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◉ Motivation

2

(1):                     Important as a clean FCNC.
(GIM and loop suppress)

(2): Anomaly in Experiments.

Question: Are the long distance contributions 
completely taken into account? 

→We calculate the value
    without factorization scheme.
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FIG. 6. Standard-Model di↵erential branching fraction (gray band) for B ! Kµ
+
µ
� decay (left)

and B ! K⌧
+
⌧
� (right), where B denotes the isospin average, using the Fermilab/MILC form

factors [62]. Experimental results for B ! Kµ
+
µ
� are from Refs. [45, 146–148]. The BaBar, Belle,

and CDF experiments report isospin-averaged measurements.

logarithmically enhanced QED corrections.
Figure 6 plots the isospin-averaged Standard-Model di↵erential branching fractions for

B ! Kµ
+
µ
� and B ! K⌧

+
⌧
�. For B ! Kµ

+
µ
� decay, we compare our results with

the latest measurements by BaBar [148], Belle [146], CDF [147], and LHCb [45]. Tables V
and VI give the partially integrated branching fractions for the charged (B+) and neutral
(B0) meson decays, respectively, for the same q

2 bins used by LHCb in Ref. [45]. In the
regions q

2 . 1 GeV2 and 6 GeV2 . q
2 . 14 GeV2, uū and cc̄ resonances dominate the

rate. To estimate the total branching ratio, we simply disregard them and interpolate
linearly in q

2 between the QCD-factorization result at q2 ⇡ 8.5 GeV2 and the OPE result at
q
2 ⇡ 13 GeV2. Although this treatment does not yield the full branching ratio, it enables a
comparison with the quoted experimental totals, which are obtained from a similar treatment
of these regions. Away from the charmonium resonances, the Standard-Model calculation
is under good theoretical control, and the partially integrated branching ratios in the wide
high-q2 and low-q2 bins are our main results:

�B(B+ ! K
+
µ
+
µ
�)SM ⇥ 109 =

⇢
174.7(9.5)(29.1)(3.2)(2.2), 1.1 GeV2  q

2  6 GeV2
,

106.8(5.8)(5.2)(1.7)(3.1), 15 GeV2  q
2  22 GeV2

,

(4.3)

�B(B0 ! K
0
µ
+
µ
�)SM ⇥ 109 =

⇢
160.8(8.8)(26.6)(3.0)(1.9), 1.1 GeV2  q

2  6 GeV2
,

98.5(5.4)(4.8)(1.6)(2.8), 15 GeV2  q
2  22 GeV2

,

(4.4)

where the errors are from the CKM elements, form factors, variations of the high and low
matching scales, and the quadrature sum of all other contributions, respectively. LHCb’s
measurements for the same wide bins are [45]

�B(B+ ! K
+
µ
+
µ
�)exp ⇥ 109 GeV2 =

⇢
118.6(3.4)(5.9) 1.1 GeV2  q

2  6 GeV2
,

84.7(2.8)(4.2) 15 GeV2  q
2  22 GeV2

,

(4.5)

21

[D. Du et al. (Fermilab, MILC) 1510.02349]

q2 < m2
J/ 



3

◇ We focus on the charmonium part as the diagram which
    could suffer from non-factrizable contribution.

He↵ =
GFp
2

 
2X

i=1

(V ⇤
usVubCiO

u
i + V ⇤

csVcbCiO
c
i )� V ⇤

tsVtb

10X

i=3

CiOi

!

O
c
1 = (si�µP�cj) (cj�µP�bi)

O
c
2 = (si�µP�ci) (cj�µP�bj)

→ These 2 kinds operatores are response to long distance…

◉ Charmonium resonance part 

B KOi

J/ l
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◉ 4 point decay amplitudes
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◇ We’d like to calculate B decay amplitudes on the lattice,
in a similar way to the K decay amplitudes.

