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Parton Distributions
provide key information about 
the structure of hadrons

Semi-Inclusive DIS
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Quark TMDs
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

h
h1

h2e-

e- e-e+

fq/P (x, kT )
longitudinal & Transverse

TMD:

� � Dh1/q(x, kT )Dh2/q(x, kT )� � fq/P (x, kT )Dh/q(x, kT ) � � fq/P (x, kT )fq/P (x, kT )

qT � Q
Fragmentation

Dh/q(x, kT )

µ+

µ�

Q, qT

Pa Pb



TMD Factorization

rigorous QFT based derivation of cross sections 
based on analysis of momentum regions

CSS (Collins, Soper, Sterman)
SCET (Soft Collinear Effective Theory)

eg. Drell-Yan

Hard virtual  
corrections

FT

fq(xa,�kT , µ, �a)

µ = renormalization scale

� = Collins-Soper parameter

�a�b = Q4

Review of TMD factorization

Rapidity (light-cone) divergences

�(~qT ) = Hqq̄!Z(mZ)

Z
d2~bT e

i~qT ·~bT Bq(x1,
~bT )Bq̄(x2,

~bT )S
q(bT )

Hard function H: Describes hard process qq̄ ! Z

Beam functions Bq,q̄: collinear radiation

Soft function S
q: soft radiation

Beam and soft modes have virtuality p
2
⇠ q

2

T

I Induces rapidity (light-cone) singularities
(not regulated by dimension regularization)

Rapidity divergences arise from integrals of type
Z

dk+dk� f(k+
k
�)

(k+k�)1+✏
=

Z
d(k+

/k
�)

2 k+/k�

Z
d(k+

k
�)

f(k+
k
�)

(k+k�)1+✏

Unphysical rapidity divergences cancel in physical TMDPDF:
f
TMD

q (x,~bT ) = Bq(x,~bT )
p

Sq(bT ) = Bq(x,~bT )�
q
S(bT )

p
+

p
�

QqTq
2
T
/Q

Q

qT

q
2
T

Q
p
2 = q

2
T

p
2 = Q

2
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H

fq

fq
�a = (xaP�a )2 = (2xaP z)2

�(qT , Q) = H(Q,µ)
�

d2�bT ei�qT ·�bT fq(xa,�bT , µ, �a) fq(xb,�bT , µ, �b) +O
� q2

T

Q2

�

think: � � Q2
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TMD Factorization

rigorous QFT based derivation of cross sections 
based on analysis of momentum regions

CSS (Collins, Soper, Sterman)
SCET (Soft Collinear Effective Theory)

eg. Drell-Yan

nonperturbative

fq(x,�kT , µ, �)
perturbative PDF

�(qT )

qT

kT � b�1
T � �QCD

kT � b�1
T � �QCD

fq(x,�kT , µ, �)

perturbative

�(qT , Q) = H(Q,µ)
�

d2�bT ei�qT ·�bT fq(xa,�bT , µ, �a) fq(xb,�bT , µ, �b) +O
� q2

T

Q2

�

=
�

i

�
dy

y
Cqi

�x

y
,�kT , µ, �

�
fi(y, µ)



TMD Evolution:

µ
d

dµ
ln fq(x,�bT , µ, �) = �q

µ(µ, �)

�
d

d�
ln fq(x,�bT , µ, �) = �q

� (µ, bT )

�Must solve both equations  
to sum large logarithms:

L = ln(Q2b2
T ) � ln

Q2

q2
T

Collins-Soper  
Equation
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� (µ, bT )

�Must solve both equations  
to sum large logarithms:

L = ln(Q2b2
T ) � ln
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T

Collins-Soper  
Equation

µ
d

dµ
�q

� (µ, bT ) = 2�
d

d�
�q

µ(µ, �) = �2�q
cusp[�s(µ)]

All Orders form:

�q
� (µ, bT ) = �2

� µ
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dµ�

µ� �q
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path independent



TMD Evolution:
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Perturbative at short distance µ, b�1
T � �QCD

LL, NLL, NNLL, N3LL, … results

µ
d
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d
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All Orders form:
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µ(µ, �) = �q

cusp[�s(µ)] ln
µ2

�
+ �q

µ[�s(µ)]
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path independent

3-loop result:  Li, Zhu 2016



TMD Evolution:
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ln fq(x,�bT , µ, �) = �q
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�Must solve both equations  
to sum large logarithms:

