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Three-dimensional partonic structure 
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How do quarks and gluons carry the 
proton’s 
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Understanding the quark and gluon 
structure of matter

• Mass 

• Momentum 

• Angular momentum, spin 

• Pressure and shear 

• …
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Beyond 3D Structure

Multidimensional Imaging  
of Confined Motion!

Generalized TMDs

• Graphical representation of GTMD correlator for quarks; kinematics in symmetric frame
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• GTMD correlator: definition through traces (can appear in observables)
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– two auxiliary scales (for which evolution equations exist) omitted

– issue of light-cone singularities in definition of GTMDs can be dealt with
(Echevarria, Idilbi, Kanazawa, Lorcé, Kanazawa, Metz, Pasquini, Schlegel, 1602.06953)
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Quark TMDs
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Three-dimensional partonic structure 
of the proton

longitudinal

TMD

+ transverse 

+ impact parameter
GPD
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Encoded in EMC-type effects  

Parton physics from Lattice QCD

Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

How is the partonic structure 
of nucleons modified in nuclei? 

Longitudinal momentum fraction
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(EMC: Aubert et al., 1983)



Parton physics from Lattice QCD

Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

Defining effort in experiment

x
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Electron Ion Collider:
The Next QCD Frontier

Understanding the glue 
that binds us all

JLab

LHC
EIC

Tevatron

DESY



•Discretise QCD onto 4D space-time lattice 

•Approximate QCD path integral using 
Monte-Carlo methods and importance 
sampling 

•Run on supercomputers and dedicated 
clusters 

•Take limit of vanishing discretisation, 
infinite volume, physical quark masses

Lattice QCD
Numerical first-principles approach to  

non-perturbative QCD

Phiala Shanahan, MIT



Numerical first-principles approach to  
non-perturbative QCD

Lattice QCD action has same free 
parameters as QCD: quark masses,  

• Fix quark masses by matching to 
measured hadron masses, e.g.,                               
                       for 

• One experimental input to fix lattice 
spacing in GeV (and also      ), e.g.,                                   
            splitting in    , or      or      mass

Lattice QCD

Calculations of all other 
quantities are QCD 
predictions

Phiala Shanahan, MIT

INPUT

⇡,K,Ds, Bs
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↵S
<latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit>

↵S
<latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit>

2S-1S
<latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit><latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit><latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit><latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit>

Y<latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit><latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit><latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit><latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit>

f⇡
<latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit>
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Numerical first-principles approach to  
non-perturbative QCD

• Many millions of CPU/
GPU/KNL hours  

• Specifically designed 
processors for QCD  
(QCDOC precursor of 
BlueGene computers)

Lattice QCD

Phiala Shanahan, MIT

Calculations use world’s largest computers



Parton physics from Lattice QCD

Phiala Shanahan, MIT

Exploratory Era

•x-dependence of 
PDFs 

•TMDs 

Precision Era

•Static properties of 
nucleon incl. spin, 
flavour decomp. 

•Mellin moments of 
PDFs, GPDs 

Fully-controlled w/ 
few-percent errors 
within ~5y

First calculations, 
timeline for 
controlled 
calculations unclear

Early Era

•Nuclear structure A<5 

•Spin, flavour decomp. 
of EMC-type effects 

Fully-controlled w/ 
~15—percent errors 
within ~5y 

x
<latexit sha1_base64="UY5GGBwA3RzrZIPf5zzXcAznNTQ=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ8+YYHILevGYgFkgGUJPpyZp07PQ3SOGIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4IrTciHtbK6tr6xmdvKb+/s7u0XDg5bKk4lgyaLRSw7PlUgeARNzbWATiKBhr6Atj++mvntO5CKx9GNniTghXQY8YAzqo3UuO8XisSuVkmpVMbELhPXdSuGkHO3UnWwY5M5imiJer/w3hvELA0h0kxQpboOSbSXUak5EzDN91IFCWVjOoSuoRENQXnZ/NApPjXKAAexNBVpPFe/T2Q0VGoS+qYzpHqkfnsz8S+vm+qg4mU8SlINEVssClKBdYxnX+MBl8C0mBhCmeTmVsxGVFKmTTZ5E8LXp/h/0nJth9hOo1SsXS7jyKFjdILOkIMuUA1dozpqIoYAPaAn9GzdWo/Wi/W6aF2xljNH6Aest09QLY1F</latexit><latexit sha1_base64="UY5GGBwA3RzrZIPf5zzXcAznNTQ=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ8+YYHILevGYgFkgGUJPpyZp07PQ3SOGIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4IrTciHtbK6tr6xmdvKb+/s7u0XDg5bKk4lgyaLRSw7PlUgeARNzbWATiKBhr6Atj++mvntO5CKx9GNniTghXQY8YAzqo3UuO8XisSuVkmpVMbELhPXdSuGkHO3UnWwY5M5imiJer/w3hvELA0h0kxQpboOSbSXUak5EzDN91IFCWVjOoSuoRENQXnZ/NApPjXKAAexNBVpPFe/T2Q0VGoS+qYzpHqkfnsz8S+vm+qg4mU8SlINEVssClKBdYxnX+MBl8C0mBhCmeTmVsxGVFKmTTZ5E8LXp/h/0nJth9hOo1SsXS7jyKFjdILOkIMuUA1dozpqIoYAPaAn9GzdWo/Wi/W6aF2xljNH6Aest09QLY1F</latexit><latexit sha1_base64="UY5GGBwA3RzrZIPf5zzXcAznNTQ=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ8+YYHILevGYgFkgGUJPpyZp07PQ3SOGIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4IrTciHtbK6tr6xmdvKb+/s7u0XDg5bKk4lgyaLRSw7PlUgeARNzbWATiKBhr6Atj++mvntO5CKx9GNniTghXQY8YAzqo3UuO8XisSuVkmpVMbELhPXdSuGkHO3UnWwY5M5imiJer/w3hvELA0h0kxQpboOSbSXUak5EzDN91IFCWVjOoSuoRENQXnZ/NApPjXKAAexNBVpPFe/T2Q0VGoS+qYzpHqkfnsz8S+vm+qg4mU8SlINEVssClKBdYxnX+MBl8C0mBhCmeTmVsxGVFKmTTZ5E8LXp/h/0nJth9hOo1SsXS7jyKFjdILOkIMuUA1dozpqIoYAPaAn9GzdWo/Wi/W6aF2xljNH6Aest09QLY1F</latexit><latexit sha1_base64="UY5GGBwA3RzrZIPf5zzXcAznNTQ=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ8+YYHILevGYgFkgGUJPpyZp07PQ3SOGIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4IrTciHtbK6tr6xmdvKb+/s7u0XDg5bKk4lgyaLRSw7PlUgeARNzbWATiKBhr6Atj++mvntO5CKx9GNniTghXQY8YAzqo3UuO8XisSuVkmpVMbELhPXdSuGkHO3UnWwY5M5imiJer/w3hvELA0h0kxQpboOSbSXUak5EzDN91IFCWVjOoSuoRENQXnZ/NApPjXKAAexNBVpPFe/T2Q0VGoS+qYzpHqkfnsz8S+vm+qg4mU8SlINEVssClKBdYxnX+MBl8C0mBhCmeTmVsxGVFKmTTZ5E8LXp/h/0nJth9hOo1SsXS7jyKFjdILOkIMuUA1dozpqIoYAPaAn9GzdWo/Wi/W6aF2xljNH6Aest09QLY1F</latexit>
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•Mellin moments of PDFs, GPDs 

