . . , (3d)

where ξ4 ≡ (ξ2)2, q = u, d, s, · · · stands for a quark with
a definite flavor and q′ for a quark with a different flavor,
the subscripts, S, V and V ′ refers to scalar, vector and
flavor-changing vector currents, respectively, and “. . . ”
indicates for other possible combinations of two currents
including the gluonic current, e.g., jµν ∝ FµρF ρ

ν . Ma-
trix elements constructed from operators in Eq. (3) sat-
isfy the relation

σ∗
n(ω, ξ

2, P 2) = σn(−ω, ξ
2, P 2). (4)

Instead of the correlation of two currents, the nonlo-
cal operator in Eq. (1) could also be made of the cor-
relation of gauge dependent field operators with proper
gauge link(s), e.g.,

Oq(ξ) =Zq(ξ
2)ψq(ξ) /ξΦ(ξ, 0)ψq(0) , (5)

where Φ(ξ, 0) = Pe−ig
∫

1

0
ξ·A(λξ) dλ is the path ordered

gauge link, Zq(ξ2) is the renormalization constant of this
operator, depending on ξ2 [27], and matrix element con-
structed from which satisfies the relation

σ∗
n(ω, ξ

2, P 2) = −σn(−ω, ξ
2, P 2). (6)

Besides scalar operators constructed above, we can also
construct vector or tensor operators, e.g.,

Oµν(ξ) = ξ4Z2
V [ψqγµψq](ξ) [ψqγνψq](0) . (7)

To simply the discussion, we will consider only scalar
operators in the following, although tensor operators can
be studied following the same way.
Factorization — We show that σn defined in Eq. (1)
could be factorized into PDFs with perturbatively calcu-
lable coefficients so long as ξ2 is sufficiently small,

σn(ω, ξ
2,P 2) =

∑

a

∫ 1

−1

dx

x
fa(x, µ

2)

×Ka
n(xω, ξ

2, x2P 2, µ2) +O(ξ2Λ2
QCD) ,

(8)

where µ is the factorization scale, Ka
n are perturba-

tively calculable hard coefficients, and fa is PDF of flavor
a = q, g with anti-quark PDFs expressed by quark PDFs
using the relation fā(x, µ2) = −fa(−x, µ2).
Let ξ2 be small but not vanishing, and applying oper-

ator product expansion (OPE) to the nonlocal operator
On(ξ) in Eq. (1) [37], we have

σn(ω, ξ
2, P 2) =

∑

J=0

∑

a

W (J,a)
n (ξ2, µ2) ξν1 · · · ξνJ

× ⟨P |O(J,a)
ν1···νJ (µ

2)|P ⟩ , (9)

where µ is the renormalization scale. The O(J,a)
ν1···νJ (µ

2) is
a local, symmetric and traceless operator of spin J with
“a” labeling different operators of the same spin, and

⟨P |O(J,a)
ν1···νJ (µ

2)|P ⟩ = 2A(J,a)(µ2)

× (Pν1 · · ·PνJ − traces) , (10)

where the scalar quantity A(J,a)(µ2) = ⟨P |O(J,a)(µ2)|P ⟩
is the reduced matrix element. Substituting Eq. (10) into
Eq. (9), we have

σn(ω, ξ
2, P 2) =

∑

J=0

∑

a

W (J,a)
n (ξ2, µ2) 2A(J,a)(µ2)

× ΣJ (ω, P
2ξ2) , (11)

where

ΣJ(ω, P
2ξ2) ≡ ξν1 · · · ξνJ (Pν1 · · ·PνJ − traces)

=

[J/2]∑

i=0

Ci
J−i(ω)

J−2i
(
−P 2ξ2/4

)i
, (12)

where C is the binomial function and [J/2] is the great-
est integer less than or equal to J/2. Up to now, no
approximation has been made in deriving Eq. (11).
Since higher dimensional matrix element is relatively

smaller by powers of Λ2
QCDξ

2 when two reduced ma-
trix elements are compared, for the following discussion,
we ignore this power suppressed correction to keep only
terms with the lowest dimensional operators, which cor-
responds to keep the twist-2 operators in QCD [37]. Re-
duced matrix elements of these twist-2 operators can be
expressed as moments of PDFs,

A(J,a)(µ2) =
1

Sa

∫ 1

−1
dxxJ−1fa(x, µ

2) , (13)
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with ξ2 ≠ 0 is the largest separation of all fields in the
operator On, the Lorentz scalar ω ≡ P · ξ, and renormal-
ization scale for On(ξ) is suppressed.
One choice for On(ξ) is the dimension-2 operators for

correlations of two currents with a separation ξ,

Oj1j2(ξ) ≡ ξdj1
+dj2

−2 Zj1 Zj2j1(ξ) j2(0) , (2)

where dj and Zj are the dimension and renormalization
constant of the current j, respectively, and the overall
dimensional factor is introduced so that the matrix ele-
ments in Eq. (1) is dimensionless with our normalization,
⟨P |P ′⟩ = (2EP )(2π)3δ3(P − P ′). With the scalar and
vector currents, for example, we could have,

OS(ξ) = ξ4Z2
S[ψqψq](ξ) [ψqψq](0) , (3a)

OV (ξ) = ξ2Z2
V [ψq/ξψq](ξ) [ψq/ξψq](0) , (3b)
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To simply the discussion, we will consider only scalar
operators in the following, although tensor operators can
be studied following the same way.
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a = q, g with anti-quark PDFs expressed by quark PDFs
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W (J,a)
n (ξ2, µ2) 2A(J,a)(µ2)

× ΣJ (ω, P
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where
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2ξ2) ≡ ξν1 · · · ξνJ (Pν1 · · ·PνJ − traces)
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[J/2]∑
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Ci
J−i(ω)

J−2i
(
−P 2ξ2/4
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, (12)
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est integer less than or equal to J/2. Up to now, no
approximation has been made in deriving Eq. (11).
Since higher dimensional matrix element is relatively

smaller by powers of Λ2
QCDξ

2 when two reduced ma-
trix elements are compared, for the following discussion,
we ignore this power suppressed correction to keep only
terms with the lowest dimensional operators, which cor-
responds to keep the twist-2 operators in QCD [37]. Re-
duced matrix elements of these twist-2 operators can be
expressed as moments of PDFs,

A(J,a)(µ2) =
1

Sa

∫ 1

−1
dxxJ−1fa(x, µ

2) , (13)

local, symmetric, traceless operator of spin J

�h
n(p · ⇠, ⇠2, P 2) =

X

a

Z 1

�1

dx

x
fh
a (x, µ

2)Ka
n(x!, ⇠

2, x2P 2, µ2)

Project “h” to “q”

3

where symmetry factor Sa = 1, 2 for a = q, g, respec-
tively, and J ≥ 1 because there is no scalar twist-2 oper-
ator. By substituting Eq. (13) into Eq. (11), and compar-
ing it with Eq. (8) with the Ka

n expanded in power series
of ω, we prove that σn in Eq. (11) has the factorized form
in Eq. (8) with