Collins-Soper  
Equation

For                      the CS kernel                becomes nonperturbativeb�1
T � �QCD �q

� (µ, bT )

Perturbative at short distance µ, b�1
T � �QCD

LL, NLL, NNLL, N3LL, … results
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TMD Evolution:

µ
d

dµ
ln fq(x,�bT , µ, �) = �q

µ(µ, �)

�
d

d�
ln fq(x,�bT , µ, �) = �q

� (µ, bT )

�Must solve both equations  
to sum large logarithms:

Collins-Soper  
Equation

Useful: Connect Lattice calculation (or model) with 

to scales needed in factorization theorem:

Solution:

µ � P z � few GeV

fq(x,�bT , µ, �) = exp
�� µ

µ0

dµ�

µ� �q
µ(µ�, �0)

�
exp

�1
2
�q

� (µ, bT ) ln
�

�0

�

� fq(x,�bT , µ0, �0)

µ � Q P z � Q/x,

L = ln(Q2b2
T ) � ln

Q2

q2
T
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Motivation

Precision TMD measurements

Drell-Yan process:

Measured to . 1% accuracy
I Crucial input for PDF determination

Standard candle of Standard Model:
I Important test of QCD

Can we disentangle possible BSM physics
from PDF fitting?

I Can easily absorb small BSM
signals into PDFs ...

W -mass measurement:
Dominant uncertainty from PDFs:

I Particularly important:
correlations between quark flavors

Direct calculation of PDFs could alleviate such uncertainties
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| < 2.4
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[ATLAS ’15]

[ATLAS ’17]
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TMD Definitions

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)

collinear  
region

soft  
region

Reminder (& notation) of TMDPDFs

Definition of TMDPDFs

Motivation: TMD factorization theorem (example: pp ! Z ! l
+
l
�)

�(~qT ) = H(Q,µ)

Z
d2~bT e

i~qT ·~bT f
TMD
q/a (xa,

~bT , µ, ⇣a) f
TMD
q/b (xb,

~bT , µ, ⇣b) + O

⇣
qT

Q

⌘2

I H(Q ⇠ mZ , µ): Hard function (virtual corrections)

Quark TMDPDF: [Collins ’11; Echevarria, Idilbi, Scimemi ’11; Chiu, Jain, Neill, Rothstein ’12, ...]

f
TMD
q (x,~bT , µ, ⇣) = Zuv(µ, ⇣, ✏) lim

⌘!0
Bq(x,~bT , ✏, ⌘, ⇣)

p
Sq(bT , ✏, ⌘)

S0
q(bT , ✏, ⌘)

I Bq: Beam function (collinear matrix element)
I Sq, S

0
q : Soft contributions

I ⌘: Regulates rapidity divergences
I ⇣: Collins-Soper scale [Collins, Soper’81]

Definitions of ⌘ and hence of Bq and Sq

are scheme dependent,
but fTMD

q is scheme independent
l

p p

l

+

-

Soft

Beam
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

b?

t
z

q

q

b+

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)

b?

t
z

?

z

t

nn̄

b
z�b

z

�
b z
n̄

�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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Wilson Lines:
Bq = �p|OB |p�

OB :

staple shaped 

Sq = �0|OS |0�

OS :

Review of TMD factorization

Rapidity (light-cone) divergences

�(~qT ) = Hqq̄!Z(mZ)

Z
d2~bT e

i~qT ·~bT Bq(x1,
~bT )Bq̄(x2,

~bT )S
q(bT )

Hard function H: Describes hard process qq̄ ! Z

Beam functions Bq,q̄: collinear radiation

Soft function S
q: soft radiation

Beam and soft modes have virtuality p
2
⇠ q

2

T

I Induces rapidity (light-cone) singularities
(not regulated by dimension regularization)

Rapidity divergences arise from integrals of type
Z

dk+dk� f(k+
k
�)

(k+k�)1+✏
=

Z
d(k+

/k
�)

2 k+/k�

Z
d(k+

k
�)

f(k+
k
�)

(k+k�)1+✏

Unphysical rapidity divergences cancel in physical TMDPDF:
f
TMD

q (x,~bT ) = Bq(x,~bT )
p

Sq(bT ) = Bq(x,~bT )�
q
S(bT )

p
+

p
�

QqTq
2
T
/Q

Q

qT

q
2
T

Q
p
2 = q

2
T

p
2 = Q

2
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Sq

Bq

Bq

cf. PDF (bT = 0) :
b+

two light-cone directions
depends on color rep. (q or g)



