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The focus of this work:
ü Separate and study the linear and mode-coupled contributions 
ü Study the nature of the eccentricity coupling and the EP correlations
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Introduction
The Solenoidal Tracker At RHIC

Ø Time Projection Chamber
Tracking of charged particles with:
ü Full azimuthal coverage
ü |𝜂| < 1 coverage
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The two- and three-particle correlations:

The four-particle correlations:

Analysis Method

𝑣67689:;<=> = cos 𝑛𝜑+C − 𝑛𝜑,E
+/,

𝐶H,,6 = cos((2 + 𝑛)𝜑+C − 2𝜑,E − 𝑛𝜑-E) A B
|∆𝜂| > 0.7

𝜂

v,. = cos(2𝜑+ + 2𝜑, − 2𝜑- − 2𝜑.) − 2 cos 2𝜑+ − 2𝜑,
, + 2 cos 2𝜑+C − 2𝜑,E

,

v,,v-, = cos(3𝜑+ + 2𝜑, − 3𝜑- − 2𝜑.) − cos 2𝜑+ − 2𝜑, cos 4𝜑+ − 3𝜑,
+ cos 2𝜑+C − 2𝜑,E cos 3𝜑+C − 3𝜑,E

n= 2,3 k= 𝑛 + 2
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𝑉H = 𝑉HU<6>VW + 𝑉H"X6YU<6>VW

Assume the orthogonality between 
linear and non-linear contributions

Ø 𝑣HZ[0Y\]0^_` carry information about:
ü Viscous effects, EP angular correlations and Eccentricity coupling

at least 15 TPC space points used in their reconstruction. In order to remove tracks splitting56

effect, the ratio of the number of fit points to a maximum possible number of TPC space points57

was required to be larger than 0.52. Analyzed tracks were restricted to transverse momentum58

0.2 < pT < 4 GeV/c. In this work, the systematic uncertainties associated with our measure-59

ments were evaluated through studies of the impact of the choice of the cuts for the z-vertex60

position, track selection, and ∆η = η1 − η2. The respective uncertainties, changing from 2%61

to 8%, were added in quadrature to obtain an overall systematic uncertainty for the respective62

measurements.63

The two- and multi-particle cumulant technique will be used in this work. The framework64

for the cumulants method is described in Refs. [40, 29], which was extended to the case of65

subevent cumulants in Refs. [41, 42]. In this work the two- and three-particle correlations were66

constructed using the two subevent cumulant method, with particle weights and |∆η| > 0.767

separation between the subevents A and B. The two- and three-particle correlations could be68

written as:69

vn{2}|A,B = vInclusive
n = ⟨⟨cos(n(ϕA

1 − ϕB
2 ))⟩⟩1/2 = ⟨v2

n⟩1/2|A,B, (5)70

71

Cn+m,n,m = Re⟨Vn+mV∗nV∗m⟩72

= ⟨⟨cos((n +m)ϕA
1 − nϕB

2 −mϕB
3 )⟩⟩, (6)73

where ⟨⟨ ⟩⟩ indicates the average over all particles in a single event and then an average over all74

events, and ϕi expresses the azimuthal angle of the i-th particle. The use of the two subevent75

cumulant method will help to suppress the non-flow correlations from the two- and three-particle76

correlations.77

On another hand the used four-particle correlations, ⟨v4
2⟩ and ⟨v2

2v2
3⟩ could be extracted from78

the relation between the four-particle cumulants constructed using the standard cumulant method79

with particle weights, (i.e. the quadruplets are selected using the entire detector acceptance,80

|η| < 1 cm) and the two-particle cumulants constructed using the two subevent method as:81

⟨v4
2⟩ = C2{4}|T + 2⟨v2

2⟩2|A,B,82

⟨v2
2v2

3⟩ = SC(2, 3){4}|T + ⟨v2
2⟩|A,B⟨v2

3⟩|A,B, (7)83

where,84

C2{4}|T = ⟨⟨cos(2ϕ1 + 2ϕ2 − 2ϕ3 − 2ϕ4)⟩⟩ − 2⟨v2
2⟩2, (8)85

SC(2, 3){4}|T = ⟨⟨cos(3ϕ1 + 2ϕ2 − 3ϕ3 − 2ϕ4)⟩⟩ − ⟨v2
2⟩⟨v2

3⟩.86

(9)87

If the linear and non-linear modes are independent [28], then by using the Eqs. 1,2,7 the non-88

linear mode in higher order anisotropic flow, vk=4,5, can be given as:89

vNon−Linear
k =

Ck,2,n√
⟨v2

2v2
n⟩
, (10)90

=
⟨vk v2 vn cos(kΨk − nΨn − 2Ψ2)⟩

⟨v2
2v2

n⟩
,91

∼ ⟨vk cos(kΨk − nΨn − 2Ψ2)⟩,92

3

where n = 2 and/or 3.93

The approximation is correct if the correlation between lower vn (n = 2, 3) and higher (n > 3)94

flow coefficients is weak. Then we can define the linear terms of the higher order anisotropic95

flow, vk=4,5, as:96

vLinear
k =

√
(vInclusive

k ) 2 − (vNon−Linear
k ) 2, (11)97

The ratio of vNon−Linear
k to vInclusive

k , expressed as ρk,2n, can be calculated as:98

ρk,2n =
vNon−Linear

k

vInclusive
k

= ⟨cos(kΨk − 2Ψ2 − nΨn)⟩, (12)99

The ρk,2n Eq.(12) measure the correlations between different order flow symmetry planes.100