Ka
n =

∑

J=1

2

Sa
W (J,a)

n (ξ2, µ2)ΣJ (xω, x
2P 2ξ2) . (14)

Note, however, that our proof is valid only when |ω| ≪ 1
and |P 2ξ2| ≪ 1 because OPE works only in the region
where all components of ξ go to zero uniformly but with
all other variables fixed. That is, we need to further
extend our proof to other regions, especially when ω is
finite.
The validity of OPE guarantees that σn is an analytic

function of ω in the neighborhood of ω = 0, and its Tay-
lor series of ω around ω = 0 is defined by Eqs. (9-14). If
we fix ξ to be at short-distance while we increase ω by
adjusting external momentum P , we cannot introduce
any new perturbative divergence. That is, σn remains to
be analytic as ω becomes larger, and only possible sin-
gularity is at ω = ∞. Similarly, for fixed ξ, σn is an
analytic function of P 2ξ2 except for the point of infinity.
Therefore, the factorization in Eq. (8), defined by a Tay-
lor series of ω and P 2ξ2, holds for any finite value of ω
and P 2ξ2 with the correction up to O(ξ2Λ2

QCD).
Note that the analytic behavior of σn discussed above

could be significantly different when it is Fourier trans-
formed into momentum space, i.e.,

σ̃n(ω̃, q
2, P 2) ≡

∫
d4ξ

ξ4
eiq·ξσn(P · ξ, ξ2, P 2), (15)

where corresponding On can be any two-currents oper-
ator defined in Eq. (2), and ω̃ ≡ 2P ·q

−q2 = 1
xB

with xB

the Bjorken variable for the lepton-hadron deep inelas-
tic scattering (DIS). Assuming |P 2/q2| ≪ 1, σ̃n has cuts
going out to infinity from the thresholds ω̃ = ±1. The
reason for having the cuts is that the system has a posi-
tive energy when ω̃2 > 1, corresponding to (q + P )2 > 0
or (q−P )2 > 0, and thus, it can produce physically prop-
agating particles. To understand the difference better, let
us consider a simple integral which could contribute to
Eq. (15),

∫
d4ξ

ξ4
ξν ei(q+xP )·ξ , (16)

where −1 < x < 1 could be thought as the momentum
fraction of a parton inside of the hadron. If q + xP is
not light-like for any value of x, which is equivalent to
ω̃2 < 1, this integral is always finite. But if q + xP is
light-like, this integral is divergent in the region where ξ
is large and almost anti-collinear to q+ xP . This simple
excise tells us that the non-analytic cut of σ̃n comes from

the integration region of large ξ. That is, even if we
demand |q2| ≫ Λ2

QCD, σ̃n in momentum space can always
receive contribution from large ξ region so long as ω̃2 > 1.
On the other hand, in coordinate space, if we fix ξ to
be short-distance, we do not have contribution from the
large ξ region and thus σn has a good analytic behavior.
Since σ̃n is simply a Fourier transformation of σn, the

factorization of σn in Eq. (8) implies the following fac-
torization,

σ̃n =
∑

a

fa ⊗ K̃a
n +O(Λ2

QCD/q
2) , (17)

where ⊗ represents the x-convolution in Eq. (8) and

K̃a
n =

∫
d4ξ

ξ4
eiq·ξKa

n(xP · ξ, ξ2, x2P 2, µ) . (18)

From the discussion above, the factorization in momen-
tum space is unambiguous if ω̃2 < 1.
Matching coefficients — From Eq. (14), we can ob-

tain Ka
n if we know the Wilson coefficients W (J,a)

n . Our
strategy to calculate them is as follows: (1) calculate
Ka

n(xω, ξ
2, 0, µ), which corresponds to the coefficient

function in collinear factorization with P 2 → 0, (2) ex-
pand Ka

n(xω, ξ
2, 0, µ) as a power series of xω, and (3)

compare it with Ka
n(xω, ξ

2, 0, µ) in Eq. (14), along with

the fact ΣJ(xω, 0) = (xω)J , to obtain W (J,a)
n as the ex-

pansion coefficients.

FIG. 1. LO Feynman diagrams for σ̃n.

In the following, we calculate nonvanishing Ka
n for var-

ious LCSs introduced above to the lowest order (LO) in

αs expansion, which we denote as Ka(0)
n . There is only

one Feynman diagram shown in Fig. 1(a) contributes to

Kq(0)
q . According to our strategy above, we set kµ = xPµ

with P 2 = 0, and get

Kq(0)
q (xω, ξ2, 0, µ) =

1

2
Tr[/k/ξ]eiξ·k = 2xωeixω , (19)

which is consistent with the relation Eq. (6). Two Feyn-
man diagrams, as shown in Fig. 1(b) and (c), contribute

to Kq(0)
S with

Mb =
iξ4

2

∫
d4l

(2π)4
Tr[/k/l ]eiξ·(k−l)

l2 + iε
=

i

π2
xω eixω , (20)

and Mc = M∗
b . We have the sum of these two diagrams,

Kq(0)
S (xω, ξ2, 0, µ) =

i

π2
xω

(
eixω − e−ixω

)
, (21)
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Since Gaussian smearing functions may not be optimal
for creating, e.g., p-waves, even when adding derivatives
to the interpolator, iterative smearing was later-on com-
bined with displaced quark sources (fuzzing) in Ref. [23],
a generalization of which was suggested in Ref. [24]. Fi-
nally, in Ref. [25] “free form smearing”, folding Gaussian
smearing with an arbitrary function in a gauge covariant
way, was invented. Preceding and in parallel to gauge co-
variant iterative smearing functions, gauge fixed sources
have been utilized: wall sources for zero [26] and non-
zero momentum [27], box [28] sources, Gaussian “shell
sources” [29] and sources with nodes [30]. These gauge
fixed methods and free form smearing share the disadvan-
tage that smearing the sink requires all quark positions to
be summed over individually, turning this prohibitively
expensive. Having identical source and sink interpola-
tors, however, is very desirable as only this guarantees
the positivity of the coe�cients of the spectral decompo-
sition Eq. (1) and thus the convexity of two-point func-
tions. For completeness, we also mention the “distilla-
tion” (or Laplacian-Heaviside) method of Ref. [31] since
this is closely related to gauge covariant smearing.

Large momenta increase the energy of the state and
result in faster decaying two- and three-point functions
and, therefore, in inferior noise to signal ratios. More-
over, as we shall see, excited state suppression becomes
far less e↵ective when using conventional quark smearing
methods. Some attempts have been made [32, 33] to in-
troduce an anisotropy into Wuppertal smearing [17, 18],
aiming at Lorentz contracting the interpolating wave
function according to the boost factor 1/� = m/E(p),
along the direction of the spatial momentum p. How-
ever, this did not result in the ground state enhancement
that one would have hoped for. Here we will argue and
demonstrate that to achieve satisfactory results at high
momenta, additional phase factors need to be incorpo-
rated into quark smearing functions.

