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Neutrino Physics

What’s a neutrino?
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Interested in how the universe works? Read symmetry, an online magazine about particle physics 
and its connections to life and other areas of science. Published by Fermi National Accelerator 
Laboratory and SLAC National Accelerator Laboratory. symmetrymagazine.org

OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…
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  September 2015

A game-changing particle physics experiment, with support from more 
than 800 scientists in 26 countries, aims to transform our understanding 
of neutrinos and their role in the universe. The first truly international 
mega-science facility hosted in the United States by the Department of 
Energy would make it possible.

Deep Underground Neutrino Experiment

 Mysterious neutrinos

Neutrinos are among the most abundant particles in the universe,  
a billion times more abundant than the particles that make up stars, 
planets and people. Each second, a trillion neutrinos from the sun and 
other celestial objects pass through your body. Although neutrinos are 
all around us, they interact so rarely with other matter that they are 
very difficult to observe. 
 The latest developments in particle accelerator and detector technology 
make possible promising new experiments in neutrino science. The 
Deep Underground Neutrino Experiment collaboration, which comprises 
about 800 scientists from 26 countries, has proposed to build a 
world-leading neutrino experiment that would involve construction  
at both Fermi National Accelerator Laboratory (Fermilab), located in  
Batavia, Illinois, and the Sanford Underground Research Facility (Sanford 
Lab) in Lead, South Dakota.

 Why are neutrinos important?

Neutrinos may provide the key to answering some of the most funda- 
mental questions about the nature of our universe. The discovery that 
neutrinos have mass, contrary to what was previously thought, has 
revolutionized our understanding of neutrinos in the last two decades 
while raising new questions about matter, energy, space and time. 
Neutrinos may play a key role in solving the mystery of how the universe 
came to consist of matter rather than antimatter. They could also unveil 
new, exotic physical processes that have so far been beyond our reach. 

What do we know about neutrinos?

Neutrinos are elementary particles that have no electric charge. They 
are among the most abundant particles in the universe. 

They are very light. A neutrino weighs at least a million times less than 
an electron, but the precise mass is still unknown.

In nature, they are produced in great quantities in the sun and in smaller 
quantities in the Earth. In the laboratory, scientists can make neutrino 
beams with particle accelerators.

 Neutrinos pass harmlessly right through matter, and only very rarely 
do they collide with other matter particles.

 There are three types of neutrinos: electron neutrinos, muon neutrinos 
and tau neutrinos.

 The laws of quantum mechanics allow a neutrino of one type to turn 
into another one as the neutrino travels long distances. And they can 
transform again and again. This process is called neutrino oscillation. 

 Understanding neutrino oscillations is the key to understanding 
neutrinos and their role in the universe.

The distance between Fermilab and Sanford Lab is 800 miles (1300 
kilometers). This is ideal for examining neutrino oscillations with the 
proposed Deep Underground Neutrino Experiment. Scientists also 
would use DUNE to look for neutrinos coming from the explosion of  
a star—a supernova—to discover the formation of a black hole. 

EXISTING 
LABS

Sanford  
Underground  
Research 
Facility

UNDERGROUND  
PARTICLE  
DETECTOR

PROTON 
ACCELERATOR

NEUTRINO 
PRODUCTIONPARTICLE 

DETECTOR

Fermilab

1300 kilometers

The proposed Long-Baseline Neutrino Facility would send neutrinos straight through the earth from Fermilab in Batavia, Illinois, to the Sanford 
Underground Research Facility in Lead, South Dakota. Scientists would use the neutrino beam for the proposed Deep Underground Neutrino Experiment. 

Sanford
Underground
Research
Facility

Neutrino  scattering experiments on nucleus 

Deep Underground 
 Neutrino Experiment

What we observe in detector

Neutrino flux          

Neutrino-nucleon cross sections

Nuclear effects

Detector properties and effects

X

X

X

Neutrino Scattering Experiment



Challenges: Neutrino Scattering Experiment

Neutrino beam energy
E⌫

Incoming  neutrino  
Energy

What experimentalists want

Edetected

What experimentalists get

Neutrino oscillation probability is a function of E⌫

: Distance between source and detectort ⇡ L

P⌫↵!⌫� / exp

✓
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�m2t

2E⌫
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Q2 = 2MpTp
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Final State Interactions (FSI)

9

Final state interactions [FSI]

Plan
MC in experiment

Neutrino interactions

Nuclear e�ects
Fermi gas
Spectral function
Final state interactions
Intranuclear cascade
FSI in GENIE

Generating splines

Generating events

Analyzing an output

Tomasz Golan MINERvA101 GENIE 14 / 45

Two models available: hA and hN

ν

µ

FIG. 2. The hadronic shower produced in the initial interaction must still traverse the dense nuclear matter
and is then subject to Final State Interactions (FSI) before appearing in the detector. These FSI include
nucleon-nucleon interactions as well as pion-nucleon interactions as illustrated. Figure from Tomasz Golan.

It cannot be stressed enough that the incident neutrino energy is not a priori known. This
situation di↵ers dramatically from electron or muon scattering studies where the amounts of energy
and momentum that are transfered to the nucleus is known precisely on event-by-event basis. For
neutrino nucleus scattering the incoming neutrino energy and initially produced hadronic particles,
which have been subject to the above mentioned nuclear e↵ects, can only be estimated from what
is observed in the detector.

Since it is the initial neutrino energy spectrum as well as signal and background topologies
that have to be used in the extraction of oscillation parameters, the strong dependence of the
unbiased extraction of neutrino-oscillation parameters on neutrino-interaction physics can best be
summarized by noting that the energy and configuration of interactions observed in experimental
detectors are, aside from detector e↵ects, the convolution of the energy-dependent neutrino flux,
the energy-dependent neutrino-nucleon cross section, and these significant energy-dependent nuclear
e↵ects.

Practically, experimenters combine information about the energy dependence of all exclusive
cross sections as well as nuclear e↵ects into a nuclear model. This model along with the best
estimate of the spectrum of incoming neutrino energies then enters the Monte Carlo predictions
of target nucleus response and topology of final states and is a critical component of oscillation
analyses.

To illustrate how oscillation experiments depend on this nuclear model, consider the following
illustrative conceptual outline of a two-detector, long-baseline oscillation analysis:

1. Reconstruct the observed event topology and energy (final state particles identification and
their momenta) in the near detector (ND).

2. Use the nuclear model to take the reconstructed event topology and energy back through the
nucleus to infer the neutrino interaction energy End

⌫ .

3. Using information on geometric di↵erences between near and far detector fluxes and perturbed
via an oscillation hypothesis, project the resulting initial interaction neutrino energy spectrum
�(End

⌫ ), into the predicted spectrum �0(Efd
⌫ ) at the far detector.

NuSTEC white paper 

Nucleon-nucleon interactions 

Pion-nucleon interactions

Final  state interaction

Initially produced hadronic shower propagates thorough nucleus

Challenges: Neutrino Scattering Experiment

Particle configuration and kinematics of interaction within 
the nucleus are unknown

Rely on Monte Carlo event generator to produce probability  
weighted maps to connect detector observation with true  
kinematics



Challenges: Neutrino Scattering Experiment
Absence of widely accepted and universal nuclear models

For neutrino-nucleon CCQE scattering, often mentioned and 
assumed axial mass M_A (in the dipole formula) as the 
only unknown parameter 

Data from MiniBooNE & MINERvA
T2K Analysis , PRD 93, 072010 (2016)
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agreement with the data over the entire angular range
while NuWro falls below the data in the region of the
peak. The peak location and shape for d�/d✓⇡0 are sim-
ilar to those obtained previously for ⌫µ-CC(⇡+) and ⌫̄µ-
CC(⇡0) [13]; this outcome was anticipated by a GiBUU
simulation of MINERvA ’s low-energy exposure [11].

IX. �(E⌫), d�/dQ
2, and d�/dWexp

Figure 15 shows the channel (1) cross section as func-
tion of neutrino energy, �(E⌫), for events with hadronic
invariant mass restricted to Wexp < 1.8 GeV. The cross
section rise from threshold and its value for E⌫ � 6 GeV
are described on average by the reference simulation,
with NuWro predicting a cross section of similar shape
and slightly lower magnitude. According to GENIE, �
production is the dominant process for E⌫ < 3GeV.
Above 4 GeV, the contributions from � production, N⇤

production, and nonresonant pion production become
nearly independent of E⌫ with relative proportions that
are roughly 35:15:40 [64]. The cross section of Fig. 15 can
be readily compared to the pion production cross sec-
tions reported in Ref. [13]. The measured cross sections
become nearly independent of neutrino energy around
E⌫ = 7GeV. At that point the relative strengths for
⌫µ-CC(⇡0):⌫µ-CC(⇡+):⌫̄µ-CC(⇡0) in units of 10�40 cm2

per nucleon, according to the measured cross sections,
approximately follow the ratios 22:80:19.
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FIG. 15. The cross section as a function of neutrino energy for
the signal channel (1) whose definition includes Wexp < 1.8
GeV. Data (solid circles) are shown with inner (outer) error
bars correspond to statistical (total) uncertainties.

The squared four-momentum transfer from the lepton
system, Q2, is calculated using Eq. (6), which incorpo-
rates both lepton and hadron information (via Eq. (5)).
Figure 16 shows the di↵erential cross section versus Q2

determined by this analysis. The data exhibits a rate
reduction at Q2 below 0.2 GeV2 larger than that pre-
dicted by the GENIE-based MC. A similar data-MC dis-
agreement was observed at low Q2 in the MINERvA ⌫̄µ-
CC(⇡0) sample [13], and data suppressions at low-Q2 for
�-enriched event samples have been reported by Mini-

BooNE [22, 75] and by MINOS [76]. On the other hand,
the reference simulation falls below the data in the region
Q2 > 0.4 GeV2. From Eq. (6) it is clear that these data-
MC di↵erences are related to those in Fig. 10 for muons
produced at small and large muon polar angles. Note
that above 0.2 GeV2, NuWro predicts a flatter spectrum
than does GENIE and thereby trends more similarly to
the data; however the absolute scale for d�/dQ2 pre-
dicted by NuWro is clearly too low.
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FIG. 16. Di↵erential cross section, d�/dQ2, for channel (1).
Data versus GENIE disagreements are evident for Q2 near
0.0GeV2 and for Q2 > 0.4GeV2. These are related to the
data-MC discrepancies observed at small and large muon po-
lar angles.

For neutrino quasielastic scattering in nuclei such as
carbon, it is well-known that Pauli blocking produces
a turnover of event rate at low-Q2 [77]. Additionally
it is estimated on the basis of RPA and 2p2h that
multinucleon-nucleon correlations give rise to low-Q2

suppression and high-Q2 enhancement of rate in the case
of CCQE-like scattering [60, 78, 79]. For µ+�(1232)
channels produced in carbon-like nuclei modeled as a
Fermi gas, the e↵ect of Pauli blocking has been calculated
in Ref. [80]. Pauli suppression is shown to be confined
to Q2 < 0.2 GeV2 and to W < 1.4 GeV. Thus Pauli
blocking of � and N⇤ states, which is not included in
the reference simulation, plausibly accounts for a modest
portion of the low Q2 suppression exhibited by the data
in Fig. 16. It is possible that NN-correlation e↵ects of the
kind targeted by RPA calculations may also be present in
neutrino-nucleus baryon resonance production, however
this has yet to be demonstrated with a calculation. If the
calculation of Ref. [60], which is for quasielastic scatter-
ing (and not baryon resonance production), is indicative
of the strength and Q2 dependence of RPA distortion,
then RPA in the absence of 2p2h is conceivably capa-
ble, in conjunction with Pauli blocking, of generating
the data-MC disagreement shown in Fig. 16. Admit-
tedly, the latter scenario is speculative and it may be at
odds with a recent theoretical treatment that shows RPA
correlations to have reduced e↵ect in calculations based
on a realistic nuclear ground state [81]. Another possibil-
ity, recognized for many years [80], is that the normaliza-
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Measurement of ⌫µ charged-current single ⇡0 production on hydrocarbon in the
few-GeV region using MINERvA
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(Dated: September 26, 2017)

The semi-exclusive channel ⌫µ+CH ! µ�⇡0+nucleon(s) is analyzed using MINERvA exposed to
the low-energy NuMI ⌫µ beam with spectral peak at E⌫ ' 3GeV. Di↵erential cross sections for muon
momentum and production angle, ⇡0 kinetic energy and production angle, and for squared four-
momentum transfer are reported, and the cross section �(E⌫) is obtained over the range 1.5GeV 
E⌫ < 20GeV. Results are compared to GENIE and NuWro predictions and to published MINERvA
cross sections for charged current ⇡+(⇡0) production by ⌫µ(⌫̄µ) neutrinos. Disagreements between
data and simulation are observed at very low and relatively high values for muon angle and for Q2

that may reflect shortfalls in modeling of interactions on carbon. For ⇡0 kinematic distributions
however, the data are consistent with the simulation and provide support for generator treatments of
pion intranuclear scattering. Using signal-event subsamples that have reconstructed protons as well
as ⇡0 mesons, the p⇡0 invariant mass distribution is obtained, and the decay polar and azimuthal
angle distributions in the rest frame of the p⇡0 system are measured in the region of �(1232)+

production, W < 1.4GeV.

PACS numbers: 13.15.+g, 14.20.Gk, 14.60.Lm

I. INTRODUCTION

Production of single ⇡0,+ mesons by ⌫µ charged-
current (CC) inelastic scattering on nuclei in the few-
GeV region of neutrino energy, E⌫ , arises from three
types of processes. For E⌫  3GeV, CC(⇡) reactions are
mostly instances of neutrino-nucleon scattering wherein

⇤ now at Illinois Institute of Technology, Chicago, IL 60616, USA
† now at Tufts University, Medford, MA 02155, USA

a bound nucleon is struck and caused to transition into a
baryon resonance that promptly decays into a pion and
a nucleon. Production of the �(1232) P33 resonance is
prominent and causes CC(⇡) cross sections to rise rapidly
from thresholds. As the incident E⌫ is increased how-
ever, contributions from higher-mass N⇤ resonances such
as the P11(1440), D13(1520), and S11(1535) states be-
come significant. Increasing E⌫ also facilitates the on-
set of deep inelastic scattering, in which the neutrino
interacts with a valence or sea quark within a bound nu-
cleon and the exiting quark hadronizes into one or mul-
tiple pions. Single pion production can also arise from
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indicate that the datasets favor very different parameter
values when fit separately. This is particularly true for any
fits involving the MiniBooNE neutrino dataset, though
there is no a priori reason to exclude this dataset and
improve the fit results. The PGoF tests for RFGþ RPAþ
2p2h using both relativistic and nonrelativistic RPA, shown
in Tables VI and VII, show much better compatibility
between experiments than SFþ 2p2h. There is still a
considerable amount of tension, which is largely due to
differences between MINERνA and MiniBooNE. Because
of the relatively poor consistency between datasets for the
SFþ 2p2h model compared with RFGþ rel RPAþ 2p2h,
the latter model is a better choice as the default model for
T2K oscillation analyses.

D. Rescaling parameter errors

Assuming Gaussian statistics, 1σ errors on a single fit
parameter are defined by the parameter value for which

χ2 ¼ χ2min þ 1 [73]. MINUIT uses this assumption when
calculating the errors at the minimum, which were included
with the best-fit values for the combined fit in Table IV.
However, as well as motivating the use of the PGoF test, the
lack of bin correlations from MiniBooNE also means that
Gaussian statistics no longer work as expected when
estimating parameter errors.
There is a large body of literature looking at how this

problem affects fits to parton density distributions, where
global fits include a large number of datasets, many of
which did not provide bin correlations [74–76]. A summary
of the work of one PDF fitting group is given in Ref. [74]
and was used as a guide here. Their solution for producing
reasonable parameter error estimates is to inflate the value
of the Δχ2 used to define the 1σ parameter errors, although
no generic solution is offered for defining that value. In the
case of the PDF fits in Ref. [74], the Δχ2 used was very
large, ∼100, although it should be kept in mind that many
more datasets are used in that fit than in the current work.
The PGoF gives a value for the incompatibility between

the datasets: how much the χ2 increases between the best-fit

TABLE IV. Best-fit parameter values for the fits to all datasets simultaneously.

Fit type χ2=NDOF MA (GeV=c2) 2p2h norm (%) pF (MeV=c) λMB
ν λMB

ν̄

RFGþ rel RPAþ 2p2h 97.8=228 1.15# 0.03 27# 12 223# 5 0.79# 0.03 0.78# 0.03
RFGþ nonrel RPAþ 2p2h 117.9=228 1.07# 0.03 34# 12 225# 5 0.80# 0.04 0.75# 0.03
SFþ 2p2h 97.5=228 1.33# 0.02 0 (at limit) 234# 4 0.81# 0.02 0.86# 0.02

TABLE V. Explicit formulas for calculating the χ2PGoF test
statistics for each of the subsets of the data investigated. Each
χ2 value listed in this table denotes the χ2 at the minimum.

χ2PGoF

All χ2ALL − χ2MB ν − χ2MB ν̄ − χ2½MνA νþν̄%
MINERνA χ2½MνA νþν̄% − χ2MνA ν − χ2MνA ν̄

MiniBooNE χ2½MB νþν̄% − χ2MB ν − χ2MB ν̄

ν χ2½MB νþMνA ν% − χ2MB ν − χ2MνA ν

ν̄ χ2½MB ν̄þMνA ν̄% − χ2MB ν̄ − χ2MνA ν̄

MνA vs MB χ2ALL − χ2½MB νþMB ν̄% − χ2½MνA νþν̄%
ν vs ν̄ χ2ALL − χ2½MB νþMνA ν% − χ2½MνA ν̄þMB ν̄%

TABLE VI. PGoF results for various subsets of the data for the
RFGþ nonrel RPAþ 2p2h model.

χ2min=NDOF SGoF (%) χ2PGoF=NDOF PGoF (%)

All 117.9=228 100.00 25.3=6 0.03
MINERνA 30.3=13 0.42 0.4=3 93.09
MiniBooNE 65.7=212 100.00 3.4=3 33.09
ν 69.1=142 100.00 12.7=3 0.53
ν̄ 46.1=83 99.97 10.4=3 1.55
MνA vs MB 117.9=228 100.00 21.9=3 0.01
ν vs ν̄ 117.9=228 100.00 2.6=3 45.12

TABLE VII. PGoF results for various subsets of the data for the
RFGþ rel RPAþ 2p2h model.

χ2min=NDOF SGoF (%) χ2PGoF=NDOF PGoF (%)

All 97.8=228 100.00 17.9=6 0.66
MINERνA 23.4=13 3.74 1.0=3 79.03
MiniBooNE 58.6=212 100.00 2.0=3 57.69
ν 62.6=142 100.00 16.1=3 0.11
ν̄ 38.5=83 100.00 6.1=3 10.75
MνA vs MB 97.8=228 100.00 15.9=3 0.12
ν vs ν̄ 97.8=228 100.00 −3.3=3 100.00

TABLE VIII. PGoF results for various subsets of the data for
the SFþ 2p2h model.

χ2min=NDOF SGoF (%) χ2PGoF=NDOF PGoF (%)

All 97.5=228 100.00 41.1=6 0.00
MINERνA 12.6=13 47.75 1.0=3 79.49
MiniBooNE 50.2=212 100.00 6.5=3 8.92
ν 54.8=142 100.00 25.1=3 0.00
ν̄ 34.1=83 100.00 8.5=3 3.61
MνA vs MB 97.5=228 100.00 34.6=3 0.00
ν vs ν̄ 97.5=228 100.00 8.5=3 3.59
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with quarks through 

Z-boson (neutral current interaction) 
W-boson (charged current interaction)

Isolate nuclear effects using nuclear models

One goal : Lattice QCD calculation of neutrino-nucleon 
scattering cross section without depending on nuclear models  

Nuclear models are still very important 
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Lattice QCD Efforts for Neutrino-Nucleon Scattering 

Lattice QCD calculation of valence and sea u,d,s quarks 
 contribution to nucleon electromagnetic form factors  

Phenomenological calculation of (anti)neutrino-nucleon 
 neutral current scattering differential cross sections 

Lattice calculation of nucleon axial form factor at  
170 MeV pion mass 

Phenomenological constraint on                        distribution 

First lattice QCD calculation of charm quark 
electromagnetic form factors 
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Many current combinations are possible
Which one to pick? — clue is in neutrino-nucleon scattering
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Wµ⌫ = (�gµ⌫ + qµq⌫/q2)F1(x,Q
2) +

(Pµ � qµP · q/q2)(P ⌫ � q⌫P · q/q2)
P · q F2(x,Q

2)� i✏µ⌫↵�
q↵P�
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Neutrino-Nucleon Neutral Current Scattering
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Figure 2.1: Feynman diagram for ⌫µp! ⌫µp neutral curent elastic scattering at the quark level.
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Matrix element in V-A structure of  leptonic current 

the kinematics of the outgoing nucleon, assuming that the initial nucleon at rest, simply through

Q2 = 2mNTN ,

where TN is the kinetic energy of the outgoing nucleon. This does not depend on the scattering angle

of the nucleon, which is quite convenient, because some experiments may not be able to measure it.

Following the Feynman rules of the electro-weak theory which have been developed in Chapter 2

one can write the matrix element squared [44]:

M = �

✓
ig

4 cos ✓W

◆2

⌫̄(q2)�µ(1� �5)⌫(q1)i
(gµ⌫ � qµq⌫/M2

Z)
q2 �M2

Z

hN(p2)|J⌫
Z |N(p1)i

For the scattering with a low momentum transfered (q2
⌧ M2

Z), one can replace the propagator

�i
(gµ⌫ � qµq⌫/M2

Z)
q2 �M2

Z

! �i
gµ⌫

M2
Z

.

Furthermore, using the definition of the Fermi constant,

GF =
p

2g2

8M2
W

=
p

2g2

8M2
Z cos2 ✓W

one obtains the expression for the matrix element

M =
i

2
p

2
GF ⌫̄(q2)�µ(1� �5)⌫(q1)| {z }

leptonic current

hN(p2)|Jµ
Z |N(p1)i| {z }

hadronic current

.

The expression for the leptonic current is simple: it has the vector and axial vector parts in the

so-called V �A structure. On the other hand, the hadronic current is a complex object due to strong

interactions inside the nucleon. The most general form for the hadronic weak neutral current is

hN(p2)|Jµ
Z |N(p1)i = hN(p2)| FZ

1 (Q2) + FZ
2 (Q2)

i�µ⌫q⌫

2MN| {z }
Jµ

Z,V

+FZ
A (Q2)�µ�5| {z }
�Jµ

Z,A

|N(p1)i,

where FZ
1 (Q2), FZ

2 (Q2) and FZ
A (Q2) are Dirac, Pauli, and axial vector nucleon weak neutral current

form factors, respectively; hN(p2)|Jµ
Z,V |N(p1)i and hN(p2)|Jµ

Z,A|N(p1)i represent the vector and

axial vector parts of the hadronic neutral current.
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FIG. 5. VVVV.

isovector form factors they are usually represented in the dipole form with the same vector masses

MV and MA as for the nonstrange form factors.

hN(p2)| Jµ

Z
|N(p1)i = ū(p2)[F

Z

1 (Q
2) + FZ

2 (Q
2)
i�µ⌫q⌫
2MN

+ FZ

A
(Q2)�µ�5]u(p1) (13)

EDIT: The correlated systematic errors are common to both ⌫NCE and ⌫̄NCE scattering

measurements. Since both measurements are made using the same detector and have the same

ob- served final state, the detector systematic errors ? the uncertainty in the optical photon

production and prop-agation, the error associated with the detector electron- ics, and the error

associated with the PMT response ? are categorized as correlated errors.
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needed for a final determination of the strange magnetic
form factor from these data.

The G0 experiment [5] at Jefferson Laboratory will
circumvent this difficulty with the axial term by combin-
ing three measurements: forward scattering of protons
from ~eep collisions, backward scattering of electrons from
~eep collisions, and backward scattering of electrons from
~eed collisions. In this way, they will extract Gs

M, Gs
E, and

Ge
A separately, so that their results for Gs

M and Gs
E will

not be contaminated by uncertain contributions to Ge
A.

These data will cover a range of Q2 from 0.1 to 1:0 GeV2

and thereby test the calculations of Zhu et al. [14] over
this range.

Another technique for avoiding the axial term is to
observe the parity-violating asymmetry in scattering
from a spinless, isoscalar target, such as 4He, as proposed
by Musolf and Donnelly [13]. In this case, only the
electric form factors contribute to the asymmetry. Two
measurements at Jefferson Laboratory will make use of
this idea, at Q2 ! 0:1 and 0:6 GeV2, to measure Gs

E. The
low Q2 experiment [6] will measure the slope of Gs

E,
while the experiment at moderate Q2 [7] will measure
the actual value of Gs

E.
Elastic scattering of neutrinos from protons does not

suffer the difficulties described above, as there is no Gewm
A

form factor in neutrino scattering. This Letter explores
what can be learned about the strange axial form factor
by combining existing !p ! !p and !!!p ! !!!p data with
the existing and upcoming data on parity-violating ~eep
scattering.

The HAPPEX Collaboration has measured the
forward-angle parity-violating asymmetry in ~eep elastic
scattering at Q2 ! 0:477 GeV2. They report a combina-
tion of Gs

E and Gs
M [17]:

Gs
E " 0:392Gs

M ! 0:025# 0:020# 0:014:

Their result contains a contribution as well from Ge
A, but

their sensitivity to Ge
A is $4% of that to Gs

E and Gs
M

because their measurement is at a very forward angle.
They used a value of Ge

A from Ref. [14]. The calculation of
Ref. [14] is not yet confirmed at this value of Q2, but even
a large error in it would produce only a small additional
uncertainty in the interpretation of the HAPPEX result.

The only major measurement to date of !p and !!!p
elastic scattering cross sections took place at Brookhaven
National Laboratory (BNL), Experiment E734 [18], using
wideband neutrino and antineutrino beams of average
kinetic energy 1.25 GeV incident upon a large liquid
scintillator target-detector system. Table I summarizes
the results of this experiment. Several attempts have
been made to extract the strange axial form factor from
these data [18–20]. In all cases, there was an assumption
made that Gs

A had a dipole Q2 dependence — that assump-
tion will not be made here.

Many years ago Llewellyn Smith [21] noted the use-
fulness of measuring the difference in the differential
cross sections of the charged-current reactions !!!n!
"%p and !p ! ""n, as this yields a simple relation
between GCC

A and the magnetic form factors of the proton
and neutron. In the present discussion GCC

A is regarded as
known and the difference in the cross sections of the
neutral current processes !p ! !p and !!!p ! !!!p is
used to relate Gs

M and Gs
A. The cross section for !p and

!!!p elastic scattering is given by [19]

d#
dQ2 !