•x-dependence of PDFs 

•TMDs and the Collins-Soper evolution kernel 

•EMC-type effects in nuclei
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<latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit>

 
<latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit>

t
<latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit>

z
<latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit>

y
<latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit>

t
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z
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y
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 Dµ1 . . . Dµn 
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• Non-local light-cone correlations 

• Encode non-perturbative physicsf(x, µ2)
<latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit>

• Correlations at light-like separation not directly 
accessible in Euclidean-space calculations 

• Operator Product Expansion relates Mellin 
moments of PDFs to local operators 

f(x) =

Z
d⇠�

2⇡
e�2i⇠�(xP+)hh| f (⇠

�)�+W [⇠�,�⇠�] f (�⇠�)|hi
<latexit sha1_base64="TtP8cmY1SnS6JEkerhbUPuZtbsY="></latexit><latexit sha1_base64="TtP8cmY1SnS6JEkerhbUPuZtbsY="></latexit><latexit sha1_base64="TtP8cmY1SnS6JEkerhbUPuZtbsY="></latexit><latexit sha1_base64="TtP8cmY1SnS6JEkerhbUPuZtbsY="></latexit>

fh(x) =

Z
d⇠�

2⇡
e�2i⇠�(xP+)hp| f (⇠

�)�+W [⇠�,�⇠�] f (�⇠�)|pi
<latexit sha1_base64="5DlHKrurxnbCe5C7xjsZv+eP8oo="></latexit><latexit sha1_base64="5DlHKrurxnbCe5C7xjsZv+eP8oo="></latexit><latexit sha1_base64="5DlHKrurxnbCe5C7xjsZv+eP8oo="></latexit><latexit sha1_base64="5DlHKrurxnbCe5C7xjsZv+eP8oo="></latexit>

hh| fDµ1 . . . Dµn f |hi ⇠ hxnihf =

Z 1

0
dx xnf(x)

<latexit sha1_base64="wwbnlqJajgqIaZPMy0NsZ/8M1jo="></latexit><latexit sha1_base64="wwbnlqJajgqIaZPMy0NsZ/8M1jo="></latexit><latexit sha1_base64="wwbnlqJajgqIaZPMy0NsZ/8M1jo="></latexit><latexit sha1_base64="wwbnlqJajgqIaZPMy0NsZ/8M1jo="></latexit>



Phiala Shanahan, MIT

5

TABLE II: Our results for the intrinsic spin ( 12�⌃), angular
momentum (L) and total (J) contributions to the nucleon
spin and to the nucleon momentum hxi, in the MS-scheme
at 2 GeV, from up (u), down (d) and strange (s) quarks and
from gluons (g), as well as the sum of all contributions (tot.),
where the first error is statistical and the second a systematic
due to excited states.

1
2�⌃ J L hxi

u 0.415(13)(2) 0.308(30)(24) -0.107(32)(24) 0.453(57)(48)
d -0.193(8)(3) 0.054(29)(24) 0.247(30)(24) 0.259(57)(47)
s -0.021(5)(1) 0.046(21)(0) 0.067(21)(1) 0.092(41)(0)
g - 0.133(11)(14) - 0.267(22)(27)

tot. 0.201(17)(5) 0.541(62)(49) 0.207(64)(45) 1.07(12)(10)

show schematically the various contributions to the spin
and momentum fraction.

FIG. 3: Left: Nucleon spin decomposition. Right: Nu-
cleon momentum decomposition. All quantities are given in
the MS-scheme at 2 GeV. The striped segments show valence
quark contributions (connected) and the solid segments the
sea quark and gluon contributions (disconnected).

