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« Introduction: non-thermal fixed points, ultra-violet &
Infrared fixed points, examples: turbulence in kinetic
processes, vortices as topological defects

 Map: from relativistic real scalar ¢ to non-relativistic
complex scalar ¥, derive GP theory from that of ¢

« Simulations of relativistic real scalar ¢ in 2D which give
the dynamics of vortices and scaling exponents
appearing in GP theory for ¥
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Ultracold atoms

Question:

Do they have
common
properties?

Classical and quantum turbulence  Talks by Berges, Mazeliauskas, Heller,
Noronha, Martinez, Denicol
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IS in HIC at early times is a weak (p)
coupling system with g<<1

Q p
Highly correlated system (color
glass condensate) fp<Q)~1/g*  (or (AA) ~Q%/¢?)

[

The system can take detour to Non-thermal
NTFP before thermalization w fixed-point

Berges, Epelbaum, Gasenzer, Gelis,
Mclerran, Moore, Schlichting, Sexty,

Venugopalan, ...... Nowak. Scholle, Gasenzer
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At anon-thermal fixed point
— Memory loss of the details of the initial conditions;
— Self-similar evolution of distribution function f

(critical slowing down) __
— Scaling behavior in time f ~t* , p~t "

f(p,t) =1 fs(t’p)

— Several fixed-points in different momentum regimes
(inertial range)

— Often connected to kinetic processes (turbulence) or
topological defects (vortices)

« Classification: universality classes for system far from equilibrium
— by NTFP with dynamical exponents a, 8 and the scaling
function fg(x)
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Self-similarity

[(p.t) =t [s(t%p)

Condensation

—

-—== 1, >
Perturbative
1/A > n >> i Micha & Tkachev,
Perturbative
PRL(2003), PRD(2004)
i‘: Hed Non-perturbative
= Quantum Berges, Rothkopf & Schmidt,

regime

n21/A PRL (2008)
NoE-perubaive Nowak, Sexty & Gasenzer
L . coonssssssmsiiissinsmonssassssssfaaions _ﬁ' PRB(2011)
Bose condensation
i =
Fig. by A. Orioli log p Berges & Sexty, PRL(2012)
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Start with fluctuating initial
conditions at initial time t,

fip) | (Example)

Solve initial value problem on the

lattice. For example, self-interacting

real scalars: |
1 1

1
L= (0,0)0"6) - 5m*6 — A"

1 Phase space

(0,0 +m?)g + -A¢” =0 == (1)

We know ¢ (t) - O[¢p(t)] at t for a
specific IC, ensemble average over
initial conditions at time ¢ to obtain b
the observable (0O[¢(1)])

[Aarts & Berges, PRL 88, 041603 (2002): Jeon, PRC 72, 014907 (2005)]

v
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Relativistic real scalar Non-relativistic complex scalar

(high energy physics) (Superfluid Helium, cold atoms)
1 1 1
L = (0,0)0"6) - gm*d? — ;A" H o= o VP VIR + gl
o 1 |
(0, 0" + m?)o + %w =0 z‘a—?; = (—ﬂvg + V+g\wl2) U
—glebalua global U(1)

Low-momentum universality class of scalar field theory: dynamical
scaling exponents of the infrared fixed-point

~exponentrelativistic  non-relaivistio  SEAT Erbuton

a 3 3/2 [(pt) =t [s(t7p)
p 1 1/2

What is the connection between relativistic real scalar and non-
relativistic complex scalar field theory?
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« Hamiltonian density, scalar field and its canonical momentum

1 1
H = =[n°+ (Vo) +m?p?] + =)\
2 . 24 all complex
ik-x x —ikex lassical variables
o(x =/d3k ae’™* + afe K ¢
) M e ) /

mx) = =i [ (e g /
2 T T

non-resonant terms:
un-equal number of

a, and a*, , correspond
to particle number

1 22y -~="./! changing processes
resonant term: +57) / [dK][d*k,][d k] [d lggj,\,/lﬁ}é‘(g )j; == JnI P
equal number UL SARTER SR RS,

of a, and a*, [t e angdlk-+Ky + ko -l:!ia')"-l: darcaia o apgd(k + ki + ko — ka)
“Lbaxayagoara0(k + !(/1,,—'1(’2 —k3) + 4‘{11'{’@’1"(1&;2&"1;35(1( — ky; — ko — k3)