This article is organized as follows. First, in Sec. II,
we discuss the basic idea behind the new class of smear-
ing functions that we introduce. Then, in Sec. III we are
more specific, modifying Wuppertal smearing as a generic
example and suggest further improvements. In Sec. IV
we discuss our simulation parameters and expectations
for the nucleon and pion energies. After the stage is set,
in Sec. V we investigate the feasibility of the method in
a realistic numerical study, optimize the smearing pa-
rameters and pursue a comparison between the new and
the conventional method. Finally, we study the pion and
nucleon dispersion relations, before we conclude.

II. MOMENTUM SMEARING: THE BASIC
IDEA

As discussed above, quark smearing within hadronic
sources or sinks is essential in lattice simulations to in-
crease the overlap with the desired physical state, reflect-
ing the fact that hadrons are extended objects, rather
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FIG. 1. Conventional smearing versus momentum smearing
for the example of a Gaussian wave function in d = 1 spa-
tial dimensions. The momentum k shifts the centre of the
distribution in momentum space, resulting in an oscillatory
behaviour in position space.

than pointlike. A smearing operator F is diagonal in
time, trivial in spin and acts on the position and colour
indices of quark fields:

(Fq)x =
X

y2(aZ)d
fx�y Gxy qy , (2)

where f is a scalar function, G is a gauge covariant trans-
porter, which in the free case will be a unit matrix in
colour and position space, and d is the number of spatial
dimensions, usually d = 3. Note that the field qx is usu-
ally periodic in x on the lattice, whereas fx�y need not
be periodic in x � y. In the free case, the convolution
Eq. (2) becomes a product in Fourier space

X

x2(aZ)d
eip·x (Fq)x = f̃(p) q̃p . (3)

For the special case of a Gaussian,

fx�y = f0 exp

✓
�
|x� y|2

2�2

◆
, (4)

the Fourier transformed smearing kernel again is a Gaus-
sian:

f̃(p) ⌘
X

z2(aZ)d
eip·zfz = f̃(0) exp

✓
�
�2p2

2

◆
. (5)

Thus, the smeared quark operator has maximal overlap
with a quark at rest, p = 0. Non-zero velocities are
suppressed in accordance with the above Gaussian mo-
mentum distribution. Clearly, for hadrons carrying sig-
nificant spatial momenta, such a smearing may be coun-
terproductive.

2

Since Gaussian smearing functions may not be optimal
for creating, e.g., p-waves, even when adding derivatives
to the interpolator, iterative smearing was later-on com-
bined with displaced quark sources (fuzzing) in Ref. [23],
a generalization of which was suggested in Ref. [24]. Fi-
nally, in Ref. [25] “free form smearing”, folding Gaussian
smearing with an arbitrary function in a gauge covariant
way, was invented. Preceding and in parallel to gauge co-
variant iterative smearing functions, gauge fixed sources
have been utilized: wall sources for zero [26] and non-
zero momentum [27], box [28] sources, Gaussian “shell
sources” [29] and sources with nodes [30]. These gauge
fixed methods and free form smearing share the disadvan-
tage that smearing the sink requires all quark positions to
be summed over individually, turning this prohibitively
expensive. Having identical source and sink interpola-
tors, however, is very desirable as only this guarantees
the positivity of the coe�cients of the spectral decompo-
sition Eq. (1) and thus the convexity of two-point func-
tions. For completeness, we also mention the “distilla-
tion” (or Laplacian-Heaviside) method of Ref. [31] since
this is closely related to gauge covariant smearing.

Large momenta increase the energy of the state and
result in faster decaying two- and three-point functions
and, therefore, in inferior noise to signal ratios. More-
over, as we shall see, excited state suppression becomes
far less e↵ective when using conventional quark smearing
methods. Some attempts have been made [32, 33] to in-
troduce an anisotropy into Wuppertal smearing [17, 18],
aiming at Lorentz contracting the interpolating wave
function according to the boost factor 1/� = m/E(p),
along the direction of the spatial momentum p. How-
ever, this did not result in the ground state enhancement
that one would have hoped for. Here we will argue and
demonstrate that to achieve satisfactory results at high
momenta, additional phase factors need to be incorpo-
rated into quark smearing functions.

This article is organized as follows. First, in Sec. II,
we discuss the basic idea behind the new class of smear-
ing functions that we introduce. Then, in Sec. III we are
more specific, modifying Wuppertal smearing as a generic
example and suggest further improvements. In Sec. IV
we discuss our simulation parameters and expectations
for the nucleon and pion energies. After the stage is set,
in Sec. V we investigate the feasibility of the method in
a realistic numerical study, optimize the smearing pa-
rameters and pursue a comparison between the new and
the conventional method. Finally, we study the pion and
nucleon dispersion relations, before we conclude.

II. MOMENTUM SMEARING: THE BASIC
IDEA

As discussed above, quark smearing within hadronic
sources or sinks is essential in lattice simulations to in-
crease the overlap with the desired physical state, reflect-
ing the fact that hadrons are extended objects, rather

FIG. 1. Conventional smearing versus momentum smearing
for the example of a Gaussian wave function in d = 1 spa-
tial dimensions. The momentum k shifts the centre of the
distribution in momentum space, resulting in an oscillatory
behaviour in position space.

than pointlike. A smearing operator F is diagonal in
time, trivial in spin and acts on the position and colour
indices of quark fields:

(Fq)x =
X

y2(aZ)d
fx�y Gxy qy , (2)

where f is a scalar function, G is a gauge covariant trans-
porter, which in the free case will be a unit matrix in
colour and position space, and d is the number of spatial
dimensions, usually d = 3. Note that the field qx is usu-
ally periodic in x on the lattice, whereas fx�y need not
be periodic in x � y. In the free case, the convolution
Eq. (2) becomes a product in Fourier space

X

x2(aZ)d
eip·x (Fq)x = f̃(p) q̃p . (3)

For the special case of a Gaussian,

fx�y = f0 exp

✓
�
|x� y|2

2�2

◆
, (4)

the Fourier transformed smearing kernel again is a Gaus-
sian:

f̃(p) ⌘
X

z2(aZ)d
eip·zfz = f̃(0) exp

✓
�
�2p2

2

◆
. (5)

Thus, the smeared quark operator has maximal overlap
with a quark at rest, p = 0. Non-zero velocities are
suppressed in accordance with the above Gaussian mo-
mentum distribution. Clearly, for hadrons carrying sig-
nificant spatial momenta, such a smearing may be coun-
terproductive.
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Near threshold, large logarithms coming from soft radiation become  
the leading corrections to scattering cross section

3. This gluon radiation consists of an infinite number of soft gluons,  
which would make perturbation theory an unusable method for computing 
physical cross sections. 

1 Introduction

1 Introduction

Quantum Chromodynamics (QCD) is the theory that describes the interaction among quarks
and gluons, i.e. the fundamental strong force. This field theory is a nonabelian gauge theory
based on the symmetry group SU . Although the formulation for this theory is very simple, the
manifestations are of great complexity. One of the main difficulties is confinement, i.e. quarks and
gluons cannot be detected as free particles, they are only present in color–singlet bound hadron
states such as protons. Confinement is up to now not satisfactory understood by theoretical
physicists.