TMD Definitions

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)

� :  regulates UV divergences
� :  regulates rapidity divergences

� �q(bT , �, �)

� Q

qT

dk+

k+
=

� Q

0

dk+

k+
R(k+, �, �) +

� �

qT

dk+

k+
R(k+, �, �)

=
�
�1

�
+ ln

Q

�

�
+

�1
�

+ ln
�

qT

�

Review of TMD factorization

Rapidity (light-cone) divergences

�(~qT ) = Hqq̄!Z(mZ)

Z
d2~bT e

i~qT ·~bT Bq(x1,
~bT )Bq̄(x2,

~bT )S
q(bT )

Hard function H: Describes hard process qq̄ ! Z

Beam functions Bq,q̄: collinear radiation

Soft function S
q: soft radiation

Beam and soft modes have virtuality p
2
⇠ q

2

T

I Induces rapidity (light-cone) singularities
(not regulated by dimension regularization)

Rapidity divergences arise from integrals of type
Z

dk+dk� f(k+
k
�)

(k+k�)1+✏
=

Z
d(k+

/k
�)

2 k+/k�

Z
d(k+

k
�)

f(k+
k
�)

(k+k�)1+✏

Unphysical rapidity divergences cancel in physical TMDPDF:
f
TMD

q (x,~bT ) = Bq(x,~bT )
p

Sq(bT ) = Bq(x,~bT )�
q
S(bT )

p
+

p
�

QqTq
2
T
/Q

Q

qT

q
2
T

Q
p
2 = q

2
T

p
2 = Q

2
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Sq

Bq

Bq

�

�

Schemes:

Wilson lines off the light cone
Delta regulator
    regulator
Exponential regulator

Same     , ie. universal (across most schemes) 
Different        &

(Modern Collins ’11)
(Echevarria,Idilbi,Scimemi ’11)
(Chiu,Jain,Neill,Rothstein ’12)
(Li,Neill,Zhu ’16)

(k± + i�±)
� |kz/�|��

e�k0�

�qBq

fq

“Beam Function” “Soft Factor”

TMDPDF

�q = 1/
�

Sq

�q =
�

Sq

�q = 1/
�

Sq

�q = 1/
�

Sq



TMD Definitions

� :  regulates UV divergences
� :  regulates rapidity divergences

� Q

qT

dk+

k+
=

� Q

0

dk+

k+
R(k+, �, �) +

� �

qT

dk+

k+
R(k+, �, �)

=
�
�1

�
+ ln

Q

�

�
+

�1
�

+ ln
�

qT

�

fq(x,�bT , µ, �) = Bren
q (x,�bT , µ, �2/�) �ren

q (bT , µ, �)

CS kernel

 = rapidity anom.dim.

Vacuum matrix element, so clearly independent of hadronic state.

���(bT , µ) = 2�
d

d�
ln fq = ��

d

d�
lnBren

q =
1
2
�

d

d�
ln�ren

q

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)� �q(bT , �, �)
TMDPDF

Schemes: Same     , ie. universal (across most schemes) 
Different        & �qBq

fq

Review of TMD factorization

Rapidity (light-cone) divergences

�(~qT ) = Hqq̄!Z(mZ)

Z
d2~bT e

i~qT ·~bT Bq(x1,
~bT )Bq̄(x2,

~bT )S
q(bT )

Hard function H: Describes hard process qq̄ ! Z

Beam functions Bq,q̄: collinear radiation

Soft function S
q: soft radiation

Beam and soft modes have virtuality p
2
⇠ q

2

T

I Induces rapidity (light-cone) singularities
(not regulated by dimension regularization)

Rapidity divergences arise from integrals of type
Z

dk+dk� f(k+
k
�)

(k+k�)1+✏
=

Z
d(k+

/k
�)

2 k+/k�

Z
d(k+

k
�)

f(k+
k
�)

(k+k�)1+✏

Unphysical rapidity divergences cancel in physical TMDPDF:
f
TMD

q (x,~bT ) = Bq(x,~bT )
p

Sq(bT ) = Bq(x,~bT )�
q
S(bT )

p
+

p
�

QqTq
2
T
/Q

Q

qT

q
2
T

Q
p
2 = q

2
T

p
2 = Q

2
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Sq

Bq

Bq

�

�

“Beam Function” “Soft Factor”



Quasi-TMDs

Calculate Nonperturbative �q
� (µ, bT )

Calculate Nonperturbative M. Ebert, IS, Y. Zhao, 1901.03685

M. Ebert, IS, Y. Zhao, 1811.00026

fq(x, bT , µ, �)
(harder!)

