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O Introduction

© TMD Factorization Theorems
TMDPDFs & their evolution

© TMDPDF definitions

hadron and vacuum matrix elements & rapidity divergences

© Quasi-TMDPDFs for Lattice QCD calculations
© Nonperturbative Collins-Soper Evolution Kernel

© Qutlook



Parton Distributions .

© provide key information about
the structure of hadrons

TMD:

Semi-Inclusive DIS
o ~ fq/P(T,k1)Dhysg(z, k)

€0

- Fragmentation
Dy (z,kr)

fq/P('xa kT)

longitudinal & Transverse

Drell-Yan
o~ fqp(@ kr)fyp(T, k1)

Dihadron in ete-

g v Dhl/q(ﬂf, kT)DhQ/q(LE, kT)

et / e-
o—> %4—0
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‘TMD Factorization‘

CSS (Collins, Soper, Sterman)
SCET (Soft Collinear Effective Theory)

© rigorous QFT based derivation of cross sections

© based on analysis of momentum regions

eg. Drell-Yan

B 27 iqr-br l b Q%
o(qr,Q) = H(Q, 1) /d br e fa(a, b, 11, Ca) fo(xp, by, 1y Gp) + O(@)

/

Hard virtual
corrections

Qt \-\
p? = Q?
Jq
qT I,II f ”’/””/
2 / e d

a2 | - \ 9 o

6 I// ”/,/” p - qT
’_ ’I . . . _|_
q7/Q 9T Q

1FT

fq(ajaa ET? I CCL)

,u = renormalization scale

( = Collins-Soper parameter
Ga = (ajaPa_)Q — (233&PZ)2

Calp = Q* think: ¢ ~ Q°



CSS (Collins, Soper, Sterman)

TMD Factorization
¢ SCET (Soft Collinear Effective Theory)

L 4

© rigorous QFT based derivation of cross sections
© based on analysis of momentum regions

eg. Drell-Yan
o . . 2
olqr, Q) = H(Q, u) / d?br €707 fo(xa,br, 11, Ca) folan, br, p, Gp) + 0(%)
o(qr)
© nonperturbative fq(z, ET, w, C)
kp ~ b;l ~ AQCD

qr

© perturbative fq(g;, ET,M, () :Z/%qu(g,i}f,u,g) fily, 1)

—1
kr ~bp” > Aqep perturbative PDF



TMD Evolution:

d . . Must solve both equations
#@ In fy(x, b7, 1, ¢) = %(Ha ¢) to sum large logarithms:

d N Collins-Soper 212 Q2
Cd_C In fq(ZE,bT,/L,C) — ,Yg(:uv bT) Equatiorllo hl(Q bT) ~ In g



TMD Evolution:

d . . Must solve both equations
ﬂ@ In fy(x, b7, 1, ¢) = %(Ma ¢) to sum large logarithms:
d Collins-Soper °
(e lntala b, 1) = ¢ (s br) R o In(Q*b7) ~ In 7z
d

o V(s br) = 2¢ dgﬁ“(”’ () = 2T ,las(n)]  path independent

All Orders form: Y8 (1, ¢) = T4 s (1)) In 2 4+ % e ()]

(ubr) = -2 [ W an ()] + Ao (1/br)



TMD Evolution:

d . . Must solve both equations
#@ In fy(x, b7, 1, ¢) = %(Ma ¢) to sum large logarithms:
d Collins-S ’
CdC In fy(z, br. 1, Q) = ¥ (u, br) OE;nusati;fer In(Q*b7) ~ In 2
d

o V(s br) = 2¢ dgﬁ“(”’ () = 2T ,las(n)]  path independent

All Orders form: Y9 (1, €) = T evs ()] 1n% + %o (1)
q Yoodp o, / q
22 by) = 2 / " el ()] + s (1/b7)
1/bp M

© Perturbative at short distance  1,b7' > Aqep
Ve [as] — Qg ’Yg( ) + ’Yq( ) + Qg ’Yq( ) + . 3-loop result: Li, Zhu 2016