Another important aspect of QCD is asymptotic freedom, which is, on the contrary to con-
finement, very well understood. It states that the effective coupling between quarks and gluons
vanishes as the energy of the interactions goes to infinity. In other words, the theory can be
regarded as almost a free theory, i.e. without interactions, at very large energy. We can use per-
turbation theory to describe the remaining small interactions between the quarks and gluons.

1.1 Need for Wilson Lines

Asymptotic freedom states that all higher order corrections in perturbation theory should be
small for hard particles, i.e. particles with high energy, because the coupling strength vanishes
for high energy scales. On the other hand, the coupling strength is large if the interactions are
with soft particles. So, in scattering experiments there can (and always will) be soft, i.e. low
energy, gluon radiation. Near threshold the large logarithms coming from the soft radiation
become the leading corrections to the scattering cross section, see fig. 1.1. In principle, this gluon
radiation consists of an infinite number of soft gluons, which would make perturbation theory an
unusable method for computing physical cross sections. Fortunately, using some approximations
all this soft radiation can be described by a vacuum expectation value of a single path ordered
exponential

R
(1.1)

i.e. a Wilson line where the path is described by and is the classical path of the parton that
emits and absorbs the gluons. are the gauge group generators. On the contrary to an abelian
gauge theory, for QCD we need ordering of the exponential in the gauge group generators. The
easiest way to order the gauge group generators is according to the path of the parton emitting
and absorbing the soft radiation.

Fig. 1.1: Interaction of a quark with a photon including a gluon correction. If the momentum of the gluon
is small the internal quark propagator is almost on–shell and can lead to large logarithmic
corrections after the infrared divergences are canceled.

In this thesis we shall derive the properties of the Wilson line and show how to use it when
calculating cross sections and decay rates.

1

p2 = 0

1. If momentum of gluon small, internal quark propagator almost on–shell.

Interaction of a quark with a photon including 
a gluon correction

2. Can lead to large logarithmic corrections after the infrared  
divergences are canceled.
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3

Nucleon GPDs

The nucleon GPDs are extracted from nucleon FF
data [66–70] choosing specific x- and t-dependences of
the GPDs for each flavor. One then finds the best fit
reproducing the measured FFs and the valence PDFs.
In our analysis of nucleon FFs [56], three free parame-
ters are required: These are r, interpreted as an SU(6)
breaking e↵ect for the Dirac neutron FF, and �p and �n,
which account for the probabilities of higher Fock com-
ponents (meson cloud), and are significant only for the
Pauli FFs. The hadronic scale � is fixed by the ⇢-Regge
trajectory [28], whereas the Pauli FFs are normalized to
the experimental values of the anomalous magnetic mo-
ments.

Helicity Non-Flip Distributions

Using the results from [56] for the Dirac flavor FFs,
we write the spin non-flip valence GPDs H

q(x, t) =
q(x) exp [tf(x)] with

uv(x) =
⇣
2 � r

3

⌘
q⌧=3(x) +

r

3
q⌧=4(x), (16)

dv(x) =

✓
1 � 2r

3

◆
q⌧=3(x) +

2r

3
q⌧=4(x), (17)

for the u and d PDFs normalized to the valence content
of the proton:

R 1
0 dxuv(x) = 2 and

R 1
0 dx dv(x) = 1. The

PDF q⌧ (x) and the profile function f(x) are given by (9)
and (10), and w(x) is given by (15). Positivity of the
PDFs implies that r  3/2, which is smaller than the
value r = 2.08 found in [56]. We shall use the maximum
value r = 3/2, which does not change significantly our
results in [56].

10�4 10�3 10�2 10�1 100

x

0.0

0.2

0.4

0.6

x
q(

x
)

µ2 = 10 GeV2

uv

dv

NNPDF3.0
MMHT2014
CT14
LFHQCD (NNLO)

FIG. 1. Comparison for xq(x) in the proton from LFHQCD
(red bands) and global fits: MMHT2014 (blue bands) [5],
CT14 [6] (cyan bands), and NNPDF3.0 (grey bands) [77].
LFHQCD results are evolved from the initial scale µ0 = 1.06±
0.15GeV.

The PDFs (16) and (17) are evolved to a higher

scale µ with the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) equation [71–73] in the MS scheme using
the HOPPET toolkit [74]. The initial scale is chosen at
the matching scale between LFHQCD and pQCD as µ0 =
1.06 ± 0.15GeV [75] in the MS scheme at next-to-next-
to-leading order (NNLO). The strong coupling constant
↵s at the scale of the Z-boson mass is set to 0.1182 [76],
and the heavy quark thresholds are set with MS quark
masses as mc = 1.28GeV and mb = 4.18GeV [76]. The
PDFs are evolved to µ

2 = 10GeV2 at NNLO to com-
pare with the global fits by the MMHT [5], CT [6], and
NNPDF [77] collaborations as shown in Fig. 1. The value
a = 0.531±0.037 is determined from the first moment of
the GPD,

R 1
0 dx xH

q
v(x, t = 0) = A

q
v(0) from the global

data fits with average values Au
v (0) = 0.261 ± 0.005 and

A
d
v(0) = 0.109±0.005. The model uncertainty (red band)

includes the uncertainties in a and µ0 [78]. We also in-
dicate the di↵erence between our results and global fits
in Fig. 2. The t-dependence of Hq

v(x, t) is illustrated in
Fig. 3. Since our PDFs scale as q(x) ⇠ x

�1/2 for small-x,
the Kuti-Weisskopf behavior for the non-singlet structure
functions F2p(x) � F2n(x) ⇠ x(uv(x) � dv(x)) ⇠ x

1/2 is
satisfied [79, 80].

FIG. 2. Di↵erence between our PDF results and global fits.

Helicity-Flip Distributions

The spin-flip GPDs E
q
v(x, t) = e

q
v(x) exp [tf(x)] follow

from the flavor Pauli FFs in [56] given in terms of twist-4
and twist-6 contributions

e
q
v(x) = �q [(1 � �q) q⌧=4(x) + �q q⌧=6(x)] , (18)

normalized to the flavor anomalous magnetic momentR 1
0 dx e

q
v(x) = �q, with �u = 2�p + �n = 1.673 and

�d = 2�n + �p = �2.033. The factors �u and �d are

�u ⌘ 2�p�p + �n�n

2�p + �n
, �d ⌘ 2�n�n + �p�p

2�n + �p
, (19)

where the higher Fock probabilities �p,n represent the
large distance pion contribution and have the values �p =
0.27 and �n = 0.38 [56]. Our results for E

q
v(x, t) are

displayed in Fig. 3.

4

FIG. 3. Nucleon GPDs for di↵erent values of �t = Q
2 at

the scale µ0 = 1.06 ± 0.15GeV. Top: spin non-flip H
q
v(x, t).

Bottom: spin-flip E
q
v(x, t).
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FIG. 4. Comparison for xq(x) in the pion from LFHQCD
(red band) with the NLO fits [82, 83] (gray band and green
curve) and the LO extraction [84]. NNLO results are also
included (light blue band). LFHQCD results are evolved from
the initial scale µ0 = 1.1 ± 0.2GeV at NLO and the initial
scale µ0 = 1.06± 0.15GeV at NNLO.