Quasi-PDFs:  (Ji 2013) Many talks at this workshop.  
                                      Now on a rigorous footing.  

[compare also to  Ji, Jin, Yuan, Zhang, Zhao  1801.05930]



Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b?

t
z

q

q

bz

L

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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Quasi-Beam Functions
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Figure 5: Illustration of the Wilson line structure of the quasi beam function (a), and the
behavior of the longitudinal separation under a Lorentz boost along the z direction (b).

3.4 Construction of the quasi soft function

Recall the definition Eq. (2.9) of the bare TMD soft function,

S
q(bT , ✏, ⌧) =

1

Nc

⌦
0
��Tr

⇥
S
†

n(~bT )Sn̄(~bT )ST (�1n̄;~bT ,~0T )S
†

n̄(~0T )Sn(~0T )S
†

T

�
�1n;~bT ,~0T

�⇤
⌧

��0
↵
.

(3.22)

Note that this vacuum matrix element has no explicit time dependence, in contrast to
the collinear matrix element Eq. (3.18). Time dependence only enters indirectly through
the lightlike directions of the Wilson lines Sn and Sn̄, which on its own prohibits a direct
computation on lattice. To obtain a lattice-computable quasi soft function, it thus seems
reasonable to follow the same logic as above and replace

n
µ = (1, 0, 0, 1) ! ẑ

µ
, n̄

µ = (1, 0, 0,�1) ! �ẑ
µ
. (3.23)

As before, the lattice computation also requires to truncate the Wilson lines at a length L,
where they are joined by transverse gauge links. The most naive attempt of constructing a
quasi version of the soft function Eq. (2.9) thus takes the form

S̃
q(bT , a, L) =

1

Nc

⌦
0
��Tr

�
S
†

ẑ(
~bT ;L)S�ẑ(~bT ;L)ST (Lẑ;~bT ,~0T )

⇥ S
†

�ẑ(
~0T ;L)Sẑ(~0T ;L)S

†

T

�
�Lẑ;~bT ,~0T

� ��0
↵
, (3.24)

where the soft Wilson lines of finite length are given by

S±ẑ(x
µ;L) = P exp


±ig

Z 0

�L
dsAz(xµ ± sẑ

µ)

�
. (3.25)

The resulting Wilson line path is illustrated in Fig. 6a.

– 22 –

Boost?

Finite length L for Wilson lines, no rapidity divergences

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(a)

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(b)

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(c)

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(d)

Figure 4: One loop diagrams for the TMD soft function with finite-length Wilson lines
in Feynman gauge, up to mirror diagrams. The labels indicate the Wilson line paths in
position space.

for a Wilson line of size L stretching along the n direction, compared to its L ! 1 limit,

gst
a
n
µ 1� e

ik+L

k+
L!1
�! gst

a
n
µ 1

k+ + i0
. (3.7)

In Sec. 2, an explicit example of rapidity-divergent integral was discussed, see Eq. (2.15).
For finite L, the example integral changes to

Idiv =

Z
dk+dk�

f(k+k�)

(k+k�)1+✏
!

Z
dk+dk�

f(k+k�)

(k+k�)✏
1� e

ik+L

k+

1� e
�ik�L

k�
. (3.8)

Here we see that possible divergences as either k
±

! 0 are regulated by having finite L,
and the leftover logarithmic divergence as either k

±
! 1 is taken care of by dimensional

regularization.
In our construction of the quasi functions on lattice, we will replace the lightlike Wil-

son lines by spacelike Wilson lines, which affects the eikonal propagator, so the analog of
Eq. (3.8) is

Ĩdiv =

Z
dk0 dkz

f(k20 � k
2
z)

(k20 � k2z)
✏

1

k2z
!