G2
F

2$
Q2

E2
!
&A# BW " CW2';

where the " ( % ) sign is for ! ( !!!) scattering, and

W ! 4&E!=Mp % %'; % ! Q2=4M2
p;

A! 1
4f&GZ

A'2&1"%'% (&FZ
1 '2%%&FZ

2 '2)&1%%'"4%FZ
1F

Z
2 g;

B ! %1
4G

Z
A&FZ

1 " FZ
2 ';

C ! 1

64%
(&GZ

A'2 " &FZ
1 '2 " %&FZ

2 '2):

Here E! is the neutrino beam energy, and FZ
1 , FZ

2 , and GZ
A

are, respectively, the neutral weak Dirac, Pauli, and axial
form factors. Taking the difference of these two cross
sections,

" * d#
dQ2 &!p' %

d#
dQ2 & !!!p' ! %G2

F

4$
Q2

E2
!
GZ

A&FZ
1 " FZ

2 'W;

produces a relation between the Sachs magnetic form
factors (in FZ

1 " FZ
2 ) and the axial form factors (in GZ

A).
By making use of charge symmetry, one may show that

TABLE I. Differential cross section data from BNL E734
[18]. The uncertainties shown are total; they include statisti-
cal, Q2-dependent systematic, and Q2-independent systematic
contributions, all added in quadrature. The extra row at the
bottom (0:50 GeV2) lists the cross sections averaged between
the 0.45 and 0:55 GeV2 points.

Q2 d#=dQ2&!p' d#=dQ2& !!!p'
GeV2 10%12 &fm=GeV'2 10%12 &fm=GeV'2

0.45 0:165# 0:033 0:0756# 0:0164
0.55 0:109# 0:017 0:0426# 0:0062
0.65 0:0803# 0:0120 0:0283# 0:0037
0.75 0:0657# 0:0098 0:0184# 0:0027
0.85 0:0447# 0:0092 0:0129# 0:0022
0.95 0:0294# 0:0074 0:0108# 0:0022
1.05 0:0205# 0:0062 0:0101# 0:0027

0.50 0:137# 0:023 0:0591# 0:0102

P H Y S I C A L R E V I E W L E T T E R S week ending
27 FEBRUARY 2004VOLUME 92, NUMBER 8

082002-2 082002-2
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ing three measurements: forward scattering of protons
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~eed collisions. In this way, they will extract Gs
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These data will cover a range of Q2 from 0.1 to 1:0 GeV2

and thereby test the calculations of Zhu et al. [14] over
this range.

Another technique for avoiding the axial term is to
observe the parity-violating asymmetry in scattering
from a spinless, isoscalar target, such as 4He, as proposed
by Musolf and Donnelly [13]. In this case, only the
electric form factors contribute to the asymmetry. Two
measurements at Jefferson Laboratory will make use of
this idea, at Q2 ! 0:1 and 0:6 GeV2, to measure Gs

E. The
low Q2 experiment [6] will measure the slope of Gs

E,
while the experiment at moderate Q2 [7] will measure
the actual value of Gs

E.
Elastic scattering of neutrinos from protons does not

suffer the difficulties described above, as there is no Gewm
A

form factor in neutrino scattering. This Letter explores
what can be learned about the strange axial form factor
by combining existing !p ! !p and !!!p ! !!!p data with
the existing and upcoming data on parity-violating ~eep
scattering.

The HAPPEX Collaboration has measured the
forward-angle parity-violating asymmetry in ~eep elastic
scattering at Q2 ! 0:477 GeV2. They report a combina-
tion of Gs

E and Gs
M [17]:

Gs
E " 0:392Gs

M ! 0:025# 0:020# 0:014:

Their result contains a contribution as well from Ge
A, but

their sensitivity to Ge
A is $4% of that to Gs

E and Gs
M

because their measurement is at a very forward angle.
They used a value of Ge

A from Ref. [14]. The calculation of
Ref. [14] is not yet confirmed at this value of Q2, but even
a large error in it would produce only a small additional
uncertainty in the interpretation of the HAPPEX result.

The only major measurement to date of !p and !!!p
elastic scattering cross sections took place at Brookhaven
National Laboratory (BNL), Experiment E734 [18], using
wideband neutrino and antineutrino beams of average
kinetic energy 1.25 GeV incident upon a large liquid
scintillator target-detector system. Table I summarizes
the results of this experiment. Several attempts have
been made to extract the strange axial form factor from
these data [18–20]. In all cases, there was an assumption
made that Gs

A had a dipole Q2 dependence — that assump-
tion will not be made here.

Many years ago Llewellyn Smith [21] noted the use-
fulness of measuring the difference in the differential
cross sections of the charged-current reactions !!!n!
"%p and !p ! ""n, as this yields a simple relation
between GCC

A and the magnetic form factors of the proton
and neutron. In the present discussion GCC

A is regarded as
known and the difference in the cross sections of the
neutral current processes !p ! !p and !!!p ! !!!p is
used to relate Gs

M and Gs
A. The cross section for !p and

!!!p elastic scattering is given by [19]
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Here E! is the neutrino beam energy, and FZ
1 , FZ

2 , and GZ
A

are, respectively, the neutral weak Dirac, Pauli, and axial
form factors. Taking the difference of these two cross
sections,
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produces a relation between the Sachs magnetic form
factors (in FZ

1 " FZ
2 ) and the axial form factors (in GZ

A).
By making use of charge symmetry, one may show that

TABLE I. Differential cross section data from BNL E734
[18]. The uncertainties shown are total; they include statisti-
cal, Q2-dependent systematic, and Q2-independent systematic
contributions, all added in quadrature. The extra row at the
bottom (0:50 GeV2) lists the cross sections averaged between
the 0.45 and 0:55 GeV2 points.

Q2 d#=dQ2&!p' d#=dQ2& !!!p'
GeV2 10%12 &fm=GeV'2 10%12 &fm=GeV'2

0.45 0:165# 0:033 0:0756# 0:0164
0.55 0:109# 0:017 0:0426# 0:0062
0.65 0:0803# 0:0120 0:0283# 0:0037
0.75 0:0657# 0:0098 0:0184# 0:0027
0.85 0:0447# 0:0092 0:0129# 0:0022
0.95 0:0294# 0:0074 0:0108# 0:0022
1.05 0:0205# 0:0062 0:0101# 0:0027

0.50 0:137# 0:023 0:0591# 0:0102
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needed for a final determination of the strange magnetic
form factor from these data.

The G0 experiment [5] at Jefferson Laboratory will
circumvent this difficulty with the axial term by combin-
ing three measurements: forward scattering of protons
from ~eep collisions, backward scattering of electrons from
~eep collisions, and backward scattering of electrons from
~eed collisions. In this way, they will extract Gs

M, Gs
E, and

Ge
A separately, so that their results for Gs

M and Gs
E will

not be contaminated by uncertain contributions to Ge
A.

These data will cover a range of Q2 from 0.1 to 1:0 GeV2

and thereby test the calculations of Zhu et al. [14] over
this range.

Another technique for avoiding the axial term is to
observe the parity-violating asymmetry in scattering
from a spinless, isoscalar target, such as 4He, as proposed
by Musolf and Donnelly [13]. In this case, only the
electric form factors contribute to the asymmetry. Two
measurements at Jefferson Laboratory will make use of
this idea, at Q2 ! 0:1 and 0:6 GeV2, to measure Gs

E. The
low Q2 experiment [6] will measure the slope of Gs

E,
while the experiment at moderate Q2 [7] will measure
the actual value of Gs

E.
Elastic scattering of neutrinos from protons does not

suffer the difficulties described above, as there is no Gewm
A

form factor in neutrino scattering. This Letter explores
what can be learned about the strange axial form factor
by combining existing !p ! !p and !!!p ! !!!p data with
the existing and upcoming data on parity-violating ~eep
scattering.

The HAPPEX Collaboration has measured the
forward-angle parity-violating asymmetry in ~eep elastic
scattering at Q2 ! 0:477 GeV2. They report a combina-
tion of Gs

E and Gs
M [17]:

Gs
E " 0:392Gs

M ! 0:025# 0:020# 0:014:

Their result contains a contribution as well from Ge
A, but

their sensitivity to Ge
A is $4% of that to Gs

E and Gs
M

because their measurement is at a very forward angle.
They used a value of Ge

A from Ref. [14]. The calculation of
Ref. [14] is not yet confirmed at this value of Q2, but even
a large error in it would produce only a small additional
uncertainty in the interpretation of the HAPPEX result.

The only major measurement to date of !p and !!!p
elastic scattering cross sections took place at Brookhaven
National Laboratory (BNL), Experiment E734 [18], using
wideband neutrino and antineutrino beams of average
kinetic energy 1.25 GeV incident upon a large liquid
scintillator target-detector system. Table I summarizes
the results of this experiment. Several attempts have
been made to extract the strange axial form factor from
these data [18–20]. In all cases, there was an assumption
made that Gs

A had a dipole Q2 dependence — that assump-
tion will not be made here.

Many years ago Llewellyn Smith [21] noted the use-
fulness of measuring the difference in the differential
cross sections of the charged-current reactions !!!n!
"%p and !p ! ""n, as this yields a simple relation
between GCC

A and the magnetic form factors of the proton
and neutron. In the present discussion GCC

A is regarded as
known and the difference in the cross sections of the
neutral current processes !p ! !p and !!!p ! !!!p is
used to relate Gs

M and Gs
A. The cross section for !p and

!!!p elastic scattering is given by [19]
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Here E! is the neutrino beam energy, and FZ
1 , FZ

2 , and GZ
A

are, respectively, the neutral weak Dirac, Pauli, and axial
form factors. Taking the difference of these two cross
sections,
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produces a relation between the Sachs magnetic form
factors (in FZ

1 " FZ
2 ) and the axial form factors (in GZ

A).
By making use of charge symmetry, one may show that

TABLE I. Differential cross section data from BNL E734
[18]. The uncertainties shown are total; they include statisti-
cal, Q2-dependent systematic, and Q2-independent systematic
contributions, all added in quadrature. The extra row at the
bottom (0:50 GeV2) lists the cross sections averaged between
the 0.45 and 0:55 GeV2 points.

Q2 d#=dQ2&!p' d#=dQ2& !!!p'
GeV2 10%12 &fm=GeV'2 10%12 &fm=GeV'2

0.45 0:165# 0:033 0:0756# 0:0164
0.55 0:109# 0:017 0:0426# 0:0062
0.65 0:0803# 0:0120 0:0283# 0:0037
0.75 0:0657# 0:0098 0:0184# 0:0027
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needed for a final determination of the strange magnetic
form factor from these data.

The G0 experiment [5] at Jefferson Laboratory will
circumvent this difficulty with the axial term by combin-
ing three measurements: forward scattering of protons
from ~eep collisions, backward scattering of electrons from
~eep collisions, and backward scattering of electrons from
~eed collisions. In this way, they will extract Gs

M, Gs
E, and

Ge
A separately, so that their results for Gs

M and Gs
E will

not be contaminated by uncertain contributions to Ge
A.

These data will cover a range of Q2 from 0.1 to 1:0 GeV2

and thereby test the calculations of Zhu et al. [14] over
this range.

Another technique for avoiding the axial term is to
observe the parity-violating asymmetry in scattering
from a spinless, isoscalar target, such as 4He, as proposed
by Musolf and Donnelly [13]. In this case, only the
electric form factors contribute to the asymmetry. Two
measurements at Jefferson Laboratory will make use of
this idea, at Q2 ! 0:1 and 0:6 GeV2, to measure Gs

E. The
low Q2 experiment [6] will measure the slope of Gs

E,
while the experiment at moderate Q2 [7] will measure
the actual value of Gs

E.
Elastic scattering of neutrinos from protons does not

suffer the difficulties described above, as there is no Gewm
A

form factor in neutrino scattering. This Letter explores
what can be learned about the strange axial form factor
by combining existing !p ! !p and !!!p ! !!!p data with
the existing and upcoming data on parity-violating ~eep
scattering.

The HAPPEX Collaboration has measured the
forward-angle parity-violating asymmetry in ~eep elastic
scattering at Q2 ! 0:477 GeV2. They report a combina-
tion of Gs

E and Gs
M [17]:

Gs
E " 0:392Gs

M ! 0:025# 0:020# 0:014:

Their result contains a contribution as well from Ge
A, but

their sensitivity to Ge
A is $4% of that to Gs

E and Gs
M

because their measurement is at a very forward angle.
They used a value of Ge

A from Ref. [14]. The calculation of
Ref. [14] is not yet confirmed at this value of Q2, but even
a large error in it would produce only a small additional
uncertainty in the interpretation of the HAPPEX result.

The only major measurement to date of !p and !!!p
elastic scattering cross sections took place at Brookhaven
National Laboratory (BNL), Experiment E734 [18], using
wideband neutrino and antineutrino beams of average
kinetic energy 1.25 GeV incident upon a large liquid
scintillator target-detector system. Table I summarizes
the results of this experiment. Several attempts have
been made to extract the strange axial form factor from
these data [18–20]. In all cases, there was an assumption
made that Gs

A had a dipole Q2 dependence — that assump-
tion will not be made here.

Many years ago Llewellyn Smith [21] noted the use-
fulness of measuring the difference in the differential
cross sections of the charged-current reactions !!!n!
"%p and !p ! ""n, as this yields a simple relation
between GCC

A and the magnetic form factors of the proton
and neutron. In the present discussion GCC

A is regarded as
known and the difference in the cross sections of the
neutral current processes !p ! !p and !!!p ! !!!p is
used to relate Gs

M and Gs
A. The cross section for !p and

!!!p elastic scattering is given by [19]
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Here E! is the neutrino beam energy, and FZ
1 , FZ

2 , and GZ
A

are, respectively, the neutral weak Dirac, Pauli, and axial
form factors. Taking the difference of these two cross
sections,
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produces a relation between the Sachs magnetic form
factors (in FZ

1 " FZ
2 ) and the axial form factors (in GZ

A).
By making use of charge symmetry, one may show that

TABLE I. Differential cross section data from BNL E734
[18]. The uncertainties shown are total; they include statisti-
cal, Q2-dependent systematic, and Q2-independent systematic
contributions, all added in quadrature. The extra row at the
bottom (0:50 GeV2) lists the cross sections averaged between
the 0.45 and 0:55 GeV2 points.

Q2 d#=dQ2&!p' d#=dQ2& !!!p'
GeV2 10%12 &fm=GeV'2 10%12 &fm=GeV'2

0.45 0:165# 0:033 0:0756# 0:0164
0.55 0:109# 0:017 0:0426# 0:0062
0.65 0:0803# 0:0120 0:0283# 0:0037
0.75 0:0657# 0:0098 0:0184# 0:0027
0.85 0:0447# 0:0092 0:0129# 0:0022
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needed for a final determination of the strange magnetic
form factor from these data.

The G0 experiment [5] at Jefferson Laboratory will
circumvent this difficulty with the axial term by combin-
ing three measurements: forward scattering of protons
from ~eep collisions, backward scattering of electrons from
~eep collisions, and backward scattering of electrons from
~eed collisions. In this way, they will extract Gs

M, Gs
E, and

Ge
A separately, so that their results for Gs

M and Gs
E will

not be contaminated by uncertain contributions to Ge
A.

These data will cover a range of Q2 from 0.1 to 1:0 GeV2

and thereby test the calculations of Zhu et al. [14] over
this range.

Another technique for avoiding the axial term is to
observe the parity-violating asymmetry in scattering
from a spinless, isoscalar target, such as 4He, as proposed
by Musolf and Donnelly [13]. In this case, only the
electric form factors contribute to the asymmetry. Two
measurements at Jefferson Laboratory will make use of
this idea, at Q2 ! 0:1 and 0:6 GeV2, to measure Gs

E. The
low Q2 experiment [6] will measure the slope of Gs

E,
while the experiment at moderate Q2 [7] will measure
the actual value of Gs

E.
Elastic scattering of neutrinos from protons does not

suffer the difficulties described above, as there is no Gewm
A

form factor in neutrino scattering. This Letter explores
what can be learned about the strange axial form factor
by combining existing !p ! !p and !!!p ! !!!p data with
the existing and upcoming data on parity-violating ~eep
scattering.

The HAPPEX Collaboration has measured the
forward-angle parity-violating asymmetry in ~eep elastic
scattering at Q2 ! 0:477 GeV2. They report a combina-
tion of Gs

E and Gs
M [17]:

Gs
E " 0:392Gs

M ! 0:025# 0:020# 0:014:

Their result contains a contribution as well from Ge
A, but

their sensitivity to Ge
A is $4% of that to Gs

E and Gs
M

because their measurement is at a very forward angle.
They used a value of Ge

A from Ref. [14]. The calculation of
Ref. [14] is not yet confirmed at this value of Q2, but even
a large error in it would produce only a small additional
uncertainty in the interpretation of the HAPPEX result.

The only major measurement to date of !p and !!!p
elastic scattering cross sections took place at Brookhaven
National Laboratory (BNL), Experiment E734 [18], using
wideband neutrino and antineutrino beams of average
kinetic energy 1.25 GeV incident upon a large liquid
scintillator target-detector system. Table I summarizes
the results of this experiment. Several attempts have
been made to extract the strange axial form factor from
these data [18–20]. In all cases, there was an assumption
made that Gs

A had a dipole Q2 dependence — that assump-
tion will not be made here.

Many years ago Llewellyn Smith [21] noted the use-
fulness of measuring the difference in the differential
cross sections of the charged-current reactions !!!n!
"%p and !p ! ""n, as this yields a simple relation
between GCC

A and the magnetic form factors of the proton
and neutron. In the present discussion GCC

A is regarded as
known and the difference in the cross sections of the
neutral current processes !p ! !p and !!!p ! !!!p is
used to relate Gs

M and Gs
A. The cross section for !p and

!!!p elastic scattering is given by [19]
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Here E! is the neutrino beam energy, and FZ
1 , FZ

2 , and GZ
A

are, respectively, the neutral weak Dirac, Pauli, and axial
form factors. Taking the difference of these two cross
sections,
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produces a relation between the Sachs magnetic form
factors (in FZ

1 " FZ
2 ) and the axial form factors (in GZ

A).
By making use of charge symmetry, one may show that

TABLE I. Differential cross section data from BNL E734
[18]. The uncertainties shown are total; they include statisti-
cal, Q2-dependent systematic, and Q2-independent systematic
contributions, all added in quadrature. The extra row at the
bottom (0:50 GeV2) lists the cross sections averaged between
the 0.45 and 0:55 GeV2 points.

Q2 d#=dQ2&!p' d#=dQ2& !!!p'
GeV2 10%12 &fm=GeV'2 10%12 &fm=GeV'2

0.45 0:165# 0:033 0:0756# 0:0164
0.55 0:109# 0:017 0:0426# 0:0062
0.65 0:0803# 0:0120 0:0283# 0:0037
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and the electromagnetic current jρ
γ,Q given in eqn (5.103). The isoscalar currents

vρ
s and aρ

s are given by

vρ
s =

∑

q=s,c,b,t

q γµ q , aρ
s =

∑

q=s,c,b,t

q γµ γ5 q . (5.170)

They represent, respectively, the vector and axial contributions of the strange and
heavier quarks.

Let us separate the vector and axial parts of the hadronic current:

jρ
Z,Q(x) = vρ

Z(x) − aρ
Z(x) , (5.171)

with

vρ
Z(x) = vρ

3(x) − 2 sin2 ϑW jρ
γ,Q(x) − 1

2
vρ

s , (5.172)

aρ
Z(x) = aρ

3(x) − 1

2
aρ

s . (5.173)

In analogy with the charged-current case (see eqns (5.88) and (5.89)), the neutral-
current vector and axial matrix element can be written as

⟨N(pf)|vρ
Z(0)|N(pi)⟩ = uN(pf)

[
γρ FZN

1 (Q2) +
i

2 mN
σρη qη FZN

2 (Q2)

]
uN(pi) ,

(5.174)

⟨N(pf)|aρ
Z(0)|N(pi)⟩ = uN (pf)

[
γρ γ5 GZN

A (Q2) +
qρ

mN
γ5 GZN

P (Q2)

]
uN(pi) ,

(5.175)

with the neutral-current Dirac, Pauli, axial, and pseudoscalar form factors
FZN

1 (Q2), FZN
2 (Q2), GZN

A (Q2), and GZN
P (Q2), respectively.

The one-nucleon matrix element of the isovector current vρ
3 can be expressed in

terms of the proton and neutron matrix elements of the electromagnetic current jρ
γ,Q

in eqn (5.103). This can be done by means of the charge-symmetry transformation
in eqn (5.82). Since

Uπ vρ
3 U†

π = −vρ
3 , Uπ vρ

0 U†
π = vρ

0 , (5.176)

one can obtain, from eqn (5.85),

⟨p(pf )|vρ
3 |p(pi)⟩ = −⟨n(pf)|vρ

3 |n(pi)⟩ =
1

2

[
⟨p(pf )|jρ

γ,Q|p(pi)⟩ − ⟨n(pf )|jρ
γ,Q|n(pi)⟩

]
.

(5.177)
Using this relation, we have, from the expression of the nucleon electromagnetic
matrix element in eqn (5.108),

FZN
i = ± 1

2
(F p

i − Fn
i ) − 2 sin2 ϑW FN

i − 1

2
F sN

i (i = 1, 2; N = p, n) , (5.178)
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with the plus sign for N = p and the minus sign for N = n. The form factors
F sN

1 (Q2) and F sN
2 (Q2), which are defined by

⟨N(pf)|vρ
s (0)|N(pi)⟩ = uN (pf)

[
γρ F sN

1 (Q2) +
i

2 mN
σρη qη F sN

2 (Q2)

]
uN(pi) ,

(5.179)
are usually called strange vector form factors, since it is believed that the strange
quarks give the dominant contribution (see Ref. [406]). Hence, the vector hadronic
neutral-current matrix element is determined by the nucleon electromagnetic form
factors, whose values are reasonably well known (see eqns (5.111)–(5.119)), and the
strange vector form factors.

Let us now consider the axial currents aρ
a(x). Since under the charge-symmetry

transformation in eqn (5.82) we have

Uπ aρ
3U†

π = −aρ
3, (5.180)

using eqn (5.85), one can find that

⟨p(pf )|aρ
3|p(pi)⟩ = −⟨n(pf )|aρ

3|n(pi)⟩ . (5.181)

Furthermore, it is possible to express these matrix elements in terms of the charged-
current axial matrix element in eqn (5.89). Using eqn (5.94), one can obtain
commutation relations which are analogous to those in eqns (5.95) and (5.96) for
the vector currents:

[Ta , aρ
b (x)] = i ϵabc aρ

c(x) , [T± , aρ
3(x)] = ∓ aρ

± (x) , with aρ
± = aρ

1± i aρ
2.

(5.182)
Since the axial charged current aρ

W in eqn (5.69) coincides with aρ
+, we have

⟨p(pp)|aρ
W (0)|n(pn)⟩ = ⟨p(pp)| [aρ

3(0) , T± ] |n(pn)⟩
= ⟨p(pp)|aρ

3(0)|p(pn)⟩ − ⟨n(pp)|aρ
3(0)|n(pn)⟩ . (5.183)

Finally, we obtain, from eqns (5.181) and (5.183),

⟨p(pp)|aρ
3(0)|p(pn)⟩ = −⟨n(pp)|aρ

3(0)|n(pn)⟩ =
1

2
⟨p(pp)|aρ

W (0)|n(pn)⟩ . (5.184)

Thus, the neutral-current axial and pseudoscalar form factors in eqn (5.175) are
related to the corresponding charged-current form factors in eqn (5.89) by

GZN
i (Q2) = ± 1

2
Gi(Q

2) − 1

2
GsN

i (Q2) (i = A, P ; N = p, n) , (5.185)

with the plus sign for N = p and the minus sign for N = n. The strange axial and
pseudoscalar form factors GsN

A (Q2) and GsN
P (Q2) are defined by

⟨N(pf)|aρ
s(0)|N(pi)⟩ = uN (pf)

[
γρ GsN

A (Q2) +
qρ

mN
γ5GsN

P (Q2)

]
uN(pi) . (5.186)

The kinematics in the neutral-current elastic scattering processes in eqn (5.165)
is the same as in the charged-current quasielastic scattering processes in eqns (5.144)

Strange quark Dirac and Pauli form factors 
not constrained from e-p parity-violating scattering (PVES)

Strange quark axial FF 
Q2 behavior - not constrained

Iso-vector axial FF 
not constrained from  

CCQE scattering

Neutral weak axial FF 
unknown radiative 
correction in PVES

(Anti)Neutrino-Nucleon Neutral Current Scattering
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Perform a two-states fit, 

Fk ¼
Tr½Γp

−i/pþ m
2E Γ −i/pþ m

2 E $
Tr½Γe

−i/pþ m
2E $

; ð22Þ

and m and E are the nucleon mass and energy. The matrix
element can then be expressed as hNjOjNi ¼ R̄C3 =C2

=Fk.
All the factors are listed in Table III. For the axial vector

case, we choose the polarization index the same as the
Dirac index i for currents JA;Pi and JA;Di . The index i of
the pi dependence for currents JA;P4 and JA;D4 comes from
the polarized projector. It is found that all improvement
currents have the same structures as the local ones, and
the kinematic factors of the improvement currents just have
one additional “−m” multiplied to the factors of the
corresponding local currents. For JV;Pi and JV;Di , we need
to carry out the calculations in a moving frame because the
factors are proportional to the nucleon momentum. For JV;P4

and JV;D4 , we can do the calculation in the rest frame of
the nucleon. This is the reason why they are separated into
two parts. For the axial case, it is the other way around.

