
Towards TMDPDFs using lattice QCD

Michael Wagman

CFNS Workshop on Lattice Parton Distribution Functions

April 18, 2019

work in progress with
Phiala Shanahan, Yong Zhao

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏

µ⌫
T bµs⌫Mf

?
1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum
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TMD evolution
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Nonperturbative contributions to rapidity anomalous dimension    
limit QCD theory predictions to much lower precision 

TMDPDFs encode 3D structure of 
hadrons,       dependence of 
hadronic cross-sections 
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Drell-Yan        dependence 
measured at LHC, <1% precision
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Motivation

Precision TMD measurements

Drell-Yan process:

Measured to . 1% accuracy
I Crucial input for PDF determination

Standard candle of Standard Model:
I Important test of QCD

Can we disentangle possible BSM physics
from PDF fitting?

I Can easily absorb small BSM
signals into PDFs ...

W -mass measurement:
Dominant uncertainty from PDFs:

I Particularly important:
correlations between quark flavors

Direct calculation of PDFs could alleviate such uncertainties
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TMD evolution from LQCD

Ebert, Stewart, Zhao, PRD 99 (2019)

TMDPDFs inaccessible to LQCD with LaMET  
— soft factor includes two light-light directions

Ratios of TMDPDFs free from soft factors, can be calculated with LQCD

Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)
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Quasi soft function: (equal-time correlator)

˜Sq

(b
T

) = h0��[S†
ẑ
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Wilson line path:
I Finite lattice size requires to truncate at length L
I Bare operators not related by Lorentz boost (more on this later)
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TMDPDF rapidity anomalous dimensions (Collins-Soper kernel) 
calculable from ratios of quasi-TMDPDFs

Ebert, Stewart, Zhao, arXiv:1901.03685 

Yoon et al, PRD 96 (2017)Musch et al, PRD 85 (2012) Engelhardt et al, PRD 93 (2016)

LQCD-friendly quasi- 
beam function �
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LQCD Setup

Independent of hadron state, choice of momenta, choice of 

…up to power corrections:             ,                       ,          

bz
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Exploit independence, 
calculate for valence pion 
with 

bT /⌘
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m⇡ ⇠ 1.2 GeV
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Not independent of sea quark mass, 
quenched gauge fields used for 
exploratory calculation 

x
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Variation of        probes 
power corrections

m⇡
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Challenges

• Large momentum. Noisy, need fine lattice spacing, …

• Many bare matrix elements useful

B(bz, bT , ⌘, pz)
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0  bz, bT  ⌘  10
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pz = 2, 3, 4
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Analyze 2838 
3pt functions 
and NPR 
factors

• And many nonperturbative 
renormalization factors

Z(bz, bT , ⌘, µ)
<latexit sha1_base64="yXyCEJ8nqTWjI6PESWQsQ3LyIdg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKpQyo4Iui25cVugL22HIpJk2NMkMSUaoYxf+ihsXirj1N9z5N6btLLT1wL0czrmX3JwgZlRpx/m2ckvLK6tr+fXCxubW9o69u9dUUSIxaeCIRbIdIEUYFaShqWakHUuCeMBIKxheT/zWPZGKRqKuRzHxOOoLGlKMtJF8++CuFPgPZRj49TLsEo1M58mJbxedijMFXCRuRoogQ823v7q9CCecCI0ZUqrjOrH2UiQ1xYyMC91EkRjhIeqTjqECcaK8dHr/GB4bpQfDSJoSGk7V3xsp4kqNeGAmOdIDNe9NxP+8TqLDSy+lIk40EXj2UJgwqCM4CQP2qCRYs5EhCEtqboV4gCTC2kRWMCG4819eJM3TintWcW7Pi9WrLI48OARHoARccAGq4AbUQANg8AiewSt4s56sF+vd+piN5qxsZx/8gfX5AyAPlDw=</latexit>

• Fourier transform over bz
<latexit sha1_base64="s3VV+h1VXoyFrB6gpkUlJYyGGJM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6D3pPvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFZeo3V</latexit>

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>

eBMS
q (bz, bT , ⌘, µ, p

z) = lim
t,⌧,|t�⌧ |!1

2E(p)
G3pt(bz, bT , ⌘, µ, pz, t, ⌧)

G2pt(pz, t)
<latexit sha1_base64="UAMLcolHvyogvxLqFwZ8PXPvY7M="></latexit>

pmax

z

⇠ 2.6 GeV
<latexit sha1_base64="uw5ujm/uumS7Q38pydReSYgY/QU=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwFHZV1KPoQY8RzAOSNcxOOmbIzO4y0yvGJTcv/ooXD4p49Re8+TdOHgc1FjQUVd10d4WJFAY978uZmp6ZnZvPLeQXl5ZXVt219YqJU82hzGMZ61rIDEgRQRkFSqglGpgKJVTD7tnAr96CNiKOrrCXQKDYTSTagjO0UtPdSpr315lid33aMELRveIhbSDcYUbPodJvugWv6A1BJ4k/JgUyRqnpfjZaMU8VRMglM6buewkGGdMouIR+vpEaSBjvshuoWxoxBSbIhn/06Y5VWrQda1sR0qH6cyJjypieCm2nYtgxf72B+J9XT7F9HGQiSlKEiI8WtVNJMaaDUGhLaOAoe5YwroW9lfIO04yjjS5vQ/D/vjxJKntFf7/oXR4UTk7HceTIJtkmu8QnR+SEXJASKRNOHsgTeSGvzqPz7Lw576PWKWc8s0F+wfn4BsDumJQ=</latexit>