Conclusions: In this work we present a calcula-
tion of the quark and gluon contributions to the pro-
ton spin, directly at the physical point. Individual
components are computed for the up, down, strange
and charm quarks, including both connected (valence)
and disconnected (sea) quark contributions. Our final
numbers are collected in Table II. The quark intrinsic
spin from connected and disconnected contributions is
1
2�⌃u+d+s = 0.299(12)(3)|conn. � 0.098(12)(4)|disc. =
0.201(17)(5), while the total quark spin is Ju+d+s =
0.255(12)(3)|conn. + 0.153(60)(47)|disc. = 0.408(61)(48).
Our result for the intrinsic quark spin contribution agrees
with the upper bound set by a recent phenomenologi-
cal analysis of experimental data from COMPASS [45],
which found 0.13 < 1

2�⌃ < 0.18. The results for Lq

and Jq in Table II are also consistent with an analysis of
generalized parton distributions [45]. Using the spin sum
one would deduce that Jg=

1
2�Jq=0.092(61)(48), which

is consistent with taking Jg = 1
2 hxig = 0.133(11)(14)

via the direct evaluation of the gluon momentum frac-
tion, which suggests that Bg

20(0) is indeed small. Fur-
thermore, we find that the momentum sum is satisfied

P
qhxiq+hxig = 0.497(12)(5)|conn.+0.307(121)(95)|disc.+

0.267(12)(10)|gluon = 1.07(12)(10) as is the spin sum
of quarks and gluons giving JN =

P
q Jq + Jg =

0.408(61)(48) + 0.133(11)(14) = 0.541(62)(49) resolving
a long-standing puzzle.
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Highlight: All terms of 
nucleon momentum 
decomposition calculated 
with controlled uncertainties

Moments of PDFs
Lattice QCD can cleanly access low  
moments of PDFs (n ≲ 3) 
[work to move beyond: Chambers et al., arXiv:1703.01153, 

Davoudi & Savage, arXiv:1204.4146] 

State-of-the-art calculations have: 

• Fully-controlled systematic uncertainties 
competitive with or better than 
experiment for some quantities 

• Separate contributions from 
• Strangeness and light flavours 

• Charge symmetry violation 

• Gluons

Z 1

0
dx xnf(x, µ2) = hxnif (µ2)
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FIG. 1. Comparison of the full SIDIS+lattice fit with the
⇡
+ (filled circles) and ⇡

� (open circles) Collins asymmetries

A
sin(�h+�s)
UT from HERMES [47] and COMPASS [48, 49] (in

percent), as a function of x, z and Ph? (in GeV).

where ⇡(a) is the prior distribution for the vector param-
eters a, and

L(data|a) = exp


�
1

2
�
2(a)

�
(10)

is the likelihood function, with Z =
R
d
n
aL(data|a)⇡(a)

the Bayesian evidence parameter. Using a flat prior, the
nested sampling algorithm constructs a set of MC sam-
ples {ak} with weights {wk}, which are then used to
evaluate the integrals in Eqs. (8).

The results of the fit indicate good overall agreement
with the Collins ⇡

+ and ⇡
� asymmetries, as illustrated

in Fig. 1, for both HERMES [47] and COMPASS [48,
49] data, with marginally better fits for the latter. The
�
2
/datum values for the ⇡+ and ⇡

� data are 28.6/53 and
40.4/53, respectively, for a total of 68.9/106 ⇡ 0.65. The
larger �2 for ⇡� stems from the few outlier points in the
x and z spectra, as evident in Fig. 1. The SIDIS-only fit
is almost indistinguishable, with �

2
SIDIS = 69.2. Clearly,

our MC results do not indicate any tension between the
SIDIS data and lattice QCD calculations of gT , nor any
“transverse spin problem”.

The resulting transversity PDFs hu

1 and h
d

1 and Collins

favored and unfavored FFs, H?(1)
1(fav) and H

?(1)
1(unf), are plot-

ted in Fig. 2 for both the SIDIS-only and SIDIS+lattice
fits. The positive (negative) sign for the u (d) transversity
PDF is consistent with previous extractions, and corre-
lates with the same sign for the Collins FFs in the re-
gion of z directly constrained by data. The larger |h

d

1|

compared with |h
u

1 | reflects the larger magnitude of the
(negative) ⇡

� asymmetry than the (positive) ⇡
� asym-

metry. At lower z values, outside the measured region,
the uncertainties on the Collins FFs become extremely
large. Interestingly, inclusion of the lattice gT datum has
very little e↵ect on the central values of the distributions,
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FIG. 2. Transversity PDFs hu,d
1 and favored zH

?(1)
1(fav) and un-

favored zH
?(1)
1(unf) Collins FFs for the SIDIS+lattice fit (red and

blue bands) at Q
2 = 2 GeV2, compared with the SIDIS-only

fit uncertainties (yellow bands). The range of direct experi-
mental constraints is indicated by the horizontal dashed lines.

but reduces significantly the uncertainty bands. The fit-
ted antiquark transversity is consistent with zero, within
relatively large uncertainties, and is not shown in Fig. 2.
For the transverse momentum widths, our analysis of

the HERMES multiplicities [53] gives a total �2
/datum of

1079/978, with hk
2
?i

q

f1
= 0.59(1) GeV2 and 0.64(6) GeV2

for the unpolarized valence and sea quark PDF widths,

and hp
2
?i

⇡/q

D1
= 0.116(2) GeV2 and 0.140(2) GeV2 for the

unpolarized favored and unfavored FF widths. These
values are compatible with ones found in the analysis
by Anselmino et al. [54] of HERMES and COMPASS
charged hadron multiplicities. On the other hand, the
similar values found for the sea and valence PDF widths
disagree with the chiral soliton model [55], for which the
sea to valence ratio is ⇠ 5. Note also that while there ap-
pear some incompatibilities between the x dependence of
the HERMES and COMPASS Ph?-integrated ⇡

± multi-
plicities, our analysis uses only Ph?-dependent HERMES
data that are given in bins of x, z, Q2 and Ph?.
The transverse momentum widths for the valence and

sea transversity PDFs are hk
2
?i

q

h1
= 0.5(2) GeV2 and

1.0(5) GeV2, respectively, and hp
2
?i

⇡/q

H
?
1

= 0.12(4) GeV2

and 0.06(3) GeV2 for the favored and unfavored Collins
FF widths, respectively. The relatively larger uncertain-
ties on the h1 andH

?
1 widths compared with the unpolar-

ized widths reflect the higher precision of the HERMES
multiplicity data, and the order of magnitude smaller
number of data points for the Collins asymmetries.