Z
dk0 dkz

f(k20 � k
2
z)

(k20 � k2z)
✏

1� e
ikzL

kz

1� e
�ikzL

kz
. (3.9)

Clearly, the exponentials regulate a possible divergence as kz ! 0, and thus play a similar
role as in the lightlike case. However, Eq. (3.9) contains a quadratic dependence on kz in the
denominator, rather than the linear dependence on k

+ and k
� in Eq. (3.8). Thus, we can

also encounter linear divergences in L, as opposed to having only logarithmic divergences
ln(L) in the lightlike case.

3.2.1 Example: Lightlike soft function at NLO

To give a concrete example of the effect of finite L, we consider in detail the lightlike soft
function, defined in Eq. (2.9), at one loop. To account for the effect of finite lattice size,
the Wilson lines along the n and n̄ directions are truncated at Ln and Ln̄, respectively, and
transverse gauge links are included, as shown in Fig. 3b. In Feynman gauge, there are four
relevant diagrams, shown in Fig. 4, of which only (a) and (b) have rapidity divergences,
while (c) and (d) do not.
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Towards quasi-TMDPDFs from Lattice QCD

Bent soft function
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ẑSTS�ẑ](~bT )[S

†
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�n̄?STSẑ](~0T )

��0i

Compare Wilson line paths:

S̃
q(bT ) = b?

x

z

L

y

L

$
b?

x

-z

L

y

L

= S̃
q
bent

(bT )

Yields a perturbative matching relation at NLO
I Proof beyond NLO required
Markus Ebert (MIT) Quasi (TMD)PDFs from Lattice QCD 02/05/19 27 / 30

S̃q :Sq :

Cancel power law dependence on L,  length = 
Also needed to reproduce infrared structure.
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Figure 6: Illustration of the Wilson line structure of the naive quasi soft function (a), and
the behavior of the longitudinal separation under a Lorentz boost along the z direction (b).
v > 0 and v < 0 denote that the required Lorentz boosts have opposite signs.

Unfortunately, the physical boost argument that allowed us to relate spatial Wilson
lines to lightlike Wilson lines in the quasi PDF [see Eq. (3.21)] does not apply to the quasi
soft function. Since the soft function involves both light-cone directions n and n̄, it is
necessary to simultaneously obtain them from boosting ±ẑ. However, this requires boosts
of opposite signs, as illustrated in Fig. 6b. Note that if this were possible with a single
boost, it would directly violate the boost argument for B̃, where it is essential that both
positive and negative b

z’s are boosted onto the same light-cone direction.
Despite the simple boost picture breaking down, one can still test whether the matching

for the obtained quasi-TMDPDF in the form of Eq. (3.6) is possible, and we study this
in the next section at NLO. Indeed, we find that for the naive quasi soft function the
matching is spoiled by the structure of infrared bT dependence. In Sec. 4.5, we will suggest
a modified quasi soft function that yields a quasi-TMDPDF which has the correct infrared
bT dependence at one loop. Given the absence of an intuitive boost relation, a rigorous
all orders proof for any such quasi-TMDPDF proposal will certainly be required before full
confidence can be obtained.

4 One Loop Results

In this section we present explicit one-loop results for the TMDPDF, the quasi beam and
naive quasi soft function, and their combination into the quasi-TMDPDF. Here, we work in
the MS scheme, as opposed to considering renormalization schemes appropriate for lattice
calculations as discussed in Sec. 3, since a pure MS calculation is fully sufficient to per-
turbatively test the matching relation. Furthermore, we limit ourselves to the quark PDF
and neglect mixing with gluons for simplicity, which corresponds to considering a non-
singlet flavor combination. All results are calculated by evaluating the appropriate matrix
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One-Loop Diagrams
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Figure 7: One-loop diagrams contributing to the quasi beam function in Feynman gauge,
up to mirror diagrams.