Redundant       and       choices probe 
systematics

⌘
<latexit sha1_base64="jGQLymep7rIITnK7p6nhtsxbmUs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0swm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDmKURV8gkNabnuQn6GdUomOSzSj81PKFsQke8Z6miETd+Nr91Rs6sMiRhrG0pJHP190RGI2OmUWA7I4pjs+zl4n9eL8Xwxs+ESlLkii0WhakkGJP8cTIUmjOUU0so08LeStiYasrQxlOxIXjLL6+S9kXdu6y7D1e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kTOi/PufCxaS04xcwx/4Hz+AAmMjjo=</latexit>

pz
<latexit sha1_base64="P9XYtALZVo21YiUmEpyuCDL8oPY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6T3pPvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFuzo3j</latexit>



!6

Exploratory ensembles

Lüscher, JHEP 1008 (2010)

Quenched Wilson gauge configurations — generated by Michael Endres

Lattice spacing determined from 
gradient flow scale-setting

a = 0.06(1) fm
<latexit sha1_base64="wXGMRmtntI+kdsWokOubN+qBkXU=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSqKgXoejFYwX7AU0pm+2mXbrZhN2JWGIP/hUvHhTx6t/w5r9x2+agrQ8GHu/NMDPPjwXX4DjfVm5hcWl5Jb9aWFvf2Nyyt3fqOkoUZTUaiUg1faKZ4JLVgINgzVgxEvqCNfzB9dhv3DOleSTvYBizdkh6kgecEjBSx94j+BI7Zees5B552AP2AGkQjjp20YgT4HniZqSIMlQ79pfXjWgSMglUEK1brhNDOyUKOBVsVPASzWJCB6THWoZKEjLdTif3j/ChUbo4iJQpCXii/p5ISaj1MPRNZ0igr2e9sfif10oguGinXMYJMEmni4JEYIjwOAzc5YpREENDCFXc3IppnyhCwURWMCG4sy/Pk/px2T0pO7enxcpVFkce7aMDVEIuOkcVdIOqqIYoekTP6BW9WU/Wi/VufUxbc1Y2s4v+wPr8AdX3lBU=</latexit>

Gradient flow also used as link 
smearing to reduce noise 

— Bare quark mass tuned after 
smearing

� = 6.30168
<latexit sha1_base64="Wvj3mhEJexqYqNMLnC5S+IaEpc4=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRWajdC0Y3LCvYBbSiT6U07dPJgZqKU2E9x40IRt36JO//GSZuFth64cDjnXu69x4s5k8q2v43C2vrG5lZxu7Szu7d/YJYP2zJKBIUWjXgkuh6RwFkILcUUh24sgAQeh443ucn8zgMIyaLwXk1jcAMyCpnPKFFaGpjlvgeK4Ctcs6q2U6vj0sCs2JY9B14lTk4qKEdzYH71hxFNAggV5UTKnmPHyk2JUIxymJX6iYSY0AkZQU/TkAQg3XR++gyfamWI/UjoChWeq78nUhJIOQ083RkQNZbLXib+5/US5dfdlIVxoiCki0V+wrGKcJYDHjIBVPGpJoQKpm/FdEwEoUqnlYXgLL+8StrnllO17LuLSuM6j6OIjtEJOkMOukQNdIuaqIUoekTP6BW9GU/Gi/FufCxaC0Y+c4T+wPj8ATehkVw=</latexit>

323 ⇥ 64
<latexit sha1_base64="zC2xBxz8wPFR4QgpX8uX3r6euZ0=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHaBqEeiF4+YCJjAQmaHWZgw+8hMr4Zs+A8vHjTGq//izb9xgD0oWEknlarudHd5sRQabfvbyq2tb2xu5bcLO7t7+wfFw6OWjhLFeJNFMlIPHtVcipA3UaDkD7HiNPAkb3vjm5nffuRKiyi8x0nM3YAOQ+ELRtFIvWqlVyVdFAHX5KLWL5bssj0HWSVORkqQodEvfnUHEUsCHiKTVOuOY8foplShYJJPC91E85iyMR3yjqEhNXvcdH71lJwZZUD8SJkKkczV3xMpDbSeBJ7pDCiO9LI3E//zOgn6V24qwjhBHrLFIj+RBCMyi4AMhOIM5cQQypQwtxI2oooyNEEVTAjO8surpFUpO9WyfVcr1a+zOPJwAqdwDg5cQh1uoQFNYKDgGV7hzXqyXqx362PRmrOymWP4A+vzB2lAkSY=</latexit>

