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Text Book

n Gattringer, Lang, “Quantum Chromodynamics
on the Lattice”

n DeGrand, DeTar, “Lattice Methods for Quantum 
Chromodynamics”

n Montvay, Munster, “Quantum Fields on Lattice”

n Creutz, “Quarks, Gluons and Lattices”
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Particle & Nuclear Physics 

n [ experiment ]                [QCD, Strong Interaction]      [ Standard Model 
theory]

[ KEK.JP] 

= ⊗

n Goal :   understand and check  fundamental law of sub-atomic physics,  Standard Model,  
through many interplay between experiments and theory

n To interpret experimental results, one often needs to solve how sub-atomic particles, 
quarks and gluons interacts each other.

Beyond SM
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Why study QCD ?

n Strong dynamics

n Make composite ”stuff” : 
Baryons, mesons, exotics

[ spectroscopy , energy ]

n To interpret experimental results

[ hadronic matrix elements] 

n Precision with  reliable error
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Quantum Chromo Dynamics �QCD)

u

u

•Gluon :  100 times stronger coupling than electromagnetism,   strong coupling constant αs
•Quark :    quark mass mf
•confinement → only color neutral, White, can exist at low energy and low temperature
•Make composite objects and phenomena, large hierarchy of scale
• Inter nuclear force  is also from QCD →  how  nuclei  exist

Proton

u-quark

u-quark

d-quark

�so far� there is no further sub-structure nor more 
fundamental law known
If we solve QCD (in principle) we know (almost) 
everything very precisely



GLUON
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Non perturbative
n Perturbation theory is a powerful tool, it’s origin of intuitive 

understandings. 

n Feynman diagram is a perturbative expansion of amplitude

n

n Convergence of perturbative series ? Precision of calculation ?

n Non-perturbative effects are responsible for many  important 
physics
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muon’s anomalous magnetic moment

• One of the most precisely determined numbers, starting from the construction of QED.

�

�
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µ µhad
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W W

⇤

µ µ

Hadronic light-by-light scattering contribution to the muon g� 2 from lattice QCD Masashi Hayakawa

could be estimated by purely theoretical calculation. So far, it has been calculated only based on
the hadronic picture [7, 8]. Thus the first principle calculation based on lattice QCD is particularly
desirable.

!

l1l2

Figure 1: hadronic light-by-light scattering contribution to the muon g� 2

The diagram in Fig. 1 evokes the following naive approach; we calculate repeatedly the cor-
relation function of four hadronic electromagnetic currents by lattice QCD with respect to two
independent four-momenta l1, l2 of off-shell photons, and integrate it over l1, l2. Such a task is too
difficult to accomplish with use of supercomputers available in the foreseeable future.

Here we propose a practical method to calculate the h-lbl contribution by using the lattice
(QCD + QED) simulation; we compute

⇤ quark ⌅

QCD+quenched QEDA

�
⇤

quark

⌅

QCD+quenched QEDB⇤ ⌅

quenched QEDA

, (2)

amputate the external muon lines, and project the magnetic form factor, and divide by the factor
3. In Eq. (2) the red line denotes the free photon propagator D!�(x, y) in the non-compact lat-
tice QED solved in an appropriate gauge fixing condition. The black line denotes the full quark
propagator Sf (x, y;U, u) for a given set of SU(3)C gauge configuration

�
Ux,!

⇥
and U(1)em gauge

configuration
�
ux,!

⇥
, where the sum over relevant flavors f is implicitly assumed. The blue line

represents the full muon propagator s(x, y; u). The average ⇥, ⇤ above means the one over the
unquenched SU(3)C gauge configurations and/or the quenched U(1)em gauge configurations 1 as
specified by the subscript attached to it. Since two statistically independent averages overU(1)em
gauge configurations appear in the second term, they are distinguished by the labels A, B.

1For the unquenched QCD plus quenched QED to respect the gauge invariance of QED, the electromagnetic charges
of sea quarks are assumed to be zero.

PoS(LAT2005)353

353 / 3

aµ =
g � 2

2
= (116 592 089 ± 54 ± 33) ⇥ 10�11 BNL-E821

[Andreas Hoecker, Tau 2010, arXiv:1012.0055 [hep-ph]]

Contribution Result (⇥10�11).
QED (leptons) 116 584 718.09 ± 0.15
HVP (lo) 6 923.± 42
HVP (ho) -97.9 ± 0.9
HLBL 105.± 26
EW 154.± 2

Total SM 116 591 802 ± 42HVP(lo) ± 26HLBL ± 02 (49tot).

• 287 ± 80 or 3.6⇥ difference between experiment and SM prediction.

E989 at FNAL is to reduce the total experimental error by,
at least, a factor of four over E821, or 0.14 ppm !

Taku Izubuchi, USQCD All Hands Meeting, JLab, May 6, 2011 20



Gluon on Lattice

n Lattice discretization for a non-perturbative 
analysis of strong dynamics, (K.G. Wilson 1974)
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gauge invariance   g (x) : SU(3) 



n SU(3)-valued gauge filed U(x,µ) “link field”

n Field strength 

n Wilson’s plaquette action, β= 6 /g2
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Strong coupling constant

n Strong coupling constant αs = g2 / 4 π
runs due to the gluon’s self coupling

n Asymptotic freedom

n Lattice coupling

β= 6 /g2

β large �−� small a
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Static quark potential
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n Infinity heavy quark

n Cornel parametrization

[compilation F. Knechtli, arxiV:1706.00282]

[ G. Bali. Home page ] 



String breaking
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n [ G. Bali PRD71 (2005) 114513 ]



QUARK
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Proton/neutron are made of Quarks
n Electron – nucleon scattering (1968 SLAC�
n Proton has a substructure seen by  energetic electrons
n “three quarks for Muster Mark” 

James Joyce Finnegan’s Wake

( Murray Gell-Mann)

( George Zweig )

[ Hyper Physics ] 
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Proton
Charge:
��

up quark, charge : 2/3
down quark, charge: -1/3

Neutron
Charge:
�
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3 internal d.o.f : color SU(3)

mass 2.3(7)(5) MeV

mass  4.8(5)(3) MeV

�−��	��
σ(e+e-→ hadrons) / 
σ(e+e-→ μ+μ-)