Integrating the transversity PDFs over x, the resulting
normalized yields from our MC analysis for the �u and �d

moments are shown in Fig. 3, together with the isovector
combination gT . The most striking feature is the sig-
nificantly narrower distributions evident when the SIDIS
data are supplemented by the lattice gT input. The u

and d tensor charges in Fig. 3(a), for example, change
from �u = 0.3(3) ! 0.3(2) and �d = �0.6(5) ! �0.7(2)
at the scale Q2 = 2 GeV2, while the reduction in the un-
certainty is even more dramatic for the isovector charge
in Fig. 3(b), gT = 0.9(8) ! 1.0(1). The earlier single-
fit analysis of SIDIS data by Kang et al. [21] quotes
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• Including lattice QCD results for moments in global PDF fits can yield 
significant improvements  

• Community white paper (LQCD + phenomenologists) assessed potential 
impacts [Lin et al., Prog. Part. Nucl. Phys 100 (2018), 107] 

Constraints on global PDF fits

[H-W. Lin et al., PRL 2018]
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Generalised Parton Distributions
• Quark GPDs: constraints from JLab, HERA, COMPASS, by DVCS, 

DVMP, future improvements from JLab 12GeV, EIC 

• Gluon GPDs: almost unknown from experiment, future constraints 
central goal of EIC 

• Moments of GPDs: Generalised Form Factors (GFFs) 
e.g., 
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

Leading twist nucleon gluon GPDs: 
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= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

Gluon field-
strength tensor
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

GPDs(Bjorken x, skewness, mom transfer)

n2 = 0
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3

where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:

Z
1

�1

d�

2⇡
ei�xhp0| ̄q(�

�

2
n)�µU[��

2 n,�2 n] q(
�

2
n)|pi = 2PµH(⇡)

q (x, ⇠, t) + . . . (9)

for q = {u, d, . . .}, and
Z

1

�1

d�

2⇡
ei�xhp0|G{µ↵

a (�
�

2
n)


U

(A)

[��
2 n,�2 n]

�

ab

G ⌫}
b↵ (

�

2
n)|pi = P {µP ⌫}H(⇡)

g (x, ⇠, t) + . . . , (10)

where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
1

�1

dx xH(⇡)
q (x, ⇠, t) = A(⇡)

q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].



• Generalised form factors encode e.g., Energy-Momentum Tensor 

• Matrix elements of traceless gluon EMT for spin-half nucleon: 

• Sum rules of gluon and quark GFFs in forward limit

Phiala Shanahan, MIT

Energy Momentum Tensor

• Momentum fraction 

• Spin 

• D-terms              unknown but equally fundamental! 

• Da(t) GFFs encodes pressure and shear distributions

X

a=q,g

Aa(0) = 1
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where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:

Z
1

�1

d�

2⇡
ei�xhp0| ̄q(�

�

2
n)�µU[��

2 n,�2 n] q(
�

2
n)|pi = 2PµH(⇡)

q (x, ⇠, t) + . . . (9)

for q = {u, d, . . .}, and
Z

1

�1

d�

2⇡
ei�xhp0|G{µ↵

a (�
�

2
n)


U

(A)

[��
2 n,�2 n]

�

ab

G ⌫}
b↵ (

�

2
n)|pi = P {µP ⌫}H(⇡)

g (x, ⇠, t) + . . . , (10)

where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
1

�1

dx xH(⇡)
q (x, ⇠, t) = A(⇡)

q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].

Da(0)
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
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on the gluon D-term from experiment. Since DVCS ac-
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tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
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pressure distribution inside the proton is presented
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determination of the pressure and shear distributions is
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the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

Gluon field-
strength tensor
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given as one standard deviation. The negative sign of d1(0) found in this 
analysis seems deeply rooted in the spontaneous breakdown of chiral 
symmetry25, which is a consequence of the transition of the micro-
second-old Universe from a state of de-confined quarks and gluons 
to a state of confined quarks in stable protons. It is thus intimately 
connected with the stability of the proton24 and of the visible Universe.

We can relate d1(t) to the pressure distribution via the spherical 
Bessel integral:

∫∝
−

d t
j r t

t
p r r( )

( )
2

( )d1
0 3

where j0 is the first spherical Bessel function. Our results of the quark 
pressure distribution in the proton are illustrated in Fig. 1. The thick 
black line corresponds to the pressure distribution r2p(r), as extracted 
from the D-term parameters that are fitted to the published data22 
acquired at 6 GeV. The estimated uncertainties are displayed as the 
light-green shaded area. The red-shaded area represents projected 
results from future experiments at higher energy. The distribution has 
a positive core and a negative tail of the r2p(r) distribution as a function 
of r, with a zero crossing near r = 0.6 fm. The regions where repulsive 
and binding pressures dominate are separated in radial space, with 
the repulsive distribution peaking near r = 0.25 fm, and the maximum 
of the negative pressure that is responsible for the binding occurring 
near r = 0.8 fm.