t
flow

= 1
<latexit sha1_base64="PY+29poHDtZrgQIOEakVjqyqw+M=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokKehGKXjxWsB/YhrLZbtqlm03YnSgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zUeujYjVPY4S7ke0r0QoGEUrPWA3C2X8NL7yuqWyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn00vHpNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOlnQiUpcsVmi8JUEozJ5H3SE5ozlCNLKNPC3krYgGrK0IZUtCF48y8vksZpxTuruHfn5ep1HkcBDuEITsCDC6jCLdSgDgwUPMMrvDnGeXHenY9Z65KTzxzAHzifP4o9kNE=</latexit>

t
flow

= 0
<latexit sha1_base64="hKhUYjw0fJQLn3ArJl6bKXWg6hs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokKehGKXjxWsB/YhrLZbtqlm03YnSgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zUeujYjVPY4S7ke0r0QoGEUrPWA3C2X8NL5yu6WyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn00vHpNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOlnQiUpcsVmi8JUEozJ5H3SE5ozlCNLKNPC3krYgGrK0IZUtCF48y8vksZpxTuruHfn5ep1HkcBDuEITsCDC6jCLdSgDgwUPMMrvDnGeXHenY9Z65KTzxzAHzifP4i5kNA=</latexit>

Borsanyi et al, JHEP 1209 (2012)

N = 197 cfgs x 2 sources/cfg

Low statistics:
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Pion correlation functions

Bali, Lang, Musch, Schäfer, PRD 93 (2016)

Momentum smearing increases 
overlap and reduces noise

Boosted pion has exponential 
signal-to-noise problem

StN(t) /
p
Ne�(E⇡(p)�m⇡)t

<latexit sha1_base64="GKcNmspC3biLllWQlqpN9SYIYVM="></latexit>

Pion energy fit from 2pt function

=
X

n

Zn(p)e
�E⇡(p)t

<latexit sha1_base64="Y6Z8g78RuPnxMuP3GR41YOLr6uI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahLiyJCroRiiK4rGAf2MQwmU7aoZNJmJkIJXTpxl9x40IRt36CO//GSZuFth64cOace5l7jx8zKpVlfRuFufmFxaXicmlldW19w9zcasooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH1xmfuuBCEkjfquGMXFD1OM0oBgpLXnm7jl0ZBJ6HN55vBIfQHKfHl55Tkyzhxp5ZtmqWmPAWWLnpAxy1D3zy+lGOAkJV5ghKTu2FSs3RUJRzMio5CSSxAgPUI90NOUoJNJNx4eM4L5WujCIhC6u4Fj9PZGiUMph6OvOEKm+nPYy8T+vk6jgzE0pjxNFOJ58FCQMqghmqcAuFQQrNtQEYUH1rhD3kUBY6exKOgR7+uRZ0jyq2sdV6+akXLvI4yiCHbAHKsAGp6AGrkEdNAAGj+AZvII348l4Md6Nj0lrwchntsEfGJ8/5quX/A==</latexit>

G

⇡

(p, t) =
X

x

e

ip·x ⌦
⇡(x, t)⇡(0)†

↵

<latexit sha1_base64="VcSRs8sTpGCWG5LiufzjRRCdHBA="></latexit>
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Boosted pion energies
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Results described well by 
continuum dispersion relation

a�1 ⇠ 3.3 GeV
<latexit sha1_base64="lTR/nGUh5q4WK4BjZJ8DWe1vV5E=">AAACA3icbVDJSgNBEO2JW4xb1JteGoPgxTBjBD0GPegxglkgE0NPp5I06VnorhHDMODFX/HiQRGv/oQ3/8bOctDEBwWP96qoqudFUmi07W8rs7C4tLySXc2trW9sbuW3d2o6jBWHKg9lqBoe0yBFAFUUKKERKWC+J6HuDS5Hfv0elBZhcIvDCFo+6wWiKzhDI7Xze+wuOXZS6mrh01Kx5CI8YEKvoJa28wW7aI9B54kzJQUyRaWd/3I7IY99CJBLpnXTsSNsJUyh4BLSnBtriBgfsB40DQ2YD7qVjH9I6aFROrQbKlMB0rH6eyJhvtZD3zOdPsO+nvVG4n9eM8bueSsRQRQjBHyyqBtLiiEdBUI7QgFHOTSEcSXMrZT3mWIcTWw5E4Iz+/I8qZ0UnVLRvjktlC+mcWTJPjkgR8QhZ6RMrkmFVAknj+SZvJI368l6sd6tj0lrxprO7JI/sD5/AAMmlno=</latexit>