- LL, NLL, NNLL, N3LL, ... results



TMD Evolution:

d . . Must solve both equations
M@ In fy(x, b7, 1, ¢) = %(Ma ¢) to sum large logarithms:
d Collins-S ’
CdC In fy(z, br. 1, Q) = ¥ (u, br) OE;nusatig,fer In(Q*b7) ~ In 2
d

o V(s br) = 2¢ dgﬁ“(”’ () = 2T ,las(n)]  path independent

All Orders form: Y9 (1, €) = T evs ()] 1n% + %o (1)
q Yoodp o, / q
Ve (1, br) = —2 ~Dusplas (1)) + ¢ [as (1/br)]
A1/br| K

© Perturbative at short distance  1,b7' > Aqep
Ve [as] — Qg ’Yg( ) + ’Yq( ) + Qg ’Yq( ) + . 3-loop result: Li, Zhu 2016

- LL, NLL, NNLL, N3LL, ... results

© For b} ~ Agcp the CS kernel ¢ (1, br) becomes|nonperturbative




TMD Evolution:

d Must solve both equations

“@ In fy (2, 0, 1, C) = v, €) to sum large logarithms:
d - Collins-S ’
o B ) =2 fGbr) Olesorer ) ~m %
. ~ odu! 1
Solution:  fy(x,br, p, ¢) = exp[ (2 Co)} exp [—yg(u, br) In S}
Mo f 2 CO

X fq(xa gTa:an CO)

Useful: Connect Lattice calculation (or model) with p ~ P* ~ few GeV

to scales needed in factorization theorem: p~ @, P° ~Q/x



v¢ (s br)
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TMD Definitions collinear
. . region

fq(il',gT,/L,C> — lim ZUV(@M)C)BC](Z‘agTveaTa C)\/Sq(bTaeaT)

e—0,7—0

| - g ,
Soft ol Bq// \pz ) Q2
Beam / //I
P — T P (
) Sq e
n Q%__ /'/I /"/:’/\.\q 2 2
l Q /II ///’/ P = qr
) i "”2: : —pT
Wilson Lines: ar/@ <
B, = (p|Os|p) Sq = (0|05|0)
On :
B OS
staple shaped
cf. PDF

two light-cone directions
depends on color rep. (q or g)




“Beam Function”

TMD Definitions

fol@,bron, Q) = _lim Zuy(e,1,Q)By(,br,e,7,0) A, (br.e.7)

e—0,7—0

TMDPDF
€ : regulates UV divergences (R
- . @1 q \.\ 2 _ M2
T : regulates rapidity divergences p=Q
@ dkt @ dkt > dkt S v
/ k—+ — / k—_|_R(k+7 T, V) + / k—_|_R(k+7 T, V) qr+ . q B
aT 0 qr , /I ”;. -7 q
1 Q 1 % il S \C\p2 = a7
(L@ (L n ) L
T v T qr 2/Q Ir Q "

Schemes: Same |, ie. universal (across most schemes)
Different 5, & /\

© Wilson lines off the light cone (Modern Collins *11) Ay =1//5,
© Delta regulator (k* +id%) (Echevarria,Idilbi,Scimemi "11) A, =1/1/5,
© 1) regulator LavaZim ~ (Chiu,Jain,Neill,Rothstein *12) Ay =/

© Exponential regulator e~ % T (Li,Neil,Zhu "16) Ay =1/y/5,



TMD Definitions “Beam Function”

fola, b, )= Um  Zuy(e, p, ) By, br, e, 7,C)

e—0,7—0

TMDPDF
: - D
€ : regulates UV divergences ol 4B,V “
T : regulates rapidity divergences pr=0Q
Q 1+ Q 1+
% = ﬂR(kJﬂT, V) + ol V
qr k+ 0 k+ T // //,/’/ Bq
1 Q %"/l’ \p2:q%
— (—— +ln—) + L Lt
T v a2/Q I Q"
Schemes: Same |, ie. universal (across most schemes)
Different 5 &
— — 2
fCI('CCa bT7 M, C) — B(gen(xa bT7 H, V /C)
d d
/YC(bT7//L) _ 2<_ In fq — _ 1y 1n B — CS kernel
d¢ dv q B . :
= rapidity anom.dim.
——

Vacuum matrix element, so clearly independent of hadronic state.