The outer, blue-shaded area in Fig. 1 corresponds to the D-term 
uncertainties obtained in the global fit results from previous 
research10,11. This area has a shape similar to the light-green area, con-
firming the robustness of the analysis procedure used to extract the 
D-term. The pressure p(r) must satisfy the stability condition:

∫ =
∞

r p r r( )d 0
0

2

which is satisfied within the uncertainties of our analysis. The shape of 
the radial pressure distribution resembles closely that obtained using 

the chiral quark–soliton model24, in which the proton is modelled as a 
chiral soliton whose constituent quarks are bound by a self-consistent 
pion field. This agreement suggests that the pion field is appropriate for 
the description of the proton as a bound state of quarks.

Other applications of the GFFs of the energy–momentum tensor 
include the description of nucleons in the nuclear medium23,26,27, 
excited baryon states (such as the ∆(1232) resonance28) and point-
like and composed spin-0 particles29.

Future precision experiments are expected to provide substantially 
more DVCS data30 and enable the mapping of d1(t) in much finer steps 
and in a much larger −t range, which will reduce the systematic uncer-
tainties, as indicated by the red-shaded area in Fig. 1. We also expect 
that this work will motivate new theoretical efforts to understand the 
fundamental characteristics of the stability of the proton from first  
principles. Our results may serve as a benchmark for the assessment 
of theo retical models, including lattice quantum chromodynamics 
models.
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deviation.
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DVCS (quark) D-term

2

quark EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark (Du+d(t)) and gluon (Dg(t)) form factors. This
mixing takes the form
✓
Du+d(t, µ)
Dg(t, µ)

◆
=

✓
Zqq(

µ
µ0 ) Zqg(

µ
µ0 )

Zgq(
µ
µ0 ) Zgg(

µ
µ0 )

◆✓
Du+d(t, µ0)
Dg(t, µ0)

◆
,(3)

where the perturbative mixing coe�cients are given in
Ref. [3]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]

s(r) = �r

2

d

dr

1

r

d

dr
eD(r), p(r) =

1

3

1

r2
d

dr
r2

d

dr
eD(r), (4)

respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
system as it depends not only on the separate Dq,g(t)
but on GFFs related to the trace terms of the EMT that
cancel in the sum [2].

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  �t  2 GeV2.
The calculations are complete for the isovector combina-
tion Du�d(t), while so-called disconnected contractions
have been neglected in most (but not all) determinations
of the isoscalar quark GFFs, Du+d(t), since these terms
are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-
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mined from LQCD is approximately 1.7⇥ smaller in mag-
nitude than the BEG GFF, albeit with significant uncer-
tainties, and has a similar dependence on the momentum
transfer t. The LQCD determination of the gluon D-
term form factor is noticeably larger in magnitude than
the BEG result. It also favours a more general functional
form in t than the tripole assumed in BEG, although it is
not inconsistent with a tripole ansatz within uncertain-
ties.

The BEG analysis assumes that Dg(t, µ) = Dq(t, µ)
as there is no information on the gluon D-term from ex-
periment. This is in mild tension with the LQCD re-
sults, and, moreover, given the scale evolution, Eq. (3),
can only possibly hold at one scale. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-
tor quark contributions to the Dq(t, µ) form factor van-
ish, i.e., Du(t, µ) = Dd(t, µ). The LQCD finding that
Du�d(t, µ) ⇠ 0 provides compelling motivation for this
assumption (large Nc arguments [20] also support this).
The left panel of Fig. 4 shows the pressure distribution
of the proton computed from the BEG quark D-term
GFF and the LQCD gluon GFF, both parametrised us-
ing a tripole form and assuming that the quark-mass de-
pendence of the latter is negligible in comparison with
the statistical uncertainties. This pressure distribution
is consistent within uncertainties with the determination
using only LQCD data. The pressure obtained under
the assumptions of BEG (i.e., Dg(t, µ) = Du+d(t, µ)) is
also displayed. In comparison with the BEG assumption,
the inclusion of the LQCD gluon contribution shifts the
peaks of the pressure distribution outwards and extends
the region over which the pressure is non-zero.

As discussed above, the tripole form assumed for
Dq(t, µ) in BEG introduces significant model-dependence
into the pressure extraction. With the limited kinematic
range of the CLAS data this is particularly problematic;
the LQCD calculations show that the quark and gluonD-
term GFFs have significant support up to |t| ⇠ 2 GeV2

(assuming weak quark-mass dependence), which is far be-
yond the range of the experimental data. Fig. 1 shows the
result of a modified z-expansion fit to the BEG D-term
form factor; outside the data range, the parametrisation
is very poorly constrained. As shown in the right panel
of Fig. 4, this more general fit leads to a pressure distri-
bution that is consistent with zero everywhere, demon-
strating that experimental data over a larger kinematic
range is needed before a model-independent extraction of
the pressure is possible.

In order to investigate the range of t required for a
model-independent pressure extraction from experiment,
fake data for the quark D-term GFF are generated in
intervals of �t = 0.1 GeV2 extending the experimental
data along the tripole fit, assuming uncertainties of the

of Dq(t, µ) have been included in quadrature.
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FIG. 4: Left) Pressure distribution of the proton determined

from tripole parametrisations of the BEG quark GFF and

the LQCD gluon GFF. The red band corresponds to the to-

tal pressure distribution, while the dark blue dotted and green

dashed bands denote to the (ill-defined) quark and gluon con-

tributions to the total. The pressure under the BEG assump-

tion that that Dg(t, µ) = Dq(t, µ) is shown as the blue solid

band. Right) The same totals computed based on modified z-
expansion fits to the GFFs. Also shown is the result obtained

using only LQCD data, parametrised using the modified z-
expansion (orange dashed band).

same size as the average uncertainty in the BEG GFF
determination. The consistency of the LQCD data with
a tripole form gives confidence that such an extension is
justified. These fake data are then used to constrain a
modified z-expansion fit and calculate the corresponding
pressure distribution. For a determination of the pres-
sure distribution that is distinct from zero at 2 standard
deviations at the maximum of the first peak, the range
of the experimental data must be extended in this
manner to at least |t| ⇠ 1.0 GeV2. Future experiments,
such as those using the CLAS12 detector at JLab and a
future EIC, should seek to extend the kinematic reach to
address this deficiency, even at the expense of precision
in individual t bins. With the EIC’s potential [21, 22] to
determine the gluon GPDs that are necessary in defining
the pressure, similar kinematic coverage should be the
goal of EIC experiments. Finally, the flavour separation
necessary for a complete determination of the pressure
distribution can be enabled by studies of deeply-virtual
meson production and DVCS on deuterons [21, 22].