[ Hyper Physics ] 



R-ratio
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Quark spin & chiral symmetry

n Dirac equation� quark, electron have two degrees of 
freedom

SPIN

Right handed Left handed

•Massive particles �slower than speed of light�
⇔ mixing between left and right spins

•massless particles  �speed of light�
⇔ NO mixing between left and right spins

Chiral symmetry 
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Fluctuation of QCD vacuum and 
spontaneous breaking of Chiral symmetry

(Courtesy of Derek Leinweber, CSSM, University of Adelaide)

QCD  is creating / annihilating  
instantaneous 
“ lump”  of chiral charges

quark “picks” this chiral charge, 
which could be seen as 
spontaneous breaking of chiral 
symmetry

induce effective mass for quark
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Origin of mass
n QCD  (T=0)� quark and anti-quark creates a pair (chiral condensate) ,
which is energetically stable than nothing !   

n Produced quark an effective mass roughly  about a third of proton masses

3 x 0.25 GeV � 1  GeV
c.f.    up down quark mass ~ a few MeV 

n At high temperature,  chiral condensate decreases  (Quark-Gluon Plasma)

Y. Nambu J. Goldstone

(  2010  JLQCD) 

[2012 HotQCD]



20[ CERN ] cf)  Higgs mechanism, or superconductor



fermion action

21

Wilson fermion (breaks chiral sym)

530 5 Hadronic Effects

where β ∝ 1/g20 . More specifically: consider the simplest Wilson loop (trace of
product of U ’s along a closed path), the 1 × 1 plaquette

Uµν(x) ≡ W 1×1
µν = Uµ(x)Uν(x + âµ)U+

µ (x + âν)U+
ν (x)

= ei g0 a(Gµ(x+âµ/2)+Gν (x+âµ+âν/2)−Gµ(x+ν̂+âµ/2)−Gν (x+âν/2))

and expand about the center of the plaquette x +aµ̂/2+ âν/2 which yields

Uµν = 1+ ia2 g0 Gµν − a4g20
2

GµνGµν + O(a6) ,

where the commutator Gµν = [Dµ, Dν] is the field-strength tensor and Dµ = 1∂µ +
iGµ the covariant derivative (2.274). Hence, what corresponds to the Yang–Mills
action is proportional to Re

(
1 −Uµν)

)
. One still has to sum over the directions. At

each site x there are 6 distinct positively oriented plaquettes [µ < ν] to be summed
over but then divided by 2 as one has been double counting. The gauge term for the
SU (3) Yang–Mills theory then may be written as

Sg = β
∑

x,µ<ν

{
1 − 1

6
Tr[Uµν +U+

µν]
}
, (5.321)

with β = 6
g20

. Fora→ 0 Sg represents the pure Yang–Mills action, the first term of
(2.276) in Sect. 2.8. The quark field term is given by

SF = a4
∑

x

ψ̄(x) (D̸ + m0)ψ(x) , (5.322)

with D̸ the lattice version of the Dirac operator where Dµ is the covariant deriva-
tive and m0 denotes the flavor diagonal bare quark mass matrix. The Wilson–Dirac
operator is given by

D̸ = 1
2
{γµ(∇∗

µ + ∇µ) − a∇∗
µ∇µ} , (5.323)

with ∇∗
µ and ∇µ gauge covariant forward and backward n.n. difference operators:

∇µψ(x) = 1
a

[
Uµ(x)ψ(x + âµ) − ψ(x)

]
; ∇∗

µψ(x) = 1
a

[
ψ(x) −Uµ(x − âµ)ψ(x − âµ)

]
.

izubuchi@bnl.gov
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and expand about the center of the plaquette x +aµ̂/2+ âν/2 which yields
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]
.

izubuchi@bnl.gov



Lattice quark types

n Staggered-types [MILC, HPQCD, BMWc, …. ] 

Fast, high statistics, Highly Improved Staggered action (HISQ)
4 “taste”, taking [det D]1/4, Non-local action, Unitality ?

n 4D Wilson-types
[Alpha, PACS, BMWc, NPLQCD, PDNME, ….]

No taste problem, exact flavor symmetry, chiral symmetry broken, need 
to tune to remove O(a) effects (clover term)
Twisted Wilson [ ETMC ] 

Fast, automatic O(a), breaks isospin symmetry

n Domain-Wall Fermion (DWF) / Overlap
[ RBC/UKQCD, JLQCD, χQCD…. ] 

(almost) exact chiral symmetry, automatic off-shell O(a) improved, 
expensive

22
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RBC (HLO,HNLO)
UKQCD (HLO,HNLO) Mainz/CLS (HLO,HNLO)

RQCD (HLO)
ETMC (HLO)

HPQCD (HLO)

BMW (HLO)

1. Introduction
Lattice works

HLO precision: < 5 % (maybe updated)
HNLO: ~ 10 % statistical accuracy

3

[ Slide from Eigo Shintani ] 



Domain Wall Quarks (for up, down, and strange)

[Kaplan, Shamir, Blum & Soni]

• 4D lattice quark utilizing an ‘‘extra dimension’’, Ls. (expensive)

• Almost perfect chiral symmetry

Small unphysical mixing for the Weak Matrix Elements
Error from discretization is small O(a2�2

QCD) ⇥ a few %.

Chiral extrapolation is simpler, continuum like.

• Unitary theory (at long distance).