Pion GPD

The expression for the pion GPD H
u,d̄
v (x, t) =

q
u,d̄
v (x) exp [tf(x)] follows from the pion FF in [81], where
the contribution from higher Fock components was deter-
mined from the analysis of the time-like region [81]. Up
to twist-4

q
u,d̄
v (x) = (1 � �)q⌧=2(x) + �q⌧=4(x), (20)

where the PDFs are normalized to the valence quark con-
tent of the pion

R 1
0 dx q

u,d̄
v (x) = 1, and � = 0.125 repre-

sents the meson cloud contribution determined in [28].
The pion PDFs are evolved to µ

2 = 27GeV2 at next-
to-leading order (NLO) to compare with the NLO global
analysis in [82, 83] of the data [84]. The initial scale is
set at µ0 = 1.1±0.2GeV from the matching procedure in
Ref. [75] at NLO. The result is shown in Fig. 4, and the
t-dependence of Hq

v(x, t) is illustrated in Fig. 5. We have
also included the NNLO results in Fig. 4, to compare
with future data analysis.
Our results are in good agreement with the data anal-

ysis in Ref. [82] and consistent with the nucleon global
fit results through the GPD universality described here.
There is however a tension with the data analysis in [83]
for x � 0.6 and with the Dyson-Schwinger results in [85]
which incorporate the (1 � x)2 pQCD fallo↵ at large-x
from hard gluon transfer to the spectator quarks. In con-
trast, our nonperturbative results fallo↵ as 1�x from the
leading twist-2 term in (20). A softer fallo↵ ⇠ (1 � x)1.5

in Fig. 4 follows from DGLAP evolution. Our analy-
sis incorporates the nonperturbative behavior of e↵ective
LFWFs in the limit of zero quark masses. However, if we
include a nonzero quark mass in the LFWFs [28, 86, 87],
the PDFs will be further suppressed at x ! 1.

FIG. 5. Pion GPD for di↵erent values of �t = Q
2 at the

scale µ0 = 1.1± 0.2GeV.

E↵ective LFWFs

Form factors in light-front quantization can be written
in terms of an e↵ective single-particle density [88]

F (Q2) =

Z 1

0
dx⇢(x,Q), (21)

where ⇢(x,Q) = 2⇡
R1
0 db b J0

�
bQ(1�x)

�
| e↵(x, b)|2 with

transverse separation b = |b?|. From (8) we find the
e↵ective LFWF

 
⌧
e↵(x,b?) =

1

2
p
⇡

s
q⌧ (x)

f(x)
(1 � x) exp


� (1 � x)2

8f(x)
b2
?

�
,

(22)



Nonzero strange electric form factor
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FIG. 3. Q
2-dependence of the strange Sachs electric form

factor. The blue error bars indicate the statistical uncer-
tainties and the cyan error bars indicate the statistical and
systematic uncertainties added in quadrature.

global fit formula

Gs
M ( m⇡,mK ,m⇡,vs, a, L) = A0 +A1m⇡ +A2mK

+A3m
2
⇡,vs +A4a

2 +A5m⇡(1�
2

m⇡L
)e�m⇡L,

(12)

where we have used a chiral extrapolation linear in
m⇡ and mloop = mK [69, 71–73]. For the volume
correction we refer to Ref. [74]. From the global fit
formula (12), for example, in the continuum limit at
Q2 = 0.25GeV2, we obtain Gs

M |phys = �0.018(4),
A1 = 0.04(3), A2 = �0.18(12), A3 = �1.27(84),
A4 = 0.008(6), and A5 = 0.04(5) with �2/d.o.f. = 1.13.
From the fitted values of the parameters in the global
fit formula (12), it is seen that the quark mass depen-
dencies play an important role in calculating Gs

M (Q2)
at the physical point. A 9% systematic uncertainty
from the model-independent z�expansion and an un-
certainty from the empirical fit formula have been in-
cluded as discussed in [24]. We obtain systematics from
the global fit formula by replacing the volume correc-
tion by e�m⇡L only and also by adding m⇡,vs term in
the fit and include the di↵erence in the systematics of
the global fit results. The results of Gs

M (Q2) in the
continuum limit are presented in Figure 4.

IV. CALCULATION OF NEUTRAL WEAK
FORM FACTORS

Since the neutral weak Z-boson can have both vector
and axial vector interactions, the amplitude of the Z-
exchange can have both parity-conserving and parity-
violating components. The parity-conserving and
parity-violating Z-amplitudes in the electron-nucleon

FIG. 4. Q
2-dependence of the strange Sachs magnetic

form factor. The blue error bars indicate the statistical
uncertainties and the cyan error bars indicate the statistical
and systematic uncertainties added in quadrature.

scattering can be written as

M
PC
Z =

GF

2
p
2
(giV l

µJZ
µ + giAl

µ5JZ
µ5), (13)

M
PV
Z =

GF

2
p
2
(giV l

µJZ
µ5 + giAl

µ5JZ
µ ), (14)

where GF is the Fermi constant, giV (A) the weak

vector(axial) charge of the fermions, lµ(lµ5) the lep-
tonic vector(axial) current, and JZ

µ (JZ
µ5) the nucleon

vector(axial) current. In the electron-nucleon elastic
scattering, the first-order interactions are mediated
either by a photon(�) or a neutral weak Z-boson as
shown in Figures 5a and 5b. The contributions to
the weak FFs from additional diagrams in Figures 5c
and 5d should also be considered. Moreover, there
can be contributions that involve strong interactions
where � and Z-boson can interact with several quarks
and these diagrams are not shown here. These “many-
quark” corrections are target specific and di�cult
to calculate; the calculations are model-dependent.
We use the LFHQCD predictions of nucleon electro-

magnetic form factors Gp(n)
E,M (Q2) from Eq. (8) and

Gs
E,M (Q2) from lattice QCD calculation in Eq. (1) to

obtain the nucleon neutral weak FFs which are shown
in Figures 6 and 7.

We address several sources of systematic uncertain-
ties coming from the LFHQCD model, such as from
the variations in -value, from the higher Fock com-
ponents probability parameters �p(n) and from r to
estimate neutral weak FFs for the proton and neutron.
When calculating the systematic uncertainties coming
from the inclusion of higher Fock components, we con-
sider the di↵erence between the FFs calculated with
zero higher Fock components probability �p(n) = 0

Signal, Thomas 
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Constraints on strange-antistrange asymmetry
Light-front holographic QCD : A semiclassical approach to  
relativistic bound state equations followed from the  
holographic embedding of light-front dynamics in a higher 
dimensional gravity theory 

EM form factors for a bound state hadron of twist 

Hessian matrix following the procedure described in Ref. [56].

FIG. 3. Fits to the lattice QCD data of F s
1 (Q

2) using the fluctuation model and LFHQCD.