Also the non-linear mode coefficients χk,2n in Eqs. (7 and 8) which quantify the contributions of101

the non-linear mode to the the higher order anisotropic flow harmonics, vk=4,5, are defined as:102

χk,2n =
vNon−Linear

k√
⟨v2

2 v2
n⟩

(13)103

All of the introduced observables are based on the standard and/or subevent two- and multi-104

particle cumulant technique introduced in Ref. [41]. In equation 13 and for the differential χ5,23105

these analyses further make the approximation
√
⟨v2

2v2
3⟩ ∼ v2v3, which is valid if the magnitudes106

of v2 and v3 are uncorrelated.107

3. Results and discussion108

In A + A collisions, the short-range non-flow correlations have a significant contribution to109

the measured three-particle correlations Cn+m,n,m. Such an effect could be reduced by using the110

subevent cumulants method [41].111

Figure. 1 compares the C2+n,2,n (n = 2 and 3) values obtained from the standard and two-112

subevent cumulants methods for Au+Au collisions at
√

sNN = 200 GeV. The measured three-113

particle correlations show larger values for the results extracted via the standard cumulants114

method which confirm the expectation that the standard method has more short-range non-flow115

contributions. The three-particle correlations are also compared with different hydrodynamic116

simulations [43, 44] summarized in Tab. 1. However, both models agree well with the measured117

vn{2} they need additional constraints to describe the C2+n,2,n (n = 2 and 3).

Hydro−1 [43] Hydro−2a/b [44]
η/s 0.05 0.12

Initial conditions TRENTO Initial conditions IP-Glasma Initial conditions
Contributions Hydro only (a) Hydro + Hadronic cascade

(b) Hydro only

Tab. 1: Summary discripution of the hydrodynamic simulations, Hydro−1 [43], and Hydro−2a/b [44].

118

4

n= 2,3

𝒗𝒌𝑵𝒐𝒏Y𝑳𝒊𝒏𝒆𝒂𝒓 𝒗𝒌𝑳𝒊𝒏𝒆𝒂𝒓

k= 𝑛 + 2
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P.Liu, R.Lacey
PRC 98, 021902 (2018)

Weak viscous effect expected

n= 2,3

ü Eccentricity coupling

𝒗𝒌𝑵𝒐𝒏Y𝑳𝒊𝒏𝒆𝒂𝒓 𝒗𝒌𝑳𝒊𝒏𝒆𝒂𝒓

k= 𝑛 + 2
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Three-particle correlations, C.,,, and C/,,- for Au+Au collisions 
at 𝑠"" = 200 GeV using the AMPT model

Ø Two-subevents reduce the short-range non-flow effects in the 
three-particle correlation measurements

The short-range non-flow contributions in 
the three-particle correlations
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where n = 2 and/or 3.93

The approximation is correct if the correlation between lower vn (n = 2, 3) and higher (n > 3)94

flow coefficients is weak. Then we can define the linear terms of the higher order anisotropic95

flow, vk=4,5, as:96

vLinear
k =

√
(vInclusive

k ) 2 − (vNon−Linear
k ) 2, (11)97

The ratio of vNon−Linear
k to vInclusive

k , expressed as ρk,2n, can be calculated as:98

ρk,2n =
vNon−Linear

k

vInclusive
k

= ⟨cos(kΨk − 2Ψ2 − nΨn)⟩, (12)99

The ρk,2n Eq.(12) measure the correlations between different order flow symmetry planes.100

Also the non-linear mode coefficients χk,2n in Eqs. (7 and 8) which quantify the contributions of101

the non-linear mode to the the higher order anisotropic flow harmonics, vk=4,5, are defined as:102

χk,2n =
vNon−Linear

k√
⟨v2

2 v2
n⟩

(13)103

All of the introduced observables are based on the standard and/or subevent two- and multi-104

particle cumulant technique introduced in Ref. [41]. In equation 13 and for the differential χ5,23105

these analyses further make the approximation
√
⟨v2

2v2
3⟩ ∼ v2v3, which is valid if the magnitudes106

of v2 and v3 are uncorrelated.107

3. Results and discussion108

In A + A collisions, the short-range non-flow correlations have a significant contribution to109

the measured three-particle correlations Cn+m,n,m. Such an effect could be reduced by using the110

subevent cumulants method [41].111

Figure. 1 compares the C2+n,2,n (n = 2 and 3) values obtained from the standard and two-112

subevent cumulants methods for Au+Au collisions at
√

sNN = 200 GeV. The measured three-113

particle correlations show larger values for the results extracted via the standard cumulants114

method which confirm the expectation that the standard method has more short-range non-flow115

contributions. The three-particle correlations are also compared with different hydrodynamic116

simulations [43, 44] summarized in Tab. 1. However, both models agree well with the measured117

vn{2} they need additional constraints to describe the C2+n,2,n (n = 2 and 3).