0 2 Ls/2-1 Ls-1... ...

q(L) q(R)

U(L) U(R)

mf

Ω

Taku Izubuchi, Nagoya, April 6, 2011 8
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chiral 
SSB

Origin of Proton mass
Emergence of NG boson



25[ C. Pena, Moriond EW 2018] 



Nf=2+1 DWF QCD ensemble 
at physical quark mass
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Lattice QCD  calculation
n Solve QCD numerically, and enable  direct comparison to experimental results
n Perform Feynman’s Path Integral to compute quantum expectation value of an observable O

n To fit  protons  
space-time : L ~   5 fm,   

n To avoid large systematic error
Lattice spacing :  a ~ 0.1 fm

→ Integration over ~  (50)4 x 4 x  8 ~  100  Million variables

n To compute proton mass, typically needs,  at least

~ 100-1,000 Exa floating point operations
~ 1020- 1021 floating operations
~  100 days on one rack of Blue Gene / Q
~  100-1000 years on one desktop  (if fits)

• QCD and SM  is the first principle (known to date)   :   stable problem
• Need precise numerical results to confront big experimental results

[ © AICS, Y. Kuramashi ] 



28

Lattice QCD super computers
n � massively parallel  computer (1K-10K CPUs)
n �1 - 10 PFLOPS (1-10 million times  faster than PC�
n needs very fast interconnections
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QCDCQ at BNL  ( pre-commercial Blue Gene / Q) 3.5 racks  0.7 Pflops total, 2012-

Compute card (16 cores + 16GBmemory

Node Card (32 compute cards,  5D optical link)
Rack

(32 Node cards + I/O drawers)
1

BNL, Columbia, RIKEN, U of Edinburgh
+ IBM Watson Lab.
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IAS machine

IBM704
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IBM7030(Stretch)

CDC6600
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Hitachi S810/20Fujitsu VP200
NEC SX-2

QCDPAX

NWT
CP-PACS

ASCI Red
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NEC ES

BluGene/L
RoadRunner

Tianhe-1A
Fujitsu K

CRAY XK7 Titan

PACS-9

PAXS-32

PAX-128

QCDPAX

CP-PACS

PACS-CS

HA-PACS

fl
op

s

year 

[ A. Ukawa ]

G flops

T flops

P flops

QCDSP 0.6T flops 1998

QCDOC 20 T flops 2005

QCDCQ 0.7 P flops 2012

Outline Introduction QCDSP QCDOC IBM BG L/P BG/Q GPU Summary Extra

QCDSP

Motherboard (64 DB) 12 racks (1024 DB per rack) � 600GFlops
@ BNL

Outline Introduction QCDSP QCDOC IBM BG L/P BG/Q GPU Summary Extra

QCDOC

2

BNL Computers used for QCD

12k node QCDSP, 600 GFlops, 1998-2005
2 !12k node QCDOC, 20 TFlops, 2005-2011

2k node RBRC BGQ, 400 TFlops, 2012-
1k node BNL BGQ, 200 TFlops, 2012-

3k nodes RBRC/BNL BGQ, 600 TFlops, 2012-
0.5 k nodes USQCD BGQ, 100 TFlops, 2013-

Frank Paige: CreutzFest -6- 4 Sep 2014

CDC 6600/7600  40 M flops  1970s  

pictures : BNL machines

M flops



Lattice Gauge Theory Receipt

• QCD vacuum ensemble generation ⇥ Accelerator

• choice of gauge / sea quark actions

• Algorithms / Machines [C.Jung’s talk]

• for each parameters (a�1, V,msea)

• Physical observable measurements ⇥ Detector
• valence quark propagators (low eigenvectors), mf

• Hadron n-point green’s functions, matrix elements

⇧O⌃ =

�
DUµDq̄iDqiOe�SLGT/ ⇧1⌃

• Renormalize and Chiral/Volume/continuum extrapolations

• Algorithms / Machines (GPU, [C.Miao’s talk] )

=⇤ The final answers

Taku Izubuchi, QCD Structure, Wuhan, October 9, 2012 3

capability machines

capacity machines



LGT ensemble generation
(  <->  Ising :  spin configuration generation    )

31

Hybrid Monte Carlo (LGT’s ‘‘Accelerator’’) [C.Jung’s talk]

• Monte Carlo to Sample Important configurations of QCD action e�SQCD

• Accumulate samples of QCD vacuum, typically O(100) ⌅ O(1, 000) files of gauge
configuration Uµ(n) on disk (1 ⌅ 10 GB/conf).

• By solving a classical QCD, with an occasional stochastic ‘‘hit’’: exactly ⌃ e�SQCD

• Must generate sequentially {U (0)
µ ⇧ U (1)

µ ⇧ · · · }, which needs capable machines.

Prob(Uµ) � detDu,d,s[U ]e�Sg

��	��
������
��	��
�������

�������
���������


�

�

[D. Leinweber]

• RHMC for odd flavor [Clark Kennedy]

• Solve short (long) modes more (less)
frequently [Hasenbush’s trick]

Taku Izubuchi, QCD Structure, Wuhan, October 9, 2012 5



LGT  observable measurement
(  <->detector )

32

Physics measurements ‘‘Detectors’’

• Measurements physical observables on the vacuum ensemble.

⌥O� =

�
DUµ Prob[Uµ] ⇥ O[Uµ]

• Could do Analysis on many configurations independently (trivial parallel jobs) �⌅
could also use PC Clusters

• We made hadron operator (EW operators) from quark, and let the quark propagates on
each of the generated QCD configuration (by solving the Dirac Eq)

• Obtain hadron mass or QCD matrix elements of operators

u

d

µ�

⇤̄µ

W

⟨0|d̄�5u(0)|⌅⟩ eipx⇥
2E
⟨⌅|ū�mu�5d|0⟩ ×GFVudmµ⇤̄(1− �5)µ

M(⌅ ⇤ µ⇤) ⇥ if⇥qµ�GFVudmµ(⇤µ)L

= ⇧⌅(q)|ū�µ�5d(0)|0⌃�GFVudmµ(⇤µ)L

Taku Izubuchi, QCD Structure, Wuhan, October 9, 2012 6

Euclidean 2pt Green function
O: hadron operator of target quantum #



Input parameters

n Same as the continuum theory (coupling, quark mass)
n coupling (lattice spacing a):  for given β , measure one 

hadron mass (e.g. Omega baryon) ( a mΩ ) = a x 
1.672.45  GeV

n quark mass mf : measure hadron masses (e.g. 
charged/neutral π and K)  

a Mπ( a mu, a md ) = a x 0.139 6 GeV
n Bottom (& charm) quark needs special action for a 

large a mb → effective quark actions
HQET, NRQCD, Fermilab action  (needs matching)