IV. LIGHT-FRONT HOLOGRAPHIC QCD

The EM form factors of nucleons were described in the nonperturbative holographic framework

from the coupling of the ⇢ to a qq̄ pair in the proton in the limit of massless quarks [57]. In this

section we calculate F
s
1 (Q

2) and s(x) � s̄(x) in the nucleon using the analytic structure of form

factors and quark distribution functions in LFHQCD for bound states of arbitrary twist. Here,

twist refers to the dimension minus spin of the interpolating operator for the hadron state; it is

equal to the number of constituents in a given Fock component in the LF Fock expansion.

In LFHQCD [13], the EM form factors for a bound-state hadron with twist-⌧ can be expressed

as [14, 58]

F⌧ (t) =
1

N⌧
B
�
⌧ � 1, 1 � ↵(t)

�
, (40)

where the Euler Beta function is

B(u, v) =

Z 1

0
dy y

u�1 (1 � y)v�1
, (41)

with B(u, v) = B(v, u) = �(u)�(v)
�(u+v) , N⌧ = �(⌧ � 1)�(1 � ↵(0))/�(⌧ � ↵(0)) a normalization factor,

and ↵(t) is the Regge trajectory of the vector meson which couples to the EM current in the

t-channel exchange.

The Beta function structure of the EM form factors (40), which follows from the gauge/gravity

structure in LFHQCD, was obtained in the pre-QCD era by Ademollo and Del Giudice [59] and

11

↵(t) =
1

2
+

t

4�
� �M2

4�

N⌧ = �(⌧ � 1)�(1� ↵(0))/�(⌧ � ↵(0))

⌧

Write beta function in a reparametrization invariant form 

and Ns as free parameters. The result is shown in Fig. 3 with parameter values
p
� = 0.52(17)GeV

and Ns = 0.046(17). This value of
p
� agrees with that determined from the Regge trajectory. The

conformal limit results, �M
2 = 0, are also shown in the figures for comparison. The strange form

factor (52) has the large-Q2 behavior Q
8
F

s
1 (Q

2) ! Const, with Const = 1680Ns �
4 ' 0.5GeV8,

consistent with the scaling predicted from the hard-scattering counting rules [64, 65].

B. Strange quark distribution functions

To describe the quark distribution functions in the holographic formalism it is convenient to

express the Beta function (41) in a reparametrization invariant form

B(u, v) =

Z 1

0
dxw

0(x)w(x)u�1 (1 � w(x))v�1
, (53)

provided that w(x) satisfies the constraints [14]

w(0) = 0, w(1) = 1, w
0(x) � 0. (54)

Therefore, using (53) and the Regge trajectory, (48), (49) or (51), the EM form factor (40) for

twist-⌧ can be written in the invariant form

F⌧ (t) =
1

N⌧

Z 1

0
dxw

0(x)w(x)�
t
4��

1
2
⇥
1 � w(x)

⇤⌧�2
e
��M2

4� log
⇣

1
w(x)

⌘

. (55)

The EM form factor can also be expressed by the exclusive-inclusive connection as the inte-

grated expression of the t-evolved PDF, namely, the generalized parton distribution (GPD) at zero

skewness, Hq
⌧ (x, t) ⌘ H

q
⌧ (x, ⇠ = 0, t),

F
q
⌧ (t) =

Z 1

0
dx

�
H

q
⌧ (x, t) � H

q̄
⌧ (x, t)

�

=

Z 1

0
dx q⌧ (x) exp[tf(x)], (56)

where f(x) is the profile function and q⌧ (x) is the collinear PDF of twist-⌧ . Comparing (56) with

the holographic expression (55) we find that both functions, f(x) and q⌧ (x), are determined in

terms of the reparametrization function of the Beta function, w(x), by

f(x) =
1

4�
log

⇣ 1

w(x)

⌘
, (57)

q⌧ (x) =
1

N⌧
[1 � w(x)]⌧�2

w(x)�
1
2w

0(x) e
��M2

4� log
⇣

1
w(x)

⌘

, (58)

where q⌧ (x) is normalized by
R 1
0 dx q⌧ (x) = 1. In the conformal limit where the quark masses

vanish, �M
2 ! 0, we recover the results given in Ref. [14].
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The specific function w(x), taken from Ref. [14], is e↵ectively determined by Regge behavior at

small-x and the local power-law counting rule at x ! 1. At x ! 0, w(x) scales as w(x) ⇠ x to

recover Regge behavior [67]. At x ! 1 the additional constraints

w
0(1) = 0 and w

00(1) 6= 0, (59)

yield the Drell-Yan counting rule q⌧ (x) ⇠ (1 � x)2⌧�3 at large x [41]. Since w(1) = 1, it follows

that log
⇣

1
w(x)

⌘
! 0 in the limit x ! 1, which implies that the local counting rules at large-x are

unmodified by the introduction of quark masses in the holographic structural framework. However,

the squared mass shift induced by finite quark masses does modify the small-x behavior by a factor

x
�M2/4�, therefore softening the Regge behavior of the PDFs at small-x

q⌧ (x) ⇠ x
�↵(0) ⇠ x

� 1
2+

�M2

4� , (60)

since w(x) in (58) scales as w(x) ⇠ x at small-x. Since �M
2 is considerably larger for strange

quarks than for the up and down quarks, the predicted behavior of the strange sea distributions is

less singular at x ! 0 than the nonstrange light quarks.

It has been noted in the pre-QCD era that the behavior of parton distributions near x ! 0 is

governed by the Regge intercept [60]. This is again in agreement with LFHQCD even including

the finite quark mass correction. The t-dependence of GPDs, instead, is not influenced by the

introduction of quark masses, since the Regge slope is universal for light hadrons [33].

The expression for the strange-antistrange PDF asymmetry s(x) � s̄(x) corresponding to (52)

is

s(x) � s̄(x) = (1 � ⌘)Ns

h
q
�
⌧=5(x) � q

�
⌧=6(x)

i
+ ⌘Ns [q

!
⌧=5(x) � q

!
⌧=6(x)] , (61)

with q
!,�
⌧ (x) given by (58) for �M

2
! and �M

2
� respectively. For the universal reparametrization

function w(x) we use the form in Ref. [14],

w(x) = x
1�x

e
�a(1�x)2

, (62)

with a = 0.531 determined from the first moment of proton valence quark distributions. The e↵ect

of the � � ! mixing for the s(x) � s̄(x) asymmetry also turns out to be negligible for a mixing of

the order of 10% and will be neglected.

The PDF predictions for the asymmetry s(x)� s̄(x) are shown in Fig. 4 and compared with the

fluctuation model and global fits for Ns = 0.046(17) and
p
� = 0.52(17)GeV obtained from the

lattice form factor results. The actual computations are carried out with the universal function w(x)

given by (62). In contrast to the baryon-meson fluctuation model, which has the small-x behavior

s(x)� s̄(x) ! 0, the holographic model has the Regge behavior s(x)� s̄(x) ' �0.044x�0.01 in the

limit x ! 0. This can be compared with the global data fit results, shown in Fig. 4 at the initial

scale µ = 1GeV.
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as [29]

F⌧ (t) =
1

N⌧
B

✓
⌧ � 1,

1

2
� t

4�

◆
, (1)

where

B(u, v) =

Z 1

0
dy y

u�1 (1 � y)v�1
, (2)

and B(u, v) = B(v, u) = �(u)�(v)
�(u+v) with N⌧ =

p
⇡

�(⌧�1)

�(⌧� 1
2 )
.

