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Hadronic light-by-light contribution to the muon g − 2

The formula that obtain the connected hadronic light-by-light
contribution to the gµ − 2 is given by [Blum et al., 2016]:

F2 =2mµe
6
∑
y,y′

3
∑
x′

1

2
εijµ′x

′
j

× 6i4Hνν′µµ′(y, y
′, x, x′)Miνν′µ(y, y′, x)/3
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π0 exchange

π0 exchange will dominate the long-distance part of the HLbL
contribution. The four-point hadronic function can be replaced by long
distance π0 four-point function:

6i4Hν,ν′,µ,µ′(y, y
′, x, x′) −→ Aπ

0

ν,ν′,µ,µ′(y, y
′, x, x′) (1)

µ

x y′

yx′

µ
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π0 intermediate state

Apply the Källén-Lehmann representation but keep only the single π0

intermediate state:

Aπ
0

µ,µ′,ν,ν′(x, x
′, y, y′) = 1

(2π)3

∫ d3p
2Eπ(p)

〈
0|T{Jµ(x)Jµ′(x

′)}|π0(~p)
〉

〈
π0(~p)|T{Jν(y)Jν′(y

′)}|0
〉

(2)

Then use four-dimensional translational invariance to remove the
variables x and y from the current-current-π0 amplitudes:〈

0|T{Jµ(x)Jµ′(x
′)}|π0(~p)

〉
=
〈
0|T{Jµ(0)Jµ′(x̃)}|π0(~p)

〉
ei~p·~x−Epx0

= Fµµ′(x̃,−i~∇x)ei~p·~x−Epx0 (3)

Combine these results to obtain:

Aπ
0

µ,µ′,ν,ν′(x, x
′, y, y′) = Fµµ′(x̃,−i~∇x)Fνν′(ỹ, i~∇y)∆F (x− y,Mπ), (4)

where

∆F (x− y,Mπ) =
1

(2π)4

∫
d4p

eip(x−y)

p2
0 + ~p2 +M2

π

(5)
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Long-distance Approximation

Now we will evaluate the derivatives with respect to x and y which
appear in these equations but keep only the leading term in an
expansion powers of 1/L:

∏N
i=1

(
∂

∂xρi

)
∆F (x− y,Mπ) ≈

{∏N
i=1

(
−Mπ

(x−y)ρi
|x−y|

)}(
Mπ

2π|x−y|

)(3/2)
e−|x−y|Mπ (6)

Then the four-point correlation reads:

Aπ
0

µ,µ′,ν,ν′(x, x
′, y, y′) = Fµµ′(x̃,−iMπn̂)Fνν′(ỹ − iMπn̂)∆F (x− y,Mπ), (7)

where n̂ is a unit Euclidean four-vector.
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γγ − π correlator in position space

To find to amplitude Fµµ′(x̃,−iMπn̂), consider the γγ − π correlator in
position space:

Bµµ′(x, x′, z) =
〈
0|T{Jµ(x)Jµ′(x

′)π0(z)}|0
〉

(8)

x

x′

z

By using the same steps as the four-point function, we can find the
same γγ − π vertex:

Bµµ′(x, x′, z) = Fµµ′(x̃, iMπn̂)Z
1/2
π0 ∆F (x− z,Mπ), (9)

where Z
1/2
π0 =

〈
π0(~p = 0)|π0(0)|0

〉
.
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Lattice calculation

Combining all results, we get the hadronic light-by-light amplitude
from π0 contribution, which associate with two three-point correlators
and pion propagators:

Aπ
0

µ,µ′,ν,ν′(x, x
′, y, y′) = ∆F (x− y,Mπ) 1

Zπ0

Bµµ′ (x,x′,z)
∆F (x−z,Mπ)

Bνν′ (y,y′,z′)
∆F (z′−y,Mπ) (10)

x
x′

z

y

y′z′

Cheng Tu (UCONN) 2019 Lattice Workshop March 25, 2019 9 / 20



Outline

1 Construct formula of π0 exchange in the long-distance HLbL
contribution

2 Point-point-wall correlator

3 Preliminary results

4 Conclusion

Cheng Tu (UCONN) 2019 Lattice Workshop March 25, 2019 10 / 20



Point-point-wall correlator

Bµµ′(0, x, Z = (~0, t))

〈π(0)πlat(Z)〉
=

BW
µµ′(0, x, t)〈
π(0)πlat

W (t)
〉 , (11)

where BW
µµ′(0, x, t) =

〈
Jµ(0)Jµ′(x)πlat

W (t)
〉
,

πw(t) =
∑

~x,~y ψ̄(~x, t)γ5ψ(~y, t).

xl

x′l

Wall(t)
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Rotational Matrix

The point-point-wall correlator Bl,W
αα′ (xl, x

′
l, t) can be computed before

rotation.

x = Λxl, x′ = Λx′l (12)

BW
µµ′(x, x

′, t) = ΛµαΛµ′α′Bl,W
αα′ (xl, x

′
l, t) (13)

xl

x′l

Wall(t)

x

x′
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Lattice implementation with point-point-wall correlator

Aπ
0

µ,µ′,ν,ν′(x, x
′, y, y′) = ∆F (x− y,Mπ)

BW
µµ′ (x,x

′,t)

〈π(0)πlat
W (t)〉

BW
µµ′ (y,y

′,t′)

〈π(0)πlat
W (t′)〉 (14)
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Preliminary results: ensembles

24D Ensemble 32D Ensemble
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Preliminary results: parameters

t-min = 10
xx′-limit = 10
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Preliminary results: plots
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Preliminary results: plots
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Conclusion

The π0 exchange in the long-distance part of the HLbL
contribution can be evaluated in a “QCD volume” of arbitrary size.

The point-point-wall correlator is a better estimation of
current-current-π0 amplitude Fµµ′(x̂,−iMπn̂).

The statistical average of point-point-wall correlator can be
evaluated in each lattice configuration before computing the
hadronic amplitude.

The point-point-wall correlator make the AMA correction much
easier.
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