33
1/mb

b

a



APPLICATION – SPECTRUM -
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Lattice calculation vs experiments :  hadron masses

A. El-Khadra ICHEP 2014,  Valencia, 08 July 2014

Low-lying hadron spectrum

14

ρ K K∗ η φ N Λ Σ Ξ Δ Σ
∗

Ξ
∗ Ωπ η+ ω0
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D, B D
*, B
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D s
,B s D s

* ,B s
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Bc Bc
*

© 2013 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by −4000 MeV

A. Kronfeld (Annu. Rev. Part. & Nucl. Sci, arXiv:1203.1204, updated)

π…Ω: BMW, MILC, PACS-CS, QCDSF; η-η#: RBC, UKQCD, Hadron Spectrum (ω);
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Input from experiment
masses  of π, K, Ω

to set 

1. up/down quark mass
2. strange quark mass
3. coupling strength 

(or lattice spacing)



QCD+QED simulation
[ T. Blum et al. ]
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Isospin-breaking   spectrum Figure 2:
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Figure 2: Mass splittings in channels that are stable under the strong and electromagnetic interactions. Both
these interactions are fully unquenched in our 1+1+1+1 flavor calculation. The horizontal lines are the experi-
mental values and the grey shaded regions represent the experimental error [29]. Our results are shown by red
dots with their uncertainties. The error bars are the squared sums of the statistical and systematic errors. The
results for the �MN , �M⌃ and �MD mass splittings are post-dictions, in the sense that their values are known
experimentally with higher precision than from our calculation. On the other hand, our calculations yields
�M⌅, �M⌅cc splittings and the Coleman-Glashow difference �CG which have either not been measured in
experiment or are measured with less precision than obtained here. This feature is represented by a blue shaded
region around the label.
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quark mass results

38

n FLAG (Flavor Lattice Averaging Group)



rating for systematic errors

39



Quark flavor physics

n Cabibbo, Kobayashi and Maskawa (CKM) advocated quark “flavor” 
could change by emitting W boson  (flavor mixing).   

n up quark could change into the three down type quarks
with mixing amplitude, called
CKM matrix element  V(ui)

down  :   V(ud) , 
strange : V(us), 
bottom :  V(ub)

n Due to preservation of total probability,
|V(ud)|2 + |V(us)|2 +  |V(ub)|2 =  1

(CKM unitarity condition)
n If this equation is not fulfilled, something 

new and unknown, such as 7th quark
(or 4th generation) may be responsible.   

40
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Sub-percent accuracy on Physical point
n charged π and K meson decay into muon and neutrino

41

Physics measurements ‘‘Detectors’’

• Measurements physical observables on the vacuum ensemble.

⌥O� =

�
DUµ Prob[Uµ] ⇥ O[Uµ]

• Could do Analysis on many configurations independently (trivial parallel jobs) �⌅
could also use PC Clusters

• We made hadron operator (EW operators) from quark, and let the quark propagates on
each of the generated QCD configuration (by solving the Dirac Eq)

• Obtain hadron mass or QCD matrix elements of operators

u

d

µ�

⇤̄µ

W

⟨0|d̄�5u(0)|⌅⟩ eipx⇥
2E
⟨⌅|ū�mu�5d|0⟩ ×GFVudmµ⇤̄(1− �5)µ

M(⌅ ⇤ µ⇤) ⇥ if⇥qµ�GFVudmµ(⇤µ)L

= ⇧⌅(q)|ū�µ�5d(0)|0⌃�GFVudmµ(⇤µ)L

Taku Izubuchi, QCD Structure, Wuhan, October 9, 2012 6

π +     →            μ+ + ν μ 

V(ud)   
V(us)

K +     →            μ+ + ν μ 

d
s

2004 Marciano
Experiment(FLAG2019)

(experiment)

(lattice)
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A stringent check of Standard Model 
n Together with similar analysis on  K meson semileptonic decay    

n Super allowed Beta decay for [ Hardy&Towner]

n V(ub) is  negligible    

n Very precise check for Standard Model, 
CKM unitarity [FLAG 2019]

|V(ud)|2 +  |V(us)|2 +  |V(ub)|2

= 0.9797(74)   [2.7 σ] (Kl2+Kl3)
=    0.99884(53) [2.2 σ] (Kl3+ β)
=    0.99986(46) [0.3 σ] (Kl2+ β)
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K +    →   π0 + l +  νl V(us)



Inclusive tau decay [PRL 18]

[ Hiroshi Ohki ]
n A new way to combine 
• τ→ had + ν experimental spectrum
• Lattice vector/axial vacuum

polarization suppressing
quark-hadron duality violation

n Traditional analysis currently gives 
- 3.4 σ tention in Vus

n All our new results are consistent with 
CKM unitarity and has smaller errors

n Also  τ input  
for muon g-2

New: Combining FESR and Lattice

• If we have a reliable estimate for ⇧(s) in Euclidean (space-like) points, s = �Q2
k < 0,

we could extend the FESR with weight function w(s) to have poles there,

Z 1

sth

w(s)Im⇧(s) = ⇡

NpX

k

Resk[w(s)⇧(s)]s=�Q2
k

⇧(s) =

✓
1 + 2

s

m2
⌧

◆
⇧(1)(s) + ⇧(0)(s) / s (|s| ! 1)

• For w(s) ⇠ 1/sNp, Np � 3, |s| ! 1 circle integral vanishes. (We still need
pQCD+OPE for s > m2

⌧ )

Re(s)

Im(s)
pQCD OPE spectral data

1

XXX

Lattice HVPs

Taku Izubuchi, HET lunch talk, BNL, Upton, NY, October 23, 2015 12

R	ratio(hadron/lepton)	for	the	final	states	with	strangeness	-1

τ	→	ν	+	hadrons	decay	through	V-A	current	(weak	decay)

Tau	decay	experiment

Rij;V/A ⌘
�[⌧� ! ⌫⌧Hij;V/A(�)]

�[⌧� ! ⌫⌧e
�⌫̄e(�)]

⌧�
⌫⌧

ū

s
W�

hadrons

ū

s⌧�
⌫⌧

W� •{ }Im

From	unitarity	of	S	matrix,	invariant	matrix	elements	are	related	to	the	total	
scattering	cross	section	σ		[Optical	theorem]