For fixed u and large v we have B(u, v) ⇠ �(u)v�u: We
thus recover, for large Q2 = �t, the hard-scattering scal-
ing behavior [53, 54]

F⌧ (Q
2) ⇠

✓
1

Q2

◆⌧�1

. (3)

In contrast with the GPD twist which is determined by
the quark-quark correlator, twist-⌧ in (1) and (3) refers
to the number of constituents in a given Fock component
in the Fock expansion of the hadron state. It controls the
short distance behavior of the hadronic state and thus the
power-law asymptotic behavior (3).

For integer ⌧ Eq. (1) generates the pole structure [52]

F⌧ (Q
2) =

1⇣
1 + Q2

M2
0

⌘⇣
1 + Q2

M2
1

⌘
· · ·

⇣
1 + Q2

M2
⌧�2

⌘ , (4)

with M
2
n = 4�

�
n+ 1

2

�
, n = 0, 1, 2 · · · ⌧ � 2, correspond-

ing to the ⇢ vector meson and its radial excitations [28].
Notice that the Beta function in (1) can be rewritten as
B
�
⌧ � 1, 1 � ↵(t)

�
with Regge trajectory

↵(t) =
t

4�
+

1

2
, (5)

slope ↵
0 = 1

4� and intercept ↵(0) = 1
2 . This is just the

⇢ trajectory emerging from LFHQCD. The value of the
universal scale � is fixed from the ⇢ mass:

p
� =  =

m⇢/
p
2 = 0.548 GeV [28, 57].

Notice that the form factor (1) can be expressed as a
Veneziano amplitude [58] B

�
1 � ↵(s), 1 � ↵(t)

�
, where

the s-channel dependence is replaced by a fixed pole, 1�
↵(s) ! ⌧ � 1, allowed by unitarity constraints, since no
resonances are formed in the s-channel [59–61]

It will be useful to rewrite (1) using the reparametriza-
tion invariance of the Euler Beta function (2), and thus
transform the integral representation of the form factor
(1) into the invariant form

F⌧ (t) =
1

N⌧

Z 1

0
dxw

0(x)w(x)�
t
4�� 1

2
⇥
1 � w(x)

⇤⌧�2
, (6)

if w(x) is a monotonously increasing function with fixed
values at the integration limits given by the constraints:

w(0) = 0, w(1) = 1, w
0(x) � 0, (7)

with x 2 [0, 1]. Any function w(x) which satisfies the
constraints (7) will give the same result for the form fac-
tor.
Writing the flavor FF in terms of the valence GPD

F
q(t) =

R 1
0 dxH

q
v(x, t) at zero skewness, H

q(x, t) ⌘
H

q(x, ⇠ = 0, t), we obtain

H
q(x, t) =

1

N⌧
[1 � w(x)]⌧�2

w(x)�
1
2w

0(x) e
t
4� log

�
1

w(x)

�

= q⌧ (x) exp[tf(x)], (8)

where the PDF q⌧ (x) and the profile function f(x)

q⌧ (x) =
1

N⌧

�
1 � w(x)

�⌧�2
w(x)�

1
2 w

0(x), (9)

f(x) =
1

4�
log

✓
1

w(x)

◆
, (10)

are expressed in terms of the function w(x) fulfilling con-
ditions (7).
If for x ⇠ 0, w(x) behaves as w(x) ⇠ x, we find the

t-dependence

H
q
v (x, t) ⇠ x

�t/4�
qv(x), (11)

which is the Regge theory motivated ansatz for small-x
given in Ref. [62] for ↵0 = 1

4� .

To study the behavior of w(x) at large-x we perform a
Taylor expansion near x = 1:

w(x) = 1 � (1 � x)w0(1) +
1

2
(1 � x)2w00(1) + · · · . (12)

Upon substitution of (12) in (9) we find that the lead-
ing term in the expansion, which behaves as (1 � x)⌧�2,
vanishes if w0(1) = 0. Hence setting

w
0(1) = 0 and w

00(1) 6= 0, (13)

we find q⌧ (x) ⇠ (1� x)2⌧�3, which is precisely the Drell-
Yan inclusive counting rule at x ! 1 [63–65], correspond-
ing to the form factor behavior at large Q

2 (3).
From Eq. (10) it follows that the conditions (13) are

equivalent to f
0(1) = 0 and f

00(1) 6= 0. Since log(x) ⇠
1 � x for x ⇠ 1, a simple ansatz for f(x) consistent with
(7), (11) and (13) is

f(x) =
1

4�


(1 � x) log

✓
1

x

◆
+ a(1 � x)2

�
, (14)

with a being a flavor independent parameter. From (10)

w(x) = x
1�x

e
�a(1�x)2

, (15)

an expression which incorporates Regge behavior at
small-x and inclusive counting rules at large-x.



Constraints on strange-antistrange asymmetry

and Ns as free parameters. The result is shown in Fig. 3 with parameter values
p
� = 0.52(17)GeV

and Ns = 0.046(17). This value of
p
� agrees with that determined from the Regge trajectory. The

conformal limit results, �M
2 = 0, are also shown in the figures for comparison. The strange form

factor (52) has the large-Q2 behavior Q
8
F

s
1 (Q

2) ! Const, with Const = 1680Ns �
4 ' 0.5GeV8,

consistent with the scaling predicted from the hard-scattering counting rules [64, 65].

B. Strange quark distribution functions

To describe the quark distribution functions in the holographic formalism it is convenient to

express the Beta function (41) in a reparametrization invariant form

B(u, v) =

Z 1

0
dxw

0(x)w(x)u�1 (1 � w(x))v�1
, (53)

provided that w(x) satisfies the constraints [14]

w(0) = 0, w(1) = 1, w
0(x) � 0. (54)

Therefore, using (53) and the Regge trajectory, (48), (49) or (51), the EM form factor (40) for

twist-⌧ can be written in the invariant form

F⌧ (t) =
1

N⌧

Z 1

0
dxw

0(x)w(x)�
t
4��

1
2
⇥
1 � w(x)

⇤⌧�2
e
��M2

4� log
⇣

1
w(x)

⌘

. (55)

The EM form factor can also be expressed by the exclusive-inclusive connection as the inte-

grated expression of the t-evolved PDF, namely, the generalized parton distribution (GPD) at zero

skewness, Hq
⌧ (x, t) ⌘ H

q
⌧ (x, ⇠ = 0, t),

F
q
⌧ (t) =

Z 1

0
dx

�
H

q
⌧ (x, t) � H

q̄
⌧ (x, t)

�

=

Z 1

0
dx q⌧ (x) exp[tf(x)], (56)

where f(x) is the profile function and q⌧ (x) is the collinear PDF of twist-⌧ . Comparing (56) with

the holographic expression (55) we find that both functions, f(x) and q⌧ (x), are determined in

terms of the reparametrization function of the Beta function, w(x), by

f(x) =
1

4�
log

⇣ 1

w(x)

⌘
, (57)

q⌧ (x) =
1

N⌧
[1 � w(x)]⌧�2

w(x)�
1
2w

0(x) e
��M2

4� log
⇣

1
w(x)

⌘

, (58)

where q⌧ (x) is normalized by
R 1
0 dx q⌧ (x) = 1. In the conformal limit where the quark masses

vanish, �M
2 ! 0, we recover the results given in Ref. [14].
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Re-write form factor

Quark distribution

Hessian matrix following the procedure described in Ref. [56].
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FIG. 3. Fits to the lattice QCD data of F s
1 (Q

2) using the fluctuation model and LFHQCD.