IV. RESULTS

A. Vector Case

As we mentioned above in Sec. III, we will compute gV
to check whether the same ZA determined from the pion
also applies to the proton case. We use a 2-state fit to handle
the ratios

Rðt1; t2 Þ ¼ C0 þ C1e−δmðt2 −t1Þ þ C2 e−δmt1 þ C3 e−δmt2 ;

ð23Þ

where δm is the energy difference between the first excited-
state and the ground state, t2 is the source-sink separation
and t1 is the time slice with current insertion. ConstantC0 is
the desired matrix element, coefficients C1 and C2 are
related to the transition between the ground state and the

first excited state, while C3 accounts for the excited-state to
excited-state contribution. So in different channels their
significance can be different; we need to pick out the
significant terms in order to get a stable fit. The C3 term is
always nonsignificant for the vector case and is removed
from the 2-state fit. The difference caused by adding
different terms in the fit will be considered as a systematic
uncertainty. As an example, the fitted results on 32I at the
unitary point can be found in Fig. 2. For gV 4

ðPÞ, it is too flat
to apply the 2-state fit, so we use a constant fit instead.
For gV 4

ðDÞ, there is no plateau on the plot, which is

presumably due to the fact that we used D⃗ rather than D
↔

in
our 3-point function contraction code. However, a 2-state
fit can handle this case very well, as the lattice data points

almost all lay on the fit curves. (We also tested D
↔

in the
clover case using sink-sequential methods and the final
results are not affected; the figures will be shown in the next
section.) For gVi

ðPÞ, the final error band is much larger than
the error of the lattice data, which is because the fitted δm is
small and the excited-state contributions cannot be accu-
rately fixed by the data. We also tried to use a constant fit
for gVi

ðPÞ and the results are consistent with the 2-state fit,
but the χ2 =d:o:f: is around 2 which is unacceptable. For
gVi

ðDÞ, since it is noisier than the other 3 cases, a 2-state fit
gives a result consistent with the constant fit; we choose to
use the 2-state fit as shown in Fig. 2.
The pion mass dependence is shown in Fig. 3. gV 4

ðPÞ
keeps constant when mπ changes and gVi

ðPÞ at each mπ is
consistentwith gV 4

ðPÞwithin errors; gVi
ðDÞ decreases a little

as the pion mass decreases but the values are all consistent
with gV 4

ðDÞ. Given this situation, the equation gVi
¼ gV 4

is
already satisfied within errors so we cannot determine a
unique factor f for the improvement term. In other words,
there is no obvious need for this kind of improvement in the
vector channel, since no evident deviation between the
spatial and temporal parts is observed.
The results from 24I are similar. Using the bare value of

gV 4
ðPÞ, we find that ZVgV 4

ðPÞ ¼ 1within errors with ZV ¼
ZA determined from pion using Ward identity [42], which
means the pion ZA also applies to the proton case. So we
will use the normalization constant provided in the above
reference, which is, ZA ¼ 1.111ð6 Þ for 24I and ZA ¼
1.086 ð2 Þ for 32I.

B. Axial Vector Case

For the axial vector, we also try to use the standard
2-state fit to handle the excited-state contamination.
However, for gA4

ðPÞ, the lattice data points show no
obvious curvature at either the source side or the sink side
on both lattices 24I and 32I within errors (the fit examples
at the unitary points are shown in Figs. 4 and 5, respec-
tively), which means the transition terms are heavily
suppressed. If we still force a full 2-state fit on the data,

TABLE III. Kinematic factors in the 3-point function to 2-point
function ratios. The last two columns show the results in two
special cases, which are used in this work.

Current Fk p⃗ ¼ 0⃗ p⃗2 ¼ p2
i

JV;Pi −i pi
E 0 −i pi

E

JV;P4
1 1 1

JV;Di i mpi
E 0 i mpi

E

JV;D4
−m −m −m

JA;Pi − m2 þ mEþ p2
i

EðEþ mÞ
−1 −1

JA;P4
−i pi

E 0 −i pi
E

JA;Di
m2 ðmþ EÞþ mp2

i
EðEþ mÞ

m m

JA;D4
i mpi

E 0 i mpi
E
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FIG. 1. Disconnected three-point insertion (DI) to calculate
the s̄�µs matrix element in the nucleon state

nucleon sea are connected to the valence quarks through
the fluctuating gauge background as shown in Fig. 1. We
present lattice calculations of the strange EM FFs using
the overlap fermion on the (2 + 1) flavor RBC/UKQCD
domain wall fermion (DWF) gauge configurations. De-
tails of these ensembles are listed in Table I. We use 24
valence quark masses in total for the 24I, 32I, 48I, and
32ID ensembles representing pion masses in the range
m⇡ 2(135, 400) MeV to explore the quark-mass depen-
dence of the s-quark FFs. We employ eigenmode defla-

TABLE I. The parameters for the DWF configurations: spa-
tial or temporal size, lattice spacing [35, 36], the sea strange
quark mass under the MS scheme at 2 GeV, the pion mass
corresponding to the degenerate light sea quark mass and the
numbers of configurations used in this work.

Ensemble L3 ⇥ T a (fm) m(s)
s (MeV) m⇡ (MeV) Nconfig

24I [36] 243 ⇥ 64 0.1105(3) 120 330 203
32I [36] 323 ⇥ 64 0.0828(3) 110 300 309
48I [35] 483 ⇥ 96 0.1141(2) 94.9 139 81
32ID [35] 323 ⇥ 64 0.1431(7) 89.4 171 200

tion in the inversion of the quark matrix and use the
smeared-grid Z(3)-noise source with low-mode substitu-
tion (LMS) to improve statistics by a very significant
amount, the details of which can be found in Ref. [37–
39]. Nucleon two-point (2pt) and three-point (3pt) cor-
relation functions are defined as

⇧2pt(~p 0,t2;t0)=
X

~x

e�i~p 0·~x
h0|T [�(~x,t2)

X

xi2G

�̄S(xi,t0)]|0i ,

⇧3pt
Vµ

(~p 0, t2;~q,t1;t0)=
X

~x2,~x1

e�i~p 0·~x2+i~q·~x1h0|T [�(~x2,t2)

Vµ(~x1,t1)
X

xi2G

�̄S(xi,t0)]|0i , (2)

where t0 and t2 are the source and sink temporal po-
sitions, respectively, ~p, ~p 0 are the source and sink mo-
menta, respectively, t1 is the time at which the bilinear
operator Vµ(x) = s̄(x)�µs(x) is inserted, xi are points on
the spatial grid G, � is the usual nucleon point interpo-
lation field and �̄S is the nucleon interpolation field with
grid-smeared Z3-noise source, and the three-momentum
transfer is ~q = ~p 0

� ~p as shown in Fig. 1. For the point
sink and smeared source with t0 = 0 and ~p = ~0 and
~q = ~p 0 the Sachs FFs can be obtained by the ratio of a

combination of 3pt and 2pt correlations with appropriate
kinematic factors,

Rµ(~q, t2,t1)=
Tr[�m⇧3pt

Vµ
(~q, t2,t1)]

Tr[�e⇧2pt(~0, t2)]
e(Eq�m)·(t2�t1) 2Eq

Eq +m
.

(3)

Here, Eq =
p
m2

N + ~q 2 and mN is the nucleon mass.
The choice of the projection operator for the magnetic
form factor is �m=�k=�i(1+ �4)�k�5/2 with k=1, 2, 3
and that for the electric form factor is �e = (1 + �4)/2.
Then in the limit (t2 � t1) � 1/�m and t1 � 1/�m,
we can obtain two Sachs FFs by an appropriate choice of
projection operators and current directions µ:

Rµ=i(�k)
(t2�t1)�1/�m,t1�1/�m
�����������������!

✏ijkqj
Eq +mN

Gs
M (Q2),

Rµ=4(�e)
(t2�t1)�1/�m,t1�1/�m
�����������������!Gs

E(Q
2), (4)

with i, j, k 6= 4 and �m the mass gap between the ground
state and the first excited state. We note that Rµ con-
tains a ratio ZP (q)/ZP (0), where ZP (q) is the wave func-
tion overlap for the point sink with momentum |~q|. It is
unity in the continuum limit, but has a small q2a2 error
at finite lattice spacing. We checked this ratio for the 32I
(smallest a) and the 32ID (largest a) lattices, found its
e↵ect on the extrapolated magnetic moment and charge
radius is only about 1%� 2% and thus ignored it.
We incorporate a global-fit technique described in

Ref. [40] to determine the s-quark mass by matching
to the renormalized s-quark mass at the 2GeV scale in
the MS scheme and use normalized vector currents [41].
To control the excited-state contamination and obtain
better signal-to-noise ratios we perform a joint two-
state correlated fit by simultaneously fitting the standard
3pt/2pt ratio R(t2, t1) and the widely used summed ra-
tio SR(t2) [42] to calculate DI matrix elements. We call
this hybrid method the combined fit (CF) throughout
the rest of this work. For more details, see Ref. [39]. The
R(t2, t1) and SR(t2) fitting formulas for a given direc-
tion of current and momentum transfer can be written,
respectively, as

R(t2, t1) = C0 + C1e
��m(t2�t1) + C2e

��mt1 + C3e
��mt2 ,

SR(t2) =

t1(t2�t00)X

t1�t0

R(t2, t1)

= (t2 � t0 � t
00
+ 1)C0 + C1

e��mt00
� e��m(t2�t0+1)

1� e��m

+C2
e��mt0

�e��m(t2�t00+1)

1� e��m
+C3(t2 �t0 �t00 +1)e��mt2 .

Here, t0 and t
00
are the number of time slices we drop

at the source and sink sides, respectively, and we choose
t0 = t00 = 1. Ci and �m are fit parameters. The present
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FIG. 2. Combined fit result for disconnected contribution
Gs

M (Q2 = 0.0515GeV2) with m⇡ = 207MeV. The bands
show fits to the 3pt/2pt ratios. The current insertion time t1
is shifted by half the sink-source separation for clarity.

scheme with the CF technique allows us to obtain a sta-
ble fit and control the excited-state contamination. We
find, for the lighter quark masses on the 24I and 32I en-
sembles, the enhancement in the signal-to-noise ratio is
approximately 5% � 10% and near m⇡ = 140 MeV for
the 48I and 32ID ensembles the CF fit is more stable
compared to the SR and R methods separately.

In Fig. 2, we present the result of CF for a particular
case, the 48I ensemble with quark masses for the nucleon
corresponding tom⇡ = 207MeV, Q2 = 0.0515GeV2, and
several source to sink separations t2 2 [5 � 9]. We show
the SR(t2) plot with an inset in the R(t2, t1) plot. One
can clearly see from the SR plot that the slope is negative
and from the R plot that the 3pt/2pt ratio saturates near
t2 = 9. The orange and cyan bands in the R- and SR-
plots show the error bound obtained from the CF, which
is Gs

M (Q2 = 0.0515GeV2) = �0.029(9). We present this
plot, in particular, to show how one can obtain a reliable
and stable fit near the physical m⇡. The unprecedented
precision we obtain in statistics is partly due to the fact
that we calculate the low-mode contribution to the loop
exactly without any stochastic noise. We find that about
15% � 25% of the signal is saturated by the low modes
while determining the s-quark matrix elements in this
calculation.

Next, we explore the Q2 dependence of Gs
M (Q2) to

obtain the strange magnetic moment at Q2 = 0. We
compare both the dipole form [32] and the model inde-
pendent z-expansion fit [33, 34] given by

Gs,z�exp
M (Q2)=

kmaxX

k=0

akz
k,z=

p
tcut +Q2 �

p
tcutp

tcut +Q2 +
p
tcut

. (5)

We set tcut = (2mK)2. We keep the first three coe�cients
multiplying zk in the z-expansion formula and perform
fits versus Q2. We calculate the jackknife ensemble aver-
age a2,avg of the coe�cient a2 and then perform another
fit by setting a2 centered at a2,avg with a prior width
equal to 2 ⇥ |a2,avg|. We find the e↵ect of setting this
prior is almost insignificant for the 24I and 32I ensem-
ble data, especially at heavier quark masses. However,
the prior stabilizes the extrapolation of Gs

M (Q2) for pion

masses around the physical point for the 48I ensemble.
Since the z-expansion method guarantees that ak coef-
ficients are bounded in size and that higher order ak’s
are suppressed by powers of zk, we carefully check the
e↵ect of the a3 coe�cient in our fit formula and estimate
this e↵ect to calculate the systematic uncertainties in the
z�expansion fit. We present the extrapolation of Gs

M (0)
using both the dipole and z-expansion methods in Fig. 3
with the smallest lattice spacing a = 0.0828(3) fm used in
our simulation and lattice data at the unitary point for
the 32I ensemble with a pion mass m⇡ = 330MeV. The
present calculation does not provide any conclusive ev-
idence of any statistically significant di↵erence between
these two methods, as seen in the figure. However, be-
cause of model independence and goodness of the fit, we
use z�expansion fit results in the rest of our calculation.

FIG. 3. Comparison between the classical dipole form and
the model-independent z-expansion fit to study the Q2 de-
pendence of Gs

M and extract Gs
M (0). The Gs

M (Q2) data
points correspond to the 32I ensemble with quark masses cor-
responding to m⇡ = 330MeV.

From the z-expansion extrapolations, we obtain 24
di↵erent estimates of Gs

M (0) from four di↵erent lattice
ensembles with varying quark masses. As the nucleon
2pt correlation function depends on the valence quark
masses and the strange quark matrix elements depend
on mloop, we use a chiral extrapolation linear in m⇡ and
mloop = mK [21, 43–45]. To account for the partial
quenching e↵ect with the valence-sea pion mass (m⇡,vs),
and the O(a2) correction and volume dependence [46],
the global fit formula we use for the extrapolation of
Gs

M (0) to the physical point is

Gs
M (0;m⇡,m⇡,vs,mK , a, L) = A0 +A1m⇡ +A2mK

+A3m
2
⇡,vs+A4a

2+A5m⇡

✓
1�

2

m⇡L

◆
e�m⇡L, (6)

where m⇡ (mK) is the valence pion (kaon) mass
and m⇡,vs is the partially quenched pion mass
m2

⇡,vs = 1/2(m2
⇡ +m2

⇡,ss) with m⇡,ss the pion mass cor-
responding to the sea quark mass. A4 includes the mixed
action parameter �mix [47]. The extrapolation of the
strange magnetic moment is shown in Fig. 4 and at the
physical point in the limit a ! 0 and L ! 1 we obtain

Gs
M (0)|physical = �0.064(14)(04)(06)(06)µN . (7)
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scheme with the CF technique allows us to obtain a sta-
ble fit and control the excited-state contamination. We
find, for the lighter quark masses on the 24I and 32I en-
sembles, the enhancement in the signal-to-noise ratio is
approximately 5% � 10% and near m⇡ = 140 MeV for
the 48I and 32ID ensembles the CF fit is more stable
compared to the SR and R methods separately.

In Fig. 2, we present the result of CF for a particular
case, the 48I ensemble with quark masses for the nucleon
corresponding tom⇡ = 207MeV, Q2 = 0.0515GeV2, and
several source to sink separations t2 2 [5 � 9]. We show
the SR(t2) plot with an inset in the R(t2, t1) plot. One
can clearly see from the SR plot that the slope is negative
and from the R plot that the 3pt/2pt ratio saturates near
t2 = 9. The orange and cyan bands in the R- and SR-
plots show the error bound obtained from the CF, which
is Gs

M (Q2 = 0.0515GeV2) = �0.029(9). We present this
plot, in particular, to show how one can obtain a reliable
and stable fit near the physical m⇡. The unprecedented
precision we obtain in statistics is partly due to the fact
that we calculate the low-mode contribution to the loop
exactly without any stochastic noise. We find that about
15% � 25% of the signal is saturated by the low modes
while determining the s-quark matrix elements in this
calculation.

Next, we explore the Q2 dependence of Gs
M (Q2) to

obtain the strange magnetic moment at Q2 = 0. We
compare both the dipole form [32] and the model inde-
pendent z-expansion fit [33, 34] given by

Gs,z�exp
M (Q2)=

kmaxX

k=0

akz
k,z=

p
tcut +Q2 �

p
tcutp

tcut +Q2 +
p
tcut

. (5)

We set tcut = (2mK)2. We keep the first three coe�cients
multiplying zk in the z-expansion formula and perform
fits versus Q2. We calculate the jackknife ensemble aver-
age a2,avg of the coe�cient a2 and then perform another
fit by setting a2 centered at a2,avg with a prior width
equal to 2 ⇥ |a2,avg|. We find the e↵ect of setting this
prior is almost insignificant for the 24I and 32I ensem-
ble data, especially at heavier quark masses. However,
the prior stabilizes the extrapolation of Gs

M (Q2) for pion

masses around the physical point for the 48I ensemble.
Since the z-expansion method guarantees that ak coef-
ficients are bounded in size and that higher order ak’s
are suppressed by powers of zk, we carefully check the
e↵ect of the a3 coe�cient in our fit formula and estimate
this e↵ect to calculate the systematic uncertainties in the
z�expansion fit. We present the extrapolation of Gs

M (0)
using both the dipole and z-expansion methods in Fig. 3
with the smallest lattice spacing a = 0.0828(3) fm used in
our simulation and lattice data at the unitary point for
the 32I ensemble with a pion mass m⇡ = 330MeV. The
present calculation does not provide any conclusive ev-
idence of any statistically significant di↵erence between
these two methods, as seen in the figure. However, be-
cause of model independence and goodness of the fit, we
use z�expansion fit results in the rest of our calculation.

FIG. 3. Comparison between the classical dipole form and
the model-independent z-expansion fit to study the Q2 de-
pendence of Gs

M and extract Gs
M (0). The Gs

M (Q2) data
points correspond to the 32I ensemble with quark masses cor-
responding to m⇡ = 330MeV.

From the z-expansion extrapolations, we obtain 24
di↵erent estimates of Gs

M (0) from four di↵erent lattice
ensembles with varying quark masses. As the nucleon
2pt correlation function depends on the valence quark
masses and the strange quark matrix elements depend
on mloop, we use a chiral extrapolation linear in m⇡ and
mloop = mK [21, 43–45]. To account for the partial
quenching e↵ect with the valence-sea pion mass (m⇡,vs),
and the O(a2) correction and volume dependence [46],
the global fit formula we use for the extrapolation of
Gs

M (0) to the physical point is
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+A3m
2
⇡,vs+A4a

2+A5m⇡

✓
1�

2

m⇡L

◆
e�m⇡L, (6)

where m⇡ (mK) is the valence pion (kaon) mass
and m⇡,vs is the partially quenched pion mass
m2

⇡,vs = 1/2(m2
⇡ +m2

⇡,ss) with m⇡,ss the pion mass cor-
responding to the sea quark mass. A4 includes the mixed
action parameter �mix [47]. The extrapolation of the
strange magnetic moment is shown in Fig. 4 and at the
physical point in the limit a ! 0 and L ! 1 we obtain

Gs
M (0)|physical = �0.064(14)(04)(06)(06)µN . (7)
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FIG. 2. Combined fit result for disconnected contribution
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FIG. 4. Strange magnetic moment at 24 quark masses on 24I,
32I, 48I, and 32ID ensembles as a function of the pion mass.
The curved blue line in the figure shows the behavior in the
infinite volume and continuum limit. The cyan band shows
the combined statistical and systematic uncertainties added
in quadrature.

Here, the uncertainties in the parentheses are from the
statistics, interpolation to the physical s-quark mass [40],
introducing a3 coe�cients in the z-expansion fit, and
the global fit formula for the continuum extrapolation of
Gs

M (0), respectively. To calculate the uncertainty asso-
ciated with the global fit formula, we consider the higher

order volume correction terms (m3/2
⇡ /

p
L)e�m⇡L [46],

mNmK [44], logm2
⇡, and m⇡,vs. We obtain the fit coef-

ficients: A1 = 0.61(16), A2 = �2.26(49), A3 = 0.31(12),
A4 = 0.015(16), and A5 = �4.0(2.4) with the sign of
A5 consistent with that in Ref. [46]. We note that the
O(a2) e↵ect is small, whereas the partial quenching ef-
fect and the volume correction along with the quark mass
dependence play roles in our global fit. While Gs

M (0)
values for di↵erent ensembles are consistent within un-
certainty near m⇡ = 250MeV, from the fit coe�cients it
can be seen that, near m⇡ = 400MeV, Gs

M (0) calculated
from the 48I ensemble is more negative due to the partial
quenching e↵ect.

For a given valence quark mass we fit Gs
E(Q

2) using
the z�expansion method described above and calculate
the charge radius from the fitted slope of the data using
the definition hr2siE ⌘ �6dGs

E
dQ2 |Q2=0. The net strangeness

in the nucleon is zero, and thus Gs
E(0) = 0, which we con-

firm in our simulation. Chiral extrapolation to the hr2siE
data is obtained from Ref. [44]. Because the method of
finite volume correction of nucleon charge radius is less
clear and hard to obtain [48, 49], we employ an empirical
formula for the volume correction to describe our lattice
data. The empirical fit formula we use to obtain hr2siE
at the physical point is

hr2siE(m⇡,m⇡,vs,mK , a, L) = A0+A1 log (mK)

+A2m
2
⇡ +A3m

2
⇡,vs +A4a

2 +A5

p

Le�m⇡L. (8)

We find that the volume correction term similar to the
pion charge radius term derived in Ref. [49] describes
our lattice data well. From the fitted values of the coef-
ficients in Eq. (8), namely, A1 = 0.03(2), A2 = �0.04(8),

FIG. 5. Strange charge radius at 24 quark masses on 24I,
32I, 48I, and 32ID ensembles as a function of the pion mass.
The curved blue line in the figure shows the behavior in the
infinite volume and continuum limit. The cyan band shows
the combined statistical and systematic uncertainties added
in quadrature.

A3 = 0.03(2), A4 = �0.0004(27), and A5 = 0.001(7), it is
seen that among di↵erent contributions the quark mass
dependence and partial quenching e↵ect are more im-
portant in determining hr2siE from our lattice data. We
also consider e�m⇡L, mK instead of logmK , 1/m2

N [44],
m⇡,vs and calculate a systematic error derived from dif-
ferent terms in the global fit formula. We present the
value of hr2siE at the physical point in Fig. 5 which gives

hr2siE |physical = �0.0043(16)(02)(08)(07) fm2. (9)

The uncertainties in the second and third parentheses
of Eq. (9) are obtained using similar methods described
in the case of Gs

M (0). The lowest Q2 values for 48I and
32ID ensembles are 0.051 and 0.073 GeV2 respectively,
which are almost 3�4 times smaller than the lowest Q2 =
0.22GeV2 of the 24I and 32I ensemble. As extracting the
charge radius from the FF data can be sensitive to the
lowest available Q2, this can a↵ect our determination of
hr2siE . A 20% uncertainty in introducing the a3 term in
the z�expansion has been included as a systematic in
the final result of hr2siE .
Finally, we present Fig. 6 to compare our result of

Gs
M (0) and Gs

M (Q2 = 0.1GeV2) = �0.037(10)(05) with
some other measurements of Gs

M (0) and global analy-
ses of Gs

M at Q2 = 0.1GeV2. We strongly believe that
controlling excited-state contamination, performing the
simulation near the physical pion mass, and considering
the finite size e↵ect altogether play an important role in
determining the strange magnetic moment as observed in
our lattice simulation.
In conclusion, we have performed a robust first-

principles lattice QCD calculation using four di↵erent
2 + 1 flavor dynamical fermion lattice ensembles includ-
ing, for the first time, the physical pion mass to explore
the quark mass dependence and with finite lattice spacing
and volume corrections to determine the strange quark
matrix elements in the vector channel. We have per-
formed a two-state fit where we combined both the ratio

FF at each Q2 obtained through z-expansion and using 24 data points in a simultaneous 
chiral, continuum, and infinite volume extrapolation
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in [24]. We obtain systematics from the global fit formula
by replacing the volume correction by e−mπL only and also
by adding mπ;vs term in the fit and include the difference in
the systematics of the global fit results. The results of
Gs

MðQ2Þ in the continuum limit are presented in Fig. 4.

IV. CALCULATION OF NEUTRAL WEAK
FORM FACTORS

Since the neutral weak Z-boson can have both vector and
axial vector interactions, the amplitude of the Z-exchange
can have both parity-conserving and parity-violating com-
ponents. The parity-conserving and parity-violating
Z-amplitudes in the electron-nucleon scattering can be
written as

MPC
Z ¼ GF

2
ffiffiffi
2

p ðgiVlμJZμ þ giAl
μ5JZμ5Þ; ð14Þ

MPV
Z ¼ GF

2
ffiffiffi
2

p ðgiVlμJZμ5 þ giAl
μ5JZμ Þ; ð15Þ

where GF is the Fermi constant, giVðAÞ the weak vector

(axial) charge of the fermions, lμðlμ5Þ the leptonic vector
(axial) current, and JZμ ðJZμ5Þ the nucleon vector(axial)
current. In the electron-nucleon elastic scattering, the
first-order interactions are mediated either by a photon
(γ) or a neutral weak Z-boson as shown in Figs. 5(a)
and 5(b). The contributions to the weak FFs from additional
diagrams in Figs. 5(c) and 5(d) should also be considered.
Moreover, there can be contributions that involve strong
interactions where γ and Z-boson can interact with several
quarks and these diagrams are not shown here. These
“many-quark” corrections are target specific and difficult to
calculate; the calculations are model-dependent. We use the
LFHQCD predictions of nucleon electromagnetic form
factors GpðnÞ

E;M ðQ2Þ from Eq. (9) and Gs
E;MðQ2Þ from lattice

QCD calculation in Eq. (1) to obtain the nucleon neutral
weak FFs which are shown in Figs. 6 and 7.
We address several sources of systematic uncertainties

coming from the LFHQCD model, such as from the
variations in κ-value, from the higher Fock components
probability parameters γpðnÞ and from r to estimate neutral
weak FFs for the proton and neutron. When calculating the

(a) (b) (c) (d)

FIG. 5. Feynman diagrams representing tree-level EM and weak interactions and “one-quark” radiative corrections.

FIG. 6. Q2-dependence of the proton and neutron neutral weak
magnetic form factor GZ;pðnÞ

M . The smaller uncertainties are from
statistics alone of the lattice QCD calculation of Gs

E;MðQ2Þ. The
various systematic uncertainties from the LFHQCD model and
lattice QCD calculation and the statistical uncertainties have been
added in quadrature to obtain the final errors in the neutral weak
FFs calculation. The red star is the experimental result from [1]
and the orange triangle is from the analysis of SAMPLE proton
data performed in [21] at Q2 ¼ 0.1 GeV2 (with offset Q2 for
visibility).

FIG. 7. Q2-dependence of the proton and neutron neutral weak
electric form factor GZ;pðnÞ

E . The smaller uncertainties are from
statistics of the lattice QCD calculation of Gs

E;MðQ2Þ. The various
systematic uncertainties from the LFHQCD model and lattice
QCD calculation and the statistical uncertainties have been added
in quadrature to obtain the final errors in the neutral weak FFs
calculation.
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and the electromagnetic current jρ
γ,Q given in eqn (5.103). The isoscalar currents

vρ
s and aρ

s are given by

vρ
s =

∑

q=s,c,b,t

q γµ q , aρ
s =

∑

q=s,c,b,t

q γµ γ5 q . (5.170)

They represent, respectively, the vector and axial contributions of the strange and
heavier quarks.