In order to directly match this quasi beam function onto the lightlike beam function,
we require that the logarithmic bT dependence, arising from IR physics, must be equal
between them. However, the bT dependence does not agree with any beam function known
in the literature, see the results in appendix B which are summarized in Table 1 below. In
particular, only in Collins’ scheme with Wilson lines off the light-cone one has the correct
double-logarithm �

1
2 ln

2(b2Tµ
2
/b

2
0), while in all schemes with Wilson lines on the light-cone

this double logarithm is (at least partially) contained in the soft function. Even in Collins’
scheme the single ln(b2Tµ

2
/b

2
0) does not match up with the corresponding single logarithm

in the quasi beam function.4 Hence, for all the rapidity regulators used in the literature,
which yield the same universal TMDPDF defined in Sec. 2, none are in agreement with the
simple physical picture of relating beam function and quasi beam function. The Lorentz
boost relation is spoiled by the presence of a rapidity regulator, which by construction
is not boost invariant. Since it is well known that the choice of rapidity regulator can
modify the logarithms of bT , one may still hope to find a regulator for the beam function
which yields the same IR structure as the naive quasi beam function and thus yields a
perturbative matching that agrees with the boost relation. However, the more important
test is whether the quasi-TMDPDF can be matched to the TMDPDF, in which case the
regulator dependence cancels. This requires considering the quasi soft function.

4.3 Naive quasi soft function

Next, we calculate the naive quasi soft function defined in Eq. (3.24). Working in Feynman
gauge, there are six diagrams that contribute at NLO, shown in Fig. 8, where double lines

4
We have also checked that this problem is not simply due to the contribution from the transverse Wilson

line self energy diagram.
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Figure 8: One loop diagrams for the quasi soft function in Feynman gauge, up to mirror
diagrams. The dashed line indicates that we consider the upper part of the diagrams
separate from the lower part, such that diagrams in the top row only contains a gluon
exchange from the ẑ to �ẑ sector, while the bottom row only contains corrections within
the ẑ sector. Similar diagrams for �ẑ exchanges are now shown.

represent Wilson lines and the labels denote the endpoints of the Wilson lines in position
space. For later convenience, we distinguish diagrams where the gluon is exchanged between
the +ẑ and �ẑ Wilson lines (upper row) and diagrams where the gluon is emitted between
Wilson lines of the +ẑ sector alone (lower row). The latter is identical to the result for
gluons exchanged within the �ẑ sector.

In Feynman gauge, the generic expression for a one-loop diagram in the MS scheme,
parameterized by the spatial paths �1 and �2 of the Wilson lines, is

S̃
(1)[�1, �2] = �g

2
sCFµ

2✏
0

Z 1

0
ds �01(s)

µ
Z 1

0
dt �02(t)

⌫
Z

d4�2✏
k

(2⇡)4�2✏

�igµ⌫
k2 + i0

e
�ik·[�1(s)��2(t)]

=
↵sCF

⇡

✓
µ
2

b
2
0

◆✏�(1� ✏)

e✏�E

Z 1

0
ds

Z 1

0
dt

�
0
1(s) · �

0
2(t)⇥

�(�1(s)� �2(t))2
⇤1�✏ . (4.3)

Note that diagrams with the gluon attaching to the same line have an additional symmetry
factor of 1/2.

For example, for Fig. 8a one reads off the paths

�1(s) = sLẑ , �2(t) = (t� 1)Lẑ . (4.4)
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C.3 Wilson line self energy

The general expression for the Wilson line self energy, Fig. 11c, in position space is given
by

q̃
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n (bµ) = ig2CFP

z
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(C.39)

where a symmetry factor 1/2 is included and � is the path of the Wilson line. Since � can
be split into three straight lines, see Fig. 5, there are four distinct contributions in Feynman
gauge, shown in Fig. 13.
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Figure 13: Diagrams contributing to the Wilson line self energy correction to the quasi
beam function. The coordinates illustrate the path in position space. Only diagrams (c)
and (d) are sensitive to the vertex position b

z and thus give a nontrivial contribution to the
Fourier transform.
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One-Loop Analysis
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Figure 6: Illustration of the Wilson line structure of the naive quasi soft function (a), and
the behavior of the longitudinal separation under a Lorentz boost along the z direction (b).
v > 0 and v < 0 denote that the required Lorentz boosts have opposite signs.

Unfortunately, the physical boost argument that allowed us to relate spatial Wilson
lines to lightlike Wilson lines in the quasi PDF [see Eq. (3.21)] does not apply to the quasi
soft function. Since the soft function involves both light-cone directions n and n̄, it is
necessary to simultaneously obtain them from boosting ±ẑ. However, this requires boosts
of opposite signs, as illustrated in Fig. 6b. Note that if this were possible with a single
boost, it would directly violate the boost argument for B̃, where it is essential that both
positive and negative b

z’s are boosted onto the same light-cone direction.
Despite the simple boost picture breaking down, one can still test whether the matching

for the obtained quasi-TMDPDF in the form of Eq. (3.6) is possible, and we study this
in the next section at NLO. Indeed, we find that for the naive quasi soft function the
matching is spoiled by the structure of infrared bT dependence. In Sec. 4.5, we will suggest
a modified quasi soft function that yields a quasi-TMDPDF which has the correct infrared
bT dependence at one loop. Given the absence of an intuitive boost relation, a rigorous
all orders proof for any such quasi-TMDPDF proposal will certainly be required before full
confidence can be obtained.

