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Motivation 1

big picture/ultimate Goal:
understanding the equilibration and isotropization processes in the
QGP system

weak coupling approximation:√
s→∞ ⇒ weak coupling

f � 1 : QYM ⇒ classical approximation
g2Ncf � 1 perturbative ⇒ weakly coupled classical theory ⇒ EKT..

(M. Strickland arXiv:1410.5786) (Aleksi Kurkela Nucl.Phys. A956 (2016))
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Motivation 2
I Effective kinetic theory:

pµ∂µfp = C[fp]

I C[fp] describes interactions/collisions that drives the system

back to equilibrium

I Choice of C[f ] impacts transport coefficients

I Prior aHydro studies ⇒ RTA (Anderson-Witting)
( Dekrayat Almaalol, Mubarak Alqahtani, and Michael Strickland Phys. Rev. C 99, 044902 - Apr 2019 )

I More realistic collisional kernel ⇒ better access to EKT

I How dynamics depend on the choice of C[f ]?

immediate goal:

- explore sensitivity of the aHydro equations to the non-linear dy-
namics of the effective kinetic theory collisional kernel

- set the stage for working with the QCD collisional kernel
⇒ (preliminary results today).
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LO Scalar Collisional Kernel

Leading order λφ4 conformal theory

2↔ 2 scattering

k

k’

p

p’

C[fp] =
1
32

∫
dKdK ′dP ′ |M|2 (2π)4δ(4)(kα+k′α−pα−p′α)F(k, k′, p, p′)

F(k, k′, p, p′) ≡ fkfk′(1 + afp)(1 + afp′)− (1 + afk)(1 + afk′)fpfp′

” Romatschke-Strickland ”

f(x, p) = feq

(
1
Λ

√
p2 + ξ(n · p)2 + µ

Λ

)
feq(x) = 1/[exp(x)− a]

ξ anisotropy parameter

Λ scale parameter

γ ≡ exp (µ/Λ) particle fugacity

∫
dP ≡

∫
d4p

(2π)4
2πδ(pµpµ −m2) 2θ(Ep) =

∫
d3p

(2π)3
1
Ep

Lorentz-invariant
integration measure
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AHydro equations of motion

pµ∂µfp = C[fp] ⇒
nth momentum integral operator

Ôn g ≡
∫
dP pµ1pµ2 · · · pµn g(p)

⇒ ∂µI
µν1ν2···νn = Cν1ν2···νn

0+1d Dynamical Equations for a General Kernel in a Conformal System

-0th moment: ∂µn
µ = 0 ⇒ (number conservation)

uµ projection ⇒ Dn+ nθ = 0
∂τn = −n

τ

-1st moment: ∂µT
µν = 0 ⇒ (Energy-momentum conservation)

uµuν projection ⇒ Dε+ εθ −
∑
I PI = 0 ∂τε = − ε+PL

τ

; With ε ≡ uµuνTµν PL ≡ Xµ
i X

ν
i Tµν

-2nd moment: ∂λI
λµν = Cµν ⇒ (Dissipative dynamics)

zz − 1
3

(xx+ yy + zz) projection⇒ ∂τIi + (θ − 2θi) = Cii

; With Ii ≡ uµXν
i X

λ
i Iµνλ Cii ≡ Xµ

i X
ν
i Cµν

(Bjorken flow⇒ Milne coordinates θ ≡ uµ∂µ = ∂τ , θx = θy = 0, and θz ≡ ∂zuz = −1/τ . )
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Moments of the Scalar Kernel ∂λI
λµν = Cµν

Csc = 0 Cµsc = 0

Cµν =
1

32

∫
dKdK ′dPdP ′ |M|2(2π)4δ4(kα + k′α − pα − p′α)F(k, k′, p, p′)pµpν

Cµν =
1

128π2

∫
dKdK′dΩp

p|M|2

Ep′
F(k, k′, p, p′)pµpν

∣∣∣∣∣
p→p̃

( 8d integral )

p→ p̃ ≡ kk′(1− cos θkk′)

k(1− cos θkp) + k′(1− cos θk′p)

=
kk′ − k · k′

k + k′ − k · p̂− k′ · p̂

To evaluate this integral, we used Monte Carlo integration. GNU Scientific
Library (GSL) VEGAS algorithm was used with 107 evaluations per iteration.)
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Moments of the RTA kernel