pmax

z

⇠ 2.6 GeV
<latexit sha1_base64="uw5ujm/uumS7Q38pydReSYgY/QU=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwFHZV1KPoQY8RzAOSNcxOOmbIzO4y0yvGJTcv/ooXD4p49Re8+TdOHgc1FjQUVd10d4WJFAY978uZmp6ZnZvPLeQXl5ZXVt219YqJU82hzGMZ61rIDEgRQRkFSqglGpgKJVTD7tnAr96CNiKOrrCXQKDYTSTagjO0UtPdSpr315lid33aMELRveIhbSDcYUbPodJvugWv6A1BJ4k/JgUyRqnpfjZaMU8VRMglM6buewkGGdMouIR+vpEaSBjvshuoWxoxBSbIhn/06Y5VWrQda1sR0qH6cyJjypieCm2nYtgxf72B+J9XT7F9HGQiSlKEiI8WtVNJMaaDUGhLaOAoe5YwroW9lfIO04yjjS5vQ/D/vjxJKntFf7/oXR4UTk7HceTIJtkmu8QnR+SEXJASKRNOHsgTeSGvzqPz7Lw576PWKWc8s0F+wfn4BsDumJQ=</latexit>

Boosted pions highly relativistic

vmax ⇠ 0.93
<latexit sha1_base64="Bg0dfPRxF36rOfIUzfYEHYWRtiY=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTEU9OKiXojevGIiXwkUMl2WWDDbtvsblFS+SlePGiMV3+JN/+NC/Sg4EsmeXlvJjPzgpgzpV3328qtrK6tb+Q3C1vbO7t7dnG/rqJEElojEY9kM8CKchbSmmaa02YsKRYBp41geD31GyMqFYvCOz2OqS9wP2Q9RrA2Uscuju5TgR8nqK2YQK5zWe7YJddxZ0DLxMtICTJUO/ZXuxuRRNBQE46VanlurP0US80Ip5NCO1E0xmSI+7RlaIgFVX46O32Cjo3SRb1Imgo1mqm/J1IslBqLwHQKrAdq0ZuK/3mtRPcu/JSFcaJpSOaLeglHOkLTHFCXSUo0HxuCiWTmVkQGWGKiTVoFE4K3+PIyqZ86Xtlxb89KlassjjwcwhGcgAfnUIEbqEINCDzAM7zCm/VkvVjv1se8NWdlMwfwB9bnD+Zrkxg=</latexit>
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Three-point functions

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>
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<latexit sha1_base64="fu+y7laEtbImvGxNyJl2ykVBtD0="></latexit>
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<latexit sha1_base64="8NvO63KXyLtLDHrp7Ovgr2Qc0f8="></latexit>

Ground-state matrix elements extracted from ratios of 3pt/2pt functions

G3pt(bz, bT , ⌘, µ, pz, t, ⌧)

G2pt(pz, t)
=

P
n,m Mnm

p
ZnZme�En(p

z)⌧e�En(p
z)(t�⌧)

P
n Zne�En(pz)⌧

<latexit sha1_base64="ZtulORV0/LI6BXiUKSTfRFBpsDM="></latexit>

Rearranging, matrix elements accessible from linear fit

Three source/sink separations:

t = 0.48, 0.6, 0.72 fm
<latexit sha1_base64="jwszAJklo1GzACH0NV9G13vVdmw=">AAACCXicbVDLSgMxFM3UV62vUZdugkVwIWWmFtuNUHTjsoJ9QGcomTTThmYeJHfEMnTrxl9x40IRt/6BO//GtJ2Fth5I7uGce0nu8WLBFVjWt5FbWV1b38hvFra2d3b3zP2DlooSSVmTRiKSHY8oJnjImsBBsE4sGQk8wdre6Hrqt++ZVDwK72AcMzcgg5D7nBLQUs/EgC+xVarUzhxdLmZ3texgB9gDpH4w6ZlFq2TNgJeJnZEiytDomV9OP6JJwEKggijVta0Y3JRI4FSwScFJFIsJHZEB62oakoApN51tMsEnWuljP5L6hIBn6u+JlARKjQNPdwYEhmrRm4r/ed0E/Jqb8jBOgIV0/pCfCAwRnsaC+1wyCmKsCaGS679iOiSSUNDhFXQI9uLKy6RVLtnnJeu2UqxfZXHk0RE6RqfIRlVURzeogZqIokf0jF7Rm/FkvBjvxse8NWdkM4foD4zPH/Eylrs=</latexit>

Simultaneous fit to all t, ⌧
<latexit sha1_base64="AiNN9DGb4bunvZW/aP/HRM96GTE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gCWWz3bZLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkgNl0LxBgqUvJ1oTqNQ8lY4up36rSeujYjVA44THkR0oERfMIpWauOZT3ykabdccavuDGSZeDmpQI56t/zl92KWRlwhk9SYjucmGGRUo2CST0p+anhC2YgOeMdSRSNugmx274ScWKVH+rG2pZDM1N8TGY2MGUeh7YwoDs2iNxX/8zop9q+DTKgkRa7YfFE/lQRjMn2e9ITmDOXYEsq0sLcSNqSaMrQRlWwI3uLLy6R5XvUuqu79ZaV2k8dRhCM4hlPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89aCk88cwh84nz9qmY+O</latexit>
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Fitting sums of exponentials
What fit range(s)?