Quasi-PDFs: (Ji 2013) Many talks at this workshop.
Now on a rigorous footing.

Quasi-TMDs

Calculate Nonperturbative Vg (1, br) M. Ebert, IS, Y. Zhao, 1811.00026

Calculate Nonperturbative f,(x,bp, 1t,() M.Ebert, IS, Y. Zhao, 1901.03685
(harder!)

[compare also to Ji, Jin, Yuan, Zhang, Zhao 1801.05930]



Quasi-Beam Functions

Natural Quasi-Beam Function

Beam Function f .~ (from boost picture)

© Boost valid for unregulated functions. Impact of regularization?

_ —ik*L
© Finite length L for Wilson lines, no rapidity divergences ZZ
1
ﬁ L br <L

© Spatial lines, so have power law UV divergence  length = 2L + by — b°



__Quasi-Soft Function =~ 7, ~ B,

© Cancel power law dependence on L, length = 2(2L + b7)

© Also needed to reproduce infrared structure.

© Free to invent a to achieve this.

Soft Function

No connection
via a boost.




. Quasi-TMDPDF . a = lattice spacing (UV regulator)

4 e @PY) Yim 2/ (b7, 1) 29 (b7, i a)
o £

X Bq(bz, B)T, a, L, PZ)

fQ(magTauapz) :/

© linear divergences in L cancel
© 7Y multiplicative, and removes linear /" /o divergence

o 7 (’J converts lattice friendly scheme (1) to MS (1t)

In order to match onto TMDPDF the IR physics of
quasi-TMPDF fq and TMDPDF [, must agree

(collinear singularity & b ~ AééD dependence)

© We use this to test choices for perturbatively.



_Relation between Quasi-TMDPDF & TMDPDF “S"fvrgf;";e"rge;ﬁ;‘)fs

; 7 2 TMD 2 1 (22P Z)Q N
fq(xaanuaP ) =C (/L,CIZ’P ) eXp §7C(luabT) In C fq(ZU,bT,,LL,C)
nonperturbative perturbative nonperturbative nonperturbative
quasi-TMDPDF kernel CS kernel TMDPDF

(Only confirmed so far at one-loop)
Determination of v/ (1, br)

© ndependent of

Determination of [, (z, ET; 1, C)

© requires full matching formula. Only exists if
© take ( = (2zP*)? to obtain matching:
fq(ZE, gT? H, PZ) — CTMD(M? CEPZ) fq(ZIZ, gT? H, C)

(Note: no convolution in x)



‘ Collins-Soper Kernel from Lattice )

sz 1 20 P?)?
fq(ZC,bT,,LL,PZ) — CTMD(MaxPZ> gc}ga)Tmu) eXp §Vg(luabT) In ( C )

quasi-TMDPDF

Hold ( fixed, take ratio with two different P~s:

]fq(ﬂf,gT,/L,C)

1 n C™™MD(u, xP§) fq(a:, br, 1, P7) quasi-Beam fns.
In(Pf/P5) " C™™D(u,xPF) fy(x,br, p, P§) /

/yg (:ua bT) —

1 C™MP(ualf) [dbr e T2, 28, By (b, br,a, L, PY)
In(Pf/P3) — C™MD (0P [ dbze® s 2 Z3, B, (b7, by, a, L, P5)

© only needs B, , does not require /\’,

© LHS independent of P/, P;,x, hadron state, spin structure
Important universal QCD function obtainable from Lattice QCD

Ratios of proton qu also studied by [Musch et al '10’12; Engelhardt et al ’15; Yoon et al ’'17] (same P?)