IV. LIGHT-FRONT HOLOGRAPHIC QCD

The EM form factors of nucleons were described in the nonperturbative holographic framework

from the coupling of the ⇢ to a qq̄ pair in the proton in the limit of massless quarks [57]. In this

section we calculate F
s
1 (Q

2) and s(x) � s̄(x) in the nucleon using the analytic structure of form

factors and quark distribution functions in LFHQCD for bound states of arbitrary twist. Here,

twist refers to the dimension minus spin of the interpolating operator for the hadron state; it is

equal to the number of constituents in a given Fock component in the LF Fock expansion.

In LFHQCD [13], the EM form factors for a bound-state hadron with twist-⌧ can be expressed

as [14, 58]

F⌧ (t) =
1

N⌧
B
�
⌧ � 1, 1 � ↵(t)

�
, (40)

where the Euler Beta function is

B(u, v) =

Z 1

0
dy y

u�1 (1 � y)v�1
, (41)

with B(u, v) = B(v, u) = �(u)�(v)
�(u+v) , N⌧ = �(⌧ � 1)�(1 � ↵(0))/�(⌧ � ↵(0)) a normalization factor,

and ↵(t) is the Regge trajectory of the vector meson which couples to the EM current in the

t-channel exchange.

The Beta function structure of the EM form factors (40), which follows from the gauge/gravity

structure in LFHQCD, was obtained in the pre-QCD era by Ademollo and Del Giudice [59] and

11
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FIG. 4. Asymmetric strange-antistrange x[s(x)� s̄(x)] distribution. In the upper panel, the fit results from

the fluctuation model and LFHQCD are compared. In the middle panel, the global fits are presented by

central curves and standard deviation bands. In the lower panel, the global fits are presented by a hundred

Monte Carlo replicas. The global fits are at µ = 1GeV: NNPDF3.0 (gray) [16], MMHT2014 (green) [17],

JR14 (cyan) [18].
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Ns ¼ 0.047 in Fig. 2 is determined by a best fit to lattice
QCD predictions. As in the case of the fluctuation model,
we also fit the lattice QCD data, taking

ffiffiffi
λ

p
and Ns as free

parameters. The result is shown in Fig. 3 with parameter
values

ffiffiffi
λ

p
¼ 0.52ð17Þ GeV and Ns ¼ 0.046ð17Þ. This

value of
ffiffiffi
λ

p
agrees with that determined from the Regge

trajectory. The conformal limit results, ΔM2 ¼ 0, are also
shown in the figures for comparison. The strange form
factor (52) has the large-Q2 behavior Q8Fs

1ðQ2Þ → Const,
with Const ¼ 1680Nsλ4 ≃ 0.5 GeV8, consistent with the
scaling predicted from the hard-scattering counting
rules [63,64].

B. Strange quark distribution functions

To describe the quark distribution functions in the
holographic formalism it is convenient to express the
Beta function (41) in a reparametrization invariant form

Bðu; vÞ ¼
Z

1

0
dxw0ðxÞwðxÞu−1ð1 − wðxÞÞv−1; ð53Þ

provided that wðxÞ satisfies the constraints [14]

wð0Þ ¼ 0; wð1Þ ¼ 1; w0ðxÞ ≥ 0: ð54Þ

Therefore, using (53) and the Regge trajectory, (48), (49) or
(51), the EM form factor (40) for twist-τ can be written in
the invariant form

FτðtÞ ¼
1

Nτ

Z
1

0
dxw0ðxÞwðxÞ− t

4λ−
1
2½1 − wðxÞ%τ−2e−

ΔM2

4λ logð 1
wðxÞÞ:

ð55Þ

The EM form factor can also be expressed by
the exclusive-inclusive connection as the integrated
expression of the t-evolved PDF, namely, the generalized
parton distribution (GPD) at zero skewness, Hq

τ ðx; tÞ≡
Hq

τ ðx; ξ ¼ 0; tÞ,

Fq
τ ðtÞ ¼

Z
1

0
dxðHq

τ ðx; tÞ − H q̄
τ ðx; tÞÞ

¼
Z

1

0
dxqτðxÞ exp½tfðxÞ%; ð56Þ

where fðxÞ is the profile function and qτðxÞ is the collinear
PDF of twist-τ. Comparing (56) with the holographic
expression (55) we find that both functions, fðxÞ and
qτðxÞ, are determined in terms of the reparametrization
function of the Beta function, wðxÞ, by

fðxÞ ¼ 1

4λ
log

"
1

wðxÞ

#
; ð57Þ

qτðxÞ ¼
1

Nτ
½1 − wðxÞ%τ−2wðxÞ−1

2w0ðxÞe−
ΔM2

4λ logð 1
wðxÞÞ; ð58Þ

where qτðxÞ is normalized by
R
1
0 dxqτðxÞ ¼ 1. In the

conformal limit where the quark masses vanish,
ΔM2 → 0, we recover the results given in Ref. [14].
The specific function wðxÞ, taken from Ref. [14], is

effectively determined by Regge behavior at small-x and
the local power-law counting rule at x → 1. At x → 0, wðxÞ
scales as wðxÞ ∼ x to recover Regge behavior [67]. At
x → 1 the additional constraints

w0ð1Þ ¼ 0 and w00ð1Þ ≠ 0; ð59Þ

yield the Drell-Yan counting rule qτðxÞ ∼ ð1 − xÞ2τ−3 at
large x [40]. Since wð1Þ ¼ 1, it follows that logð 1

wðxÞÞ → 0

in the limit x → 1, which implies that the local counting
rules at large-x are unmodified by the introduction of quark
masses in the holographic structural framework. However,
the squared mass shift induced by finite quark masses does
modify the small-x behavior by a factor xΔM

2=4λ, therefore
softening the Regge behavior of the PDFs at small-x

qτðxÞ ∼ x−αð0Þ ∼ x−
1
2þ

ΔM2

4λ ; ð60Þ

since wðxÞ in (58) scales as wðxÞ ∼ x at small-x. SinceΔM2

is considerably larger for strange quarks than for the up and
down quarks, the predicted behavior of the strange sea
distributions is less singular at x → 0 than the nonstrange
light quarks.

FIG. 6. Effect of ϕ − ω mixing in Fs
1ðQ2Þ and the sðxÞ − s̄ðxÞ

asymmetry. The effect of the mixing is negligible even for 10%
mixing, i.e., for η ¼ 0.1.
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