V-A	current

The	spin	0,	and	1,	hadronic	vacuum	polarization	function	for	V/A	current-current	

Determination of |Vus| from lattice HVP and

experimental hadronic τ decay

1 Preliminary

For SM hadronic τ decays, a derivative of the ratio Rij;V/A of the decay width into states
produced hadronic V and A currents with i, j flavors to the electron decay width,

Rij;V/A ≡ Γ[τ− → ντHij;V/A(γ)]/Γ[τ
− → ντe

−ν̄e(γ)] (1)

is related to the spectral functions ρ(J)ij;V/A with the spin J = 0, 1 by

dRij;V/A

ds
=

12π2|Vij|2SEW

m2
τ

(1− yτ)
2
[

(1 + 2yτ )ρ
0+1
ij;V/A(s)− 2yτρ

0
ij;V/A(s)

]

, (2)

where yτ = s/m2
τ , SEW is a known short-distance electroweak conrrection. Fig. 1 repre-

sents hadronic τ decays. The spectal function is defined as ρ(J)ij;V/A(s) =
1
π ImΠ(J)

ij;V/A(−s),

where Π(J)
ij;V/A(−s) is computed from the usual flavor ij vector (V) or axial vector (A)

current-current two-point functions;

Π(µν)
ij;V/A(q

2) ≡i

∫

d4xeiqx⟨0|T
(

Jµ
ij;V/A(x)J

†ν
ij;V/A(0)

)

|0⟩

=(qµqν − q2gµν)Π(1)
ij;V/A(Q

2) + qµqνΠ
(0)
ij;V/A(Q

2), (3)

where Jµ
ij;V/A are the V/A currents with flavor ij.

The |Vus| extraction uses an analysis of the us two-point function. From Eq. (2), it
shows that the experimental data of dRus;V/A/ds fixes the |Vus|2 and the spectral function
combination

(

1 + 2
s

m2
τ

)

ImΠ(1)(s) + ImΠ(0)(s). (4)

The experimental situation for the inclusive τ decays is shown in 1. The current status
of |Vus| determination can be found in HFAG-tau summary (See Fig. 2). For the Kaon
pole contribution, we assume a simple delta function form as

|Vus|
2

[(

1 + 2
s

m2
τ

)

ImΠ(1)(s) + ImΠ(0)(s)

]

= δ(s−m2
k)0.0012299(46). (5)
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(Hadronic)	vacuum	polarization	function	
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FIG. 4. FIG. 5. of the draft. Up: HFAG2016, Down: ACLP2013.

Our	result

Comparison	to	|Vus|	from	others

All	our	results	are	consistent	with	each	other	within	1	σ	error,		
as	well	as	to	CKM	unitarity.

R	ratio(hadron/lepton)	for	the	final	states	with	strangeness	-1

τ	→	ν	+	hadrons	decay	through	V-A	current	(weak	decay)

Tau	decay	experiment

Rij;V/A ⌘
�[⌧� ! ⌫⌧Hij;V/A(�)]

�[⌧� ! ⌫⌧e
�⌫̄e(�)]

⌧�
⌫⌧

ū
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From	unitarity	of	S	matrix,	invariant	matrix	elements	are	related	to	the	total	
scattering	cross	section	σ		[Optical	theorem]

V-A	current

The	spin	0,	and	1,	hadronic	vacuum	polarization	function	for	V/A	current-current	

Determination of |Vus| from lattice HVP and

experimental hadronic τ decay

1 Preliminary

For SM hadronic τ decays, a derivative of the ratio Rij;V/A of the decay width into states
produced hadronic V and A currents with i, j flavors to the electron decay width,

Rij;V/A ≡ Γ[τ− → ντHij;V/A(γ)]/Γ[τ
− → ντe

−ν̄e(γ)] (1)

is related to the spectral functions ρ(J)ij;V/A with the spin J = 0, 1 by

dRij;V/A

ds
=

12π2|Vij|2SEW
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(1− yτ)
2
[

(1 + 2yτ )ρ
0+1
ij;V/A(s)− 2yτρ

0
ij;V/A(s)

]

, (2)

where yτ = s/m2
τ , SEW is a known short-distance electroweak conrrection. Fig. 1 repre-

sents hadronic τ decays. The spectal function is defined as ρ(J)ij;V/A(s) =
1
π ImΠ(J)

ij;V/A(−s),

where Π(J)
ij;V/A(−s) is computed from the usual flavor ij vector (V) or axial vector (A)

current-current two-point functions;

Π(µν)
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2) ≡i
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where Jµ
ij;V/A are the V/A currents with flavor ij.

The |Vus| extraction uses an analysis of the us two-point function. From Eq. (2), it
shows that the experimental data of dRus;V/A/ds fixes the |Vus|2 and the spectral function
combination

(

1 + 2
s

m2
τ

)

ImΠ(1)(s) + ImΠ(0)(s). (4)

The experimental situation for the inclusive τ decays is shown in 1. The current status
of |Vus| determination can be found in HFAG-tau summary (See Fig. 2). For the Kaon
pole contribution, we assume a simple delta function form as

|Vus|
2

[(

1 + 2
s

m2
τ

)

ImΠ(1)(s) + ImΠ(0)(s)

]

= δ(s−m2
k)0.0012299(46). (5)
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Unitarity and analytic continuation  at work !

Im Π(s) , s > 0
Π(s) , s <  0

Π (s) 



Muon g-2

New Muon g-2 @ FNAL, J-PARC
to confirm ~4 σ difference 
from SM prediction

Cross-check each other
and get the precise and reliable 
theoretical guidance to g-2 experiments

LQCD

Hadronic Vacuum Polarization (HVP) – Data & Status

Leading non-perturbative hadronic contributions ahad
µ can be obtained in terms of

R�(s) ⌘ �(0)(e+e� ! �⇤ ! hadrons)/4⇡↵2

3s data via Dispersion Relation (DR):

ahad
µ =

✓↵mµ
3⇡

◆2 ✓
E2

cutZ

4m2
⇡

ds
Rdata
� (s) K̂(s)

s2 +

1Z

E2
cut

ds
RpQCD
� (s) K̂(s)

s2

◆

Data: NSK, KLOE, BaBar, BES3, CLEOc

0.0 GeV, 1

⇢,!