Let us separate the vector and axial parts of the hadronic current:

jρ
Z,Q(x) = vρ

Z(x) − aρ
Z(x) , (5.171)

with

vρ
Z(x) = vρ

3(x) − 2 sin2 ϑW jρ
γ,Q(x) − 1

2
vρ

s , (5.172)

aρ
Z(x) = aρ

3(x) − 1

2
aρ

s . (5.173)

In analogy with the charged-current case (see eqns (5.88) and (5.89)), the neutral-
current vector and axial matrix element can be written as

⟨N(pf)|vρ
Z(0)|N(pi)⟩ = uN(pf)

[
γρ FZN

1 (Q2) +
i

2 mN
σρη qη FZN

2 (Q2)

]
uN(pi) ,

(5.174)

⟨N(pf)|aρ
Z(0)|N(pi)⟩ = uN (pf)

[
γρ γ5 GZN

A (Q2) +
qρ

mN
γ5 GZN

P (Q2)

]
uN(pi) ,

(5.175)

with the neutral-current Dirac, Pauli, axial, and pseudoscalar form factors
FZN

1 (Q2), FZN
2 (Q2), GZN

A (Q2), and GZN
P (Q2), respectively.

The one-nucleon matrix element of the isovector current vρ
3 can be expressed in

terms of the proton and neutron matrix elements of the electromagnetic current jρ
γ,Q

in eqn (5.103). This can be done by means of the charge-symmetry transformation
in eqn (5.82). Since

Uπ vρ
3 U†

π = −vρ
3 , Uπ vρ

0 U†
π = vρ

0 , (5.176)

one can obtain, from eqn (5.85),

⟨p(pf )|vρ
3 |p(pi)⟩ = −⟨n(pf)|vρ

3 |n(pi)⟩ =
1

2

[
⟨p(pf )|jρ

γ,Q|p(pi)⟩ − ⟨n(pf )|jρ
γ,Q|n(pi)⟩

]
.

(5.177)
Using this relation, we have, from the expression of the nucleon electromagnetic
matrix element in eqn (5.108),

FZN
i = ± 1

2
(F p

i − Fn
i ) − 2 sin2 ϑW FN

i − 1

2
F sN

i (i = 1, 2; N = p, n) , (5.178)

Neutral Weak Form Factors of Proton and Neutron
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We determine the nucleon neutral weak electromagnetic form factors GZ,p(n)
E,M by combining results

from light-front holographic QCD and lattice QCD calculations. We deduce nucleon electromagnetic
form factors from light-front holographic QCD which provides a good parametrization of the ex-
perimental data of the nucleon electromagnetic form factors in the entire momentum transfer range
and isolate the strange quark electromagnetic form factors G

s
E,M using lattice QCD. From these

calculations, we obtain precise estimates of the neutral weak form factors in the momentum transfer
range of 0GeV2  Q

2  0.5GeV2. From the lattice QCD calculation, we present Q
2-dependence

of the strange quark form factors. We also deduce the neutral weak Dirac and Pauli form factors
F

Z,p(n)
1,2 of the proton and the neutron.

I. INTRODUCTION

In the electron elastic scattering from a hadron,
parity-violating asymmetry arises from the interfer-
ence of weak and electromagnetic amplitudes where
the neutral weak current scattering is mediated by
the Z-boson exchange. Because the weak current con-
tains both vector and axial vector contributions, it vio-
lates parity and this property of the neutral weak cur-
rent has been the main interest of the parity-violating
(PV) experiments [1–13]. These PV experiments are
important as they allow measurements of the stan-
dard model parameters related to Z-boson couplings
and search for new PV interactions beyond the stan-
dard model. When electroweak (EW) radiative cor-
rections [14, 15] are taken into account, the neutral
weak electric and magnetic form factors GZ,p

E,M of the
nucleon, under the assumption of isospin symmetry,

can be expressed in terms of nucleon electric (G�,p(n)
E )

and magnetic (G�,p(n)
M ) form factors and a contribution

from the strange (s) quarks as [3, 16–18],

GZ,p(n)
E,M (Q2) =

1

4


(1�4 sin2 ✓W )(1+Rp(n)

V )G�,p(n)
E,M (Q2)

�(1+Rn(p)
V )G�,n(p)

E,M (Q2)�(1+R(0)
V )Gs

E,M (Q2)

�

where the subscript E(M) stands for the elec-
tric(magnetic) form factor (FF) and the superscript
p(n) stands for the proton(neutron). Under the isospin
symmetry, the strange electromagnetic form factor
(EMFF) is the same for the proton and neutron, i.e.

Gs,p
E,M = Gs,n

E,M = Gs
E,M . Rp(n)

V and R(0)
V are radiative

⇤
sufian@jlab.org

corrections to the vector form factors calculated
in Ref. [14] and translated into the MS-scheme in
Ref. [15]. The updated analysis of these radiative
corrections can be found in Ref. [19] and we use the
values listed in Ref. [20] for the subsequent calcula-
tions.

The first measurement of the proton neutral
weak magnetic form factor GZ,p

M from PV asym-
metry in the polarized ~e � p scattering experi-
ment was performed by the SAMPLE collabo-
ration. Performed at a momentum transfer of
Q2 = 0.1GeV2, the neutral weak magnetic form
factor was found to be GZ,p

M (Q2 = 0.1GeV2) =
0.34(11) nucleon magneton (n.m.) which corresponds
to a value of Gs

M (Q2 = 0.1GeV2) = 0.23(44) n.m [1].
In an updated analysis Ref. [21] of the SAMPLE
data, one of the authors from Ref. [1] obtained
PV asymmetry A = (�5.22 ± 2.24 ± 0.62) ⇥ 10�6

compared to the A = (�6.34 ± 1.45 ± 0.53) ⇥ 10�6

at Q2 = 0.1GeV2 reported in Ref. [1]. Both of
these PV asymmetries agree within uncertainties.
While extracting GZ,p

M using Eq. (1), the author in
Ref. [21] used radiative corrections from Ref. [15]
instead of the radiative corrections [22] that were
used in Ref. [1]. The author in Ref. [21] obtained
GZ,p

M (Q2 = 0.1GeV2) = 0.29(16) n.m. which corre-
sponds to Gs

M (Q2 = 0.1GeV2) = 0.49(65) n.m.. More
technical details of this updated analysis, such as the
inclusion of shutter closed asymmetries in the experi-
ment, scintillation measurements, etc. are beyond the
scope of this work and interested readers are referred
to Ref. [21] for more discussion. Another reanalysis [2]
of the SAMPLE data with three major modifications
implemented, such as a developed Monte-Carlo simula-
tion of the full experimental geometry, consideration of
background associated with the threshold photo-pion
production which was not included in Ref. [1], and a
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However, a significantly precise knowledge of GZ

A
(Q2) is required to extract Gs

E,M
and

G
z,p(n)
E,M

from the experimental measurements of parity-violating asymmetry. As we

will discuss below, although the typical electroweak radiative corrections are expected

to be O(↵), the tree-level suppression of the interaction in the parity-violating ~e� p

scattering makes the radiative corrections to G
Z

A
more significant. The uncertain-

ties in the radiative correction of GZ

A
are large and radiative corrections involving

the strong interaction are not clearly known, so the extraction of GZ,p(n)
E,M

from the

parity-violating scattering experiments is a tremendous challenge. One anticipates

that with a reliable first-principles estimate of Gs

E,M
, one can also give a prediction

of the neutral weak form factors of the proton and the neutron.

5.3 Formalism

Electron-proton scattering can proceed through an exchange of a virtual Z-boson

or photon (�), represented in the lowest order by the Feynman diagrams shown

in FIG. 5.1. This process gives rise to a new current for the proton, called the

neutral weak current. Because the neutral weak charge of light quarks and electrons

are di↵erent for the left-handed and right-handed particles, parity is violated in the

scattering of polarized electrons o↵ the nucleon. The invariant amplitudes of the

scattering processes shown in FIG. 5.1 can be written in terms of leptonic vector

(lµ), axial (lµ5), nucleon vector (Jµ

�
), nucleon weak vector (Jµ

Z
) and weak axial (Jµ5

Z
)

currents:

M� =
4⇡↵

Q2
eil

µ
J
�

µ
, (5.1)

MZ =
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p
2
(gi

V
l
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i

A
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µ5)(JZ

µ
+ J

Z

µ5), (5.2)
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Similar to the electromagnetic current in the nucleon, the vector component of

the neutral weak current in the nucleon can be written as

J
Z

µ
= ūN


�µF

Z

1 (Q
2) +

i�µ⌫q
⌫

2MN

F
Z

2 (Q
2)

�
uN , (5.5)

where uN is the nucleon spinor, the neutral weak form factors FZ

1 and F
Z

2 are analo-

gous to the electromagnetic form factors F �

1 and F
�

2 . The nucleon neutral weak axial

current is defined as:

J
Z

µ5 = ūN


�µ�5G

Z

A

�
uN (5.6)

where G
Z

A
is the neutral weak axial form factor.

Since the electroweak interaction of the gauge bosons with quarks is pointlike,

the nucleon vector and axial currents and the corresponding form factors can be

decomposed into a sum of quark currents, one current for each quark flavor [63]. The

electromagnetic and neutral weak vector currents can be written as nucleon matrix

elements of the quark current operators Ĵ�

µ
and Ĵ

�

µ5 as

J
�

µ
⌘ hN |Ĵ

�

µ
|Ni ,

J
Z

µ
⌘ hN |Ĵ

Z

µ
|Ni ,

J
Z

µ5 ⌘ hN |Ĵ
Z

µ5|Ni (5.7)

where |Ni is a proton or neutron state and the quark current operators are given by

Ĵ
�

µ
⌘

X

q

Qq q̄�µq,

Ĵ
Z

µ
⌘

X

q

g
V

q
q̄�µq,

Ĵ
Z

µ5 ⌘

X

q

g
A

q
q̄�µ�5q.

(5.8)
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✏0 ! 0 as scattering angle ! 0

(1� 4 sin2 ✓W ) << 1

Suppresses tree-level value 
Higher order corrections (unknown) 

 must be considered

Makes forward scattering 
experiment less useful

Qweak Experiment, Nature 2018

Zel’dovich (58) 
Kaplan, Manohar (88) 
McKeown, Beck (89)

INPC 2013

Table 1. Recent calculations of ⇤V
�Z(E,Q2) and its uncertainty at the kinematics of this measurement.

Reference ⇤V
�Z(E,Q2) �⇤V

�Z(E,Q2)
Gorchtein, et al. [5] 0.0026 0.0026
Sibirtsev, et al. [6] 0.0047 +0.0011

�0.0004
Rislow, et al. [7] 0.0057 0.0009
Gorchtein, et al. [8] 0.0054 0.0020
Hall, et al. [9] 0.0056 0.00036

This asymmetry may be described at tree level in terms of electromagnetic, weak, and axial form
factors as

Aep = A0

"
"G�EGZ

E + ⌧G
�
MGZ

M � (1 � 4 sin2 ✓W )"0G�MGZ
A

"(G�E )2 + ⌧(G�M)2

#
(2)

where

A0 =
�GF Q2

4⇡↵
p

2
, " =

1
1 + 2(1 + ⌧) tan2 ✓

2

, and "0 =
p
⌧(1 + ⌧)(1 � "2) (3)

are kinematic quantities, GF the Fermi constant, sin2 ✓W the weak mixing angle, �Q2 the four-
momentum transfer squared, ↵ the fine structure constant, ⌧ = Q2/4M2, M the proton mass, and
✓ the laboratory electron scattering angle.

It’s convenient [4] to rewrite Eq. 2 as

Aep/A0 = Qp
W + Q2B(Q2, ✓), (4)

where Qp
W appears as the intercept, and the slope containing the hadronic structure is wrapped up in

the B(Q2, ✓) term. This latter term can be determined from existing PVES data at higher Q2, and is
quenched at small Q2. In order to make use of Eq. 4, it is assumed that the only significant energy
dependent electroweak radiative correction ⇤V

�Z(E,Q2) has first been subtracted from the asymmetry.
Results of several recent calculations of this radiative correction are presented in table 1. There is good
agreement about the magnitude of the correction. The most recent and most precise calculation [9]
improved the precision through the use of parton distribution functions, and recent ~ed parity violation
(PV) data from JLab [10]. Their result corresponds to a 7.8% ± 0.5% correction at the kinematics of
this experiment to the Standard Model (SM) value of Qp

W (0.0710(7)) [3].

3 The Experiment

A dedicated apparatus was constructed for this experiment [11] at JLab. The main components were a
35 cm long LH2 target, a triple lead collimator system to define the acceptance, and a toroidal magnet
used to separate elastic events from inelastic events at a focus where eight quartz Cerenkov detectors
were arrayed around the beam axis. Retractable wire chambers [12] were situated before and after
the magnet to characterize the Q2 of the experiment. The regions between the target and the magnet,
as well as the detector region, were heavily shielded. The experiment is shown part way through its
installation in Fig. 1, before the shielding was in place.

The commissioning phase of the experiment reported here made use of a 1.155 GeV electron
beam with longitudinal polarization of 89% ± 1.8%. The beam current was 145�180 µA. The mean
scattering angle was 7.9� with an acceptance width of about ±3�. The azimuthal acceptance was
nearly half of 2⇡. The experiment’s Q2 was determined via simulation to be 0.0250 ± 0.0006 GeV2.

GZ,eff
A (0) = �0.59± 0.34

Lattice QCD to play the major role to obtain tree-level value and 
isolate higher order corrections 
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FIG. 7. Final form factor from Eqs. (31), (32) and (33).
Also shown is the dipole axial form factor with axial mass
mA = 1.014(14) GeV [55].

and the four-dimensional correlation matrix is

Cij =

0

BBB@

1 0.321 �0.677 0.761

0.321 1 �0.889 0.313

�0.677 �0.889 1 �0.689

0.761 0.313 �0.689 1

1

CCCA
. (36)

VII. APPLICATIONS

Having presented the axial form factor with errors and
correlations amongst the coe�cients, we may systemat-
ically compute derived observables that depend on this
function. We consider several applications of our results.

TABLE VII. Axial radius extracted using best values from
Table I, and default priors as discussed in the text. Note that
the joint fit is not an average, but a simultaneous fit to all of
the data sets.

Data set r2A [fm2] r2A [fm2] r2A [fm2]

(Na = 3) (Na = 4) (Na = 5)

BNL 1981 0.56(23) 0.52(25) 0.48(26)

ANL 1982 0.69(21) 0.63(23) 0.57(24)

FNAL 1983 0.63(34) 0.64(35) 0.64(35)

Joint Fit 0.54(20) 0.46(22) 0.39(23)

A. Axial radius

We begin with the axial radius, defined in Eq. (21).
While the radius by itself is not the only quantity of inter-
est to neutrino scattering observables, it is only through
the q2 ! 0 limit that a robust comparison can be made
to other processes such as pion electroproduction.
The form factor coe�cients and error matrix from the

�2 fit in Sec. VI determine the radius as

r2A = 0.46(22) fm2 . (37)

The constraint is much looser than would be obtained by
restricting to the dipole model, cf. Table IV.14 For com-
parison, let us consider the constraints from individual
experiments. Table VII gives results for Na = 3, 4, 5 free
parameters, with errors determined from the error ma-
trix in Eqs. (32) and (33). The results from individual
experiments are consistent with the joint fit. Note that
the joint fit is not simply the average of the individual
fits. This situation arises from a slight tension between
data and Gaussian coe�cient constraints (17) when com-
paring a single data set to the statistically more powerful
combined data.

B. Neutrino-nucleon quasielastic cross sections

Current and future neutrino oscillation experiments
will precisely measure neutrino mixing parameters, de-
termine the neutrino mass hierarchy, and search for pos-
sible CP violation and other new phenomena. This
program relies on accurate predictions, with quantifi-
able uncertainties, for neutrino interaction cross sections.
As the simplest examples, consider the charged-current
quasielastic cross section �(E⌫) for neutrino (antineu-
trino) scattering on an isolated neutron (proton).
The best fit cross section and uncertainty are shown

in Fig. 8, and compared to the prediction of dipole FA

with axial mass mA = 1.014(14) [55]. At representative

14
Extractions of the radius from electroproduction data are also

strongly influenced by the dipole assumption [31].

Fit to deuterium target data 
Meyer, et. al. PRD 2016

the RFG model with free parameter ϵb yields the value, without an assumption on the value
of mA, (for Q2

max = 1.0GeV2, kmax = 7)

ϵb = 28± 3MeV , (22)

where the result is insensitive to the choice of bound, |ak| ≤ 5 or |ak| ≤ 10.4 While the data
do not appear to favor significantly higher values of ϵb, we note that for ϵb = 34MeV [3], the
result (21) becomes mA(ϵb = 34MeV) = 1.05+0.45

−0.18± 0.12, compared to mdipole
A (ϵb = 34MeV) =

1.44± 0.05.
We have performed fits at different values of the parameter t0, finding no significant devia-

tion in the results. The results do not depend strongly on the precise value of the bound (e.g.
|ak| ≤ 5 versus |ak| ≤ 10). Similar to [9], we conclude that the estimation of shape uncer-
tainty in (21) should be conservative. The fit (21) yields coefficients5 a0 ≡ FA(0) = −1.269,
a1 = 2.9+1.1

−1.0, a2 = −8+6
−3. These values are in accordance with our assumption of order-unity

coefficient bounds. As discussed in the Introduction, current experiments do not significantly
constrain shape parameters beyond the linear term, a1.
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Figure 3: Comparison of the axial-vector form factor FA as extracted using the z expansion
(green diamonds) and dipole ansatz (red circles).

Figure 3 compares the form factor extraction resulting from the z expansion fit to the
extraction from the dipole fit. Here we take Q2

max = 1.0GeV2, kmax = 7 and |ak| ≤ 10 for the
z fit. The dipole fit assumes mdipole

A = 1.29± 0.05GeV.

4 Comparison to charged pion electroproduction

The axial-vector component of the weak current defining FA(q2) in (3) can also be probed in
pion electroproduction measurements. The electric dipole amplitude for threshold charged-

4 Using a dipole ansatz for Q2
max = 1.0GeV2 without fixing m

dipole
A

yields ϵb = 22± 7MeV.
5 For this purpose we take kmax = 7 in (9) and enforce |ak| ≤ 10 for k ≥ 3.
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Figure 6: (left) Data for the axial-vector form factor Gu�d
A (Q2)/gA. The straight lines show the

slope at Q2 = 0 for the dipole and z-expansion fits. The dashed-dotted line is the dipole fit with the
phenomenological estimate MA = 1.026. (right) The values of hr2

Ai from the four CCFV fits, and
from the 14 calculations with both the dipole and z-expansion analysis of the Q2 behavior.

larger errors in all cases, and the dipole results are consistant with these within statistical errors.
Compared to the previous works [3, 5], the errors in the dipole estimates are smaller with increased
statistics and ensembles, but only in rE for the z-expansion. Part of the reason is that in Refs. [3, 5],
the z-expansion results were averaged: z2 and z3 for hr2

Mi and µ , and z2+4 and z3+4 for hr2
Ei and

hr2
Ai. As a result, these errors quoted were dominated by the smaller error points z2 or z2+4, while

the new results are taken from the higher order truncation, z3 or z3+4, that have larger errors. The
more pressing challenge with the z-expansion analysis is to show stability with respect to the order
of the truncation.

We now also quote a systematic error from the CCFV fits. For hr2
Ei and hr2

Mi, the dominant
variation is with respect to M2

p , so we take it to be the difference between the two physical pion
mass ensemble results. For the magnetic moment, the largest variation is with a, so we take the
difference between the CCFV fit result and the average of the five finest lattice, a⇡ 0.06 fm, results.
These conservative estimates will be refined in future work.

Adding the statistical and systematic errors in quadrature, our lattice estimates for rE are con-
sistent with the Kelly parameterization of the experimental data for the isovector combination.
Clearly, the current precision in the lattice data is not sufficient to address the proton charge radius
puzzle. The lattice estimate of the magnetic charge radius rM has an even larger error. The magnetic
moment µ from our calculation undershoots the experimental value by 15%, with the a ⇡ 0.06 fm
data pulling down the CCFV fit. The range of parameter values analyzed in this work leaves open
the possibility that the finite volume effects are significant, especially at the lowest Q2 value [10].
For the future, better control over extrapolation to the physical limit would include a modified
CCFV fit that includes higher order corrections from an effective theory such as HBcPT [9], and
by combining this fit with the Q2 behavior as discussed in Ref. [11].

The axial charge radius rA is smaller than the value extracted from from neutrino scattering
data, rA = 0.666(17) fm, from electroproduction, rA = 0.639(10) fm, and from a reanalysis of
deuterium data, rA = 0.68(16) fm. In Ref. [3], we had pointed out a problem with the lattice
estimates of the axial GA, induced pseudoscalar eGP, and pseudoscalar GP form factors: while the
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Lattice QCD Calculation of Axial Form Factor
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Analysis of axial form factor for 4 other pion masses not shown

Analysis of nucleon EMFF on 32ID - almost done

Producing axial FF data on 24I, 24IDC and 32I lattices 

In the meantime,  I will proceed with a phenomenological determination of 
neutral current weak axial form factor GZA(Q2)

First-principles calculation of (anti)neutrino-nucleon neutral current  
scattering differential cross sections - to appear in few months



Phenomenology: Neutral Current (Anti)Neutrino-Nucleon Scattering

Lattice QCD input for strange FF

Lattice QCD input for strange quark axial charge

Nucleon electromagnetic form factor from z-expansion fit  
to experimental data from Ye, Arrington, Hill, Lee (PLB 2018)

To obtain Q2 dependence of GZA(Q2) in a limited region,   
use MiniBooNE data (                                       )

Reason 1: Continuum limit lattice GsE,M uncertainty 
becomes very large for Q2 > 0.7 GeV2

Reason 2: Pauli Blocking effect seen to be large for 
MiniBooNE data at low Q2  < 0.20 GeV2

0.25 . Q2 . 0.7 GeV2



Reason 3: Avoid unknown uncertainty associated with 
detector efficiency correction

**CAUTION: NO ADDITIONAL NUCLEAR EFFECTS CONSIDERED IN THIS ANALYSIS**  
RELY ON MiniBooNE DATA IN THIS REGION

VALIDITY TEST REQUIRED

[          ]
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Neutral Weak Axial Form Factor and (Anti)Neutrino-Nucleon Scattering
Di↵erential Cross Section

Insights into the interplay of first principle lattice QCD calculations and experimental results can

unveil such nucleon properties whose onliest extractions with desired accuracy either from theory or

experiment is intricate. In this simple yet novel analysis, with a combination of the strange quark

form factors from lattice QCD calculation and the MiniBooNE experiment (anti)neutrino-nucleon

di↵erential cross section data in a kinematic region 0.3 . Q2 . 0.7 GeV
2
where the nuclear e↵ects

are shown to be negligible, we obtain the most precise determination of the weak axial form factor

GZ
A in the range of 0  Q2  1 GeV

2
with the weak axial charge GZ

A(0) = �0.752(56)(2). This

leads us to the reconstruction of the (anti)neutrino-nucleon di↵erential cross section and is shown

to reproduce the MiniBooNE and BNL E734 data very well, showing that the nuclear correction in

the (anti)neutrino-nucleus scattering in this kinematic region is very small.

Since this calculation predicts neutral current weak
axial form factor and (anti)neutrino-nucleon di↵eren-
tial cross section by combining lattice QCD and exper-
imental data , one has to be very careful about sources
of systematic errors and approach in a conservative
way. Therefore, we do not consider lattice data out-
side Q2 = 0.6 GeV2 and (⌫̄)⌫N scattering di↵erential
cross section data in the region 0.27�0.65 GeV2 where
Di↵erential cross section
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See paper MiniBoonedenisthesis.pdf Fig 3.3 which
shows that when ci = 1 the di↵ xsections from proton
in carbon and neutron on Carbon are the same
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From extrapolation of GZ
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(Q2), we obtain GZ
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GZ
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(0) = �0.7517(560) (DipoleFit) (6)

GZ
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(0) = �0.7538(323)(048) (z � expansionFit)(7)

yielding

Gs

A
(0) = �0.231(112) (DipoleFit) (8)

Gs

A
(0) = �0.235(131)(019) (z � expansionFit) (9)

The isoscalar form factors F s

1 and F s

2 are the con-
tributions of strange quarks to the electric charge and
to the magnetic moment of the nucleon, whereas F s

A

is the strange quark contribution to the nucleon spin.
The expressions for these form factors are unknown,
but in analogy to the isovector form factors they are
usually represented in the dipole form with the same
vector masses MV and MA as for the nonstrange form
factors.
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No nuclear model dependence and experimental systematics  
on this value of GZA(0)
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a correlated fit is employed to obtain GZ

A
(0) so that the

uncertainties are not underestimated.
Now, with GZ

A
(Q2) obtained from the combina-

tion of experimental and lattice QCD data in the
0.235 . Q2 . 0.742 GeV2 region as described above,
we perform a z-expansion fit [50, 51]:

GZ,z�exp
A

(Q2) =
kmaxX

k=0

akz
k,

z =

p
tcut +Q2 �

p
tcutp

tcut +Q2 +
p
tcut

(5)

to the GZ

A
(Q2) data to obtain the weak neutral current

axial charge GZ

A
(0). We use tcut = (3m⇡)2, represent-

ing the leading three-pion threshold for states that can
be produced by the axial current. We list the fit pa-
rameters in Table I. As we increase the number of fit

z-exp fit Fit parameters GZ
A(0)

2-terms a1 = 1.286(96) -0.726(30)
3-terms a1 = 0.881(426), a2 = 0.787(716) -0.678(65)
4-terms a1 = 0.972(524), a2 = 0.409(879), -0.687(89)

a3 = 0.537(1.542)

TABLE I. Parameters of z-expansion fit to Eq.( 5) for
GZ

A(Q
2) with 2, 3, and 4 terms.

parameters, the uncertainties in the higher order coef-
ficients in z-expansion increase. However, a0 = GZ

A
(0)

remains the same within the uncertainty irrespective
of the higher order terms in the fit. This means that
the higher order terms (k � 2) do not have significant
impact on the fit. We consider the z-expansion fit with
4 terms for the subsequent analysis and add the di↵er-
ences in the central values between the 2, 3, and 4-term
fits in quadrature as the systematic uncertainty of the
fit to obtain a final value

GZ

A
(0) = �0.687(89)(40) (6)

where the uncertainties in the parentheses are from
statistics and systematics. One can relateGZ

A
(Q2) with

the CC axial form factor GCC

A
(Q2) through the s-quark

axial form factor [43, 44] as

GZ

A
(Q2) =

1

2
(�GCC

A
(Q2) +Gs

A
(Q2)). (7)

With GCC

A
(0) = gA = 1.2723(23) [45] and GZ

A
(0)

from Eq. (6), we obtain

Gs

A
(0) ⌘ �s = �0.102(178)(80). (8)

The large statistical uncertainty in �s obtained
from Eq. (8) is understood qualitatively through error

propagation arguments arising from the cancellation
of two large numbers. That said, one important
feature of this analysis is that the (⌫)⌫ � N neutral
current elastic cross section depends directly on the
s-quark contribution, and therefore no assumptions
about SU(3) flavor symmetry or fragmentation
functions is needed to obtain �s. We direct the
reader for discussion of the influences of SU(3) flavor
symmetry in Ref. [61] and fragmentation functions
in Ref. [62, 63]. Within the uncertainty, �s in
Eq. (8) is consistent with �s ⇠ �0.1 obtained
in Refs. [64–71], �s = 0.08(26) from MiniBooNE
⌫ � N neutral current elastic scattering [23], and
�s = 0,�0.15(7),�0.13(09),�0.21(10) (for various
values of Gs

M
(0)) from BNL E734 analysis [44].