[N.H. Christ et al. (RBC, UKQCD) 1507.03094]

◇ The amplitude is calculable from the integration of 4pt.

tJtHtB tK

Iµ (Ta, Tb,p,k) '
Z

tJ+Tb

tJ�Ta

dtH

(0 ⌧ tJ � Ta  tJ + Tb ⌧ tK)

Aµ

�
q
2
�
=

Z
d4x h⇡(p) |T [Jµ(0)He↵(x)]|K(k)i

Aµ

�
q
2
�
=

Z
d4x hK(k) |T [Jµ(0)He↵(x)]|B(p)i



◇                    case

◉ Artificial divergence in amplitude at previous work
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[N.H. Christ et al. (RBC, UKQCD) 1507.03094]K ! ⇡l+l�

EK > E◇ Energy of some intermediate state      are E

Iµ (Ta, Tb,p,k) = �
Z 1

0
dE

⇢(E)

2E

h⇡(k) |Jµ(0)|E,pi hE,p|He↵(0)|K(p)i
EK(p)� E

⇣
1� e

[EK(p)�E]Ta

⌘

→ Since               ,they must be subtracted. 
                                                       (e.g.                           )K ! ⇡,⇡⇡,⇡⇡⇡

Ta ! 1

Iµ =

tH tJ

⇡K



tH tJ

KB

◉ Artificial divergence in amplitude

6
→ Artificial divergence does not exist.

◇ We take unphysical light bottom and heavy up down quarks.

◇                     case

Iµ (Ta, Tb,p,k) = �
Z 1

0
dE

⇢S(E)

2E

hK(k) |Jµ(0)|E,pi hE,p|He↵(0)|B(p)i
EB(p)� E

⇣
1� e

[EB(p)�E]Ta

⌘

B ! Kl+l�

Iµ =

EB < EJ/ + EK



◉ Amplitude of                   .
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◇ From the integration of the 4point correlators, we can 
extract the amplitude after taking                 limit.

Aµ(q
2) = �i lim

Ta,b!1
Iµ(Ta, Tb,k,p)

Iµ (Ta, Tb,p,k) = �
Z 1

0
dE

⇢S(E)

2E

hK(k) |Jµ(0)|E,pi hE,p|He↵(0)|B(p)i
EB(p)� E

⇣
1� e

[EB(p)�E]Ta

⌘

B ! Kl+l�

Ta,b ! 1

Aµ

�
q
2
�
=

Z
d4x hK(k) |T [Jµ(0)He↵(x)]|B(p)i
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Factorization method for                  decayB ! Kl+l�
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◇ Assume long range gluon exchanging could be ignored

◉ Factorization 

h iihh i /

→ We test this relation and assumption.

B K

J/ 

Oi

hPK |Jcc
⌫ (ci�µP�ci)(sj�µP�bj)|PBi =

1

(Vol.)
h0|Jcc

⌫ Jcc
µ |0ihPK |Vµ|PBi
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◉ Factorization in previous work at K ! ⇡⇡
[P.A. Boyle et al. (RBC, UKQCD) 1212.1474]

O
(1)
F =

�
li�µP�li

� �
lj�µP�sj

�

O
(8)
NF =

⇣
li [T

a]ij �µP�lj

⌘ �
lk [T

a]kl �µP�sl
�

O
l
1 = O

(1)
F O

l
2 =

1

3
O

(1)
F + 2O(8)

NF

Fierz transformation

O
l
2 ' �0.7Ol

1K ! ⇡⇡, Lattice.

◇ Assume non-factrizable operator          could be ignoredO
(8)
NF

◇ Factorizable operator      and non-factorizable  OF ONF
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◉ Factorization 

O
(1)
F = (ci�µP�ci) (sj�µP�bj)

O
(8)
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⇣
ci [T

a]ij �µP�cj
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a]kl �µP�bl)

O
c
1 = O

(1)
F O

c
2 =

1

3
O

(1)
F + 2O(8)

NF

◇ Assume non-factorizable operator          could be ignoredO
(8)
NF

→ We test this assumption                   .

Fierz transformation

O
c
2 =

1

3
O

c
1

◇ Factorizable operator      and non-factorizable  OF ONF
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◉ More on factorization (Perturbation) 
→ We test this assumption                   .O

c
2 =

1

3
O

c
1

◇ Note: This relation completely ignore rescattaring.