1.0 GeV

�, . . . 2.0 GeV
3.1 GeV

 9.5 GeV⌥
0.0 GeV, 1

⇢,!

1.0 GeV

�, . . .
2.0 GeV

3.1 GeV

�aµ (��aµ)
2

contribution error2

l Experimental error implies theoretical uncertainty!
l Low energy contributions enhanced: ⇠ 75% come from region 4m2

⇡ < m2
⇡⇡ < M2

�

ahad(1)
µ = (686.99 ± 4.21)[687.19 ± 3.48] 10�10

e+e�–data based [incl. ⌧]

F. Jegerlehner muonHVPws@KEK, Tsukuba, Japan, February 12-14, 2018 2

hadronic contributions needed for BSM discovery

3 PRLs including an Editors’ suggestion

There is a tension of 3.7� for the muon aµ = (gµ � 2)/2:

aEXP

µ � aSM

µ = 27.4 (2.7)|{z}
HVP

(2.6)|{z}
HLbL

(0.1)|{z}
other

(6.3)|{z}
EXP

⇥10�10

Most precise result for HVP, RBC/UKQCD recent paper: arXiv:1801.07224

HVP

HLbL

Experimental updates aim to reduce experimental errors by factor of 4 (Fermilab
update in spring 2019)
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USQCD has only HVP calculations with QED and strong isospin-breaking
(SIB) corrections from first principles

SIB:

2

with C(t) = 1
3

�
�x

�
j=0,1,2�Jj(�x, t)Jj(0)�. With appro-

priate definition of wt, we can therefore write

aµ =
�

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the �0, �+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the �� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant � as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + �C(1)
QED(t) +

�

f

�mfC(1)
�mf

(t)

+ O(�2, ��m, �m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in � and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA � ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e�ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e�ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the �� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e�ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.

 0
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Figure 6: Displacement probability for 48c run 1.

(a) V (b) S (c) T (d) D1 (e) D2

(f) F (g) D3

Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.
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FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-

x

x

x

(a) M
x

x

x

(b) R

x

x

x

(c) O

Figure 8: Mass-counterterm diagrams for mass-splitting and HVP 1-photon
diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
e�ects to the meson masses. Diagram O would yield a correction to the HVP
disconnected contribution (that likely is very small).
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FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.

QED:

2

with C(t) = 1
3

�
�x

�
j=0,1,2�Jj(�x, t)Jj(0)�. With appro-

priate definition of wt, we can therefore write

aµ =
�

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the �0, �+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the �� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant � as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + �C(1)
QED(t) +

�

f

�mfC(1)
�mf

(t)

+ O(�2, ��m, �m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in � and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA � ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e�ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e�ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the �� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e�ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.
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HVP: disconnected,  QED & strong isospin 
breaking  in the first principle calculation

There is a tension of 3.7� for the muon aµ = (gµ � 2)/2:

aEXP

µ � aSM

µ = 27.4 (2.7)|{z}
HVP

(2.6)|{z}
HLbL

(0.1)|{z}
other

(6.3)|{z}
EXP

⇥10�10

Most precise result for HVP, RBC/UKQCD recent paper: arXiv:1801.07224

HVP

HLbL

Experimental updates aim to reduce experimental errors by factor of 4 (Fermilab
update in spring 2019)
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USQCD has only HVP calculations with QED and strong isospin-breaking
(SIB) corrections from first principles

SIB:

2

with C(t) = 1
3

�
�x

�
j=0,1,2�Jj(�x, t)Jj(0)�. With appro-

priate definition of wt, we can therefore write

aµ =
�

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the �0, �+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the �� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant � as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + �C(1)
QED(t) +

�

f

�mfC(1)
�mf

(t)

+ O(�2, ��m, �m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in � and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA � ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e�ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e�ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the �� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e�ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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non-diagonal operators.

8

FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.
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FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.
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The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the �0, �+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the �� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant � as well as �mup, down =
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where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in � and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA � ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e�ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e�ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the �� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e�ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
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tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
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µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.
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Figure 9. A comparison of the results for F2(q2)/(α/π)3 obtained in the original lattice QCD

cHLbL calculation [17] (diamonds) with those obtained on the same gauge field ensemble using the

moment method presented here (circles). The points from the original subtraction method with

q2 = (2π/24)2 = (457MeV)2 were obtained from 100 configurations and the evaluation of 81,000

point-source quark propagators for each value of the source-sink separation tsep. In contrast, the

much more statistically precise results from the moment method required a combined 26,568 quark

propagator inversions for both values of tsep and correspond to q2 = 0. The moment method value

for tsep = 32 is listed in Tab. IX.

make use of the most effective of the numerical strategies discussed above: the use of exact

photon propagators and the position-space moment method to determine F2 evaluated at

q2 = 0. Since these calculations are less computationally costly than those for QCD we

can evaluate a number of volumes and lattice spacings (all specified with reference to the

muon mass) and examine the continuum and infinite volume limits. We can then compare

our results, extrapolated to vanishing lattice spacing and infinite volume, with the known

result calculated in standard QED perturbation theory [33, 34]. This QED calculation both

serves as a demonstration of the capability of lattice methods to determine such light-by-light

scattering amplitudes and as a first look at the size of the finite-volume and non-zero-lattice-

spacing errors.

In Fig. 10 we show results for F2(0) computed for three different lattice spacings, i.e.

39

HLbL: x 1000 speed up
at physical quark mass

[Lehner, Blum, et al. ] 
[Luchang’s talk ] 
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Status of literature
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FIG. 7. Our results (RBC/UKQCD 2018) compared to previ-
ously published results. The green data-points are pure lattice
computations, the orange data-point is our combined window
analysis, and the purple data-points are pure R-ratio results.
The references are ETMC 2013 [41], HPQCD 2016 [42], Mainz
2017 [43], BMW 2017 [39], HLMNT 2011 [4], DHMZ 2012 [44],
DHMZ 2017 [6], Jegerlehner 2017 [5], and No new physics [3].
The innermost error-bar corresponds to the statistical uncer-
tainty.