At Q2 = 0, we can calculate the neutral current
weak axial charge GZ

A
(0) using the experimental value

of GCC

A
(0) = gA = 1.2723(23) [45] and the lattice QCD

calculation of strange quark axial charge using anoma-
lous Ward identity in Ref. [46]. Three lattice ensembles
similar to the lattice calculation of strange quark elec-
tromagnetic form factors have been used and

Gs

A
(0) ⌘ �s = �0.035(6)(7) (9)

was obtained in the continuum limit [46]. This value is
consistent with but more precise compared to the first
simultaneous extraction of spin-dependent parton dis-
tributions and fragmentation functions from a global
QCD analysis in Ref. [61] where the authors obtained
Gs

A
(0) = �0.03(10). Now, we can use the lattice QCD

estimate of Gs

A
(0) to obtain

GZ

A
(0) =

1

2
(�GCC

A
(0) +Gs

A
(0))

= �0.654(3)(5) (10)

This value of GZ

A
(0) is precise and free from any sys-

tematics associated with the MiniBooNE data. GZ

A
(0)

obtained this way is also independent of any system-
atics involved in the extrapolation of the GZ

A
(Q2) data

using the z-expansion fit mentioned above. However,
we see that this value of GZ

A
(0) is consistent with that

obtained in Eq. (6) within uncertainty and also com-
parable in the central values.

We present the results of the above analysis of GZ

A
(0)

and GZ

A
(Q2 > 0) from the z-expansion fit in Fig. 1.

We compare this fit to GZ

A
(Q2) data when GZ

A
(0) is

constrained by the lattice QCD calculation of GS

A
(0)

shown in Eq. (9). As one can see, the low Q2 uncer-
tainty of GZ

A
(Q2) is reduced significantly when GZ

A
(0)

from Eq. (10) is incorporated in the z-expansion fit
and the fit parameters in Eq. (5) are a1 = 0.74(18),
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a2 = 0.80(1.06), a3 = 0.49(1.67). We also show a fit to
the GZ

A
(Q2) data using the dipole form [20]

GZ

A
(Q2) =

GZ

A
(0)

1 +

✓
Q2

M
dip2

A

◆2 (11)

with the GZ

A
(0) value in Eq. (10) and obtain

Mdip
A

= 1.057(14) GeV (12)

Note that we do not use GZ

A
(Q2) obtained from the

dipole fit in our calculation. We present the result of
the dipole fit here only for the purpose of qualitative
illustration.

FIG. 1. Neutral current weak axial form factor GZ
A(Q

2) ob-
tained from analysis combining MiniBooNE data of (⌫)⌫ �
N scattering di↵erential cross sections, lattice QCD es-
timates of s-quark electromagnetic form factors, strange
quark axial charge and model-independent z-expansion fit
to nucleon electromagnetic form factors experimental data.
The red band shows 4-terms z-expansion fit to the GZ

A(Q
2)

data where the systematics coming from 2-terms, 3-terms
z-expansion fit are added in quadrature to the 4-terms fit.
The cyan band shows the z-expansion fit to the GZ

A(Q
2)

data and the maroon band shows a dipole fit to the data
when GZ

A(0) is fixed by the value in Eq. (10).

E↵ect of Gs
E,M (Q2) on the calculation of GZ

A(Q
2)

An important result, demonstrated in Fig. 2, is
that, although the Gs

E,M
(Q2) contribution to the nu-

cleon is much smaller than the valence quark contri-
bution as shown in Refs. [47–49], the assumption of
Gs

E,M
(Q2) = 0 will lead to di↵erent results for the nu-

cleon matrix element GZ

A
at the same Q2 obtained from

the ⌫ and the ⌫ scattering cross section data. There-
fore its contribution cannot be ignored as have mostly
been done in previous such calculations.

FIG. 2. Neutral current weak axial form factor GZ
A(Q

2) by
assuming zero s-quark contribution Gs

E,M . An assumption
of Gs

E,M (Q2) = 0 leads to di↵erent values of weak neutral
current axial form factor of the nucleon at the same Q2,
obtained from ⌫ �N and ⌫ �N scattering data.

RECONSTRUCTION OF MINIBOONE

DIFFERENTIAL CROSS SECTIONS

With our knowledge of GZ

A
(Q2), Eq. (2) can now

be used to obtain the (⌫)⌫ � N di↵erential cross sec-
tions in the full 0 . Q2  1 GeV2 kinematic region
as shown in Fig. 3. We are able to successfully re-
construct the MiniBooNE data outside the Q2-region
that was used for the determination of GZ

A
(Q2). It is

evident from Fig. 3 that in Q2 . 0.15 GeV2, the free-
nucleon scattering prediction starts to deviate from the
MiniBooNE result. One reason is the Pauli blocking
e↵ect for which low momentum transfer interactions
are suppressed due to occupied phase space. This
was already included in the NUANCE Monte-Carlo
simulation and shown to have impact exactly in the
Q2 . 0.15 GeV2 region [73, 74]. A further possible
reason is nuclear shadowing which is related to the phe-
nomenon that at low Q2, the resolution is not su�cient
to resolve a single nucleon wave function and therefore
d�/dQ2 decreases [75]. We use average beam energy
E⌫ = 0.65 GeV and 0.8 GeV in Eq. (1) for the anti neu-
trino and neutrino scattering experiments respectively
as mentioned in the MiniBooNE papers [23, 24] . As
mentioned in the NuSTEC white paper [39], a defining
challenge for neutrino experiments is that neither the
incoming neutrino energy nor the particle configuration
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evident from Fig. 3 that in Q2 . 0.15 GeV2, the free-
nucleon scattering prediction starts to deviate from the
MiniBooNE result. One reason is the Pauli blocking
e↵ect for which low momentum transfer interactions
are suppressed due to occupied phase space. This
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simulation and shown to have impact exactly in the
Q2 . 0.15 GeV2 region [73, 74]. A further possible
reason is nuclear shadowing which is related to the phe-
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Without Lattice input of strange quark axial charge 
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a correlated fit is employed to obtain GZ

A
(0) so that the

uncertainties are not underestimated.
Now, with GZ

A
(Q2) obtained from the combina-

tion of experimental and lattice QCD data in the
0.235 . Q2 . 0.742 GeV2 region as described above,
we perform a z-expansion fit [50, 51]:

GZ,z�exp
A

(Q2) =
kmaxX

k=0

akz
k,

z =

p
tcut +Q2 �

p
tcutp

tcut +Q2 +
p
tcut

(5)

to the GZ

A
(Q2) data to obtain the weak neutral current

axial charge GZ

A
(0). We use tcut = (3m⇡)2, represent-

ing the leading three-pion threshold for states that can
be produced by the axial current. We list the fit pa-
rameters in Table I. As we increase the number of fit

z-exp fit Fit parameters GZ
A(0)

2-terms a1 = 1.286(96) -0.726(30)
3-terms a1 = 0.881(426), a2 = 0.787(716) -0.678(65)
4-terms a1 = 0.972(524), a2 = 0.409(879), -0.687(89)

a3 = 0.537(1.542)

TABLE I. Parameters of z-expansion fit to Eq.( 5) for
GZ

A(Q
2) with 2, 3, and 4 terms.

parameters, the uncertainties in the higher order coef-
ficients in z-expansion increase. However, a0 = GZ

A
(0)

remains the same within the uncertainty irrespective
of the higher order terms in the fit. This means that
the higher order terms (k � 2) do not have significant
impact on the fit. We consider the z-expansion fit with
4 terms for the subsequent analysis and add the di↵er-
ences in the central values between the 2, 3, and 4-term
fits in quadrature as the systematic uncertainty of the
fit to obtain a final value

GZ

A
(0) = �0.687(89)(40) (6)

where the uncertainties in the parentheses are from
statistics and systematics. One can relateGZ

A
(Q2) with

the CC axial form factor GCC

A
(Q2) through the s-quark

axial form factor [43, 44] as

GZ

A
(Q2) =

1

2
(�GCC

A
(Q2) +Gs

A
(Q2)). (7)

With GCC

A
(0) = gA = 1.2723(23) [45] and GZ

A
(0)

from Eq. (6), we obtain

Gs

A
(0) ⌘ �s = �0.102(178)(80). (8)

The large statistical uncertainty in �s obtained
from Eq. (8) is understood qualitatively through error

propagation arguments arising from the cancellation
of two large numbers. That said, one important
feature of this analysis is that the (⌫)⌫ � N neutral
current elastic cross section depends directly on the
s-quark contribution, and therefore no assumptions
about SU(3) flavor symmetry or fragmentation
functions is needed to obtain �s. We direct the
reader for discussion of the influences of SU(3) flavor
symmetry in Ref. [61] and fragmentation functions
in Ref. [62, 63]. Within the uncertainty, �s in
Eq. (8) is consistent with �s ⇠ �0.1 obtained
in Refs. [64–71], �s = 0.08(26) from MiniBooNE
⌫ � N neutral current elastic scattering [23], and
�s = 0,�0.15(7),�0.13(09),�0.21(10) (for various
values of Gs

M
(0)) from BNL E734 analysis [44].

At Q2 = 0, we can calculate the neutral current
weak axial charge GZ

A
(0) using the experimental value

of GCC

A
(0) = gA = 1.2723(23) [45] and the lattice QCD

calculation of strange quark axial charge using anoma-
lous Ward identity in Ref. [46]. Three lattice ensembles
similar to the lattice calculation of strange quark elec-
tromagnetic form factors have been used and

Gs

A
(0) ⌘ �s = �0.035(6)(7) (9)

was obtained in the continuum limit [46]. This value is
consistent with but more precise compared to the first
simultaneous extraction of spin-dependent parton dis-
tributions and fragmentation functions from a global
QCD analysis in Ref. [61] where the authors obtained
Gs

A
(0) = �0.03(10). Now, we can use the lattice QCD

estimate of Gs

A
(0) to obtain

GZ

A
(0) =

1

2
(�GCC

A
(0) +Gs

A
(0))

= �0.654(3)(5) (10)

This value of GZ

A
(0) is precise and free from any sys-

tematics associated with the MiniBooNE data. GZ

A
(0)

obtained this way is also independent of any system-
atics involved in the extrapolation of the GZ

A
(Q2) data

using the z-expansion fit mentioned above. However,
we see that this value of GZ

A
(0) is consistent with that

obtained in Eq. (6) within uncertainty and also com-
parable in the central values.

We present the results of the above analysis of GZ

A
(0)

and GZ

A
(Q2 > 0) from the z-expansion fit in Fig. 1.

We compare this fit to GZ

A
(Q2) data when GZ

A
(0) is

constrained by the lattice QCD calculation of GS

A
(0)

shown in Eq. (9). As one can see, the low Q2 uncer-
tainty of GZ

A
(Q2) is reduced significantly when GZ

A
(0)

from Eq. (10) is incorporated in the z-expansion fit
and the fit parameters in Eq. (5) are a1 = 0.74(18),

Dipole fit result with lattice QCD constraint of strange 
axial charge

For reference 
Not used in analysis



Impact of Lattice QCD Inputs

Possibility: Since strange quark contribution is small set 

(??)

Discrepancy !!

=0

Neutral Weak Form Factors of Proton and Neutron

Raza Sabbir Sufian
Department of Physics and Astronomy, University of Kentucky, Lexington, KY 40508, USA⇤

We determine the nucleon neutral weak electromagnetic form factors GZ,p(n)
E,M by combining results

from light-front holographic QCD and lattice QCD calculations. We deduce nucleon electromagnetic
form factors from light-front holographic QCD which provides a good parametrization of the ex-
perimental data of the nucleon electromagnetic form factors in the entire momentum transfer range
and isolate the strange quark electromagnetic form factors G

s
E,M using lattice QCD. From these

calculations, we obtain precise estimates of the neutral weak form factors in the momentum transfer
range of 0GeV2  Q

2  0.5GeV2. From the lattice QCD calculation, we present Q
2-dependence

of the strange quark form factors. We also deduce the neutral weak Dirac and Pauli form factors
F

Z,p(n)
1,2 of the proton and the neutron.

I. INTRODUCTION

In the electron elastic scattering from a hadron,
parity-violating asymmetry arises from the interference
of weak and electromagnetic amplitudes where the neu-
tral weak current scattering is mediated by the Z-boson
exchange. Because the weak current contains both vec-
tor and axial vector contributions, it violates parity
and this property of the neutral weak current has been
the main interest of the parity-violating (PV) experi-
ments [? ? ? ? ? ? ? ? ? ? ? ? ? ]. These PV
experiments are important as they allow measurements
of the standard model parameters related to Z-boson
couplings and search for new PV interactions beyond
the standard model. When electroweak (EW) radiative
corrections [? ? ] are taken into account, the neutral
weak electric and magnetic form factors GZ,p

E,M of the
nucleon, under the assumption of isospin symmetry,

can be expressed in terms of nucleon electric (G�,p(n)
E )

and magnetic (G�,p(n)
M ) form factors and a contribution

from the strange (s) quarks as [? ? ? ? ],

GZ,p(n)
E,M (Q2) =

1

4


(1�4 sin2 ✓W )(1+Rp(n)

V )G�,p(n)
E,M (Q2)

�(1+Rn(p)
V )G�,n(p)

E,M (Q2)�(1+R(0)
V )Gs

E,M (Q2)

�
, (1)

where the subscript E(M) stands for the elec-
tric(magnetic) form factor (FF) and the superscript
p(n) stands for the proton(neutron). Under the isospin
symmetry, the strange electromagnetic form factor
(EMFF) is the same for the proton and neutron, i.e.

Gs,p
E,M = Gs,n

E,M = Gs
E,M . Rp(n)

V and R(0)
V are radiative

⇤
sufian@jlab.org

corrections to the vector form factors calculated in
Ref. [? ] and translated into the MS-scheme in Ref. [?
]. The updated analysis of these radiative corrections
can be found in Ref. [? ] and we use the values listed
in Ref. [? ] for the subsequent calculations.

The first measurement of the proton neutral
weak magnetic form factor GZ,p

M from PV asym-
metry in the polarized ~e � p scattering experi-
ment was performed by the SAMPLE collabo-
ration. Performed at a momentum transfer of
Q2 = 0.1GeV2, the neutral weak magnetic form
factor was found to be GZ,p

M (Q2 = 0.1GeV2) =
0.34(11) nucleon magneton (n.m.) which corresponds
to a value of Gs

M (Q2 = 0.1GeV2) = 0.23(44) n.m [?
]. In an updated analysis Ref. [? ] of the SAMPLE
data, one of the authors from Ref. [? ] obtained
PV asymmetry A = (�5.22 ± 2.24 ± 0.62) ⇥ 10�6

compared to the A = (�6.34 ± 1.45 ± 0.53) ⇥ 10�6

at Q2 = 0.1GeV2 reported in Ref. [? ]. Both of
these PV asymmetries agree within uncertainties.
While extracting GZ,p

M using Eq. (??), the author in
Ref. [? ] used radiative corrections from Ref. [? ]
instead of the radiative corrections [? ] that were
used in Ref. [? ]. The author in Ref. [? ] obtained
GZ,p

M (Q2 = 0.1GeV2) = 0.29(16) n.m. which corre-
sponds to Gs

M (Q2 = 0.1GeV2) = 0.49(65) n.m.. More
technical details of this updated analysis, such as the
inclusion of shutter closed asymmetries in the experi-
ment, scintillation measurements, etc. are beyond the
scope of this work and interested readers are referred
to Ref. [? ] for more discussion. Another reanalysis [?
] of the SAMPLE data with three major modifica-
tions implemented, such as a developed Monte-Carlo
simulation of the full experimental geometry, consid-
eration of background associated with the threshold
photo-pion production which was not included in
Ref. [? ], and a di↵erent way of analyzing background

X

Gs
E,M = 0
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Equal no. of       and      required by their non-valence 
 nature in nucleon 

distributions in the nucleon [1]. The intrinsic nonperturba-
tive strangeness distributions and asymmetry also give
insight, via the operator product expansion, into the non-
perturbative physics of the intrinsic charm and bottom
contributions to the nucleon structure functions [2–4].
Lattice QCD calculations [5–7], at the physical pion

mass and extrapolated to the continuum and infinite volume
limits, have provided estimates of the strangeness contri-
bution to the electromagnetic (EM) form factors of the
nucleon with better accuracy than that available from the
global analyses [8–10] of the experimental data. A direct
lattice calculation of sðxÞ − s̄ðxÞ has not as yet been
achieved [11]. However, we shall show that one can
constrain the sðxÞ − s̄ðxÞ asymmetry by comparing the
lattice QCD results for the strange form factor with
predictions based on a baryon-meson fluctuation model
[12]. We will also introduce a new model based on the
structural behavior of the light-front holographic approach
to hadron structure [13], form factors and parton distribu-
tion functions [14]. We shall show that the sðxÞ − s̄ðxÞ
asymmetry in the nucleon can be predicted up to a
normalization factor constrained by lattice results.
Parton distribution functions (PDFs) are interpreted, at

leading twist, as distributions of quarks and gluons carrying
the light-front momentum fraction x of the nucleon’s
momentum at fixed light-front time τ ¼ tþ z=c. The
global QCD analysis of PDFs is based on factorization
theorems of physical observables, such as the cross section
of deep inelastic lepton-nucleon scattering [15]. Although
equal numbers of s and s̄ are required by their nonvalence
nature in the nucleon,

hs − s̄i ¼
Z

1

0
dx½sðxÞ − s̄ðxÞ& ¼ 0; ð1Þ

no fundamental principles prohibit different sðxÞ and s̄ðxÞ
distributions. A nonzero sðxÞ − s̄ðxÞ has also been allowed
for in global analyses of PDFs [16–18]. Furthermore, the
first moment of the difference of PDFs,

hS−i≡ hxðs − s̄Þi ¼
Z

1

0
dx x½sðxÞ − s̄ðxÞ&; ð2Þ

can also be used to quantify the sðxÞ − s̄ðxÞ asymmetry.
The strange-quark sea in the nucleon has both “extrinsic”

and “intrinsic” components [2–4]. The extrinsic one is
produced by gluon splitting g → ss̄ triggered by a hard
probe, e.g., the virtual photon exchanged between the
lepton and the nucleon in a deep inelastic scattering
process. Since the QCD coupling αs is small at high
momentum scale, the extrinsic strange-sea derived from
the splitting function can be calculated perturbatively. The
nonperturbative intrinsic strange-sea encoded in the nucle-
on’s nonvalence light-front (LF) Fock state wave function
can in principle be obtained by solving the LF Hamiltonian
eigenvalue problem [19]; e.g., by matrix diagonalization.
However, to capture the nonperturbative dynamics in the

bound state equations, one should integrate out all higher
Fock states, corresponding to an infinite number of d.o.f., a
formidable problem.
The strange-antistrange asymmetry in the nucleon orig-

inates in QCD from the difference between quark-quark
versus quark-antiquark interactions. Since the nucleon car-
ries nonzero quark number—the number of quarks minus the
number of antiquarks—the interaction of the strange quark
with the spectators of the nonvalence Fock states is different
from that of the antistrange quark with the remaining quarks,
thus leading to different s and s̄ distributions. The extrinsic
strange-antistrange asymmetry in the nucleon PDF arises
from perturbative QCD evolution at high orders due to the
difference between quark-to-strange quark splitting function
Pqs and quark-to-antistrange quark splitting function Pqs̄.
Since the strange-antistrange pair is generated from a non-
strange quark at next-to-leading order, and the interaction
between the strange/antistrange quark and the nonstrange
quark is mediated by additional gluon exchange, this pQCD
effect arises at the three-loop level. An explicit calculation
has been performed in [20].
In addition to PDFs, one can also obtain information on

nucleon structure from elastic form factors, which relate to
the transverse coordinate space distributions at fixed LF time
via a Fourier transform [21]. The nucleon spin-preserving
amplitude is described by the Dirac form factor, which can
be expressed as:

F1ðQ 2Þ ¼
X

q

eqF
q
1ðQ 2Þ; ð3Þ

where Q 2 is the momentum transfer squared, and the flavor
form factor Fq

1ðQ 2Þ, with q ¼ u; d; s;…, measures the
q-flavor quark contribution minus the q̄-flavor antiquark
contribution due to the opposite charge of the quark and
antiquark. Therefore a nonvanishing Fs

1ðQ 2Þ at Q 2 ≠ 0
indicates a strange-antistrange asymmetry in LF coordinate
space. The constraint Fs

1ð0Þ ¼ 0 is fixed by the sum rule (1).
Lattice QCD results for Fs

1ðQ 2Þ, obtained in the con-
tinuum limit [5–7], are shown in Fig. 2 with systematic and
statistical uncertainties added in quadrature. The lattice
QCD analyses are described in the Appendix A.
There have been a number of phenomenological studies

[12,22–27] of the sðxÞ − s̄ðxÞ distribution. In the baryon-
meson fluctuation model [12], the nonperturbative strange
sea is generated from the fluctuation of the nucleon valence
state to the lightest mass hadronic state with strangeness;
i.e., a kaon and a hyperon ðΛ or ΣÞ. The different distri-
butions of the strange quark in the hyperon and the
antistrange quark in the kaon yield a nonvanishing sðxÞ −
s̄ðxÞ distribution. In this model, a meson-baryon configu-
ration, e.g., the KþΛ0 state, creates different radially
separated distributions of the s and the s̄ quarks from
the center of mass. Since the kaon is lighter than the
hyperon, one expects that the kaon—and thus the s̄ quark—
to be at a larger radial distance from the center of mass than
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Strange-quark sea in nucleon has extrinsic  (             )   
and intrinsic components

g ! ss̄

s̄s

More Applications: Strange Electric FF

Assuming strange-antistrange asymmetry is the only  
source to solve NuTeV anomaly (                                   )

I. INTRODUCTION

The unveiling of nucleon structure in terms of fundamental quark and gluonic degrees of freedom

is a main goal of nuclear and particle physics. The strangeness distribution of the nucleon is of

particular interest since it is a purely sea-quark distribution. The nonperturbative dynamics of

the strange-antistrange quark asymmetry s(x) � s̄(x) poses a challenging theoretical problem.

It has become of major interest in both experimental and phenomenological studies, not only

because of its important role in understanding strong-interaction dynamics but also because the

s(x)�s̄(x) asymmetry is an important input for testing electroweak theory and new physics models.

For example, a precise test of electroweak physics in neutrino and antineutrino-induced dimuon

production depends in detail on the intrinsic strange and antistrange distributions in the nucleon [1].

The intrinsic nonperturbative strangeness distributions and asymmetry also give insight, via the

operator product expansion, into the nonperturbative physics of the intrinsic charm and bottom

contributions to the nucleon structure functions [2–4].

Lattice QCD calculations [5–7], at the physical pion mass and extrapolated to the continuum

and infinite volume limits, have provided estimates of the strangeness contribution to the elec-

tromagnetic (EM) form factors of the nucleon with better accuracy than that available from the

global analyses [8–10] of the experimental data. A direct lattice calculation of s(x) � s̄(x) has not

as yet been achieved [11]. However, we shall show that one can constrain the s(x)� s̄(x) asymme-

try by comparing the lattice QCD results for the strange form factor with predictions based on a

baryon-meson fluctuation model [12]. We will also introduce a new model based on the structural

behavior of the light-front holographic approach to hadron structure [13], form factors and parton

distribution functions [14]. We shall show that the s(x) � s̄(x) asymmetry in the nucleon can be

predicted up to a normalization factor constrained by lattice results.

Parton distribution functions (PDFs) are interpreted, at leading twist, as distributions of quarks

and gluons carrying the light-front momentum fraction x of the nucleon’s momentum at fixed light-

front time ⌧ = t + z/c. The global QCD analysis of PDFs is based on factorization theorems of

physical observables, such as the cross section of deep inelastic lepton-nucleon scattering [15].

Although equal numbers of s and s̄ are required by their nonvalence nature in the nucleon,

hs � s̄i =
Z 1

0
dx

⇥
s(x) � s̄(x)

⇤
= 0, (1)

no fundamental principles prohibit di↵erent s(x) and s̄(x) distributions. A nonzero s(x) � s̄(x)

has also been allowed for in global analyses of PDFs [16–18]. Furthermore, the first moment of the

di↵erence of PDFs,

hS�i ⌘
⌦
x
�
s � s̄

�↵
=

Z 1

0
dx x

⇥
s(x) � s̄(x)

⇤
, (2)

can also be used to quantify the s(x) � s̄(x) asymmetry.

2

= 0.005 required

sin2 ✓W = 0.2276

Nothing prohibits different            and               distributions(x) s̄(x)
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FIG. 3. Q
2-dependence of the strange Sachs electric form

factor. The blue error bars indicate the statistical uncer-
tainties and the cyan error bars indicate the statistical and
systematic uncertainties added in quadrature.

global fit formula

Gs
M ( m⇡,mK ,m⇡,vs, a, L) = A0 +A1m⇡ +A2mK

+A3m
2
⇡,vs +A4a

2 +A5m⇡(1�
2

m⇡L
)e�m⇡L,

(12)

where we have used a chiral extrapolation linear in
m⇡ and mloop = mK [69, 71–73]. For the volume
correction we refer to Ref. [74]. From the global fit
formula (12), for example, in the continuum limit at
Q2 = 0.25GeV2, we obtain Gs

M |phys = �0.018(4),
A1 = 0.04(3), A2 = �0.18(12), A3 = �1.27(84),
A4 = 0.008(6), and A5 = 0.04(5) with �2/d.o.f. = 1.13.
From the fitted values of the parameters in the global
fit formula (12), it is seen that the quark mass depen-
dencies play an important role in calculating Gs

M (Q2)
at the physical point. A 9% systematic uncertainty
from the model-independent z�expansion and an un-
certainty from the empirical fit formula have been in-
cluded as discussed in [24]. We obtain systematics from
the global fit formula by replacing the volume correc-
tion by e�m⇡L only and also by adding m⇡,vs term in
the fit and include the di↵erence in the systematics of
the global fit results. The results of Gs

M (Q2) in the
continuum limit are presented in Figure 4.