One-Loop Diagrams

Quasi-Beam Function

staple!
(Or, 0) (b, b?)
X — 2 X
k
p p
((ir,()) (E;Tal)z) ((iTa()) (E;Tal)z)
X) = (X X = (X
kw k
P p p P
ed. this
Is equal to
(b, b?) e=——=¢——=p (by,L) (b, b%) e=——=—=9 (b, L)
(Or,0) (0p,L)  (01,0) g (Op, L)
) (a) ) ) (b) )
(b, b )W‘ (br,L) (br, b?) § (br,L)
(Or,0) (0p,L)  (01,0) S (Op, L)
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One-Loop Analysis Legend: match the colors!

¢
__ 1 20 P%)? .
fo(@,br, p, P?) = C*MP (u, 2 P?) g (br, 1) exp [§v§(u,bT)ln( : ) ]fq(:v,bT,u,C)
2
Lb:hl bq;Q
TMDPDF: de=2v
N Cra 1 Lp —=In—"
(1) _ ZF%sy (- _ P, 2
F0, B €)= T2 = (o + L) Pag(o) + (1= )y @)
1 3 2 1 x?
+ 6(1 —az)(—§L + 2Lb+Lbln?+§ — 12)]

quasi-TMDPDF: o 'ﬂ
q Y
F$ (b, p, P?) = e [ (L + Lb) — )4 w
27 €IR

3 | 3
5(1 — ——L2 °L Ly 1% —Lp. — —)
+ o x) + 5 b p In prz 5 Lp. P. T 5 ]

IR log (matching fails, fine for 7/ )

agree: [Ji, Jin, Yuan, Zhang, Zhao 18] [Ebert, IS, Zhao ’18]



One-Loop Analysis

4 ¢

fQ(CCagTMLLJPZ) — CTMD(MaxPZ) g&g(bTmu) eXPp [

| (22:P7)?
573 (:ua bT) In C

Legend: match the colors!

]fq(xagTwu'aC)

L In b%,u2
b — _
TMDPDF: Ao
- Crog 1 Lp =1 a
F0, B €)= T2 = (o + L) Pag(o) + (1= )y = I e
1 3 u? 1 7
5(1 — (——L2 ° Ly+Ly In 2o ———)
+ (1 — x) 5 Le + 5 b+an+2 12]
quasi-TMDPDF: S, : / .
~ - Cra 1 \\
(1) Z\ _ Ftts (- o / J
fq (vaTnu?P) ) [ (GIR—I_Lb)PQQ(x)_'_(l ZC)_|_

3

|
+5(1— ) (——Lg + 2Lyt LyIn

2 2

(matching works, and fine for Vg )

C'™™MDP( 2P?) available in MS at 1-loop

2
1 L, 3)
12 I, - =
(2zP?)2 2= T ]

[Ebert, IS, Zhao ’19]



b

_DetailsonlRLogs  i,=Mn

de—27E

Regulator Beam function B, | Soft factor AL | TMDPDF f(;m’lD = B, A,
Collins —sL7, 2L —Ly —sL7, 5L,
0 regulator %Lb —%Lg —%Lg, %Lb
n regulator %Lb —%Lg —%Lg : %Lb
Exp. regulator —Lg, %Lb %Lg —%Lg, ng

quasi B, quasi A% quasi f(;l‘l\--ID = B,A%

Finite L, naive A% —%L?) : ng —21L —%Lg : 3Lb
Finite L, bent A% 112, 3L, —3L, —3L2, 3L,

© Matching for 53, < I3, fails in all schemes. So boost
argument fails for all known regulated beam functions.

© Matching for also fails.

© Matching works for fq — f, at 1-loop with bent quasi-soft factor.



. Summary‘

© |n general TMDs are much less constrained by experiment

© TMDs complicated by Wilson line paths, rapidity divergences,
hadronic matrix element & vacuum soft matrix element

© Proposed a method to determine CS kernel with Lattice QCD.

© Proposed matching formula for obtaining full TMDPDF using
a bent quasi-TMDPDF construction (only checked at 1-loop)

Future
L _ ¢

© Proof for matching relation needed (start with 2-loop analysis)

© Lattice Simulations for Vg (Mike Wagman'’s talk next!)