CONCLUSION

We have presented both a complete first-principles cal-
culation of the leading-order hadronic vacuum polariza-
tion contribution to the muon anomalous magnetic mo-
ment from lattice QCD+QED at physical pion mass as
well as a combination with R-ratio data. For the former
we find aHVP LO

µ = 715.4(16.3)(9.2) ⇥ 10�10, where the
first error is statistical and the second is systematic. For
the latter we find aHVP LO

µ = 692.5(1.4)(0.5)(0.7)(2.1) ⇥
10�10 with lattice statistical, lattice systematic, R-ratio
statistical, and R-ratio systematic errors given sepa-
rately. This is the currently most precise determination
of aHVP LO

µ corresponding to a 3.7� tension

aEXP
µ � aSM

µ = 27.4(2.7)(2.6)(6.3) ⇥ 10�10 . (7)

The presented combination of lattice and R-ratio data
also serves to provide additional non-trivial cross-checks
between lattice and R-ratio data. The precision of this
computation will be improved in future work including
simulations at smaller lattice spacings and at larger vol-
umes.
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Pure lattice

R-ratio

R-ratio + Lattice

Caution: All R-ratio determinations use local �2 inflation for experimental tension between BaBar and KLOE
input data. Tension between those two data-sets corresponds to a global shift of approximately 10 ⇥ 10�10 or
about 3⇥ the current error. Combined LQCD+R-ratio reduces the dependence on this by 50%. g-2 Theory
Initiative provides the platform to resolve this.

Further Lattice QCD progress indispensable for reliable errors also for
HVP!
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Comparison to R-ratio
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Lattice more precise at small T , R ratio at high

Taku Izubuchi, First Workshop of the Muon g-2 Theory Initiative, June 4, 2017 13Recent results:
l ⇡+⇡� from BES-III, CMD-3 and CLEOc
l ⇡+⇡�⇡0 from Belle
l K+K� from CMD-3 and SND
l !⇡0 ! ⇡0⇡0� from SND
l KS K±⇡0⇡⌥, KS K±⇡⌥⌘, ⇡+⇡�⇡0⇡0, KS KL⇡0,

KS KL⌘,KS KL⇡0⇡0 from BaBar

Energy range ahad
µ [%](error) ⇥ 1010 rel. err. abs. err.

⇢,! (E < 1 GeV) 540.98 [78.6](2.80) 0.5 % 50.7 %
1 GeV < E < 2 GeV 96.49 [14.0](2.54) 2.6 % 41.5 %

2 GeV < E < 1 incl pQCD 51.09 [ 7.4](1.10) 2.2 % 7.8 %
total 688.65 [100.0](3.94) 0.6 % 100.0 %

Additional data besides e+e� ones providing improvements:

F. Jegerlehner muonHVPws@KEK, Tsukuba, Japan, February 12-14, 2018 4

R-Ratio

BNL Press Release on 6/13/2018
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HVP results
[ Christoph Lehner Lat19]                 

n Significant improvements is in progress for statistical error using 2π and 4π (!)  
states in addition to EM current  (GEVP, GS-parametrization)

n Pure Lattice HVP  5x10-10 this year, 1x10-10 for long term
n Check BABAR-KLOE tention by windown method, consolidate error at 3x10-10

46

Pure Lattice (RBC/UKQCD)
715.4 (16.3)(9.2) [2.6%]

Lat+R-ratio Hybrid
692.5 (1.4)(2.3)  [0.39%]

KNT18
693.3 (2.5)  [0.36%]

No New Physics
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QEDL continuum and infinite volume extrapolation [Blum et al., 2019] (preliminary)
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Iwasaki ensembles: a ! 0 (c2 = 0, conn. extrap.: up to 1 fm, 483 for r > 1 fm)
I-DSDR ensembles: L ! 1 (b2 = 0)

acHLbL

µ = (27.61 ± 3.51stat ± 0.32sys,a2) ⇥ 10�10

adHLbL

µ = �20.20 ± 5.65stat ⇥ 10�10

aHLbL

µ = 7.41 ± 6.32stat ± 0.32sys,a2 ⇥ 10�10
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Infinite volume limit (prelim) 31/50

• MDWF+Iwasaki: continuum limit (5.4fm)

• MDWF+DSDR: a−1=1.015GeV: 243×64 (4.8fm), 323×64 (6.4fm), 483×64 (9.6fm).

• MDWF+DSDR: a−1= 1.371GeV: 323× 64 (4.6fm).

F2(a, L) = F2

(

1− c1
(mµL)2

)

(1− c2 a
2) (34)
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Connected diagrams Disconnected diagrams

aµ
cHLbL = (26.12± 3.87stat± 0.28sys,a2)× 10−10 (35)

aµ
dHLbL = (−12.87± 2.27stat± 1.63sys,a2)× 10−10 (36)

aµ
HLbL = (13.24± 4.40stat± 1.91sys,a2)× 10−10 (37)

[ Blum et al.   Moriond2019 ] Using QEDL
[ Hayakawa Uno PTP 2008] 

Muon g − 2 Light by Light

by Luchang Jin

xsrc xsnkz
′
,κ

′
y
′
,σ

′ x
′
, ρ

′

xop, ν

z,κ
y,σ x, ρ

Figure 1. Disconnected Light by Light diagrams. There are other possible permutations.

1 Method outline

• Use one configuration to compute 32 point source propagators and perform HVP like con-
traction. Store the average of the results, Πρ,σ

avg(r), and later we would subtract it from other
HVP like contraction computed using other configurations.

Πρ,σ
avg(r) =

1
N

∑

k=1

N

{−Tr[γρSq(xk, xk + r)γσSq(xk + r, xk)]} (1)

• Start with point source x, compute point source quark propagators and photon x→ x′.