IV. CALCULATION OF NEUTRAL WEAK
FORM FACTORS

Since the neutral weak Z-boson can have both vector
and axial vector interactions, the amplitude of the Z-
exchange can have both parity-conserving and parity-
violating components. The parity-conserving and
parity-violating Z-amplitudes in the electron-nucleon

FIG. 4. Q
2-dependence of the strange Sachs magnetic

form factor. The blue error bars indicate the statistical
uncertainties and the cyan error bars indicate the statistical
and systematic uncertainties added in quadrature.

scattering can be written as

M
PC
Z =

GF

2
p
2
(giV l

µJZ
µ + giAl

µ5JZ
µ5), (13)

M
PV
Z =

GF

2
p
2
(giV l

µJZ
µ5 + giAl

µ5JZ
µ ), (14)

where GF is the Fermi constant, giV (A) the weak

vector(axial) charge of the fermions, lµ(lµ5) the lep-
tonic vector(axial) current, and JZ

µ (JZ
µ5) the nucleon

vector(axial) current. In the electron-nucleon elastic
scattering, the first-order interactions are mediated
either by a photon(�) or a neutral weak Z-boson as
shown in Figures 5a and 5b. The contributions to
the weak FFs from additional diagrams in Figures 5c
and 5d should also be considered. Moreover, there
can be contributions that involve strong interactions
where � and Z-boson can interact with several quarks
and these diagrams are not shown here. These “many-
quark” corrections are target specific and di�cult
to calculate; the calculations are model-dependent.
We use the LFHQCD predictions of nucleon electro-

magnetic form factors Gp(n)
E,M (Q2) from Eq. (8) and

Gs
E,M (Q2) from lattice QCD calculation in Eq. (1) to

obtain the nucleon neutral weak FFs which are shown
in Figures 6 and 7.

We address several sources of systematic uncertain-
ties coming from the LFHQCD model, such as from
the variations in -value, from the higher Fock com-
ponents probability parameters �p(n) and from r to
estimate neutral weak FFs for the proton and neutron.
When calculating the systematic uncertainties coming
from the inclusion of higher Fock components, we con-
sider the di↵erence between the FFs calculated with
zero higher Fock components probability �p(n) = 0

Signal, Thomas 
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Constraints on strange-antistrange asymmetry
Light-front holographic QCD : A semiclassical approach to  
relativistic bound state equations followed from the  
holographic embedding of light-front dynamics in a higher 
dimensional gravity theory 

EM form factors for a bound state hadron of twist 

Hessian matrix following the procedure described in Ref. [56].

FIG. 3. Fits to the lattice QCD data of F s
1 (Q

2) using the fluctuation model and LFHQCD.

IV. LIGHT-FRONT HOLOGRAPHIC QCD

The EM form factors of nucleons were described in the nonperturbative holographic framework

from the coupling of the ⇢ to a qq̄ pair in the proton in the limit of massless quarks [57]. In this

section we calculate F
s
1 (Q

2) and s(x) � s̄(x) in the nucleon using the analytic structure of form

factors and quark distribution functions in LFHQCD for bound states of arbitrary twist. Here,

twist refers to the dimension minus spin of the interpolating operator for the hadron state; it is

equal to the number of constituents in a given Fock component in the LF Fock expansion.

In LFHQCD [13], the EM form factors for a bound-state hadron with twist-⌧ can be expressed

as [14, 58]

F⌧ (t) =
1

N⌧
B
�
⌧ � 1, 1 � ↵(t)

�
, (40)

where the Euler Beta function is

B(u, v) =

Z 1

0
dy y

u�1 (1 � y)v�1
, (41)

with B(u, v) = B(v, u) = �(u)�(v)
�(u+v) , N⌧ = �(⌧ � 1)�(1 � ↵(0))/�(⌧ � ↵(0)) a normalization factor,

and ↵(t) is the Regge trajectory of the vector meson which couples to the EM current in the

t-channel exchange.

The Beta function structure of the EM form factors (40), which follows from the gauge/gravity

structure in LFHQCD, was obtained in the pre-QCD era by Ademollo and Del Giudice [59] and

11

↵(t) =
1

2
+

t

4�
� �M2

4�

N⌧ = �(⌧ � 1)�(1� ↵(0))/�(⌧ � ↵(0))

⌧

Write beta function in a reparametrization invariant form 

and Ns as free parameters. The result is shown in Fig. 3 with parameter values
p
� = 0.52(17)GeV

and Ns = 0.046(17). This value of
p
� agrees with that determined from the Regge trajectory. The

conformal limit results, �M
2 = 0, are also shown in the figures for comparison. The strange form

factor (52) has the large-Q2 behavior Q
8
F

s
1 (Q

2) ! Const, with Const = 1680Ns �
4 ' 0.5GeV8,

consistent with the scaling predicted from the hard-scattering counting rules [64, 65].

B. Strange quark distribution functions

To describe the quark distribution functions in the holographic formalism it is convenient to

express the Beta function (41) in a reparametrization invariant form

B(u, v) =

Z 1

0
dxw

0(x)w(x)u�1 (1 � w(x))v�1
, (53)

provided that w(x) satisfies the constraints [14]

w(0) = 0, w(1) = 1, w
0(x) � 0. (54)

Therefore, using (53) and the Regge trajectory, (48), (49) or (51), the EM form factor (40) for

twist-⌧ can be written in the invariant form

F⌧ (t) =
1

N⌧

Z 1

0
dxw

0(x)w(x)�
t
4��

1
2
⇥
1 � w(x)

⇤⌧�2
e
��M2

4� log
⇣

1
w(x)

⌘

. (55)

The EM form factor can also be expressed by the exclusive-inclusive connection as the inte-

grated expression of the t-evolved PDF, namely, the generalized parton distribution (GPD) at zero

skewness, Hq
⌧ (x, t) ⌘ H

q
⌧ (x, ⇠ = 0, t),

F
q
⌧ (t) =

Z 1

0
dx

�
H

q
⌧ (x, t) � H

q̄
⌧ (x, t)

�

=

Z 1

0
dx q⌧ (x) exp[tf(x)], (56)

where f(x) is the profile function and q⌧ (x) is the collinear PDF of twist-⌧ . Comparing (56) with

the holographic expression (55) we find that both functions, f(x) and q⌧ (x), are determined in

terms of the reparametrization function of the Beta function, w(x), by

f(x) =
1

4�
log

⇣ 1

w(x)

⌘
, (57)

q⌧ (x) =
1

N⌧
[1 � w(x)]⌧�2

w(x)�
1
2w

0(x) e
��M2

4� log
⇣

1
w(x)

⌘

, (58)

where q⌧ (x) is normalized by
R 1
0 dx q⌧ (x) = 1. In the conformal limit where the quark masses

vanish, �M
2 ! 0, we recover the results given in Ref. [14].
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The specific function w(x), taken from Ref. [14], is e↵ectively determined by Regge behavior at

small-x and the local power-law counting rule at x ! 1. At x ! 0, w(x) scales as w(x) ⇠ x to

recover Regge behavior [67]. At x ! 1 the additional constraints

w
0(1) = 0 and w

00(1) 6= 0, (59)

yield the Drell-Yan counting rule q⌧ (x) ⇠ (1 � x)2⌧�3 at large x [41]. Since w(1) = 1, it follows

that log
⇣

1
w(x)

⌘
! 0 in the limit x ! 1, which implies that the local counting rules at large-x are

unmodified by the introduction of quark masses in the holographic structural framework. However,

the squared mass shift induced by finite quark masses does modify the small-x behavior by a factor

x
�M2/4�, therefore softening the Regge behavior of the PDFs at small-x

q⌧ (x) ⇠ x
�↵(0) ⇠ x

� 1
2+

�M2

4� , (60)

since w(x) in (58) scales as w(x) ⇠ x at small-x. Since �M
2 is considerably larger for strange

quarks than for the up and down quarks, the predicted behavior of the strange sea distributions is

less singular at x ! 0 than the nonstrange light quarks.

It has been noted in the pre-QCD era that the behavior of parton distributions near x ! 0 is

governed by the Regge intercept [60]. This is again in agreement with LFHQCD even including

the finite quark mass correction. The t-dependence of GPDs, instead, is not influenced by the

introduction of quark masses, since the Regge slope is universal for light hadrons [33].

The expression for the strange-antistrange PDF asymmetry s(x) � s̄(x) corresponding to (52)

is

s(x) � s̄(x) = (1 � ⌘)Ns

h
q
�
⌧=5(x) � q

�
⌧=6(x)

i
+ ⌘Ns [q

!
⌧=5(x) � q

!
⌧=6(x)] , (61)

with q
!,�
⌧ (x) given by (58) for �M

2
! and �M

2
� respectively. For the universal reparametrization

function w(x) we use the form in Ref. [14],

w(x) = x
1�x

e
�a(1�x)2

, (62)

with a = 0.531 determined from the first moment of proton valence quark distributions. The e↵ect

of the � � ! mixing for the s(x) � s̄(x) asymmetry also turns out to be negligible for a mixing of

the order of 10% and will be neglected.

The PDF predictions for the asymmetry s(x)� s̄(x) are shown in Fig. 4 and compared with the

fluctuation model and global fits for Ns = 0.046(17) and
p
� = 0.52(17)GeV obtained from the

lattice form factor results. The actual computations are carried out with the universal function w(x)

given by (62). In contrast to the baryon-meson fluctuation model, which has the small-x behavior

s(x)� s̄(x) ! 0, the holographic model has the Regge behavior s(x)� s̄(x) ' �0.044x�0.01 in the

limit x ! 0. This can be compared with the global data fit results, shown in Fig. 4 at the initial

scale µ = 1GeV.
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2

as [29]

F⌧ (t) =
1

N⌧
B

✓
⌧ � 1,

1

2
� t

4�

◆
, (1)

where

B(u, v) =

Z 1

0
dy y

u�1 (1 � y)v�1
, (2)

and B(u, v) = B(v, u) = �(u)�(v)
�(u+v) with N⌧ =

p
⇡

�(⌧�1)

�(⌧� 1
2 )
.

For fixed u and large v we have B(u, v) ⇠ �(u)v�u: We
thus recover, for large Q2 = �t, the hard-scattering scal-
ing behavior [53, 54]

F⌧ (Q
2) ⇠

✓
1

Q2

◆⌧�1

. (3)

In contrast with the GPD twist which is determined by
the quark-quark correlator, twist-⌧ in (1) and (3) refers
to the number of constituents in a given Fock component
in the Fock expansion of the hadron state. It controls the
short distance behavior of the hadronic state and thus the
power-law asymptotic behavior (3).

For integer ⌧ Eq. (1) generates the pole structure [52]

F⌧ (Q
2) =

1⇣
1 + Q2

M2
0

⌘⇣
1 + Q2

M2
1

⌘
· · ·

⇣
1 + Q2

M2
⌧�2

⌘ , (4)

with M
2
n = 4�

�
n+ 1

2

�
, n = 0, 1, 2 · · · ⌧ � 2, correspond-

ing to the ⇢ vector meson and its radial excitations [28].
Notice that the Beta function in (1) can be rewritten as
B
�
⌧ � 1, 1 � ↵(t)

�
with Regge trajectory

↵(t) =
t

4�
+

1

2
, (5)

slope ↵
0 = 1

4� and intercept ↵(0) = 1
2 . This is just the

⇢ trajectory emerging from LFHQCD. The value of the
universal scale � is fixed from the ⇢ mass:

p
� =  =

m⇢/
p
2 = 0.548 GeV [28, 57].

Notice that the form factor (1) can be expressed as a
Veneziano amplitude [58] B

�
1 � ↵(s), 1 � ↵(t)

�
, where

the s-channel dependence is replaced by a fixed pole, 1�
↵(s) ! ⌧ � 1, allowed by unitarity constraints, since no
resonances are formed in the s-channel [59–61]

It will be useful to rewrite (1) using the reparametriza-
tion invariance of the Euler Beta function (2), and thus
transform the integral representation of the form factor
(1) into the invariant form

F⌧ (t) =
1

N⌧

Z 1

0
dxw

0(x)w(x)�
t
4�� 1

2
⇥
1 � w(x)

⇤⌧�2
, (6)

if w(x) is a monotonously increasing function with fixed
values at the integration limits given by the constraints:

w(0) = 0, w(1) = 1, w
0(x) � 0, (7)

with x 2 [0, 1]. Any function w(x) which satisfies the
constraints (7) will give the same result for the form fac-
tor.
Writing the flavor FF in terms of the valence GPD

F
q(t) =

R 1
0 dxH

q
v(x, t) at zero skewness, H

q(x, t) ⌘
H

q(x, ⇠ = 0, t), we obtain

H
q(x, t) =

1

N⌧
[1 � w(x)]⌧�2

w(x)�
1
2w

0(x) e
t
4� log

�
1

w(x)

�

= q⌧ (x) exp[tf(x)], (8)

where the PDF q⌧ (x) and the profile function f(x)

q⌧ (x) =
1

N⌧

�
1 � w(x)

�⌧�2
w(x)�

1
2 w

0(x), (9)

f(x) =
1

4�
log

✓
1

w(x)

◆
, (10)

are expressed in terms of the function w(x) fulfilling con-
ditions (7).
If for x ⇠ 0, w(x) behaves as w(x) ⇠ x, we find the

t-dependence

H
q
v (x, t) ⇠ x

�t/4�
qv(x), (11)

which is the Regge theory motivated ansatz for small-x
given in Ref. [62] for ↵0 = 1

4� .

To study the behavior of w(x) at large-x we perform a
Taylor expansion near x = 1:

w(x) = 1 � (1 � x)w0(1) +
1

2
(1 � x)2w00(1) + · · · . (12)

Upon substitution of (12) in (9) we find that the lead-
ing term in the expansion, which behaves as (1 � x)⌧�2,
vanishes if w0(1) = 0. Hence setting

w
0(1) = 0 and w

00(1) 6= 0, (13)

we find q⌧ (x) ⇠ (1� x)2⌧�3, which is precisely the Drell-
Yan inclusive counting rule at x ! 1 [63–65], correspond-
ing to the form factor behavior at large Q

2 (3).
From Eq. (10) it follows that the conditions (13) are

equivalent to f
0(1) = 0 and f

00(1) 6= 0. Since log(x) ⇠
1 � x for x ⇠ 1, a simple ansatz for f(x) consistent with
(7), (11) and (13) is

f(x) =
1

4�


(1 � x) log

✓
1

x

◆
+ a(1 � x)2

�
, (14)

with a being a flavor independent parameter. From (10)

w(x) = x
1�x

e
�a(1�x)2

, (15)

an expression which incorporates Regge behavior at
small-x and inclusive counting rules at large-x.
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and Ns as free parameters. The result is shown in Fig. 3 with parameter values
p
� = 0.52(17)GeV

and Ns = 0.046(17). This value of
p
� agrees with that determined from the Regge trajectory. The

conformal limit results, �M
2 = 0, are also shown in the figures for comparison. The strange form

factor (52) has the large-Q2 behavior Q
8
F

s
1 (Q

2) ! Const, with Const = 1680Ns �
4 ' 0.5GeV8,

consistent with the scaling predicted from the hard-scattering counting rules [64, 65].

B. Strange quark distribution functions

To describe the quark distribution functions in the holographic formalism it is convenient to

express the Beta function (41) in a reparametrization invariant form

B(u, v) =

Z 1

0
dxw

0(x)w(x)u�1 (1 � w(x))v�1
, (53)

provided that w(x) satisfies the constraints [14]

w(0) = 0, w(1) = 1, w
0(x) � 0. (54)

Therefore, using (53) and the Regge trajectory, (48), (49) or (51), the EM form factor (40) for

twist-⌧ can be written in the invariant form

F⌧ (t) =
1

N⌧

Z 1

0
dxw

0(x)w(x)�
t
4��

1
2
⇥
1 � w(x)

⇤⌧�2
e
��M2

4� log
⇣

1
w(x)

⌘

. (55)

The EM form factor can also be expressed by the exclusive-inclusive connection as the inte-

grated expression of the t-evolved PDF, namely, the generalized parton distribution (GPD) at zero

skewness, Hq
⌧ (x, t) ⌘ H

q
⌧ (x, ⇠ = 0, t),

F
q
⌧ (t) =

Z 1

0
dx

�
H

q
⌧ (x, t) � H

q̄
⌧ (x, t)

�

=

Z 1

0
dx q⌧ (x) exp[tf(x)], (56)

where f(x) is the profile function and q⌧ (x) is the collinear PDF of twist-⌧ . Comparing (56) with

the holographic expression (55) we find that both functions, f(x) and q⌧ (x), are determined in

terms of the reparametrization function of the Beta function, w(x), by

f(x) =
1

4�
log

⇣ 1

w(x)

⌘
, (57)

q⌧ (x) =
1

N⌧
[1 � w(x)]⌧�2

w(x)�
1
2w

0(x) e
��M2

4� log
⇣

1
w(x)

⌘

, (58)

where q⌧ (x) is normalized by
R 1
0 dx q⌧ (x) = 1. In the conformal limit where the quark masses

vanish, �M
2 ! 0, we recover the results given in Ref. [14].
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FIG. 3. Fits to the lattice QCD data of F s
1 (Q

2) using the fluctuation model and LFHQCD.

IV. LIGHT-FRONT HOLOGRAPHIC QCD

The EM form factors of nucleons were described in the nonperturbative holographic framework

from the coupling of the ⇢ to a qq̄ pair in the proton in the limit of massless quarks [57]. In this

section we calculate F
s
1 (Q

2) and s(x) � s̄(x) in the nucleon using the analytic structure of form

factors and quark distribution functions in LFHQCD for bound states of arbitrary twist. Here,

twist refers to the dimension minus spin of the interpolating operator for the hadron state; it is

equal to the number of constituents in a given Fock component in the LF Fock expansion.

In LFHQCD [13], the EM form factors for a bound-state hadron with twist-⌧ can be expressed

as [14, 58]

F⌧ (t) =
1

N⌧
B
�
⌧ � 1, 1 � ↵(t)

�
, (40)

where the Euler Beta function is

B(u, v) =

Z 1

0
dy y

u�1 (1 � y)v�1
, (41)

with B(u, v) = B(v, u) = �(u)�(v)
�(u+v) , N⌧ = �(⌧ � 1)�(1 � ↵(0))/�(⌧ � ↵(0)) a normalization factor,

and ↵(t) is the Regge trajectory of the vector meson which couples to the EM current in the

t-channel exchange.

The Beta function structure of the EM form factors (40), which follows from the gauge/gravity

structure in LFHQCD, was obtained in the pre-QCD era by Ademollo and Del Giudice [59] and
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FIG. 4. Asymmetric strange-antistrange x[s(x)� s̄(x)] distribution. In the upper panel, the fit results from

the fluctuation model and LFHQCD are compared. In the middle panel, the global fits are presented by

central curves and standard deviation bands. In the lower panel, the global fits are presented by a hundred

Monte Carlo replicas. The global fits are at µ = 1GeV: NNPDF3.0 (gray) [16], MMHT2014 (green) [17],

JR14 (cyan) [18].
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Ns ¼ 0.047 in Fig. 2 is determined by a best fit to lattice
QCD predictions. As in the case of the fluctuation model,
we also fit the lattice QCD data, taking

ffiffiffi
λ

p
and Ns as free

parameters. The result is shown in Fig. 3 with parameter
values

ffiffiffi
λ

p
¼ 0.52ð17Þ GeV and Ns ¼ 0.046ð17Þ. This

value of
ffiffiffi
λ

p
agrees with that determined from the Regge

trajectory. The conformal limit results, ΔM2 ¼ 0, are also
shown in the figures for comparison. The strange form
factor (52) has the large-Q2 behavior Q8Fs

1ðQ2Þ → Const,
with Const ¼ 1680Nsλ4 ≃ 0.5 GeV8, consistent with the
scaling predicted from the hard-scattering counting
rules [63,64].

B. Strange quark distribution functions

To describe the quark distribution functions in the
holographic formalism it is convenient to express the
Beta function (41) in a reparametrization invariant form

Bðu; vÞ ¼
Z

1

0
dxw0ðxÞwðxÞu−1ð1 − wðxÞÞv−1; ð53Þ

provided that wðxÞ satisfies the constraints [14]

wð0Þ ¼ 0; wð1Þ ¼ 1; w0ðxÞ ≥ 0: ð54Þ

Therefore, using (53) and the Regge trajectory, (48), (49) or
(51), the EM form factor (40) for twist-τ can be written in
the invariant form

FτðtÞ ¼
1

Nτ

Z
1

0
dxw0ðxÞwðxÞ− t

4λ−
1
2½1 − wðxÞ%τ−2e−

ΔM2

4λ logð 1
wðxÞÞ:

ð55Þ

The EM form factor can also be expressed by
the exclusive-inclusive connection as the integrated
expression of the t-evolved PDF, namely, the generalized
parton distribution (GPD) at zero skewness, Hq

τ ðx; tÞ≡
Hq

τ ðx; ξ ¼ 0; tÞ,

Fq
τ ðtÞ ¼

Z
1

0
dxðHq

τ ðx; tÞ − H q̄
τ ðx; tÞÞ

¼
Z

1

0
dxqτðxÞ exp½tfðxÞ%; ð56Þ

where fðxÞ is the profile function and qτðxÞ is the collinear
PDF of twist-τ. Comparing (56) with the holographic
expression (55) we find that both functions, fðxÞ and
qτðxÞ, are determined in terms of the reparametrization
function of the Beta function, wðxÞ, by

fðxÞ ¼ 1

4λ
log

"
1

wðxÞ

#
; ð57Þ

qτðxÞ ¼
1

Nτ
½1 − wðxÞ%τ−2wðxÞ−1

2w0ðxÞe−
ΔM2

4λ logð 1
wðxÞÞ; ð58Þ

where qτðxÞ is normalized by
R
1
0 dxqτðxÞ ¼ 1. In the

conformal limit where the quark masses vanish,
ΔM2 → 0, we recover the results given in Ref. [14].
The specific function wðxÞ, taken from Ref. [14], is

effectively determined by Regge behavior at small-x and
the local power-law counting rule at x → 1. At x → 0, wðxÞ
scales as wðxÞ ∼ x to recover Regge behavior [67]. At
x → 1 the additional constraints

w0ð1Þ ¼ 0 and w00ð1Þ ≠ 0; ð59Þ

yield the Drell-Yan counting rule qτðxÞ ∼ ð1 − xÞ2τ−3 at
large x [40]. Since wð1Þ ¼ 1, it follows that logð 1

wðxÞÞ → 0

in the limit x → 1, which implies that the local counting
rules at large-x are unmodified by the introduction of quark
masses in the holographic structural framework. However,
the squared mass shift induced by finite quark masses does
modify the small-x behavior by a factor xΔM

2=4λ, therefore
softening the Regge behavior of the PDFs at small-x

qτðxÞ ∼ x−αð0Þ ∼ x−
1
2þ

ΔM2

4λ ; ð60Þ

since wðxÞ in (58) scales as wðxÞ ∼ x at small-x. SinceΔM2

is considerably larger for strange quarks than for the up and
down quarks, the predicted behavior of the strange sea
distributions is less singular at x → 0 than the nonstrange
light quarks.

FIG. 6. Effect of ϕ − ω mixing in Fs
1ðQ2Þ and the sðxÞ − s̄ðxÞ

asymmetry. The effect of the mixing is negligible even for 10%
mixing, i.e., for η ¼ 0.1.
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Summary

A complete first-principles calculation of neutrino-nucleon 
scattering cross section is in progress

Lattice QCD inputs for neutrino-nucleon scattering can help  
experimentalists and many-body nuclear theorists to understand 
nuclear effects better, especially in low momentum transfer  
region

Precise values of various matrix elements obtained from 
lattice QCD calculation can constrain different model calculations 
and can provide better understanding of the experimental data

The interplay of first-principles lattice QCD calculations and 
experimental results can unveil nucleon properties to higher  
precision and accuracy than either theory or experiment alone  
can attain

Thank you
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carefully checked to see if any normalization due to lattice
artifacts needs to be applied to the axial-vector current to
make the identity hold. We actually find that the same
normalization constant for the local axial-vector current as
used in the isovector case to satisfy the chiral Ward identity
also satisfies the anomalous Ward identity. This is not true
in general for nonchiral fermions. For the disconnected-
insertion part, the cluster-decomposition error reduction
(CDER) technique [7] is utilized for the lattice with the
largest volume to reduce the statistical error. For the
connected-insertion part, an improved axial-vector current
is employed such that the finite lattice spacing effect can be
reduced. All of our results are matched to the MS scheme at
2 GeV using nonperturbative renormalization. We propose
a new renormalization pattern where we separate the
connected-insertion part and the disconnected-insertion
part from the beginning, which is more natural for the
lattice calculation and offers more information than the
conventional flavor irreducible representation approach.
This paper is organized as follows. The formalism of

quark spin and anomalous Ward identity are discussed in
Sec. II. In Sec. III we describe all the numerical details
of our simulation. Then in Sec. IV, we check the axial
Ward identity to address the normalization issue. The bare
results of the disconnected contribution are shown in
Sec. V. The detailed results of the connected contribution
come in Sec. VI. We discuss the renormalization in Sec. VII
and make global fits to get the final results in Sec. VIII. A
short summary is given in Sec. IX.