+0j 05 0~k = ki — ko — k)]

* Hamiltonian in a, and a*,

H(a,a*) = / d*xH = / [d*k]|Eaxa;,

-
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« EOM in Poisson brackets

.da da .
ﬁd—f ={ap,. H} . Ed—tp = {ap}H}ﬂ

* Poisson brackets in the a, basis

{F(p),G’(pl)}ﬂ — /[dak] [aF(P) OG(p1) _ dF (p) 0G(p1)

day  dag day,  Oday
{ap, a1 ta = (2m)%3(p — p1)
{ap,api}ta = {ag,a,; }a =0

- Generally we can use any canonical variables (ax.ay) — (bp,b},),
if (bp, ;) have the same Poisson brackets in the a,-basis

{bp:bpi}a = (2m)%3(p —p1)
{bp,bprta = {bp,bpi}a=0
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« Poisson brackets are invariant under the change of canonical basis,
for example

0b
13_: = {bsz}L: {bp?H}i

 Canonical variables can be defined by time shift through H,,, (b,,b*)):

z is auxiliary time

- dby(2) 1, d?by(2) 1, d®by(2)
E;fz) = bp+2z 0 » + 3% ~ 2, » + % &, . +
. L .
/ = by — ix{bp, HauJo + 5(=i2)*{{bp, Huwchio Huwsds [ bp = bp(0)
=} 1 b = b* (0)
ap p(z) +E(_iz)3{{{bp!Haux}b-pHaux}b:Haux}b+"' i L

» One can prove that by(z),b;(z) satisfy canonical relations in b, basis

{ap.aphy = (2m)%6(p —p1)

{ap.api}y = {ag.ag =0
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* Auxiliary Hamiltonian

Haux(b,0*) = / [d°k1][dka][dka][d k4]

1
X {ﬂ[Bl (k1. ko, ks, ka)biibrabiabia + c.c.]
x0(ky + ko + ks +ky)
1 .
+E[Bz (k1, ko, ka: kq)bi1 brabrsbyy + c.c.]

X(i(kl + kg —I—k3 — k4)}

B, and B, will be determined by removing non-resonant terms in
the original Hamiltonian
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* New canonical variable by time shift through H_,

initial auxiliary

auxiliary time z

—iz2{bp, Haux Jb
iz)g{{bpa Haux}b: Haux}b

time z=0 Hoe (b.57)
by = by, (0) * y [P =b (EJ B
b = b (0) p = bp(2) :5.(._
substitute l
H(a,a"
H'(b,b*) = H(b.b)+ (—iz){H(b,b), Huux }s
+% —iz)2{{H (b,5"), Ha o Haux }5 l
é —iz) {{{H (b,b"), Haux } b, Harwx } 5 Hauwc J1 [ H'(b,b") —)
t+ vanishing of

with only resonant
terms, global U(1)

Hep(b,b™)

non-resonant terms
fix B, and B, in H_,
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1
Hep(b,0") = f[dg pEpbpbp, + )\/Hdgk]w/ﬂ'mﬂ'kzﬂ'kaﬂ'kd

}ibklbkgbigbid(zﬁ) 5[:1(1 + ko — kg — kq)

06 = [ e

Hor(?) ~ m [ dxlotP + [t (~5-9) vie.)

A 3 4
triey [ dxlult )

global U(1)

2
symmetry B, x4+~ (|

2m

The main result: (1) derivation of GP Hamiltonian from ¢
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« Change the basis from b, to a, for all Poisson brackets

bp - ﬂp—l_iz{bpaﬂaux(b)}a
_%(iz)g{{bppﬂ-al_m(b)}g} Haue(D)}a + - -

* b, can be solved as a function of a, in perturbation

expansion
b = a, parameter:
' 2
B = iz (b, Haux(D)}al, A6
o L, m2
bp = —E(Ez) {{bp:Haux(b)}mHﬂux(b)}ﬂ|b—m

‘I‘iz {bp} Hﬂux (b) }*1|b—:ut.:—|—i!7r*:lJI
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 Transform to coordinate space