In the relaxation-time
approximation

CRTA[fp] =
Ep
τeq

[feq(p/T )− fp]

τeq = 5η̄
T (independent of momenta)

Landau matching;

∂µn
µ = 0 CRTA =

1

τeq
[n− neq] = 0 T = R

1
4 (ξ)Λ (µ = 0)

∂µT
µν = 0 CνRTA =

1

τeq
[ε− εeq] = 0

T = R(ξ)
√

1 + ξ Λ

Γ =
γ

(1 + ξ)2R3(ξ)
(µ 6= 0)

∂λI
λµν = CµνRTA CµνRTA =

1

τeq

∫
d3p

(2π)3
[feq(p/T )− fp] pµpν
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Matching: Small Anisotropy Expansion
∂τ Ii + (θ − 2θi) = Cii

∂τ ξ −
2(1 + ξ)

τ
=

Λ

κa

[
(1 + ξ)3/2C̄xx(ξ)− (1 + ξ)5/2C̄zz(ξ)

]
lim
ξ→0
C̄zzsc = αλ

2
ξ +O(ξ

2
) α = 0.4394± 0.0002

lim
ξ→0
C̄zzRTA =

8γ

15π2η̄
ξ +O(ξ

2
)

λ2 =
8

15π2αγη̄

T = R
1
4

(ξ)Λ; τeq = 5η̄
T

Landau matching
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Small / Large Values of ξ

∂τ ξ −
2(1 + ξ)

τ
=

Λ

κa

[
(1 + ξ)3/2C̄xx(ξ)− (1 + ξ)5/2C̄zz(ξ)

]

∂τ ξ −
2(1 + ξ)

τ
+
W(ξ)

τeq
= 0 ;W(ξ) ≡


ξ(1 + ξ)2R2(ξ) (RTA)

2
3αR(ξ)

[
(1 + ξ)2C̃zzsc (ξ)− (1 + ξ)C̃xxsc (ξ)

]
(LO Scalar)
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Isotropic vs Highly Oblate Initial Conditions

Initial vlaues: T0 = 500MeV τ0 = 0.25 fm/c
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Isotropic ⇒ PL(τ0)/PT (τ0) = 1 anisotropic ⇒ PL(τ0)/PT (τ0) = 10−8



D. Almaalol - Kent State University - 11

Anisotropic Attractor

w ≡ τT (τ) ,

ϕ ≡ τ
ẇ

w

π̄ ≡
π

ε
= 4

(
ϕ−

2

3

)

wϕ
∂ϕ

∂w
=

[
1

2
(1 + ξ)−

w

4
W(ξ)

]
π̄′

Scalar (μ≠0)

Scalar (μ=0)

RTA (μ≠0)

RTA (μ=0)

0.01 10 10
4

0.66

0.68

0.70

0.72

0.74

w

φ

(a)

I higher degree of momentum anisotropy

I slower attractor behaviour
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(M. Strickland , J. Noronha , G. Denicol arXiv:1709.06644)
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QCD attractor ”preliminary”
I Effective kinetic theory for QCD ( AMY)

pµ∂µfp = C22[fp] + C12[fp]

I numerical method (kurkela: 1506.06647)

(λ = 10
T0 = 500 MeV
η̄ = 0.624
τ0 = 0.25 fm/c)

( Dekrayat Almaalol, Aleksi Kurkela, and Michael Strickland: forthcoming)
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QCD attractor: Comparison to RTA

I attractor behavior at very early times.
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Conclusions and Outlook

I 1st study of the realistic scalar collisional kernel in aHydro

I Development of larger momentum anisotropy

I Determined the non-equilibrium attractor for the LO scalar

kernel

I Preliminary: implement realistic QCD scattering kernel in
Ahydro equations
( D. Almaalol, A. Kurkela, M. Strickland: In progress )
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Thank you
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Back up: Exact solution for the Attractor

(Michael Strickland, Ubaid Tantary arXiv:1903.03145)
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Motivation2: Choice of C[f ] - previous work

I Prior aHydro studies ⇒ RTA (Anderson-Witting)
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( Dekrayat Almaalol, Mubarak Alqahtani, and Michael Strickland Phys. Rev. C 99, 044902 - Apr 2019 )