II. FORMALISM OF QUARK SPIN
AND ANOMALOUS WARD IDENTITY

The quark spin contribution to the nucleon spin is
associated with the nucleon matrix element of the flavor-
singlet axial-vector current,

g0Asμ ¼
hp; sjA0

μjp; si
hp; sjp; si

; ð2Þ

where A0
μ is the flavor-singlet axial-vector current

A0
μ ¼ ψ̄uiγμγ5ψu þ ψ̄diγμγ5ψd þ ψ̄ siγμγ5ψ s: ð3Þ

The flavor u, d, and s contributions to g0A are denoted asΔu,
Δd, and Δs in Eq. (2), so that

g0A ¼ Δuþ Δdþ Δs: ð4Þ

A special property of the flavor-singlet axial-vector current
is that it satisfies the anomalous Ward identity (AWI) where
the Adler-Bell-Jackiw anomaly appears from the Jacobian
factor of the fermion determinant due to the Uð1Þ chiral
transformation [8]

∂μA0
μ ¼

X

f¼u;d;s

2mfPf − 2iNfq; ð5Þ

where the pseudoscalar density Pf and the topological
charge density operator q representing the anomaly are

Pf ¼ ψ̄fiγ5ψf; q ¼ 1

16π 2
Ga

μνG̃a
μν; ð6Þ

where Ga
μν is the gauge field strength tensor and

G̃a
μν ¼ ϵμνρσGa

ρσ. Note that notations are in Euclidean space
and the coupling constant g is absorbed in the definition of
the gauge potential Aa

μ.
As far as renormalization is concerned, it is shown that

A0
μ has a two-loop renormalization [9,10] and the topo-

logical charge has a one-loop mixture with ∂μA0
μ [10] so

that the renormalized AWI in the dimensional regulariza-
tion scheme becomes
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with the anomalous dimension γ ¼ −ðαs=π Þ2 3
8CF. mR and

PR are renormalized quark mass and pseudoscalar density.
We see that the α2s renormalization term on the left is the
same as that on the right from mixing. Thus, mP and
∂μA0

μ þ 2iNfq are renormalization group invariant (the
latter to second order at least), and the form of AWI is
the same with or without renormalization.
On the lattice, the AWI is preserved by the overlap

fermion that is chiral and satisfies the Ginsparg-Wilson
relation [11]. The mfPf is renormalization group invariant
since ZmZP ¼ 1 for the chiral fermion and the local version
of the topological charge qðxÞ derived from the overlap
operator is equal to 1

16π 2 trcGμνG̃μνðxÞ in the continuum
[12–15], i.e.,

qðxÞ ¼ Tr
#
γ5

!
1

2
Dovðx; xÞ− 1

"$
⟶
a→0

1

16π 2
trcGμνG̃μνðxÞ;

ð8Þ

where Dov is the overlap operator. In the overlap case, the
chiral axial-vector current is derived [16], and one can
directly proceed to carry out the renormalization of the
chiral axial-vector current perturbatively or nonperturba-
tively. However, this chiral axial vector involves a nonlocal

kernel Kμ ¼ −i δDovðUμe
iαμðxÞÞ

δαμðxÞ
jα¼0 and is somewhat involved

to implement numerically. We shall use the local current in
the present study. As such, it invokes a normalization
constant Z0

A which warrants that the unrenormalized AWI
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carefully checked to see if any normalization due to lattice
artifacts needs to be applied to the axial-vector current to
make the identity hold. We actually find that the same
normalization constant for the local axial-vector current as
used in the isovector case to satisfy the chiral Ward identity
also satisfies the anomalous Ward identity. This is not true
in general for nonchiral fermions. For the disconnected-
insertion part, the cluster-decomposition error reduction
(CDER) technique [7] is utilized for the lattice with the
largest volume to reduce the statistical error. For the
connected-insertion part, an improved axial-vector current
is employed such that the finite lattice spacing effect can be
reduced. All of our results are matched to the MS scheme at
2 GeV using nonperturbative renormalization. We propose
a new renormalization pattern where we separate the
connected-insertion part and the disconnected-insertion
part from the beginning, which is more natural for the
lattice calculation and offers more information than the
conventional flavor irreducible representation approach.
This paper is organized as follows. The formalism of

quark spin and anomalous Ward identity are discussed in
Sec. II. In Sec. III we describe all the numerical details
of our simulation. Then in Sec. IV, we check the axial
Ward identity to address the normalization issue. The bare
results of the disconnected contribution are shown in
Sec. V. The detailed results of the connected contribution
come in Sec. VI. We discuss the renormalization in Sec. VII
and make global fits to get the final results in Sec. VIII. A
short summary is given in Sec. IX.

II. FORMALISM OF QUARK SPIN
AND ANOMALOUS WARD IDENTITY

The quark spin contribution to the nucleon spin is
associated with the nucleon matrix element of the flavor-
singlet axial-vector current,

g0Asμ ¼
hp; sjA0

μjp; si
hp; sjp; si

; ð2Þ

where A0
μ is the flavor-singlet axial-vector current

A0
μ ¼ ψ̄uiγμγ5ψu þ ψ̄diγμγ5ψd þ ψ̄ siγμγ5ψ s: ð3Þ

The flavor u, d, and s contributions to g0A are denoted asΔu,
Δd, and Δs in Eq. (2), so that

g0A ¼ Δuþ Δdþ Δs: ð4Þ

A special property of the flavor-singlet axial-vector current
is that it satisfies the anomalous Ward identity (AWI) where
the Adler-Bell-Jackiw anomaly appears from the Jacobian
factor of the fermion determinant due to the Uð1Þ chiral
transformation [8]

∂μA0
μ ¼

X

f¼u;d;s

2mfPf − 2iNfq; ð5Þ

where the pseudoscalar density Pf and the topological
charge density operator q representing the anomaly are

Pf ¼ ψ̄fiγ5ψf; q ¼ 1

16π 2
Ga

μνG̃a
μν; ð6Þ

where Ga
μν is the gauge field strength tensor and

G̃a
μν ¼ ϵμνρσGa

ρσ. Note that notations are in Euclidean space
and the coupling constant g is absorbed in the definition of
the gauge potential Aa

μ.
As far as renormalization is concerned, it is shown that
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μ has a two-loop renormalization [9,10] and the topo-

logical charge has a one-loop mixture with ∂μA0
μ [10] so

that the renormalized AWI in the dimensional regulariza-
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with the anomalous dimension γ ¼ −ðαs=π Þ2 3
8CF. mR and

PR are renormalized quark mass and pseudoscalar density.
We see that the α2s renormalization term on the left is the
same as that on the right from mixing. Thus, mP and
∂μA0

μ þ 2iNfq are renormalization group invariant (the
latter to second order at least), and the form of AWI is
the same with or without renormalization.
On the lattice, the AWI is preserved by the overlap

fermion that is chiral and satisfies the Ginsparg-Wilson
relation [11]. The mfPf is renormalization group invariant
since ZmZP ¼ 1 for the chiral fermion and the local version
of the topological charge qðxÞ derived from the overlap
operator is equal to 1

16π 2 trcGμνG̃μνðxÞ in the continuum
[12–15], i.e.,

qðxÞ ¼ Tr
#
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where Dov is the overlap operator. In the overlap case, the
chiral axial-vector current is derived [16], and one can
directly proceed to carry out the renormalization of the
chiral axial-vector current perturbatively or nonperturba-
tively. However, this chiral axial vector involves a nonlocal

kernel Kμ ¼ −i δDovðUμe
iαμðxÞÞ

δαμðxÞ
jα¼0 and is somewhat involved

to implement numerically. We shall use the local current in
the present study. As such, it invokes a normalization
constant Z0

A which warrants that the unrenormalized AWI
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carefully checked to see if any normalization due to lattice
artifacts needs to be applied to the axial-vector current to
make the identity hold. We actually find that the same
normalization constant for the local axial-vector current as
used in the isovector case to satisfy the chiral Ward identity
also satisfies the anomalous Ward identity. This is not true
in general for nonchiral fermions. For the disconnected-
insertion part, the cluster-decomposition error reduction
(CDER) technique [7] is utilized for the lattice with the
largest volume to reduce the statistical error. For the
connected-insertion part, an improved axial-vector current
is employed such that the finite lattice spacing effect can be
reduced. All of our results are matched to the MS scheme at
2 GeV using nonperturbative renormalization. We propose
a new renormalization pattern where we separate the
connected-insertion part and the disconnected-insertion
part from the beginning, which is more natural for the
lattice calculation and offers more information than the
conventional flavor irreducible representation approach.
This paper is organized as follows. The formalism of

quark spin and anomalous Ward identity are discussed in
Sec. II. In Sec. III we describe all the numerical details
of our simulation. Then in Sec. IV, we check the axial
Ward identity to address the normalization issue. The bare
results of the disconnected contribution are shown in
Sec. V. The detailed results of the connected contribution
come in Sec. VI. We discuss the renormalization in Sec. VII
and make global fits to get the final results in Sec. VIII. A
short summary is given in Sec. IX.

II. FORMALISM OF QUARK SPIN
AND ANOMALOUS WARD IDENTITY

The quark spin contribution to the nucleon spin is
associated with the nucleon matrix element of the flavor-
singlet axial-vector current,

g0Asμ ¼
hp; sjA0

μjp; si
hp; sjp; si

; ð2Þ

where A0
μ is the flavor-singlet axial-vector current

A0
μ ¼ ψ̄uiγμγ5ψu þ ψ̄diγμγ5ψd þ ψ̄ siγμγ5ψ s: ð3Þ

The flavor u, d, and s contributions to g0A are denoted asΔu,
Δd, and Δs in Eq. (2), so that

g0A ¼ Δuþ Δdþ Δs: ð4Þ

A special property of the flavor-singlet axial-vector current
is that it satisfies the anomalous Ward identity (AWI) where
the Adler-Bell-Jackiw anomaly appears from the Jacobian
factor of the fermion determinant due to the Uð1Þ chiral
transformation [8]

∂μA0
μ ¼

X

f¼u;d;s

2mfPf − 2iNfq; ð5Þ

where the pseudoscalar density Pf and the topological
charge density operator q representing the anomaly are

Pf ¼ ψ̄fiγ5ψf; q ¼ 1

16π 2
Ga

μνG̃a
μν; ð6Þ

where Ga
μν is the gauge field strength tensor and

G̃a
μν ¼ ϵμνρσGa

ρσ. Note that notations are in Euclidean space
and the coupling constant g is absorbed in the definition of
the gauge potential Aa

μ.
As far as renormalization is concerned, it is shown that

A0
μ has a two-loop renormalization [9,10] and the topo-

logical charge has a one-loop mixture with ∂μA0
μ [10] so

that the renormalized AWI in the dimensional regulariza-
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with the anomalous dimension γ ¼ −ðαs=π Þ2 3
8CF. mR and

PR are renormalized quark mass and pseudoscalar density.
We see that the α2s renormalization term on the left is the
same as that on the right from mixing. Thus, mP and
∂μA0

μ þ 2iNfq are renormalization group invariant (the
latter to second order at least), and the form of AWI is
the same with or without renormalization.
On the lattice, the AWI is preserved by the overlap

fermion that is chiral and satisfies the Ginsparg-Wilson
relation [11]. The mfPf is renormalization group invariant
since ZmZP ¼ 1 for the chiral fermion and the local version
of the topological charge qðxÞ derived from the overlap
operator is equal to 1

16π 2 trcGμνG̃μνðxÞ in the continuum
[12–15], i.e.,

qðxÞ ¼ Tr
#
γ5
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2
Dovðx; xÞ− 1

"$
⟶
a→0
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where Dov is the overlap operator. In the overlap case, the
chiral axial-vector current is derived [16], and one can
directly proceed to carry out the renormalization of the
chiral axial-vector current perturbatively or nonperturba-
tively. However, this chiral axial vector involves a nonlocal

kernel Kμ ¼ −i δDovðUμe
iαμðxÞÞ

δαμðxÞ
jα¼0 and is somewhat involved

to implement numerically. We shall use the local current in
the present study. As such, it invokes a normalization
constant Z0

A which warrants that the unrenormalized AWI
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carefully checked to see if any normalization due to lattice
artifacts needs to be applied to the axial-vector current to
make the identity hold. We actually find that the same
normalization constant for the local axial-vector current as
used in the isovector case to satisfy the chiral Ward identity
also satisfies the anomalous Ward identity. This is not true
in general for nonchiral fermions. For the disconnected-
insertion part, the cluster-decomposition error reduction
(CDER) technique [7] is utilized for the lattice with the
largest volume to reduce the statistical error. For the
connected-insertion part, an improved axial-vector current
is employed such that the finite lattice spacing effect can be
reduced. All of our results are matched to the MS scheme at
2 GeV using nonperturbative renormalization. We propose
a new renormalization pattern where we separate the
connected-insertion part and the disconnected-insertion
part from the beginning, which is more natural for the
lattice calculation and offers more information than the
conventional flavor irreducible representation approach.
This paper is organized as follows. The formalism of

quark spin and anomalous Ward identity are discussed in
Sec. II. In Sec. III we describe all the numerical details
of our simulation. Then in Sec. IV, we check the axial
Ward identity to address the normalization issue. The bare
results of the disconnected contribution are shown in
Sec. V. The detailed results of the connected contribution
come in Sec. VI. We discuss the renormalization in Sec. VII
and make global fits to get the final results in Sec. VIII. A
short summary is given in Sec. IX.

II. FORMALISM OF QUARK SPIN
AND ANOMALOUS WARD IDENTITY

The quark spin contribution to the nucleon spin is
associated with the nucleon matrix element of the flavor-
singlet axial-vector current,

g0Asμ ¼
hp; sjA0

μjp; si
hp; sjp; si

; ð2Þ

where A0
μ is the flavor-singlet axial-vector current

A0
μ ¼ ψ̄uiγμγ5ψu þ ψ̄diγμγ5ψd þ ψ̄ siγμγ5ψ s: ð3Þ

The flavor u, d, and s contributions to g0A are denoted asΔu,
Δd, and Δs in Eq. (2), so that

g0A ¼ Δuþ Δdþ Δs: ð4Þ

A special property of the flavor-singlet axial-vector current
is that it satisfies the anomalous Ward identity (AWI) where
the Adler-Bell-Jackiw anomaly appears from the Jacobian
factor of the fermion determinant due to the Uð1Þ chiral
transformation [8]

∂μA0
μ ¼

X

f¼u;d;s

2mfPf − 2iNfq; ð5Þ

where the pseudoscalar density Pf and the topological
charge density operator q representing the anomaly are

Pf ¼ ψ̄fiγ5ψf; q ¼ 1

16π 2
Ga

μνG̃a
μν; ð6Þ

where Ga
μν is the gauge field strength tensor and

G̃a
μν ¼ ϵμνρσGa

ρσ. Note that notations are in Euclidean space
and the coupling constant g is absorbed in the definition of
the gauge potential Aa

μ.
As far as renormalization is concerned, it is shown that

A0
μ has a two-loop renormalization [9,10] and the topo-

logical charge has a one-loop mixture with ∂μA0
μ [10] so

that the renormalized AWI in the dimensional regulariza-
tion scheme becomes
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with the anomalous dimension γ ¼ −ðαs=π Þ2 3
8CF. mR and

PR are renormalized quark mass and pseudoscalar density.
We see that the α2s renormalization term on the left is the
same as that on the right from mixing. Thus, mP and
∂μA0

μ þ 2iNfq are renormalization group invariant (the
latter to second order at least), and the form of AWI is
the same with or without renormalization.
On the lattice, the AWI is preserved by the overlap

fermion that is chiral and satisfies the Ginsparg-Wilson
relation [11]. The mfPf is renormalization group invariant
since ZmZP ¼ 1 for the chiral fermion and the local version
of the topological charge qðxÞ derived from the overlap
operator is equal to 1

16π 2 trcGμνG̃μνðxÞ in the continuum
[12–15], i.e.,

qðxÞ ¼ Tr
#
γ5

!
1

2
Dovðx; xÞ− 1
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⟶
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where Dov is the overlap operator. In the overlap case, the
chiral axial-vector current is derived [16], and one can
directly proceed to carry out the renormalization of the
chiral axial-vector current perturbatively or nonperturba-
tively. However, this chiral axial vector involves a nonlocal

kernel Kμ ¼ −i δDovðUμe
iαμðxÞÞ

δαμðxÞ
jα¼0 and is somewhat involved

to implement numerically. We shall use the local current in
the present study. As such, it invokes a normalization
constant Z0

A which warrants that the unrenormalized AWI

LIANG, YANG, DRAPER, GONG, and LIU PHYS. REV. D 98, 074505 (2018)

074505-2

carefully checked to see if any normalization due to lattice
artifacts needs to be applied to the axial-vector current to
make the identity hold. We actually find that the same
normalization constant for the local axial-vector current as
used in the isovector case to satisfy the chiral Ward identity
also satisfies the anomalous Ward identity. This is not true
in general for nonchiral fermions. For the disconnected-
insertion part, the cluster-decomposition error reduction
(CDER) technique [7] is utilized for the lattice with the
largest volume to reduce the statistical error. For the
connected-insertion part, an improved axial-vector current
is employed such that the finite lattice spacing effect can be
reduced. All of our results are matched to the MS scheme at
2 GeV using nonperturbative renormalization. We propose
a new renormalization pattern where we separate the
connected-insertion part and the disconnected-insertion
part from the beginning, which is more natural for the
lattice calculation and offers more information than the
conventional flavor irreducible representation approach.
This paper is organized as follows. The formalism of

quark spin and anomalous Ward identity are discussed in
Sec. II. In Sec. III we describe all the numerical details
of our simulation. Then in Sec. IV, we check the axial
Ward identity to address the normalization issue. The bare
results of the disconnected contribution are shown in
Sec. V. The detailed results of the connected contribution
come in Sec. VI. We discuss the renormalization in Sec. VII
and make global fits to get the final results in Sec. VIII. A
short summary is given in Sec. IX.
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where A0
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The flavor u, d, and s contributions to g0A are denoted asΔu,
Δd, and Δs in Eq. (2), so that
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is that it satisfies the anomalous Ward identity (AWI) where
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μ ¼
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where Ga
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ρσ. Note that notations are in Euclidean space
and the coupling constant g is absorbed in the definition of
the gauge potential Aa
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with the anomalous dimension γ ¼ −ðαs=π Þ2 3
8CF. mR and

PR are renormalized quark mass and pseudoscalar density.
We see that the α2s renormalization term on the left is the
same as that on the right from mixing. Thus, mP and
∂μA0

μ þ 2iNfq are renormalization group invariant (the
latter to second order at least), and the form of AWI is
the same with or without renormalization.
On the lattice, the AWI is preserved by the overlap

fermion that is chiral and satisfies the Ginsparg-Wilson
relation [11]. The mfPf is renormalization group invariant
since ZmZP ¼ 1 for the chiral fermion and the local version
of the topological charge qðxÞ derived from the overlap
operator is equal to 1

16π 2 trcGμνG̃μνðxÞ in the continuum
[12–15], i.e.,
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where Dov is the overlap operator. In the overlap case, the
chiral axial-vector current is derived [16], and one can
directly proceed to carry out the renormalization of the
chiral axial-vector current perturbatively or nonperturba-
tively. However, this chiral axial vector involves a nonlocal

kernel Kμ ¼ −i δDovðUμe
iαμðxÞÞ

δαμðxÞ
jα¼0 and is somewhat involved

to implement numerically. We shall use the local current in
the present study. As such, it invokes a normalization
constant Z0

A which warrants that the unrenormalized AWI
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carefully checked to see if any normalization due to lattice
artifacts needs to be applied to the axial-vector current to
make the identity hold. We actually find that the same
normalization constant for the local axial-vector current as
used in the isovector case to satisfy the chiral Ward identity
also satisfies the anomalous Ward identity. This is not true
in general for nonchiral fermions. For the disconnected-
insertion part, the cluster-decomposition error reduction
(CDER) technique [7] is utilized for the lattice with the
largest volume to reduce the statistical error. For the
connected-insertion part, an improved axial-vector current
is employed such that the finite lattice spacing effect can be
reduced. All of our results are matched to the MS scheme at
2 GeV using nonperturbative renormalization. We propose
a new renormalization pattern where we separate the
connected-insertion part and the disconnected-insertion
part from the beginning, which is more natural for the
lattice calculation and offers more information than the
conventional flavor irreducible representation approach.
This paper is organized as follows. The formalism of

quark spin and anomalous Ward identity are discussed in
Sec. II. In Sec. III we describe all the numerical details
of our simulation. Then in Sec. IV, we check the axial
Ward identity to address the normalization issue. The bare
results of the disconnected contribution are shown in
Sec. V. The detailed results of the connected contribution
come in Sec. VI. We discuss the renormalization in Sec. VII
and make global fits to get the final results in Sec. VIII. A
short summary is given in Sec. IX.
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where the pseudoscalar density Pf and the topological
charge density operator q representing the anomaly are

Pf ¼ ψ̄fiγ5ψf; q ¼ 1

16π 2
Ga

μνG̃a
μν; ð6Þ

where Ga
μν is the gauge field strength tensor and

G̃a
μν ¼ ϵμνρσGa

ρσ. Note that notations are in Euclidean space
and the coupling constant g is absorbed in the definition of
the gauge potential Aa

μ.
As far as renormalization is concerned, it is shown that

A0
μ has a two-loop renormalization [9,10] and the topo-

logical charge has a one-loop mixture with ∂μA0
μ [10] so

that the renormalized AWI in the dimensional regulariza-
tion scheme becomes

∂μA0
μ

!
1þ γNf

1

ϵ

"
¼

X

f¼u;d;s

2mR
fP

R
f

þ
!
−2iNfqþ γNf

1

ϵ
∂μA0

μ

"
ð7Þ

with the anomalous dimension γ ¼ −ðαs=π Þ2 3
8CF. mR and

PR are renormalized quark mass and pseudoscalar density.
We see that the α2s renormalization term on the left is the
same as that on the right from mixing. Thus, mP and
∂μA0

μ þ 2iNfq are renormalization group invariant (the
latter to second order at least), and the form of AWI is
the same with or without renormalization.
On the lattice, the AWI is preserved by the overlap

fermion that is chiral and satisfies the Ginsparg-Wilson
relation [11]. The mfPf is renormalization group invariant
since ZmZP ¼ 1 for the chiral fermion and the local version
of the topological charge qðxÞ derived from the overlap
operator is equal to 1

16π 2 trcGμνG̃μνðxÞ in the continuum
[12–15], i.e.,

qðxÞ ¼ Tr
#
γ5

!
1

2
Dovðx; xÞ− 1

"$
⟶
a→0

1

16π 2
trcGμνG̃μνðxÞ;

ð8Þ

where Dov is the overlap operator. In the overlap case, the
chiral axial-vector current is derived [16], and one can
directly proceed to carry out the renormalization of the
chiral axial-vector current perturbatively or nonperturba-
tively. However, this chiral axial vector involves a nonlocal

kernel Kμ ¼ −i δDovðUμe
iαμðxÞÞ

δαμðxÞ
jα¼0 and is somewhat involved

to implement numerically. We shall use the local current in
the present study. As such, it invokes a normalization
constant Z0

A which warrants that the unrenormalized AWI
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CHAPTER 3. NEUTRINO INTERACTIONS

3.2.5 Partial conservation of axial vector current (PCAC)

This subsection follows Ref. [17].

The general expression for the axial part of the matrix element between the proton and

neutron is,

< p|A†µ|n > = p̄
⇥
�µFA�5 + qµ

M
FP �5

⇤
n. (3.40)

The origin of the pseudo scalar form factor, FP , cannot be of leading order, so must be

a second order term (Fig. 3.3). Fig. 3.3a is the so-called “pion vertex correction”, and

since the interaction with the lepton current is still axial vector, this diagram contributes

as a higher order correction to the axial vector coupling. However (Fig. 3.3b), in “one

pion exchange”, the nucleon current emits a pion, which is a pseudo scalar interaction, and

therefore this diagram is the primary contribution to the pseudo scalar form factor.

Then, the axial part of the nucleon-lepton current interaction term consists of 3 parts:

pion emission by neutron, subsequent pion propagation, and then pion decay. That is,

A ⇠ [n! p + ⇡]⇥ [⇡ � propagator]⇥ [⇡ ! l + ⌫],

A ⇠ [ig0(p̄�5n)]⇥


1
q2 �m2

⇡

�
⇥


GF cos✓cp

2
if⇡qµ(l̄�µ(1� �5)⌫)

�
. (3.41)

Here, g0 and f⇡ are the pion-nucleon coupling constant and pion decay constant, respec-

tively. Then, Eq. 3.40 is written,

< p|A†µ|n > = p̄


�µFA �

qµ

M

g0f⇡

q2 �m2
⇡

�
�5n. (3.42)

Although the axial current is not conserved, it may be approximately conserved in m⇡ ! 0

limit (partial conservation of axial current),

lim
m⇡!0

@µAµ = 0. (3.43)
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(a) pion vertex correction

(b) pion One-pion exchange
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Figure 3.3: Although these two pion diagrams are same order, their contributions are

di↵erent. (a) pion vertex correction is a higher order correction to the axial vector current,

whereas (b) one pion exchange contributes to the pseudo scalar form factor.
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3.2.5 Partial conservation of axial vector current (PCAC)

This subsection follows Ref. [17].
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therefore this diagram is the primary contribution to the pseudo scalar form factor.

Then, the axial part of the nucleon-lepton current interaction term consists of 3 parts:

pion emission by neutron, subsequent pion propagation, and then pion decay. That is,
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Here, g0 and f⇡ are the pion-nucleon coupling constant and pion decay constant, respec-

tively. Then, Eq. 3.40 is written,

< p|A†µ|n > = p̄


�µFA �

qµ

M

g0f⇡

q2 �m2
⇡

�
�5n. (3.42)

Although the axial current is not conserved, it may be approximately conserved in m⇡ ! 0

limit (partial conservation of axial current),

lim
m⇡!0

@µAµ = 0. (3.43)
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Then, using the Dirac equation, �ip̄
$
/@n = p̄(/pp � /pn)n = p(mp + mn)n ⇠ p(2M)n Eq. 3.42

becomes,

0 = lim
m⇡!0

p̄


2MFA �

q2

M

g0f⇡

q2 �m2
⇡

�
�5n,

= p̄


2MFA �

g0f⇡

M

�
�5n. (3.44)

Therefore,

g0f⇡ = 2M2FA. (3.45)

Eq. 3.45 is called the Goldberger-Treiman relation [17]. Finally, the pseudo scalar form

factor derived from one pion exchange is,

FP = � g0f⇡

q2 �m2
⇡

=
2M2

Q2 + m2
⇡

FA. (3.46)

At our energy scale, Q2 < 1.0 GeV2, the pseudo scalar form factor FP derived here is bigger

than the axial vector form factor FA. However, since FP always couples with the muon

mass term, m2/M2 ⇠ 0.01, the contribution from this term is small (Sec. C.1.4)

3.2.6 The expressions for Llewellyn-Smith’s form factors

Now, we want to derive expressions for the form factors of Eqs. 3.20, 3.21, and 3.22. Go-

ing back to proton electromagnetic current (Eq. 3.32) and using Gordon decomposition

(Eq. C.9),

< p|Jµ

EM
|p > = p̄

"
�µ(FEM,p

1 + FEM,p

2 )� FEM,p

2

2M
(pµ

1 + pµ

2 )

#
p. (3.47)

As will be seen in Sec. 3.2.7, we want to provide some physical interpretation of the form

factors. When the 3-momentum transfer is low, the scattering should be classical, so the

form factors can be interpreted as Fourier transformations of the charge and magnetic

moment distribution in configuration space. Therefore, it is good to define form factors
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7.4. MINIBOONE CROSS SECTION MODEL

7.4 MiniBooNE cross section model

7.4.1 The nuance event generator

In order to model the neutrino signal of interest and to estimate backgrounds, a neutrino

event generator is required to estimate the event rates of each neutrino interaction type.

MiniBooNE uses the nuance event generator [126] which produces the interaction rates for

99 neutrino interaction types given an input neutrino flux. The original nuance code was

written for water Čerenkov detectors, such as Super-Kamiokande, so it has been necessary

to modify many parts of this code.

The following models are used for the neutrino interaction calculations in nuance:

• the relativistic Fermi gas (RFG) model by Smith and Moniz’s formalism for QE scat-

tering from nucleons [16] (Sec. 3.3),

• the Rein and Sehgal model for resonance interactions [127],

• the GRV98 based parton distribution functions (PDFs) for deep elastic scattering

(DIS) cross section [128, 129].

Figure 7.8 shows the breakdown of neutrino interaction types as predicted for MiniBooNE.