Summary: The shear and pressure distributions of
the proton are determined from LQCD calculations for
the first time. The results indicate that gluons play an
important role in the internal dynamics of the proton,
distinct from that of quarks. In particular, the gluon
contributions to the D-term form factor, from which the
pressure and shear distributions are defined, dominate
the quark terms at the scale µ = 2 GeV in the MS
scheme. These calculations are undertaken at heavier-
than-physical quark masses corresponding to a pion mass
roughly three times the physical value. LQCD calcula-

EXP + LQCD    
first complete pressure determination  

[Shanahan, Detmold PRL 122 072003 (2019)]
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first complete pressure determination  

[Shanahan, Detmold PRL 122 072003 (2019)]

Key assumptions in pressure extraction 
from DVCS  

• Gluon D-term same as quark term in 
magnitude and shape  
Factor of ~2 difference in magnitude, somewhat 
different t-dependence  

• Tripole form factor model  
LQCD results consistent with ansatz, but more 
general form is less well constrained 

• Isovector quark D-term vanishes  
                 from other LQCD studiesDu�d(t) ⇠ 0
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Phiala Shanahan, MIT

Nucleon D-term GFFs from LQCD

Gluon GFFs: Shanahan, Detmold, PRD 99, 014511 
Quark GFFs: P. Hägler et al. (LHPC), PRD77, 094502 (2008) 
Expt quark GFFs (BEG): Burkert et al, Nature 557, 396 (2018) 
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•Mellin moments of PDFs, GPDs 

•x-dependence of PDFs 

•TMDs and the Collins-Soper evolution kernel 

•EMC-type effects in nuclei



x-dependence of PDFs

Phiala Shanahan, MIT

Parton distribution 
functions
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y
<latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit>

• Non-local light-cone correlations 

• Encode non-perturbative physicsf(x, µ2)
<latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit>

• Access x-dependence in Euclidean calculation by relating spacelike 
non-local operator matrix elements to lightlike

 
<latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit>

 
<latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit>

t
<latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit>

z
<latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit>

y
<latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit>

 
<latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit>

 
<latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit>

t
<latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit>

z
<latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit>

Spacelike MEs Lightcone MEs

Large boost 
momentum

Perturbative 
matching



x-dependence of PDFs

Phiala Shanahan, MIT

Parton distribution 
functions

• Non-local light-cone correlations 

• Encode non-perturbative physicsf(x, µ2)
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• Access x-dependence in Euclidean calculation by relating spacelike 
non-local operator matrix elements to lightlike

• Quasi-PDFs [Ji, PRL 110 (2013) 262002] 

• Pseudo-PDFs [Radyushkin, PRD 96 (2017) 034025] 

• Factorisable matrix elements 
[Ma & Qiu, PRL 120 (2018) 022003] 

• (Heavy quark) Compton tensor 
[Braun & Müller, EPJ C55 (2008) 349; Chambers et al., 
PRL 118 (2017) 242001, Detmold & Lin, PRD 73 (2006) 
014501, Liu & Dong, PRL 72 (1994) 1790]
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• Rapid progress since first calculations in ~2014 BUT many systematics 

• Renormalisation and perturbative matching understood (~5 year effort) 

• Low-x, high-x, regions particularly challenging (lattice systematics) 

• Flavour separation is relatively straightforward 

x-dependence of PDFs

Nucleon (u-d) PDFs [quasi-PDF approach] 
First exploratory attempts 2015

Midterm Review, Part IV: Lattice QCD - M. Constantinou �10

Advances in studies within lattice QCD
First exploratory studies (nucleon quasi-PDFs)

[H.W. Lin et al., Phys. Rev. D 91, 054510 (2015), arXiv:1402.1462] [C. Alexandrou,  Phys. Rev. D 92, 014502 (2015), arXiv:1504.07455]
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Lattice Calculations (LP3)
[22] Chen, Jin, Li, Lin, Liu, Yang, Zhang, Zhao, arXiv:1803.04393  
[62] Lin, Chen, Ji, Jin, Li, Liu, Yang, Zhang, Zhao, Phys. Rev. Lett. 121 (2018) 242003, arXiv:1807.07431  
[63] Liu, Chen, Jin, Li, Lin, Yang, Zhang, Zhao, arXiv:1810.05043 

" alternative RI-type scheme 
" two-state fit analysis 
" matching from RI to MS scheme

 [19]  J. W. Chen, T. Ishikawa, L. Jin, H. W. Lin, Y. B. Yang, J. H. Zhang,  
         Y. Zhao, Phys. Rev. D 97 (2018) 014505 [arXiv:1706.01295] 

x-dependence of PDFs
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Lattice Calculations (ETMC)

First calculation at the physical point including all components                                                                                                

[5] Alexandrou, Cichy, Constantinou, Jansen, Scapellato, Steffens, Phys.Rev.Lett. 121 (2018) 112001 [arXiv:1803.02685] 
[3] Alexandrou, Cichy, Constantinou, Jansen, Scapellato, Steffens, Phys. Rev. D 98 (2018) 091503 [arXiv:1807.00232]