tmax: signal-to-noise > 2 (results mostly insensitive)
tmin: use all choices where operators are separated by 

width of transfer matrix



!11

Fitting sums of exponentials
What fit range(s)?

tmax: signal-to-noise > 2 (results mostly insensitive)
tmin: use all choices where operators are separated by 

width of transfer matrix

How many exponentials?
Start with 1.  
Try 2. Keep if preferred by information criterion, e.g. AIC 
Try 3….
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Fitting sums of exponentials
What fit range(s)?

tmax: signal-to-noise > 2 (results mostly insensitive)
tmin: use all choices where operators are separated by 

width of transfer matrix

How many exponentials?
Start with 1.  
Try 2. Keep if preferred by information criterion, e.g. AIC 
Try 3….

How to estimate the covariance matrix?

Optimal shrinkage (interpolates between 
correlated and uncorrelated fit)

Bootstrap

Rinaldi, Syritsyn, MW et al, 
arXiv:1901.07519

Ledoit, Wolf, Journal of 
Multivariate Analysis 88 (2004)
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Fitting sums of exponentials
What fit range(s)?

tmax: signal-to-noise > 2 (results mostly insensitive)
tmin: use all choices where operators are separated by 

width of transfer matrix

How many exponentials?
Start with 1.  
Try 2. Keep if preferred by information criterion, e.g. AIC 
Try 3….

How should acceptable fits be combined?
Weighted average, e.g. weight = p-value/variance

How to estimate the covariance matrix?

Optimal shrinkage (interpolates between 
correlated and uncorrelated fit)

Bootstrap

Rinaldi, Syritsyn, MW et al, 
arXiv:1901.07519

Ledoit, Wolf, Journal of 
Multivariate Analysis 88 (2004)
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Fitting sums of exponentials
What fit range(s)?

tmax: signal-to-noise > 2 (results mostly insensitive)
tmin: use all choices where operators are separated by 

width of transfer matrix

How many exponentials?
Start with 1.  
Try 2. Keep if preferred by information criterion, e.g. AIC 
Try 3….

How should acceptable fits be combined?
Weighted average, e.g. weight = p-value/variance

How to estimate the covariance matrix?

Optimal shrinkage (interpolates between 
correlated and uncorrelated fit)

Bootstrap

Rinaldi, Syritsyn, MW et al, 
arXiv:1901.07519

Ledoit, Wolf, Journal of 
Multivariate Analysis 88 (2004)

We’re not using 
plateau fits!
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Bare beam functions
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⌘ = 10
<latexit sha1_base64="yCNSB1e3nGmS+xZ1zjue/PfoKZA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2ItQ8OKxgv2ANpTNdtIu3WzC7kQopT/CiwdFvPp7vPlv3LY5aPXBwOO9GWbmhakUhjzvyymsrW9sbhW3Szu7e/sH5cOjlkkyzbHJE5noTsgMSqGwSYIkdlKNLA4ltsPx7dxvP6I2IlEPNEkxiNlQiUhwRlZq95DYje/1yxWv6i3g/iV+TiqQo9Evf/YGCc9iVMQlM6breykFU6ZJcImzUi8zmDI+ZkPsWqpYjCaYLs6duWdWGbhRom0pchfqz4kpi42ZxKHtjBmNzKo3F//zuhlFtWAqVJoRKr5cFGXSpcSd/+4OhEZOcmIJ41rYW10+YppxsgmVbAj+6st/Seui6l9WvfurSr2Wx1GEEziFc/DhGupwBw1oAocxPMELvDqp8+y8Oe/L1oKTzxzDLzgf32pCjuw=</latexit>

⌘ = 9
<latexit sha1_base64="DPt+iFmu4wMNovGcXrDe3YBA01A=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1oNQ8OKxgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4Om0almvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdDv1W09cG6HiBxwn3I/oIBahYBSt1OxypDfXvVLZrbgzkGXi5aQMOeq90le3r1ga8RiZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyyNacSNn82unZBTq/RJqLStGMlM/T2R0ciYcRTYzoji0Cx6U/E/r5NiWPUzEScp8pjNF4WpJKjI9HXSF5ozlGNLKNPC3krYkGrK0AZUtCF4iy8vk+Z5xbuouPeX5Vo1j6MAx3ACZ+DBFdTgDurQAAaP8Ayv8OYo58V5dz7mrStOPnMEf+B8/gAGsI66</latexit>