Hydro−1 [43] Hydro−2a/b [44]
η/s 0.05 0.12

Initial conditions TRENTO Initial conditions IP-Glasma Initial conditions
Contributions Hydro only (a) Hydro + Hadronic cascade

(b) Hydro only

Tab. 1: Summary discripution of the hydrodynamic simulations, Hydro−1 [43], and Hydro−2a/b [44].

118
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The pn-differential dependence of the non-linear mode-coupling 
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The influence of event shape selection
Ø Events are further subdivided into groups 

with different 𝑞, magnitude:

𝑞6 =
𝑄6
𝑀

𝑄6 = 𝑄6,�, + 𝑄6,�,

𝑄6,� = �
<�+

�

cos(𝑛 𝜑<) 𝑄6,� = �
<�+

�

𝑠𝑖𝑛(𝑛 𝜑<)

 0.01

 0.1

 1

 10

 100

 0  1  2  3  4

(a) q2%

×102

Au+Au 200 GeV
40-50%

q2

Co
un

ts

0-20 %
20-40 %
40-60 %
60-80 %

80-100 %

 0

 0.05

 0.1

 0  1  2  3  4
 0

 0.05

 0.1

q2

v 2
{2
}

(b)

0.2 < 𝑝{ < 4 𝐺𝑒𝑉/𝑐

STAR Preliminary

11



The influence of event shape selection
Ø Events are further subdivided into groups 

with different 𝑞, magnitude:

𝑞6 =
𝑄6
𝑀

𝑄6 = 𝑄6,�, + 𝑄6,�,

𝑄6,� = �
<�+

�

cos(𝑛 𝜑<) 𝑄6,� = �
<�+

�

𝑠𝑖𝑛(𝑛 𝜑<)

Ø 𝑣,{2} increases linearly with 𝑞,
𝑞, is good event-shape selector 

 0.01

 0.1

 1

 10

 100

 0  1  2  3  4

(a) q2%

×102

Au+Au 200 GeV
40-50%

q2

Co
un

ts

0-20 %
20-40 %
40-60 %
60-80 %

80-100 %

 0

 0.05

 0.1

 0  1  2  3  4
 0

 0.05

 0.1

q2

v 2
{2
}

(b)

 0

 4

 8

 12

 0  20  40  60  80

v 2
{2
}%

q2%

Au+Au 200 GeV
40-50%

0.2 < 𝑝{ < 4 𝐺𝑒𝑉/𝑐

0.2 < 𝑝{ < 4 𝐺𝑒𝑉/𝑐

STAR Preliminary

STAR Preliminary

11

ALICE Collaboration
PRC 93, 034916 (2016)



The influence of event shape selection
Ø Events are further subdivided into groups 

with different 𝑞, magnitude:

𝑞6 =
𝑄6
𝑀

𝑄6 = 𝑄6,�, + 𝑄6,�,

𝑄6,� = �
<�+

�

cos(𝑛 𝜑<) 𝑄6,� = �
<�+

�

𝑠𝑖𝑛(𝑛 𝜑<)

Ø 𝑣,{2} increases linearly with 𝑞,
𝑞, is good event-shape selector 

 0.01

 0.1

 1

 10

 100

 0  1  2  3  4

(a) q2%

×102

Au+Au 200 GeV
40-50%

q2

Co
un

ts

0-20 %
20-40 %
40-60 %
60-80 %

80-100 %

 0

 0.05

 0.1

 0  1  2  3  4
 0

 0.05

 0.1

q2

v 2
{2
}

(b)

 0

 4

 8

 12

 0  20  40  60  80

v 2
{2
}%

q2%

Au+Au 200 GeV
40-50%

 0

 0.5

 1

 1.5

 2

 0  20  40  60  80

v 4
{2
}%

q4%

Au+Au 200 GeV
40-50%

Ø 𝑣.{2} shows no sensitivity to 𝑞.

0.2 < 𝑝{ < 4 𝐺𝑒𝑉/𝑐

0.2 < 𝑝{ < 4 𝐺𝑒𝑉/𝑐

0.2 < 𝑝{ < 4 𝐺𝑒𝑉/𝑐

STAR Preliminary

STAR Preliminary

STAR Preliminary

11

ALICE Collaboration
PRC 93, 034916 (2016)



Ø The non-linear 𝑣. increases with 
q, selections
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Ø The non-linear 𝑣. increases with 
q, selections

Ø The linear 𝑣. shows a weak 
sensitivety to q, selections
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Ø The 𝜒.,,, shows a weak sensitivety 
to q, selections
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Ø The (non)linear 𝑣. and the assosatied 𝜌.,,, and 𝜒.,,, show weak 
sensitivety to q. selections
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Conclusion
The linear and mode-coupled contributions to the higher-order anisotropic flow 

coefficients 𝑣. and 𝑣/, have been studied using two- and multi-particle 
correlations in Au+Au collisions at 𝑠"" = 200 GeV
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