W(x) = / [d°Kk]byee™™™

« Express (W, W*) as function of (¢,1r). In the large mass limit, the

e 5 k 3‘”' 2F; Tk

"'b'[':'] (x) = / d?’kg ﬁkﬁik'x = \/%fd%cﬁ(ﬂf)ﬂ_ik'x —I—z'\/gfd%?r(m')e—fk"‘

(2m)

— 5 (1= 2272 o) + i (14 192 ) )

1 1
= oI "+ 11"

l4 4\ 1

1 1"
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« The 1st order contribution at large mass limit (A¢?/m? is small)

Yuy(x) = iz][dgp]ﬁip'x {ap, Hanx(a,a")},

Ap T [_—‘33 — =0 — — 09D + =37l
Y~z Yo 16m3 | 6 4 3 2
+%H<b’¢' + gm” + %%fw +30°T1"
expansion +§®H2 i §H2<I>” + EH(FH' + E@H’H’
parameter: 2 4 ! i
2 /002 L 21
A~ /m + 20111 — ST1° — T — 201°11"

* The main result: (2) arigorous map from ¢ to P = Py + P(qy + -+ in
non-relativistic limit

« An important application of our method is to study axion as dark
matter candidate.
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« Compared with previous approaches (Guth, Braaten, ...):

« Our approach: arigorous map between relativistic real scalar field
to non-relativistic complex scalar field based on classical canonical
transformation. The mapped relation can be derived order by order
in large mass limit.

« Itis anon-relativistic effective field theory (NREFT) built in a
classical way !
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» Solve classical EOM for ¢ in real time lattice simulation

a; |4

ar¢{r:x} - JT{I,K) ]

A (t,x) = 9;0'¢p(t,x) — m>p(t,x) — %ga(r,xﬁ

» With fluctuating initial condition

[up€+rp . + {I*E p- ‘IL]

= N S)EZ r’—ZE \"

o

N;

Ay

f

N;

Sampled with Gaussian

{_} Ip-x —ip-X
my(x) = (st:s)z Z""I P la p€+P ar e PN,

magnitude and uniform
random-phase distribution

(:I‘Ipﬂ' } - {Nsa:) ‘E'p qf{r - 0 P)

« Single particle distribution

flt.p)=

(N;a,)?

\/{Ié"ﬁ(f,p)lg}(lﬁ(r,p)m, flt=0,p) =

DQ

(0 — p).

. > >
Fourier transform of ¢(t,x) and 1(t,x)
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* Non-thermal fixed-point in IR associated with self-similar cascade

» Different exponents from 2Pl 1/N prediction (a=1, =1/2)

flt,p)= m

J18@pPR) (7P,

P)

—

o

S
T T
H 4 xB"8B

WM e
§ g

—
OI'\.‘l

—
o
o

Phase space occupancy: A/Q f(t,

102 | N=2048 Qa=0.125n,=20 m/Q=4 A\,

QU=500
Qt=1000 |
Qt=2000 ~ +
Qt=4000 = |
Qt=8000
Qt=16000 o |
(pr)'s‘fs ]
()t —— |

100

Momentum: p/Q
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Scaled occupancy: (V)™ 1/Q f(t,p)

———— |3 =0.2440.08
[(p,t) =1t [s(t7p)
a=283
10° ¢
y 04 i Scaling exponents: p=0.2 «=0.4
tn" By o ol
T F o E® sl
10° | e
10 | “F,
1 [
100 ¢ Qt=2000
‘100 — Qt=4000 —=—
I Qt=8000
107! i Qt=16000 —=—
P’ co/(1+(x/xg)Y) = = - -
102 L—— N
0.1 1

Scaled momentum: (t.*’tr)[j (p/Q)
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* Non-relativistic complex scalar W constructed from ¢. We can draw
density p = [y|? and phase 6(x)

U(x) = V/p(x)e’™ !