⌘ = 9
<latexit sha1_base64="DPt+iFmu4wMNovGcXrDe3YBA01A=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1oNQ8OKxgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4Om0almvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdDv1W09cG6HiBxwn3I/oIBahYBSt1OxypDfXvVLZrbgzkGXi5aQMOeq90le3r1ga8RiZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyyNacSNn82unZBTq/RJqLStGMlM/T2R0ciYcRTYzoji0Cx6U/E/r5NiWPUzEScp8pjNF4WpJKjI9HXSF5ozlGNLKNPC3krYkGrK0AZUtCF4iy8vk+Z5xbuouPeX5Vo1j6MAx3ACZ+DBFdTgDurQAAaP8Ayv8OYo58V5dz7mrStOPnMEf+B8/gAGsI66</latexit>

⌘ = 8
<latexit sha1_base64="q3A1nA+mvHxfJOeEbA5T53l3fUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2ItQ8OKxgv2ANpTNdtOu3eyG3YlQQv+DFw+KePX/ePPfuG1z0NYHA4/3ZpiZFyaCG/S8b6ewtr6xuVXcLu3s7u0flA+PWkalmrImVULpTkgME1yyJnIUrJNoRuJQsHY4vp357SemDVfyAScJC2IylDzilKCVWj2G5KbWL1e8qjeHu0r8nFQgR6Nf/uoNFE1jJpEKYkzX9xIMMqKRU8GmpV5qWELomAxZ11JJYmaCbH7t1D2zysCNlLYl0Z2rvycyEhsziUPbGRMcmWVvJv7ndVOMakHGZZIik3SxKEqFi8qdve4OuGYUxcQSQjW3t7p0RDShaAMq2RD85ZdXSeui6l9WvfurSr2Wx1GEEziFc/DhGupwBw1oAoVHeIZXeHOU8+K8Ox+L1oKTzxzDHzifPwUsjrk=</latexit>
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Quark field renormalization
S

↵�

(p) =
X

x,y

e

ip·(x�y)
⌦
q

↵

(x)q
�

(y)
↵

<latexit sha1_base64="Vt+e7+wNBG8NnQANn2L/wulzRIc="></latexit>

(Landau) gauge-fixed quark 
propagators accessible to 
LQCD and perturbation theory

RI/MOM condition: full 
propagator = tree-level 
propagator (at one scale)

Alternative definition from 
conserved current

Momentum dependence 
O(10%) 1-loop effect
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Staple renormalization

Constantinou, Panagopoulos and Spanoudes, arXiv:1901.03862

Correlation function for 
nonlocal operator in 
gauge-fixed quark state 

RI/MOM condition

Vertex function accessible 
to LQCD and 
perturbation theory

Z�1
q ZOTr [P�⇤(p)] = Tr

⇥
P�⇤

tree(p)
⇤
= 6eip·b

<latexit sha1_base64="fFQEqVrPJ2h7C5jETwQHt7CrcYI="></latexit>

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>
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One-loop matching

1-loop matching for asymmetric staple: Ebert, Stewart, Zhao in preparation

Dependence on      arises from perturbative RG and lattice artifacts

One-loop matching from RI/MOM              to                          reduces         
dependence

pz
<latexit sha1_base64="P9XYtALZVo21YiUmEpyuCDL8oPY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6T3pPvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFuzo3j</latexit>

pz
<latexit sha1_base64="P9XYtALZVo21YiUmEpyuCDL8oPY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6T3pPvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFuzo3j</latexit>

µ = pz
<latexit sha1_base64="OsNCh1p2wViR0/DaX4SbqSgIwf0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9CIEvXiMYB6SLGF2MpsMmZld5iHEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VpZxp4/vf3tLyyuraemGjuLm1vbNb2ttv6MQqQusk4YlqRVhTziStG2Y4baWKYhFx2oyGNxO/+UiVZom8N6OUhgL3JYsZwcZJDx1h0RVKu0/dUtmv+FOgRRLkpAw5at3SV6eXECuoNIRjrduBn5oww8owwum42LGappgMcZ+2HZVYUB1m04PH6NgpPRQnypU0aKr+nsiw0HokItcpsBnoeW8i/ue1rYkvw4zJ1BoqyWxRbDkyCZp8j3pMUWL4yBFMFHO3IjLAChPjMiq6EIL5lxdJ47QSnFX8u/Ny9TqPowCHcAQnEMAFVOEWalAHAgKe4RXePOW9eO/ex6x1yctnDuAPvM8f9oKP2g==</latexit>