◇ Rough estimate for this process in perturbation.

O
c
2 =

 
1

3
+

O
(8)
NF

O
(1)
F

!
O

(1)
F

3
O

(8)
NF

O
(1)
F

' 3
↵s(µ)

4⇡
' 0.06 (6%)
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◉ Colour suppression 

3
O

(8)
NF

O
(1)
F

' 3
↵s(µ)

4⇡
' 0.06 (6%)

◇ Is 6% uncertainty small? (for factorization)

→ Colour suppression in Wilson coefficients.

[G. Buchalla et al. hep-ph/9512380]
(e.g.): NLO in MS(µ ' 4 GeV)
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NF�
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c
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�
O

(1)
F

' 10
O

(8)
NF

O
(1)
F

' 0.2 (20%)
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◉ Another estimate 

◇ Another estimate using Breigt-Wigner approximation, 
[J. Lyon and R. Zwicky 1406.0566]

13

fixes the problem of the subtraction point (20). Global quark hadron duality in (23,3) translates into

hDisc[HV,X ]QCDi(sJ/ ,1)
!̄ ' hDisc[HV,X ]pQCDi(4m

2
c,1)

!̄ (24)

provided the weighting function

!̄(t) ⌘ 1

(t � s0)(t � s � i0)
(25)

is used under the integral average

hfi(s1,s2)
!

⌘
Z

s2

s1

dt!(t)f(t) . (26)

Relation Eq. (24) is precise up to the order ↵s to which the right hand side is computed in perturbation theory. It is self understood
that the variables s and s0 are sufficiently far away from the discontinuities. The crucial question, known as semi-global quark
hadron duality e.g. [15], is then to what degree this equation still holds when the integration interval is split up into different
regions. For our purposes the discussion naturally splits into three regions shown in Fig. 7: the lowest interval from sJ/ to the
DD̄-threshold sDD̄ ⌘ 4m2

D
' (3.73 GeV)2 (including the two narrow resonances J/ and  (2S)), the interval therefrom to

the kinematic endpoint smax ⌘ (mB � mK)2 ' (4.75 GeV)2 and the third interval extending to infinity. We shall denote those
three regions by R1,2,3 respectively. In the interval R3, not accessible in B ! K, the resonances are very broad and smoothly
become a part of the continuum. This region is well described by perturbative QCD even locally. This can be inferred from the
comparison with the BESII-data for DiscHV,fac [3]. It therefore follows that

hDisc[HV,X ]QCDi(sJ/ ,smax)
!̄ ' hDisc[HV,X ]pQCDi(4m

2
c,smax)

!̄ , (27)

is a reasonable approximation (semi-global quark hadron duality). Whereas the local description of the narrow resonance region
R1 is particularly hopeless, the same is not true of the region R2 where the DD̄-threshold renders the resonances sufficiently
broad such that perturbation theory becomes valid on average. This is at least true for DiscHV,fac = afachc, as can be inferred
from the plots of Fig. 6 or the equivalent plots of the R-function in [8]. Hence one ought to expect that

hDisc[HV,X ]QCDi(sDD̄,smax)
!̄ ' hDisc[HV,X ]pQCDi(sDD̄,smax)

!̄ (28)

holds approximately. Eqs. (24,27,28) are expected to hold for smooth smearing function !, other than !̄ (25) [14]. For example
for the penguin amplitude it interferes with in B ! K``. Relation (28) is the basis of further investigations. We shall use (28)
to put the previous quoted estimate |x| ' 0.5 on more solid grounds. In a second step apply it directly to the extracted fits to the
LHCb-data.
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FIG. 6: Plots of the real (straight purple line) and imaginary part (dashed blue line) of the perturbative QCD h(0)-function (thin lines) and the
QCD hc (thick lines) as fitted from BES data. The latter are shown in Fig. 1. Re[h(0)

c ] is obtained through the dispersion integral (3).

→ ~50% contribution.
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◉ Comparison to experiments 

◇ Does factorization represent the experiment? 