Alexandrou, Cichy, Constantinou, Hadjiyiannakou, Jansen, Scapellato, Steffens[arXiv:1902.00587]
Thorough investigation of systematic uncertainties: 
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" investigation of  
    excited states  
    with various techniques 
 
 

" matching from  
    MS to MS scheme 
 
 

" altered matching  
    for particle number 
    conservation 
  
" transversity PDFs  
    particularly interesting 
    due to poor estimates 
    from global fits 

" Future calculations (fine lattices, large  
    volumes  2-loop matching, controlled  
    systematics) can predict sea quark  
    flavor asymmetry
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" investigation of  
    excited states  
    with various techniques 
 
 

" matching from  
    MS to MS scheme 
 
 

" altered matching  
    for particle number 
    conservation 
  
" transversity PDFs  
    particularly interesting 
    due to poor estimates 
    from global fits 

" Future calculations (fine lattices, large  
    volumes  2-loop matching, controlled  
    systematics) can predict sea quark  
    flavor asymmetry

[ETM Collaboration (2018)]

[LP3 Collaboration (2018)]

Nucleon (u-d) PDFs [quasi-PDF approach] 
State-of-the-art 2018-2019

Spin-Independent Spin-Dependent Transversity



Phiala Shanahan, MIT

• Gluon quasi-PDFs [Z. Y. Fan, et al., PRL 121, no. 24 (2018) 242001] 

• Pion quasi-PDFs [J. Chen, et al., arXiv:1804.01483] 

• Quasi-GPDs of nucleon and pion, matching to GPDs available 
[Bhattacharya, Cocuzza and Metz, PLB 788 (2019) 453, Chen, Lin and Zhang, arXiv: 1904.12376, Y.-S. Liu et al., 
arXiv:1902.00307]  

• Nucleon pseudo-PDFs [Orginos et al., PRD96 (2017)] 

x-dependence of PDFs

[LP3 Collaboration (2018)]
Pion (u-u) PDF

_

[Orginos et al., 
PRD96 (2017)]

Nucleon (u-d) PDF  
[pseudo-PDF approach] 

Also first results in 2017-2019 for

(Drell-Yan)
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•Mellin moments of PDFs, GPDs 

•x-dependence of PDFs 

•TMDs and the Collins-Soper evolution kernel 

•EMC-type effects in nuclei



• More detailed picture of  
nucleon structure 

• TMDPDF defined by matrix element of non-local light-cone quark 
bilinear operator 

• Calculate via quasi-TMD prescription analogous to PDF case 
[Ji, Sun, Xiong,Yuan ’14, Ji, Jin, Yuan, Zhang, Zhao, 1801.05930, Ebert, Stewart, Zhao, PRD99 (2019) + 1901.03685 ] 

 

Transverse Momentum Dependent PDFs

Phiala Shanahan, MIT

PDF
longitudinal
fq/H(x)
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TMD
+ transverse 
fq/H(x, kT )
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Large boost + 
perturbative matching

Midterm Review, Part Part II: Theory - I. Stewart �14

TMD Definitions

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)

collinear  
region

soft  
region

Reminder (& notation) of TMDPDFs

Definition of TMDPDFs

Motivation: TMD factorization theorem (example: pp ! Z ! l
+
l
�)

�(~qT ) = H(Q,µ)

Z
d2~bT e

i~qT ·~bT f
TMD
q/a (xa,

~bT , µ, ⇣a) f
TMD
q/b (xb,

~bT , µ, ⇣b) + O

⇣
qT

Q

⌘2

I H(Q ⇠ mZ , µ): Hard function (virtual corrections)

Quark TMDPDF: [Collins ’11; Echevarria, Idilbi, Scimemi ’11; Chiu, Jain, Neill, Rothstein ’12, ...]

f
TMD
q (x,~bT , µ, ⇣) = Zuv(µ, ⇣, ✏) lim

⌘!0
Bq(x,~bT , ✏, ⌘, ⇣)

p
Sq(bT , ✏, ⌘)

S0
q(bT , ✏, ⌘)

I Bq: Beam function (collinear matrix element)
I Sq, S

0
q : Soft contributions

I ⌘: Regulates rapidity divergences
I ⇣: Collins-Soper scale [Collins, Soper’81]

Definitions of ⌘ and hence of Bq and Sq

are scheme dependent,
but fTMD

q is scheme independent
l

p p

l

+

-

Soft

Beam
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� :  regulates UV divergences

� :  regulates rapidity divergences
� �

0

dk+

k+

Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

b?

t
z

q

q

b+

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)

?

z

t

nn̄

b
z�b

z

�
b z
n̄

�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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Wilson Lines
Bq = �p|OB |p�

OB :

staple shaped

Sq = �0|OS |0�

OS :

Midterm Review, Part Part II: Theory - I. Stewart �33

Quasi-TMDs

Towards quasi-TMDPDFs from Lattice QCD

Bent soft function

Recall soft and quasi soft function:
S

q(bT ) = h0
��[S†

nSTSn̄](~bT )[S
†
n̄S

†
TSn](~0T )

��0i

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

S
q(bT ) and S̃

q(bT ) not related through Lorentz boost
Define “bent” soft function to remove boost-violating diagrams at NLO:

S̃
q
bent

(bT ) = h0
��[S†

ẑSTS�n̄? ](~bT )[S
†
�n̄?STSẑ](~0T )

��0i

Compare Wilson line paths:

S̃
q(bT ) = b?

x

z

L

y

L

$
b?

x

-z

L

y

L

= S̃
q
bent

(bT )

Yields a perturbative matching relation at NLO
I Proof beyond NLO required
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)

?

z

t

nn̄

b
z�b

z

�
b z
n̄

�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost
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µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T