µ = 2 GeV
<latexit sha1_base64="C55KP2Ltmp8gmj8/uvsXHXvxeT4=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbBb0IQQ96jGAekIQwO+kkQ2YfzPRKwrK/4sWDIl79EW/+jZNkD5pY0FBUddPd5UVSaHScbyu3tr6xuZXfLuzs7u0f2IfFhg5jxaHOQxmqlsc0SBFAHQVKaEUKmO9JaHrj25nffAKlRRg84jSCrs+GgRgIztBIPbvY8WN6TSsdhAkm9A4aac8uOWVnDrpK3IyUSIZaz/7q9EMe+xAgl0zrtutE2E2YQsElpIVOrCFifMyG0DY0YD7objK/PaWnRunTQahMBUjn6u+JhPlaT33PdPoMR3rZm4n/ee0YB1fdRARRjBDwxaJBLCmGdBYE7QsFHOXUEMaVMLdSPmKKcTRxFUwI7vLLq6RRKbvnZefholS9yeLIk2NyQs6ISy5JldyTGqkTTibkmbySNyu1Xqx362PRmrOymSPyB9bnD6STk4k=</latexit>

MS
<latexit sha1_base64="RgJWWFoulnHNooXqDXZTTeAPPMI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KooMuiGzdCRfuAJpTJdNIOnTyYuRFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7h3jhcLrsCyvo3SwuLS8kp5tbK2vrG5ZW7vtFSUSMqaNBKR7HhEMcFD1gQOgnViyUjgCdb2Rpe5375nUvEovINxzNyADELuc0pASz1zz4m0nadTB9gDpNe3WdYzq1bNmgDPE7sgVVSg0TO/nH5Ek4CFQAVRqmtbMbgpkcCpYFnFSRSLCR2RAetqGpKAKTedXJ/hQ630sR9J/ULAE/V3IiWBUuPA05MBgaGa9XLxP6+bgH/upjyME2AhnS7yE4EhwnkVuM8loyDGmhAqub4V0yGRhIIurKJLsGe/PE9axzX7pGbdnFbrF0UdZbSPDtARstEZqqMr1EBNRNEjekav6M14Ml6Md+NjOloyiswu+gPj8weDcpXm</latexit>

Residual      dependence from 2-loop RG and lattice artifactspz
<latexit sha1_base64="P9XYtALZVo21YiUmEpyuCDL8oPY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6T3pPvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFuzo3j</latexit>

MS
<latexit sha1_base64="RgJWWFoulnHNooXqDXZTTeAPPMI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KooMuiGzdCRfuAJpTJdNIOnTyYuRFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7h3jhcLrsCyvo3SwuLS8kp5tbK2vrG5ZW7vtFSUSMqaNBKR7HhEMcFD1gQOgnViyUjgCdb2Rpe5375nUvEovINxzNyADELuc0pASz1zz4m0nadTB9gDpNe3WdYzq1bNmgDPE7sgVVSg0TO/nH5Ek4CFQAVRqmtbMbgpkcCpYFnFSRSLCR2RAetqGpKAKTedXJ/hQ630sR9J/ULAE/V3IiWBUuPA05MBgaGa9XLxP6+bgH/upjyME2AhnS7yE4EhwnkVuM8loyDGmhAqub4V0yGRhIIurKJLsGe/PE9axzX7pGbdnFbrF0UdZbSPDtARstEZqqMr1EBNRNEjekav6M14Ml6Md+NjOloyiswu+gPj8weDcpXm</latexit>

µ = 2 GeV
<latexit sha1_base64="C55KP2Ltmp8gmj8/uvsXHXvxeT4=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbBb0IQQ96jGAekIQwO+kkQ2YfzPRKwrK/4sWDIl79EW/+jZNkD5pY0FBUddPd5UVSaHScbyu3tr6xuZXfLuzs7u0f2IfFhg5jxaHOQxmqlsc0SBFAHQVKaEUKmO9JaHrj25nffAKlRRg84jSCrs+GgRgIztBIPbvY8WN6TSsdhAkm9A4aac8uOWVnDrpK3IyUSIZaz/7q9EMe+xAgl0zrtutE2E2YQsElpIVOrCFifMyG0DY0YD7objK/PaWnRunTQahMBUjn6u+JhPlaT33PdPoMR3rZm4n/ee0YB1fdRARRjBDwxaJBLCmGdBYE7QsFHOXUEMaVMLdSPmKKcTRxFUwI7vLLq6RRKbvnZefholS9yeLIk2NyQs6ISy5JldyTGqkTTibkmbySNyu1Xqx362PRmrOymSPyB9bnD6STk4k=</latexit>

µ = pz
<latexit sha1_base64="OsNCh1p2wViR0/DaX4SbqSgIwf0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9CIEvXiMYB6SLGF2MpsMmZld5iHEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VpZxp4/vf3tLyyuraemGjuLm1vbNb2ttv6MQqQusk4YlqRVhTziStG2Y4baWKYhFx2oyGNxO/+UiVZom8N6OUhgL3JYsZwcZJDx1h0RVKu0/dUtmv+FOgRRLkpAw5at3SV6eXECuoNIRjrduBn5oww8owwum42LGappgMcZ+2HZVYUB1m04PH6NgpPRQnypU0aKr+nsiw0HokItcpsBnoeW8i/ue1rYkvw4zJ1BoqyWxRbDkyCZp8j3pMUWL4yBFMFHO3IjLAChPjMiq6EIL5lxdJ47QSnFX8u/Ny9TqPowCHcAQnEMAFVOEWalAHAgKe4RXePOW9eO/ex6x1yctnDuAPvM8f9oKP2g==</latexit>RI/MOM