• Compute the local current for all possible y, Πρ,σ(x, y) (subtract Πρ,σ
avg(x, y) from this value)

Πρ,σ(x, y) = −Tr[γρSq(x, y)γσSq(y, x)]−Πρ,σ
avg(y −x) (2)

• Optional subtraction: Ideally, the sum of the current over space time should be zero. Since
we use local current, this is not strictly true. But we can introduce Πρ,σ

′ (x, y) where

Πρ,σ
′ (x, y) = Πρ,σ(x, y)− δx,y

∑

y ′

Πρ,σ(x, y ′) (3)

Should try to see if this trick work for connected LbL calculation.

• Use the current computed above as a source and construct photon y→ y ′

• Use the two photons constructed above and compute the muon line with sequential source
finally contract at z ′ with local current. Note that this procedure should be performed for all
possible permutations of the three photons. The muon source and sink separation is usually
taken to be half of the lattice time extent, and the source and sink positions are chosen so
that x is in the middle of them xt = ((xsrc)t +(xsnk)t)/2.

• Use the local current at all possible z ′ construct photon z ′→ z

1

Conserved External Current Improvement 22/32

• In previous setup, noise will remain relatively constant in large volume, but would blow
up if the external momentum transfer q becomes small.

ū(p′)Γµ(p′, p)u(p) = ū(p′)

[
F1(q2)γµ+ i

F2(q2)
4m

[γµ, γν]qν

]
u(p) (12)

F2(0) =
gµ− 2
2

≡ aµ (13)

• To make the noise also vanish when q → 0, we need the external current be exactly
conserved, configuration by configuration.

• To prove Ward identity, we need to compute all possible external photon insertion options.

xsrc xsnky
′
,σ

′
z
′
, ν

′ x
′
, ρ

′

xop, µ

z, ν

y,σ x, ρ

xsrc xsnky
′
,σ

′
z
′
, ν

′ x
′
, ρ

′

xop, µ

z, ν

y,σ x, ρ

xsrc xsnky
′
,σ

′
z
′
, ν

′ x
′
, ρ

′

xop, µ

z, ν

y,σ x, ρ

Figure 14. All three different possible insertions for the external photon. They are equal to each other
after stochastic average. 5 other possible permutations of the three internal photons are not shown.
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K → p p Decays

n quark flavor mixing (strange quark -> down quark ) in
Cabibbo Kobayashi Maskawa Theory  (2008 Nobel prize)

n First direct methods (Lellouch Luscher formula)
PRL 108, 141601 (2012)

n Finer lattice spacing
~15% error -> ~5% error

n Realistic kinematics for
I=0 by G-parity boundary condition

40 years old home work :   ε�/ε

n KL Ks mass difference rare Kaon decay ?

2012 Ken Wilson Lattice Award



K → ππ decay on lattice
n Relates energy on finite volume Eππ (V) to phase shift δ to obtain 

complex Amp(K→ππ) =  |AI| eiδI (Luscher, Lellouch-Luscher)

n Momentum of pions are controlled by boundary condition (anti-periodic or 
G-parity b.c.)

n Mixing and Renormalization of operator is done using non-perturbative
renormalization (NPR)

n Chiral Symmetry is curtail

n I=2 channel is under control, I=0 is still a challenge due to disconnected 
diagrams.

Finite volume as a boon

Scattering phases accessible in finite volume

L

Interacting case:

Periodic wavefunction � quantization condition for scattering
phaseshift �(p) � measured finite-volume energy yields �(p)

(Lüscher 1991)

19 / 29

Finite volume as a boon

Scattering phases accessible in finite volume

L

Free case:

Periodic wavefunction � quantization condition p = (2�/L)

19 / 29

Phase shift δ

[ PRL (2015). update this year ] 



New observables may shed light on tension (see also talk by S. Meinel)

⇤b ! p(⇤c) (Detmold, C.L., Meinel 2015)

[S. Meinel, Lattice 2015]

• At LHCb, pµ⌫̄ final state easier to identify than ⇡µ⌫̄

• Complementary constraints on right-handed coupling

9 / 26

B physics
n Provide crucial theoretical

guidance for B factories
(LHCb and Belle-II), CKM physics
• Semileptonic form factor B→π l ν
• 1 → 2 transition  (FCNC)

B → Kπ l+l- ,  ππ l+ν
• |Vcs| from Λc→ Λ [ Meinel, PRL (2017) ] 
• |Vub|  from Λb→p decay  

‣ Gold-plated “lattice” process

‣ Constraints to the CKM unitary triangle

3

CKM matrix and B Physics

- 1 hadron in the initial state, 0 or 1 
hadron in the final state

- stable hadrons (or narrow, far from 
threshold)

- controlled chiral extrapolation

- overconstrain            unveiling NP

- b quark is suitable for studies of 
the limits of the SM and in searches 
in BSM.                                 
(sufficiently heavy to have a huge 
number of decay modes, sufficiently 
light to be produced a lot)

Vud

⇥ ! l�
Vus

K ! l�
K ! ⇥l�

Vub

B ! ⇥l�

Vcd

D ! l�
D ! ⇥l�

Vcs

Ds ! l�
D ! Kl�

Vcb

B ! Dl�
B ! D⇤l�

Vtd

Bd $ B̄d

Vts

Bs $ B̄s

Vtb
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BàDtn :

Lepton Universality in Trees
› Flavour-Changing Charged-Current quark-transitions

YETI 2018Simone Bifani 11

›BSM physics can couple to 3rd
generation
› Sensitive to charged Higgs, W’ boson
and Leptoquarks

›Measure tt/e or tt/µµ
»Hadronic uncertainties largely cancel
»Precise predictions (1-3%)

*not unity because of phase-space effects due to different
lepton masses

[ Soni’s lecture , next ]



Summary & Conclusions

n LQCD provides non-perturbative ab-initio analysis of QFT. 
Systematically improvable.

n LQCD now delivers a lot of promised results essential to make 
experiments meaningful,  enables a lot of  important physics analysis 
which has not been possible before. 

n Wide spectrum of important studies in Particle and Nuclear Physics. 
Many basic quantities are determined < 1% !   Precision with reliable 
error/

n Hot topics : B physics, muon g-2, multi-hadron including K→ππ,  EW 
box, CP violation in Nucleon (EDM), …

Stay tuned !  Thank you !
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