1
1;")(0}(}(} =&+ 11— —®” -+ —11”

4 4
° VOI’tiCeSp—>0,9—) iZn’ A 5 9 7 3 27 I 5t 2
Py(x) = T 16m3 _E‘@ _Zi' o7 - ?I"D@ +§® i
11 s, 3 .11 S U 217/
+g MY+ DTS+ — BT 4 3071
m
d=,/—
\E #(x) J% BIT2 + g 2" + gnfpfﬂf + g@ﬂf'n’
1
=i m(x)
v L OB — AT — S HITIY — 21T
0" = —V;0 2 s
m

Ag? : A2 2
¢(1)~th(0) expansion parameter: A¢“/m
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Position: y [units of Q]

Density profile at Qt=1000
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Density profile at Qt=4000

Phase profile at Qt=4000
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Position: y [Q~1)

Vortices of non-rel. fields correspond to intersections of domain
walls of ¢ and T fields

Scalar field profile at Qt=2000 Momentum field profile at Qt=2000
T —— 150
) ) e A % 100
100 100 X !
- o 50
80 g
>
~- 0
60 § 60
=
3
2 20 -100
0 0 -150
0 20 40 60 80 100 120
Position: x [Q"1] Position: x [Q"]
o field M field
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Striking similarities with previous observations in simulations of Gross-Pitaevski equation
Non-equilibrium realization of topological phase transition (KT transition)
Density of vortices decreases due to annihilation of vortex and anti-vortex

O vortex

O anti-vortex
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i me=l2 nu=ﬂﬁ |—e—| me:il- n[;={}5 |—c-,—| nﬂﬂ:d HD=4UI |—A—|l 1 Evolution of the
100 - m/Q=2n,=10 —=— m/Q=4 ny=10 m/Q=4 nyg=80 —— A vortex density as
al _ _ — 2/ i . .
= M/Q=2 =20 —<—1 M/Q=4 =20 —e— (@)** functions of time t
S A in the unit of the
GF 100 1 healing length
= i
c 5| ° ] Vortex density
° 10 decays in power
@ law of t
o .
= 10 3 [ . _(
nVNt

10° 10° 10°
Evolution time: t/g,
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Vortex decay exponent: £(t)

1.2

anom. vortex kinetics (Karl & Gasenzerlj [=2/5 ===
m/Q=2 ny=10
m/Q=2 ny=20
m/Q=4 ny=20
m/Q=4 ny=40

- m/Q=4ny=80

o

%ih

+

C =l
i

% {} i

f'i:._-fr_u_?l

5000
Evolution time: t/g,

10000

20000

Extraction of the
scaling exponent
characterizing
the power law

decay
ny~t=$ =72k

or the mean
distance of two
vortices increases
In the power law
as l,~tP
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We constructed a formal map between the infrared structure of an
N=1 relativistic self-interacting scalar field theory and the Gross-
Pitaevskii (GP) theory for nonrelativistic fields.

This map is constructed by classical canonical transformation in a
perturbation scheme in non-relativistic limit. In this way, we build
up a non-relativistic effective field theory (NREFT) in a classical
way!

Many applications:

(1) axion as dark matter candidate
(2) superfluids + superconductors
(3) turbulence

(4) polarization in fluids
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QCD axion is a solution for strong CP problem
[Peccei, Quinn (1977)]

QCD axion: a real pseudoscalar, Goldstone boson, candidate for

cold dark matter [Weinberg (1978), Wilczek(1978)]

Lagrangian for ¢

£ a %8M¢’8M¢) a V(ﬁb) m, axion mass

Instanton potential __.-="_.-- fq decay constant

- -
- -
- -~
-

2T
V(9) = mg f{1= cos(¢/fa))
For QCD axion, m, and f, are not independent
For axion-like particles, m, and f, are independent
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For QCD axion, we have constraints from astrophysics and
cosmology

10° GeV < f, < 10" GeV == 107% eV < m, < 1072 eV

Very weak self-interaction Tiny mass (1~1073 m)

Axion self-interaction may be too weak to thermalize themselves,
but gravitational interaction can thermalize axions

(1) Bring initially incoherent axions into coherent ones
(2) Keep the axion field in BEC
QCD axions are almost static: non-relativistic particles

Non-relativistic EFT: effective Hamiltonian is built up by symmetry

and matching procedure to fix coefficients
Guth et al. (2014,2017)

¢ -y Braaten, Zhang, et al. (2016)
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