See e.g. Blossier et al (ETM), PRD 91 (2015)
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Operator mixing results

Lattice perturbation theory:  Constantinou, Panagopoulos and Spanoudes, arXiv:1901.03862

1-loop mixing
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Lattice perturbation theory: Green, Jansen, Steffense, PRL 121 (2018) 
Chen et al, arXiv:1710.01089Xiong, Ji, Zhang, Zhao, PRD 90 (2014)

Constantinou, Panagopoulos, PRD 96 (2017)
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Operator mixing is generic
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Operator mixing is small
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for exploratory 
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Present in precision 
PDF calculations
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Beam functions

⌘ = 10
<latexit sha1_base64="yCNSB1e3nGmS+xZ1zjue/PfoKZA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2ItQ8OKxgv2ANpTNdtIu3WzC7kQopT/CiwdFvPp7vPlv3LY5aPXBwOO9GWbmhakUhjzvyymsrW9sbhW3Szu7e/sH5cOjlkkyzbHJE5noTsgMSqGwSYIkdlKNLA4ltsPx7dxvP6I2IlEPNEkxiNlQiUhwRlZq95DYje/1yxWv6i3g/iV+TiqQo9Evf/YGCc9iVMQlM6breykFU6ZJcImzUi8zmDI+ZkPsWqpYjCaYLs6duWdWGbhRom0pchfqz4kpi42ZxKHtjBmNzKo3F//zuhlFtWAqVJoRKr5cFGXSpcSd/+4OhEZOcmIJ41rYW10+YppxsgmVbAj+6st/Seui6l9WvfurSr2Wx1GEEziFc/DhGupwBw1oAocxPMELvDqp8+y8Oe/L1oKTzxzDLzgf32pCjuw=</latexit>

⌘ = 9
<latexit sha1_base64="DPt+iFmu4wMNovGcXrDe3YBA01A=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1oNQ8OKxgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4Om0almvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdDv1W09cG6HiBxwn3I/oIBahYBSt1OxypDfXvVLZrbgzkGXi5aQMOeq90le3r1ga8RiZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyyNacSNn82unZBTq/RJqLStGMlM/T2R0ciYcRTYzoji0Cx6U/E/r5NiWPUzEScp8pjNF4WpJKjI9HXSF5ozlGNLKNPC3krYkGrK0AZUtCF4iy8vk+Z5xbuouPeX5Vo1j6MAx3ACZ+DBFdTgDurQAAaP8Ayv8OYo58V5dz7mrStOPnMEf+B8/gAGsI66</latexit>

⌘ = 9
<latexit sha1_base64="DPt+iFmu4wMNovGcXrDe3YBA01A=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1oNQ8OKxgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4Om0almvEGU1LpdkANlyLmDRQoeTvRnEaB5K1gdDv1W09cG6HiBxwn3I/oIBahYBSt1OxypDfXvVLZrbgzkGXi5aQMOeq90le3r1ga8RiZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyyNacSNn82unZBTq/RJqLStGMlM/T2R0ciYcRTYzoji0Cx6U/E/r5NiWPUzEScp8pjNF4WpJKjI9HXSF5ozlGNLKNPC3krYkGrK0AZUtCF4iy8vk+Z5xbuouPeX5Vo1j6MAx3ACZ+DBFdTgDurQAAaP8Ayv8OYo58V5dz7mrStOPnMEf+B8/gAGsI66</latexit>

⌘ = 8
<latexit sha1_base64="q3A1nA+mvHxfJOeEbA5T53l3fUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2ItQ8OKxgv2ANpTNdtOu3eyG3YlQQv+DFw+KePX/ePPfuG1z0NYHA4/3ZpiZFyaCG/S8b6ewtr6xuVXcLu3s7u0flA+PWkalmrImVULpTkgME1yyJnIUrJNoRuJQsHY4vp357SemDVfyAScJC2IylDzilKCVWj2G5KbWL1e8qjeHu0r8nFQgR6Nf/uoNFE1jJpEKYkzX9xIMMqKRU8GmpV5qWELomAxZ11JJYmaCbH7t1D2zysCNlLYl0Z2rvycyEhsziUPbGRMcmWVvJv7ndVOMakHGZZIik3SxKEqFi8qdve4OuGYUxcQSQjW3t7p0RDShaAMq2RD85ZdXSeui6l9WvfurSr2Wx1GEEziFc/DhGupwBw1oAoVHeIZXeHOU8+K8Ox+L1oKTzxzDHzifPwUsjrk=</latexit>
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Towards TMD evolution from LQCD
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Next: Fourier transform beam function and form ratios

Detailed study of Fourier transform systematics important

Next-to-next: dynamical sea quarks, continuum extrapolation, finite volume, …

Stay tuned
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