The major interactions are:

39% charged current quasi-elastic (CCQE), ⌫µ + p! µ� + n;

16% neutral current elastic (NCE), ⌫µ + p(n)! ⌫µ + p(n);

25% charged current one ⇡+ production (CC1⇡+), ⌫µ + p(n)! µ� + ⇡+ + p(n);

4% charged current one ⇡� production (CC1⇡�), ⌫µ + n! µ� + ⇡� + p;

4% neutral current one ⇡± production (NC1⇡±), ⌫µ + p(n)! µ⌥ + ⇡± + n(p);

125

7.4. MINIBOONE CROSS SECTION MODEL

7.4 MiniBooNE cross section model

7.4.1 The nuance event generator

In order to model the neutrino signal of interest and to estimate backgrounds, a neutrino

event generator is required to estimate the event rates of each neutrino interaction type.

MiniBooNE uses the nuance event generator [126] which produces the interaction rates for

99 neutrino interaction types given an input neutrino flux. The original nuance code was
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Figure 7.8: Event fractions predicted by nuance for MiniBooNE.

8% neutral current one ⇡� production (NC1⇡�), ⌫µ + p(n)! µ� + ⇡� + p(n);

4% others, multi pion production (multi⇡), deep inelastic scattering (DIS), etc.

7.4.2 Charged Current Quasi-Elastic (CCQE) scattering

CCQE scattering is the dominant neutrino interaction type in MiniBooNE, and comprises

roughly 40% of the total events. The RFG model employed here uses BBA03 form fac-

tors [130] instead of simple dipole form for Dirac (Eq. 3.59) and Pauli (Eq. 3.60) form

factors. But the axial current form factor is assumed to be of dipole form (Eq. 3.61), with

axial mass MA = 1.234 GeV/c2. Although the contribution is small, the pseudo scalar form

factor, derived from PCAC (Sec. 3.2.5), is included. The scalar and axial tensor form factors

(second class) are set to zero as implied from G-parity conservation (Sec. 3.2.8). We use

220 MeV/c for the Fermi momentum and 34 MeV for the binding energy of carbon [131],
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Figure 1.1: Elastic scattering amplitude.

but the quoted literature allows easily to find more sources and to expand the knowledge.

1.2 Old string theory in strong interactions

Before QCD emerged as a consistent theory based on quark and gluon fields in the early
1970ies, there was another approach to strong interaction physics, which did not search for
elementary particles at all. The basis of this approach was duality. For an elastic scattering
amplitude T (s, t), Fig. 1.1, which depends on the total energy s = (p1 + p2)2 = (p01 + p02)

2

and the momentum transfer t = (p01 � p1)2 = (p02 � p2)2, we have two salient features:
1) For low values of s we observe resonances, for instance in N � ⇡ scattering the � and
higher resonances. This means that there are poles in the variable s at the resonance masses.
The amplitude T (s, t) behaves near the resonance as

T (s, t) ⇠ A

s � m2
R

For unstable resonances mR has an imaginary part.

2) For high values of s we have Regge behaviour, that is in that limit the amplitude behaves
like

T (s, t) ⇠ s↵(t),

the function ↵(t) is called a Regge trajectory.

This gives a good description of high energy scattering, that is for large values of s and for
negative values of t. For positive values of t, which can occur in annihilation, a resonance
pole with total angular momentum J occurs at those values of t, where ↵(t) is a nonnegative
integer J . It turned out that linear trajectories, that is

↵(t) = ↵0 + ↵0 · t (1.1)

give a good description of the data. ↵0 is called the intercept and ↵0 the slope of the
trajectory. The concept of duality was developed as an attempt to unify these two seemingly
very di↵erent features.
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Figure 1.2: Trajectories in the Veneziano model.

rotation vibration

Figure 1.3: Rotational and vibrational modes of a string.

An important model for scattering amplitudes which shows this dual behaviour is the
Veneziano model V (s, t) [8]. It consists of a sum of expressions like

T (s, t) =
�(1 � ↵(s))�(1 � ↵(t))

�(2 � ↵(s) � ↵(t))
=

�(1 � ↵0 � ↵0s))�(1 � ↵0 � ↵0t)

�(2 � ↵0 � ↵0s � ↵0 � ↵0t)
(1.2)

with the linear trajectory ↵(x) = ↵0 + ↵0x. �(z) is the Euler Gamma function which for
integer values is the factorial, �(z + 1) = z!. From the properties of the � function follows:
for large values of s and negative values of t the amplitude T (s, t) shows Regge behaviour,
and it has resonance poles for for integer values of ↵(s) or ↵(t). These poles lie on straight
lines, the lowest one is called the Regge trajectory, the ones above it are called daughter
trajectories, see Fig. 1.2.

It was soon realized, that the Veneziano model corresponds to a string theory, where the
rotation of the string gives the resonances along the Regge trajectories and the vibrational
modes yield the daughter trajectories, see figure 1.3.

In this approach the hadrons are not point-like objects nor composed of point-like objects
(elementary quantum fields), but they are inherently extended objects: strings.
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The mass for a Hadron with two constituents is in the LF form in momentum space given

M2 =

Z 1

0

dx

Z
d2k? �̃LF⇤(x,~k?)

✓
1

x(1 � x)
~k2
? +

m2
1

x
+

m2
2

1 � x

◆
�̃LF (x,~k?) + interaction

(4.1)
where �LF (x,~k?) is the LF wave function of two constituents with relative momentum ~k
and longitudinal momentum fractions x1 = x, x2 = (1 � x). By Fourier transformation we
obtain:

M2 =

Z 1

0

dx

Z
d2b? �LF⇤(x,~b?)

✓
� 1

x(1 � x)
~@2

b?
+

m2
1

x
+

m2
2

1 � x

◆
�LF (x,~b?) + interaction

(4.2)
For vanishing constituent masses, mi = 0, the x and ~b? dependence can be expressed by the
LF variable

~⇣ =
p

x(1 � x) ~b?i, ⇣ = |~⇣ | (4.3)

and we construct the LF Hamiltonian

H =
⇣
�~@2

⇣ + U(⇣)
⌘

=

✓
�@2

⇣ � 1

⇣
@⇣ � 1

⇣2
@2

' + U(⇣)

◆
, (4.4)

with H�LF = M2 �LF .

The complicated interaction is here approximated by the LF potential U(⇣). By separating
the variables �LF (~⇣) = eiL'�LF (⇣) and by rescaling

�LF (⇣) = �(x)(2⇡⇣)�1/2�(⇣) (4.5)

we obtain for �(⇣) the Schrödinger-like equation:

H�(⇣) =

✓
�@2

⇣ +
4L2 � 1

4⇣2
+ U(⇣)

◆
�(⇣) = M2�(⇣) (4.6)

L is the LF angular momentum. The LF potential U(⇣) is in principle determined by QCD
it (hopefully) contains also some part of the influence of higher Fock states, that is states
with more than two constituents.
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Nucleon GPDs

The nucleon GPDs are extracted from nucleon FF
data [66–70] choosing specific x- and t-dependences of
the GPDs for each flavor. One then finds the best fit
reproducing the measured FFs and the valence PDFs.
In our analysis of nucleon FFs [56], three free parame-
ters are required: These are r, interpreted as an SU(6)
breaking e↵ect for the Dirac neutron FF, and �p and �n,
which account for the probabilities of higher Fock com-
ponents (meson cloud), and are significant only for the
Pauli FFs. The hadronic scale � is fixed by the ⇢-Regge
trajectory [28], whereas the Pauli FFs are normalized to
the experimental values of the anomalous magnetic mo-
ments.

Helicity Non-Flip Distributions

Using the results from [56] for the Dirac flavor FFs,
we write the spin non-flip valence GPDs H

q(x, t) =
q(x) exp [tf(x)] with

uv(x) =
⇣
2 � r

3

⌘
q⌧=3(x) +

r

3
q⌧=4(x), (16)

dv(x) =

✓
1 � 2r

3

◆
q⌧=3(x) +

2r

3
q⌧=4(x), (17)

for the u and d PDFs normalized to the valence content
of the proton:

R 1
0 dxuv(x) = 2 and

R 1
0 dx dv(x) = 1. The

PDF q⌧ (x) and the profile function f(x) are given by (9)
and (10), and w(x) is given by (15). Positivity of the
PDFs implies that r  3/2, which is smaller than the
value r = 2.08 found in [56]. We shall use the maximum
value r = 3/2, which does not change significantly our
results in [56].
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FIG. 1. Comparison for xq(x) in the proton from LFHQCD
(red bands) and global fits: MMHT2014 (blue bands) [5],
CT14 [6] (cyan bands), and NNPDF3.0 (grey bands) [77].
LFHQCD results are evolved from the initial scale µ0 = 1.06±
0.15GeV.

The PDFs (16) and (17) are evolved to a higher

scale µ with the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) equation [71–73] in the MS scheme using
the HOPPET toolkit [74]. The initial scale is chosen at
the matching scale between LFHQCD and pQCD as µ0 =
1.06 ± 0.15GeV [75] in the MS scheme at next-to-next-
to-leading order (NNLO). The strong coupling constant
↵s at the scale of the Z-boson mass is set to 0.1182 [76],
and the heavy quark thresholds are set with MS quark
masses as mc = 1.28GeV and mb = 4.18GeV [76]. The
PDFs are evolved to µ

2 = 10GeV2 at NNLO to com-
pare with the global fits by the MMHT [5], CT [6], and
NNPDF [77] collaborations as shown in Fig. 1. The value
a = 0.531±0.037 is determined from the first moment of
the GPD,

R 1
0 dx xH

q
v(x, t = 0) = A

q
v(0) from the global

data fits with average values Au
v (0) = 0.261 ± 0.005 and

A
d
v(0) = 0.109±0.005. The model uncertainty (red band)

includes the uncertainties in a and µ0 [78]. We also in-
dicate the di↵erence between our results and global fits
in Fig. 2. The t-dependence of Hq

v(x, t) is illustrated in
Fig. 3. Since our PDFs scale as q(x) ⇠ x

�1/2 for small-x,
the Kuti-Weisskopf behavior for the non-singlet structure
functions F2p(x) � F2n(x) ⇠ x(uv(x) � dv(x)) ⇠ x

1/2 is
satisfied [79, 80].

FIG. 2. Di↵erence between our PDF results and global fits.

Helicity-Flip Distributions

The spin-flip GPDs E
q
v(x, t) = e

q
v(x) exp [tf(x)] follow

from the flavor Pauli FFs in [56] given in terms of twist-4
and twist-6 contributions

e
q
v(x) = �q [(1 � �q) q⌧=4(x) + �q q⌧=6(x)] , (18)

normalized to the flavor anomalous magnetic momentR 1
0 dx e

q
v(x) = �q, with �u = 2�p + �n = 1.673 and

�d = 2�n + �p = �2.033. The factors �u and �d are

�u ⌘ 2�p�p + �n�n

2�p + �n
, �d ⌘ 2�n�n + �p�p

2�n + �p
, (19)

where the higher Fock probabilities �p,n represent the
large distance pion contribution and have the values �p =
0.27 and �n = 0.38 [56]. Our results for E

q
v(x, t) are

displayed in Fig. 3.

4

FIG. 3. Nucleon GPDs for di↵erent values of �t = Q
2 at

the scale µ0 = 1.06 ± 0.15GeV. Top: spin non-flip H
q
v(x, t).

Bottom: spin-flip E
q
v(x, t).
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FIG. 4. Comparison for xq(x) in the pion from LFHQCD
(red band) with the NLO fits [82, 83] (gray band and green
curve) and the LO extraction [84]. NNLO results are also
included (light blue band). LFHQCD results are evolved from
the initial scale µ0 = 1.1 ± 0.2GeV at NLO and the initial
scale µ0 = 1.06± 0.15GeV at NNLO.

Pion GPD

The expression for the pion GPD H
u,d̄
v (x, t) =

q
u,d̄
v (x) exp [tf(x)] follows from the pion FF in [81], where
the contribution from higher Fock components was deter-
mined from the analysis of the time-like region [81]. Up
to twist-4

q
u,d̄
v (x) = (1 � �)q⌧=2(x) + �q⌧=4(x), (20)

where the PDFs are normalized to the valence quark con-
tent of the pion

R 1
0 dx q

u,d̄
v (x) = 1, and � = 0.125 repre-

sents the meson cloud contribution determined in [28].
The pion PDFs are evolved to µ

2 = 27GeV2 at next-
to-leading order (NLO) to compare with the NLO global
analysis in [82, 83] of the data [84]. The initial scale is
set at µ0 = 1.1±0.2GeV from the matching procedure in
Ref. [75] at NLO. The result is shown in Fig. 4, and the
t-dependence of Hq

v(x, t) is illustrated in Fig. 5. We have
also included the NNLO results in Fig. 4, to compare
with future data analysis.
Our results are in good agreement with the data anal-

ysis in Ref. [82] and consistent with the nucleon global
fit results through the GPD universality described here.
There is however a tension with the data analysis in [83]
for x � 0.6 and with the Dyson-Schwinger results in [85]
which incorporate the (1 � x)2 pQCD fallo↵ at large-x
from hard gluon transfer to the spectator quarks. In con-
trast, our nonperturbative results fallo↵ as 1�x from the
leading twist-2 term in (20). A softer fallo↵ ⇠ (1 � x)1.5

in Fig. 4 follows from DGLAP evolution. Our analy-
sis incorporates the nonperturbative behavior of e↵ective
LFWFs in the limit of zero quark masses. However, if we
include a nonzero quark mass in the LFWFs [28, 86, 87],
the PDFs will be further suppressed at x ! 1.

FIG. 5. Pion GPD for di↵erent values of �t = Q
2 at the

scale µ0 = 1.1± 0.2GeV.

E↵ective LFWFs

Form factors in light-front quantization can be written
in terms of an e↵ective single-particle density [88]

F (Q2) =

Z 1

0
dx⇢(x,Q), (21)

where ⇢(x,Q) = 2⇡
R1
0 db b J0

�
bQ(1�x)

�
| e↵(x, b)|2 with

transverse separation b = |b?|. From (8) we find the
e↵ective LFWF

 
⌧
e↵(x,b?) =

1

2
p
⇡

s
q⌧ (x)

f(x)
(1 � x) exp


� (1 � x)2

8f(x)
b2
?

�
,

(22)
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coefficient of |νβ⟩,

Aνα→νβ
(t) ≡ ⟨νβ |να(t)⟩ =

∑

k

U∗αk Uβk e− iEkt , (7.16)

is the amplitude of να → νβ transitions as a function of time. The transition
probability is, then, given by

Pνα→νβ
(t) =

∣∣Aνα→νβ
(t)

∣∣2 =
∑

k,j

U∗αk Uβk Uαj U∗βj e− i(Ek− Ej)t . (7.17)

For ultrarelativistic neutrinos, the dispersion relation in eqn (7.8) can be approxi-
mated by

Ek ≃E +
m2

k

2E
. (7.18)

In this case,

Ek −Ej ≃
∆m2

kj

2E
, (7.19)

where ∆m2
kj is the squared-mass difference

∆m2
kj ≡ m2

k −m2
j , (7.20)

and
E = |⃗p| (7.21)

is the neutrino energy, neglecting the mass contribution. Therefore, the transition
probability in eqn (7.17) can be approximated by

Pνα→νβ
(t) =

∑

k,j

U∗αkUβkUαjU
∗
βj exp

(

−i
∆m2

kjt

2E

)

. (7.22)

The final step in the standard derivation of the neutrino oscillation probability is
based on the fact that, in neutrino oscillation experiments, the propagation time
t is not measured. What is known is the distance L between the source and the
detector. Since ultrarelativistic neutrinos propagate almost at the speed of light, it
is possible to approximate t = L, leading to

Pνα→νβ
(L, E) =

∑

k,j

U∗αk Uβk Uαj U∗βj exp

(

−i
∆m2

kjL

2E

)

. (7.23)

This expression shows that the source–detector distance L and the neutrino energy
E are the quantities depending on the experiment which determine the phases of
neutrino oscillations

Φkj = −
∆m2

kj L

2 E
. (7.24)

Of course, the phases are determined also by the squared-mass differences ∆m2
kj ,

which are physical constants. The amplitude of the oscillations is specified only

250 NEUTRINO OSCILLATIONS IN VACUUM

by the elements of the mixing matrix U , which are constants of nature. Therefore
measurements of neutrino oscillations allow one to shed some light on the values of
the squared-mass differences ∆m2

kj and the elements of the mixing matrix U .
Although positive measurements of neutrino oscillations imply massive neutri-

nos, they yield precise information only on the values of the squared-mass differences
∆m2

kj , but not on the absolute values of neutrino masses, except that obviously m2
k

or m2
j must be larger than |∆m2

kj |.
The oscillation probability in eqn (7.23) depends on the elements of the mixing

matrix U through the quartic products

U∗αk Uβk Uαj U∗βj , (7.25)

which do not depend on the specific parameterization of the mixing matrix and on
the choice of phases. In fact, the quartic products in eqn (7.25) are invariant under
the rephasing transformation

Uαk → eiψα Uαk eiφk . (7.26)

Hence, the quartic products eqn (7.25) do not depend on the phases that can be
factorized on the left or on the right of the mixing matrix. This corresponds to a
rephasing of the charged lepton and neutrino fields.

As we have discussed in section 6.3, in the case of Majorana neutrinos the
three-neutrino mixing matrix contains, in addition to the Dirac phase analogous to
that in the CKM mixing matrix of quarks, two Majorana phases which appear in
a diagonal matrix at the right of the mixing matrix. In other words, as shown in
eqn (6.189), we can write

Uαk = UD
αk eiλk . (7.27)

The rephasing invariants in eqn (7.25) are free from the Majorana phases. This
means that the Majorana phases cannot be measured in neutrino oscillation exper-
iments (see section 9.2 for the proof that this statement holds also in the case of
neutrino oscillations in matter). This statement holds in general for any number of
generations: neutrino oscillations are independent of the Majorana phases, which
are always factorized in a diagonal matrix on the right of the mixing matrix. In
particular, CP and T violations in neutrino oscillations, discussed in sections 7.3.2
and 7.3.3, depend only on the Dirac phases.

It is clear that transitions among different flavors manifest for L > 0, because
the unitarity relation

U U † = 1 ⇐⇒
∑

k

Uαk U∗βk = δαβ (7.28)

implies that
Pνα→νβ

(L = 0, E) = δαβ . (7.29)

Sometimes it is convenient to write the probability in eqn (7.23) as

Pνα→νβ
(L, E) =

∑

k

|Uαk|2 |Uβk|2 + 2ℜe
∑

k>j

U∗αk Uβk Uαj U∗βj exp

(

−2πi
L

Losc
kj

)

,

(7.30)

Neutrino oscillations are independent of Majorana phases which are 
always factorized in a diagonal matrix  on the right of the mixing matrix 

CP and T violation in neutrino oscillation depends on the Dirac phases 
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In particular, we note that the oscillation length of antineutrinos is the same as
that of neutrinos, given in eqn (7.31), since it depends only on the same kinemat-
ical properties of massive neutrinos and antineutrinos. Writing the antineutrino
oscillation probability as

Pν̄α→ν̄β
(L, E) = δαβ − 4

∑

k>j

ℜe
[
U∗αk Uβk Uαj U∗βj

]
sin2

(
∆m2

kjL

4E

)

− 2
∑

k>j

ℑm
[
U∗αk Uβk Uαj U∗βj

]
sin

(
∆m2

kjL

2E

)

, (7.51)

one can see that it differs from the corresponding neutrino oscillation probability
in eqn (7.38) only in the sign of the terms depending on the imaginary parts of the
quartic products of the elements of the mixing matrix.

7.3 CPT, CP, and T transformations

Physical neutrinos and antineutrinos are related by a CP transformation which
interchanges neutrinos with antineutrinos and reverses the helicity36 (see subsec-
tion 2.11.3):

να
CP←→ ν̄α . (7.52)

Moreover, a T transformation interchanges the initial and final states. Therefore,
as schematized in Fig. 7.1, a CP transformation interchanges the να → νβ and
ν̄α → ν̄β channels,

να → νβ
CP←→ ν̄α → ν̄β . (7.53)

A T transformation interchanges the να → νβ and νβ → να channels,

να → νβ
T←→ νβ → να , (7.54)

or the ν̄α → ν̄β and ν̄β → ν̄α channels,

ν̄α → ν̄β
T←→ ν̄β → ν̄α . (7.55)

Finally, CPT interchanges the να → νβ and ν̄β → ν̄α channels,

να → νβ
CPT←→ ν̄β → ν̄α . (7.56)

36 As discussed in the previous section 7.2, in the case of Majorana neutrinos, where
the C transformation coincides with the identity, it is conventional to call neutrinos the
states with negative helicity and antineutrinos the states with positive helicity.
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Fig. 14.4. Tree-level quark diagram of
a 2β−2ν process.
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Fig. 14.5. Schematic illustration of
the energy level structure of the
2β−-decay of 76Ge into 76Se.

The upper bounds on the neutrino masses obtained in pion and tau decay exper-
iments are much less stringent than those obtained in tritium decay experiments
(eqn (14.30)). Since it is unlikely that in the future the measurements of neutrino
masses with pion and tau decays experiments may improve so much to reach a preci-
sion at the eV level, comparable with β-decay experiments, their interest lies mainly
in the possibility of constraining the admixture of the muon and tau neutrinos with
heavy neutrinos beyond three-neutrino mixing [114].

14.3 Neutrinoless double-beta decay

Neutrinoless double-β-decay experiments are considered as the most promising
way to find if neutrinos are Majorana particles. In order to introduce neutrino-
less double-β-decay, let us first consider the so-called two-neutrino double-β-decay
processes (2β2ν) of the types

N (A, Z) → N (A, Z + 2) + 2 e− + 2 ν̄e (2β−2ν) , (14.37)

N (A, Z) → N (A, Z − 2) + 2 e+ + 2 νe (2β+
2ν) , (14.38)

which were first suggested by M. Goeppert-Mayer in 1935 [546]. A 2β−2ν (2β+
2ν)

process consists of the simultaneous β− (β+) decay of two neutrons (protons) in the
same nucleus. The 2β2ν processes are generated at second-order in the perturbative
expansion of weak interactions in the SM. The tree-level quark diagram of 2β−2ν
decays is shown in Fig. 14.4. Figure 14.5 shows, as an example, the nuclear level
structure of the 2β−-decay 76Ge → 76Se.

The neutrinoless double-β-decay processes (2β0ν) of the types

N (A, Z) → N (A, Z + 2) + 2 e− (2β−0ν) , (14.39)

N (A, Z) → N (A, Z − 2) + 2 e+ (2β+
0ν) , (14.40)

which have been proposed by W.H. Furry in 1939 [485], are forbidden in the SM.
As explained in subsection 14.3.1, 2β0ν-decays are possible if neutrinos are massive
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Fig. 14.9. Illustration of the parti-
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Of the 35 2β− processes listed in Table 14.1, 28 processes have been studied
experimentally in direct experiments and seven 2β−2ν processes have been observed
for the nuclei 48Ca, 76Ge, 82Se, 96Zr, 100Mo, 116Cd, and 150Nd. Although the main
experimental effort is directed towards the discovery of 2β−0ν , so far no experiment
observed an unquestionable signal78. The lower bound on a 2β−0ν half-life which is
most sensitive to the Majorana neutrino mass is that obtained in the Heidelberg–
Moscow 76Ge experiment [680]:

T 0ν
1/2(

76Ge) > 1.9 × 1025 y (90% CL) . (14.42)

The IGEX 76Ge experiment [3] obtained the comparable limit T 0ν
1/2(

76Ge) > 1.57 ×
1025 y (90% CL).

For the future, many new 2β0ν experiments are planned and under preparation
(see Refs. [405, 4]), since the quest for the Majorana nature of neutrinos is of
fundamental importance.

14.3.1 Effective Majorana mass

In neutrinoless double-β-decay the conservation of the total lepton number is
violated by two units:

∆L = ±2 (2β∓0ν) . (14.43)

Since in the SM the total lepton number is conserved (see section 3.5), the 2β0ν-
decay is forbidden in the SM. Figure 14.8 helps us to understand what is missing
in the SM in order to make 2β−0ν decay possible. Since no antineutrino is emitted,
the two antineutrino lines in the 2β−2ν tree-level quark diagram in Fig. 14.4 should
be joined as indicated in Fig. 14.8 in order to form a virtual neutrino line which
propagates between the two leptonic weak-interaction vertices. In the SM this is
not possible for the two reasons illustrated in Fig. 14.8:

78 There is a claim of a measurement of the 2β−
0ν of 76Ge with T 0ν

1/2 = 1.19+1.00
−0.17 × 1025 y

[679, 681]. However, this measurement is rather controversial [433, 2, 156].
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Fig. 14.10. Tree-level quark diagram of
a 2β−0ν process.

d u

W

W

d u

e−

e−

νk → mk

Uek ←

Uek ←

3∑

k=1

{

Fig. 14.11. Tree-level quark diagram
of a 2β−0ν process in the case of three-
-neutrino mixing.

The particle–antiparticle mismatch. A ν̄e emitted in the upper leptonic ver-
tex cannot be absorbed in the lower leptonic vertex, which is capable only of
absorbing a νe.

The helicity mismatch. The helicity of the neutral lepton emitted in the upper
leptonic vertex is positive and the lower leptonic vertex can absorb only a neutral
lepton with negative helicity.

Therefore, there are two necessary conditions for the occurrence of 2β0ν-decay
processes (for simplicity, for the moment we do not consider neutrino mixing, which
will be taken into account later):

Particle–antiparticle matching: ν̄e = νe. The electron neutrino must be a
Majorana particle. In this case, the total lepton number is not conserved (see
section 6.2.4).

Helicity matching: mνe ̸= 0. In this case, the upper leptonic vertex can emit
a neutrino with negative helicity with relative amplitude mνe/Eνe (see
eqn (6.106)), which is absorbed by the lower leptonic vertex with relative
amplitude equal to unity.

These two conditions are illustrated in Fig. 14.9. It is clear that, if these two
conditions are satisfied, i.e. if the electron neutrino is a massive Majorana particle,
the amplitude of a 2β0ν-decay process is proportional to the Majorana mass mνe

of the electron neutrino (Fig. 14.10).
Let us now consider neutrino mixing with the SM weak leptonic current in

eqn (14.23). Since, in this case, the electron neutrino field is a superposition of Majo-
rana massive neutrino fields, the massive Majorana neutrinos propagate between
the two leptonic weak interaction vertices, as illustrated in Fig. 14.11. For the prop-
agation of the massive Majorana neutrino νk, each leptonic weak interaction vertex
in Fig. 14.11 is described by eL γρ Uek νkL, leading to a factor U2

ek in the amplitude
of the process. In order to satisfy the helicity matching condition, there is also
a factor mk. Summing over the contributions of the three massive neutrinos, we
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