4 One Loop Results

In this section we present explicit one-loop results for the TMDPDF, the quasi beam and
naive quasi soft function, and their combination into the quasi-TMDPDF. Here, we work in
the MS scheme, as opposed to considering renormalization schemes appropriate for lattice
calculations as discussed in Sec. 3, since a pure MS calculation is fully sufficient to per-
turbatively test the matching relation. Furthermore, we limit ourselves to the quark PDF
and neglect mixing with gluons for simplicity, which corresponds to considering a non-
singlet flavor combination. All results are calculated by evaluating the appropriate matrix
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S̃q :(1) “naive”

�q
�

Legend:  match the colors!

Lb = ln
b2
T µ2

4e�2�E

LPz = ln
µ2

(2xP z)2

[Ji, Jin, Yuan, Zhang, Zhao ’18]agree: [Ebert, IS, Zhao ’18]

f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)



One-Loop Analysis

f (1)
q (x,�bT , µ, �) =

CF �s

2�

�
�

� 1
�IR

+ Lb

�
Pqq(x) + (1� x)+

+ �(1� x)
�
�1

2
L2

b +
3
2
Lb+Lb ln

µ2

�
+

1
2
� �2

12

��

TMDPDF:

quasi-TMDPDF:

Legend:  match the colors!

(matching works, and fine for      )

S̃q :(2) “bent”

�q
�

Towards quasi-TMDPDFs from Lattice QCD

Bent soft function

Recall soft and quasi soft function:
S

q(bT ) = h0
��[S†

nSTSn̄](~bT )[S
†
n̄S

†
TSn](~0T )

��0i

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

S
q(bT ) and S̃

q(bT ) not related through Lorentz boost
Define “bent” soft function to remove boost-violating diagrams at NLO:

S̃
q
bent

(bT ) = h0
��[S†

ẑSTS�n̄? ](~bT )[S
†
�n̄?STSẑ](~0T )

��0i

Compare Wilson line paths:

S̃
q(bT ) = b?

x

z

L

y

L

$
b?

x

-z

L

y

L

= S̃
q
bent

(bT )

Yields a perturbative matching relation at NLO
I Proof beyond NLO required
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f̃ (1)
q (x,�bT , µ, P z) =

CF �s

2�

�
�

� 1
�IR

+ Lb

�
Pqq(x) + (1� x)+

+ �(1� x)
�
�1

2
L2

b +
3
2
Lb+Lb ln

µ2

(2xP z)2
�1

2
L2

Pz
� LPz �

3
2

��

Lb = ln
b2
T µ2

4e�2�E

LPz = ln
µ2

(2xP z)2

[Ebert, IS, Zhao ’19]

f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)

f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)available in MS at 1-loop



Details on IR Logs
Backup slides

Overview of rapidity regulators

Dependence of beam and soft function on Lb = ln
b
2
Tµ

2

4e�2�E
depends on

regulator
No agreement between beam function and quasi beam function in any regulator
Dependence of TMDPDF on Lb is independent of regulator
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Lb = ln
b2
T µ2

4e�2�E

Matching for                   fails in all schemes. So boost 
argument fails for all known regulated beam functions. 

B̃q � Bq

Matching for                    also fails. �̃q
S � �q

S

Matching works for               at 1-loop with bent quasi-soft factor.f̃q � fq



Summary

Proposed a method to determine CS kernel with Lattice QCD.

Proposed matching formula for obtaining full TMDPDF using 
      a bent quasi-TMDPDF construction (only checked at 1-loop)

TMDs complicated by Wilson line paths, rapidity divergences,  
          hadronic matrix element & vacuum soft matrix element

Future

Lattice Simulations for      (Mike Wagman’s talk next!)

Proof for matching relation needed (start with 2-loop analysis)

�q
�

In general TMDs are much less constrained by experiment