→ No. 
(In perturbative study,
  without rescattering)

8
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FIG. 3: B ! K`` rate for high E ⌘
p

q2 just above the  (3770)-resonance up to the kinematic endpoint. The 40 LHCb bins [1, 13] are
shown with grey crosses. The solid blue line corresponds to our SM prediction using FA (the non-factorisable corrections are discussed in
chapter V). The cyan band is the theory error band. The mismatch between FA and the data is apparent to the eye.

b) Prefactor of hc(q2), (18 = 2⌘B,⌘c + 16res fit parameters, ⌫ = 117 � 18 � 1 = 98)
In addition to the normalisation, we fit for a scale factor ⌘c in front of the factorisable charm-loop hc(q2). More precisely:

HV = Ce↵
9

(mB + mK)

2mb

f+(q2) + Ce↵
7 fT (q2) ,

Ce↵
9 = (C9 + ⌘cafachc(q

2) + ...) (15)

where C9(µ) ' 4, Ce↵
7 (µ) ' �0.3, afac(µ) ' 0.6 at µ ' mb and hc(q2) is shown in Fig. 1. The dots stand for quark

loops of other flavours.

In a next step we probe for non-factorisable corrections by letting the fit residues of the LHCb data take on arbitrary real
(fit-c) and complex (fit-d) numbers. We would like to emphasise that in addition to non-factorisable effects new operators with
JPC [c̄�c] = 1��, other than the vector current, can also lead to such effects. More discussion can be found later on.

For the charm vacuum polarisation the discontinuity Disc[hc] is necessarily positive Eq. (8,2) and its relation to physical
quantities is given (5). Hence we can test for physics beyond SM FA by the following replacement

|
X

r

T r!f (s)|2 ! (
X

r

⇢rT
r!f (s))(

X

r

T r!f (s))⇤ . (16)

The scale factor ⇢r roughly corresponds to A(B ! K )/fB!K

+ (q2) and replaces A( ! ``) in (5).
For the fits c) and d) we are not going to put any background model to the LHCb-fit since with the current precision of the

LHCb data it seems difficult to crosscheck for the correctness of any model. The background is essentially zero at the D̄D-
threshold and is expected to raise smoothly with kinks at the thresholds of various DD̄-thresholds (with the two D’s being any
of D, D⇤, Ds, D⇤, D1, . . . ) into the region where perturbation theory becomes accurate. In fact this is the essence behind the
model ansatz (4). The branching fraction has just got the opposite behaviour to the background and this is the reason why it
seems difficult to extract the background from the data. More data could, of course, improve the situation.

c) Variable residues ⇢r 2 R, (22 = 1⌘B + 5⇢r + 16res fit parameters, ⌫ = 117 � 32 � 1 = 94)
We choose to keep ⌘B ⌘ 1 and parameterise ⇢ (2S) instead which is an equivalent procedure. The five parameters ⇢r are
constrained to be real.

d) Variable residues ⇢r 2 C, (27 = 1⌘B + 10⇢r + 16res fit parameters, ⌫ = 117 � 27 � 1 = 89)
Idem but with ⇢r 2 C allowing for dynamical phases, therefore introducing 5 new fit parameters.

my t Me

a
= 0.66

~ -2

w 3

[J. Lyon and R. Zwicky 1406.0566]

→ ~50% contribution?
   (From rescattering)
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◉ Estimate of non-factorizable contributions 
[J. Lyon and R. Zwicky 1406.0566]

◇ Assuming non-factorizable contributions come from 
charmonium resonance.

ih ih
→ Introducing free parameter      for fitting⌘c

⌘c⇥

(e.g.) 50% contribution: ⌘c = �0.5

◇                well represents results from experiments.⌘c ' �2.5
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◉ Comparison to experiments 
9
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FIG. 4: LHCb-data [1, 13] (grey crosses) versus the fits b) c) d) described in the main text.

The fits are shown in Fig. 4 and the values are given in table III. Some more detail on the fit-procedure is described in appendix
B 2. Below we comment on each of the fits.