Markus Ebert (MIT) Quasi (TMD)PDFs from Lattice QCD 02/05/19 21 / 30

[49] Ji, Jin, Yuan, Zhang, Zhao, 1801.05930
[38] Ebert, Stewart, Zhao, 1901.03685

f̃u-d(x,�bT , µ, P z) = CTMD
u-d (µ, xP z) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fu-d(x,�bT , µ, �)

from  
Lattice QCD

perturbation 
theory

Collins-Soper 
kernel

desired 
TMDPDF

Status:  construction found which is confirmed at 1-loop

f̃q = B̃q

�
S̃q fq = Bq

�
Sq

Bq :

Sq :S̃q :

B̃q :Spatial staple 
calculable in 

LQCD

f̃u-d(x,~bT , µ, P
z) = CTMD

u-d (µ, xP z)exp


1

2
�⇣(µ, bT ) ln

(2xP z)2

⇣

�
fu-d(x,~bT , µ, ⇣)
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quasi-TMD 
from LQCD

perturbative 
matching

desired 
TMDPDF

Collins-Soper 
evolution kernel



• Most robust results for ratios of TMDPDFs:  
cancellation of renormalisation  
ambiguities and soft factors 

• e.g., Generalised Sivers shift  
(~ratio of Sivers TMD over  
unpolarised TMD) 

• Encouraging comparison with  
expt: global fit to HERMES, 
COMPASS, JLab 
Light cone: 

• First study of Generalized Transverse Momentum-Dependent 
Distributions (GTMDs) to obtain quark orbital angular momentum 
(OAM) in proton [Engelhardt, PRD 95 (2017), USQCD 1904.09512]  

• First results for x-dependence of TMDs [Engelhardt, Lattice 2018] 

Midterm Review, Part IV: Lattice QCD - M. Constantinou �25

TMDs from lattice QCD
[87] Yoon, Engelhardt, Gupta, Bhattacharya, Green, Musch, Negele, Pochinsky, Schaefer,Syritsyn, PRD 96 (2017) 094508 [arXiv:1706.03406] 

Correlator studied on the lattice  
" U : staple of gauge links  
" Φ[Γ] includes ultraviolet and soft divergences  
" η=0 can also be studied (straight Wilson line) 
" |η|#∞ :  gluon exchange in SIDIS and Drell-Yan  
" b : transverse to proton momentum P 
" different structures Γ give access to different quantities (e.g., Sivers ratio, Boer-Mulder 
    ratio, generalized tensor charge) 
Qualitative study of uncertainties  (lattice action, mixing, discretization effects)

Φ[Γ]
unsubtr.(b, P, S) ≡ ⟨P, S| ψ̄ (− b/2) Γ &[− b/2, b/2] ψ (b/2) |P, S⟩

Plot: 
Generalized Sivers shift (ratio of Sivers TMD over 
unpolarized TMD multiplied by nucleon mass) as a 
function of the Collins-Soper parameter:   
light cone:  

Encouraging comparison with experimental value 
from global fit to HERMES, COMPASS, JLab data

̂ζ ≡ u ⋅ P
|u| |P |̂ζ → ∞

⇣̂ ! 1
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[Yoon et al., PRD 96 (2017)]  

Transverse Momentum Dependent PDFs

Phiala Shanahan, MIT



Phiala Shanahan, MIT

TMD Evolution

• Perturbative at short distances 

• Non-perturbative for  
Can be accessed via ratio of non-local MEs in LQCD [Ebert, Stewart, Zhao, PRD99 (2019)] 

µ, b�1
T � ⇤QCD
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Collins-Soper Evolution Kernel • Governs TMD evolution 

• Needed to match quasi-TMD to 
physical TMD

�q
⇣ (µ, bT ) = ⇣

d

d⇣
ln fq(x,~bT , µ, ⇣)
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• First calculation in progress 
[PES, Wagman, Zhao] 

• CS-kernel independent of 
state: study unphysically-heavy 
pion with no systematic bias 

• 5x statistics, 1.5x      range 
will constrain                 in non-
perturbative region

�q
⇣ (µ, bT )
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Dashed line: Perturbative
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•Mellin moments of PDFs, GPDs 

•x-dependence of PDFs 

•TMDs and the Collins-Soper evolution kernel 

•EMC-type effects in nuclei
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Matrix elements of the spin-independent gluon operator in nucleon + 
light nuclei [NPLQCD PRD96 094512 (2017)]                              
               first determination of gluon momentum fraction of nuclei 

• Present statistics: can’t distinguish from no-EMC effect scenario 

Gluon momentum fraction of nuclei

m𝞹 ~450 MeV m𝞹 ~800 MeV

Ratio of gluon momentum fraction in nucleus to nucleon
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[NPLQCD PRD96 094512 (2017)]
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Non-nucleonic glue in deuteron
Contributions to nuclear structure 
from gluons not associated with 
individual nucleons in nucleus

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0

nucleon: 

nucleus:

• First moment of gluon transversity 
distribution in the deuteron  
[Jaffe, Manohar PLB223 (1989) 218] 

• First evidence for non-nucleonic gluon 
contributions to nuclear structure: LQCD 

with m
𝞹
 ~800 MeV [NPLQCD PRD96 (2017)]  

• Magnitude relative to momentum 
fraction as expected from large-Nc

Signal in LQCD data
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Exploratory Era

•x-dependence of 
PDFs 

•TMDs 

Precision Era

•Static properties of 
nucleon incl. spin, 
flavour decomp. 

•Mellin moments of 
PDFs, GPDs 

Fully-controlled w/ 
few-percent errors 
within ~5y

First calculations, 
timeline for 
controlled 
calculations unclear

Early Era

•Nuclear structure A<5 

•Spin, flavour decomp. 
of EMC-type effects 

Fully-controlled w/ 
~15—percent errors 
within ~5y 

x
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