Fit-a): If the FA was a good approximation then the fit on the first line indicates that that the SM is excluded by a p-value of
' 10�30. This is much more significant than 5� (see appendix B 2 for a refined remark).

Fit-b): Allowing for the charm-resonance prefactor ⌘c to vary gives a (reasonable) �2 per degree of freedom with a p-value of
about 2.1%. Most noticeably ⌘c = �2.55 is rather large and negative. The nominal value of non-factorisable corrections
correspond to a shift of �⌘c ' �0.5 and hence ⌘c = �2.55 would indicate an effect which is seven times larger. This
statement is to be refined under fits c) and d) and the discussion in the next section.

Fit-c,d): It is noticeable that there is no uniformity in the residues which in principle is a sign for contributions beyond the SM-FA.
Yet there are two important points we would like to make, First the �2/d.o.f.' 1.17 and 1.12 cannot be seen as a drastic
improvement over �2/d.o.f.fit b) ' 1.33 and hence it is not clear how much one can read into these fits. Second the
residues of  (2S) and  (3370) cannot be taken at face value since they essentially have opposite magnitude in fits c) and
d). Yet, as can be inferred from plots in Fig. 4, the curves are hardly distinguishable in the relevant region. This is an issue
that could be improved with further data points below

p
q2 = 3.770 GeV. On average the last three residues reflect the

⌘B = �2.55 shift seen in fit-b).7

7 It is noticeable that the residues of the 3
D1 in fit-c) are somewhat larger than 3

S1 which might be a hint towards the underlying physics driving this effect.
This sharpens the demand for more data points in order to resolve the ambiguity of the first two residues between fits c) and d).

<

[J. Lyon and R. Zwicky 1406.0566]
◇                well represents results from experiments.⌘c ' �2.5
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◉ Factorization in perturbation 

◇ Non-factorizable contribution is sizable. 

◇                well represents results from experiments.⌘c ' �2.5

◇ We could estimate the contribution as                 .   ⌘c ' �0.5

Perturbation

→ We test naive factorization                    as a first step.O
c
2 =

1

3
O

c
1

Lattice

Experiment



19

Preliminary result for the test of factorization  



20

◉ Currenst status 
� a�1 [GeV] L3 ⇥ T (⇥Ls) amval amc amb

4.35 3.610(9) 483 ⇥ 96(⇥8) 0.025 0.27287 0.66619

ap #Conf. m⇡[MeV] EK [MeV] EJ/ [GeV] mB [GeV]
� 2⇡

L (1,0,0) 377 714(1) 854(3) 3.128(1) 3.44(1)
� 2⇡

L (1,1,0) 388 713(1) 962(11) 3.157(1) 3.44(1)

◆ Heavy up and down mass same with strange.

◆ Light bottom mass:

◆ Finite momentum at final state 

mb = (1.25)4mc

k =

✓
�2⇡

L
, 0, 0

◆
,

✓
�2⇡

L
,�2⇡

L
, 0

◆
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◉ 4 point functions 
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22

Factorization

O
l
1 = O

(1)
F

h iihh i /

J/ 

Oi

◉ Factorization of 4 point functions 
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◉ Factorization of 4 point functions 

Factorization



◉ TO DO LIST

24

We have to…

(1):determine the lattice renormalization constant.

(2):Input more realistic momentum to conserve energy.

(3):Input or extrapolate to physical quark masses.

(4):complete integration and taking limit to extract 
amplitude. 

EB(0) = EJ/ (p) + EK(p) p '
✓
2

✓
2⇡

L

◆
, 2

✓
2⇡

L

◆
, 2

✓
2⇡

L

◆◆



◉ Summary
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◇ We study to extract the charmonium contribution in                          
                       by the lattice calculation. 

◇                    is also calculable similar to                    if we 
use a lighter bottom quark mass to eliminate the artificial 
divergence. 

◇ As a first step, we focus on the validity of the factorization.

◇ So far, sizable non-factorizable contribution might exist in 
non-perturbative region.

B ! Kl+l� K ! ⇡l+l�

B ! Kl+l�


